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We show that a bilinear control system is approximately controllable if and only if it is controllable in R n {0}. We approach this property by looking at the foliation made by the orbits of the system, and by showing that there does not exist a codimension one foliation in R n {0} with dense leaves that are everywhere transversal to the radial direction. The proposed geometric approach allows to extend the results to homogeneous systems that are angularly controllable.

Introduction and statement of the main result

In this note we study control systems of the form

(Σ) ẋ = M (t)x,
where the state x is in R n {0}, n ≥ 1, and the admissible controls M : [0, +∞) → M take values in a subset M of the space M n (R) of n × n matrices with real coefficients.

For notational simplicity we shall take as admissible controls piecewise constant functions with values in M. By a slight abuse of notation, we refer to control systems such as (Σ) as bilinear control systems, although the latter term usually denotes systems for which M (t) = A + u 1 (t)B 1 + • • • + u m (t)B m for some fixed A, B 1 , . . . , B m ∈ M n (R), with control t → (u 1 (t), . . . , u m (t)) taking values in some subset U of R m . For an introduction to bilinear control system we refer to [START_REF] Colonius | The dynamics of control, Systems & Control: Foundations & Applications[END_REF] and [START_REF] Elliott | Bilinear control systems: Matrices in action[END_REF]. Notice that bilinear hybrid systems of the form ẋ = (A q(t) + u 1 (t)B 1,q(t) + • • • + u m (t)B m,q(t) )x(t), where q(t) is a control parameter with discrete values (cf. [START_REF] Petreczky | Span-reachability and observability of bilinear hybrid systems[END_REF]) are also included in our setting. Given t > 0, an initial state x 0 ∈ R n , and an admissible control M : [0, +∞) → M, let us denote by x(t, x 0 , M ) the value at time t of the solution of (Σ) with initial state x 0 and control M . The attainable set from an x 0 in R n is

A x0 = {x(t, x 0 , M ) | t ≥ 0, M : [0, +∞) → M piecewise constant}.
System (Σ) is said to be controllable if, for all state x, one has A x = R n {0}, while it is said to be approximately controllable if, for all state x, one has cl(A x ) = R n , where cl denotes the closure of a set in R n . The main result of this note is the following.

Theorem 1. (Σ) is approximately controllable if and only if (Σ) is controllable.

This result shows that the a priori weaker notion of approximate controllability implies controllability with no additional assumption, other than the finite-dimensional system being bilinear. This is useful when topological arguments lead directly to approximate controllability results, as it is the case for constructions based on control sets, whose definition involve the closure of attainable sets [START_REF] Colonius | The dynamics of control, Systems & Control: Foundations & Applications[END_REF]. For example, in [START_REF] Colonius | Control sets for bilinear and affine systems[END_REF] the authors use Theorem 1 to conclude that their sufficient condition for approximate controllability, expressed in terms of the Floquet spectrum of the bilinear system, actually yields controllability (see [START_REF] Colonius | Control sets for bilinear and affine systems[END_REF]Corollary 3.19]).

Another possible way of applying Theorem 1 is the following: if for a bilinear system one is able to identify vector fields compatible with (Σ) in the sense of [START_REF] Agrachev | Control theory from the geometric viewpoint[END_REF]Definition 8.4] that, when added to the admissible ones, lead to approximate controllability, then controllability of (Σ) follows, without the need of checking the Lie algebra rank condition. Such an extension argument by compatible vector fields is, e.g., at the core of the results in [START_REF] Cheng | Controllability of switched bilinear systems[END_REF], which can therefore be improved by our result. In particular, Theorem 1 implies that the hypotheses ii) and iii) on the existence of stable and antistable equilibria can be dropped from [START_REF] Cheng | Controllability of switched bilinear systems[END_REF]Theorem 4.3]. Similarly, Propositions 3.3 and 3.6 from the same paper can be strengthened by replacing in their conclusions approximate and practical controllability by controllability.

The result in Theorem 1 is in sharp contrast with the case of bilinear systems in infinitedimension: when the controlled operators B i appearing in the representation

M (t) = A + u 1 (t)B 1 + • • • + u m (t)B m
are bounded, these systems cannot be controllable (see [START_REF] Ball | Controllability for distributed bilinear systems[END_REF]Theorem 3.6] and also [START_REF] Boussaïd | Regular propagators of bilinear quantum systems[END_REF] for recent extensions), while there exist some criteria for approximate controllability (see, e.g., [Kha10, Chapters 4 and 9], [START_REF] Cannarsa | Multiplicative controllability for semilinear reaction-diffusion equations with finitely many changes of sign[END_REF] and [START_REF] Boscain | Multi-input Schrödinger equation: controllability, tracking, and application to the quantum angular momentum[END_REF]).

For general finite-dimensional systems (to which the notions of controllability and approximate controllability straightforwardly extend), while controllability clearly implies approximate controllability, the converse may fail to hold. A standard example can be provided using the irrational winding of a line in the torus T n , n ≥ 2.

On the other hand, the equivalence stated in Theorem 1 is known to hold for some classes of control systems. This is the case for linear control systems in R n , i.e., systems of the form

(1) ẋ = Ax + Bu(t), u : [0, +∞) → R m , x ∈ R n ,
with A ∈ M n (R) and B ∈ M n×m (R). Indeed, if system (1) is approximately controllable, then the attainable set from the origin A 0 is dense in R n . Since A 0 is a linear space (and in particular it is closed), it follows that A 0 = R n , which is well known to be equivalent to the controllability of (1) due to the linear structure of the system. Few other classes of control systems for which approximate controllability implies controllability are known: closed quantum systems on S n-1 [BGRS15, Theorem 17]; right-invariant control systems on simple Lie groups (as it follows from [JS72, Lemma 6.3] and [Smi42, Note at p. 312]); control systems obtained by projecting onto RP n-1 systems of the form of (Σ) [START_REF] Boarotto | Dwell-time control sets and applications to the stability analysis of linear switched systems[END_REF]Proposition 44].

By proving Theorem 1, we are able to identify bilinear control systems as a new class of systems for which approximate controllability and controllability are equivalent. The proposed proof of Theorem 1 (which can be found in Section 3), works first by deducing from [START_REF] Boarotto | Dwell-time control sets and applications to the stability analysis of linear switched systems[END_REF] and [START_REF] Bacciotti | On radial and directional controllability of bilinear systems[END_REF] that, if the projection of (Σ) onto RP n-1 is approximately controllable, then the orbits of (Σ) are transversal to the radial direction, and then by proving that there does not exist a codimension one foliation in R n {0} with dense leaves which are transversal to the radial direction.

As a byproduct of this demonstration strategy, we can extend Theorem 1 to angularly controllable homogenous control systems (see Corollary 10).
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Notations and related results from the literature

Given a matrix M in M, let us denote by f M the associated vector field

f M : x → M x, x ∈ R n {0}.
Since the vector fields

f M are R-homogenous, F M = {f M | M ∈ M} is a family of analytical, homogenous vector fields in R n {0}. System (Σ) is a special case of a general control system (C) ẋ = f u(t) (x),
where the state x evolves in a n-dimensional manifold X following a fixed family F of admissible vector fields indexed by a set U , i.e., F = {f u | u ∈ U }, with piecewise constant controls u : [0, +∞) → U . (For system (Σ) we have X = R n {0} and F = F M .) For notational simplicity, we assume that each vector field f in F is complete. We denote by e tf the flow at time t of the equation ẋ = f (x). The attainable set from a point x in X for (C) is

A x = {e t1f1 • • • • • e t k f k (x) | k ∈ N, t 1 , . . . , t k ≥ 0, f 1 , . . . , f k ∈ F};
similarly, the orbit of x for (C) is

O x = {e t1f1 • • • • • e t k f k (x) | k ∈ N, t 1 , . . . , t k ∈ R, f 1 , . . . , f k ∈ F}.
The difference between orbits and attainable sets is that the orbits are constructed by using positive and negative time directions; thus, A x ⊂ O x for all x in X. The orbits satisfy the following important property.

Theorem 2 (Orbit theorem, [START_REF] Sussmann | Orbits of families of vector fields and integrability of distributions[END_REF]). For every x ∈ X, the orbit O x is a connected, immersed submanifold of X. Moreover, for all y ∈ O x ,

T y O x = span R (e t1f1 * • • • • • e t k f k * g)(y) | k ∈ N, t 1 , . . . , t k ∈ R, f 1 , . . . , f k , g ∈ F ,
where e tifi * denotes the operator of push-forward of vector fields along the flow e tifi .

It follows from the orbit theorem that the orbits define a foliation, i.e., a partition of X in immersed, connected, submanifolds (called leaves), possibly of varying dimension. In some texts the term foliation describes what we shall call here a regular foliation, i.e., a foliation whose leaves have all the same dimension d, and which admits locally around each point a coordinate trivialization of the form {ω + p | p ∈ P } for some connected submanifold ω ⊂ R n of dimension d and some connected submanifold P of dimension n -d transversal to ω.

Another class of foliations of interest for our discussion is that of integral foliations, i.e., foliations such that for every x in X every vector v ∈ T x X tangent to the leaf passing through x can be extended to a smooth vector field everywhere tangent to the leafs of the foliation. The fact that foliations arising as orbits of control systems as in (C) are integral is a consequence of the orbit theorem. Conversely, any integral foliation is the orbit partition of a control system. For this, it suffices to take as family of admissible vector fields the collection of all vector fields that are everywhere tangent to the leaves.

For any family G of vector fields, we denote by D G the distribution defined by G, that is,

D G = {D G x | x ∈ X}, D G x = span{f (x) | f ∈ G} ∀ x ∈ X.
The distribution D G may not be a sub-bundle of T M . Now, let Lie F be the smallest Lie algebra of vector fields containing F, i.e.,

Lie F = span [f 1 , . . . [f k-1 , f k ] . . . ] | k ∈ N, f 1 , . . . , f k ∈ F . Since the vector [f i , f j ](x) is tangent to the trajectory t → e - √ tfj • e - √ tfi • e √ tfj • e √ tfi (x), one has that (2) D Lie F y ⊂ T y O x , ∀ x ∈ X, y ∈ O x .
Under some rather general hypothesis, the inclusion in (2) turns out to be an equality, i.e., (LD)

D Lie F = T O.
If this is the case, we say that (C) is Lie-determined. For example, any of the following classical hypotheses imply that system (C) is Lie-determined: [START_REF] Frobenius | Ueber das Pfaffsche Problem[END_REF]. In this case the foliation described by the orbits is regular. For a short introduction to the subject we refer to [START_REF] Lavau | A short guide through integration theorems of generalized distributions[END_REF]. Notice that our bilinear system (Σ) is Lie-determined since the vector fields f M are analytic. Our proof uses the following classical result about attainable sets. It says that, in the Lie-determined case, orbits cannot be of a greater dimension than attainable sets.

(i) the family F is analytic [Nag66]; (ii) Lie F is locally finitely generated [Her62]; (iii) D F is F-invariant [Sus73] [Ste74]; (iv) D Lie F is a constant rank distribution
Theorem 3 (Krener's theorem [START_REF] Krener | A generalization of Chow's theorem and the bang-bang theorem to nonlinear control problems[END_REF]). Assume that (C) is Lie-determined. Then, for every x in X, the attainable set A x has a nonempty interior in the orbit O x .

The following lemma provides some informations about the orbits of an approximately controllable system. Lemma 4. Assume that system (C) is approximately controllable. Then, the orbits of (C) form a regular foliation of X with dense leaves.

Proof. As noticed above, the orbits of system (C) form a partition of X in immersed submanifolds. Since the attainable sets are contained in the orbits, the approximate controllability implies that the orbits are dense. Finally, due to the expression of the tangent space of the orbits in Theorem 2, the dimension of the orbits is lower semi-continuous, i.e., for all x in X, there exists a neighbourhood

V (x) of x such that dim O x ≤ dim O y , ∀ y ∈ V (x).
Now let O x be an orbit of maximal dimension; since O x is dense, all other orbits have the same dimension as O x . Finally, an integral foliation of constant rank is a regular foliation.

The family F is said to satisfy the Lie algebra rank condition at x ∈ X if the evaluation at x of the Lie algebra generated by F has maximal dimension, i.e., D Lie F x = T x X.

Corollary 5. Assume that system (C) is Lie-determined and approximately controllable. Then, exactly one of the following holds:

(a) F satisfies the Lie algebra rank condition at all points in X; thus, system (C) is controllable. (b) There exists an integer k with 0 < k < dim X such that the orbits of (C) form a regular k-dimensional foliation of X with dense leaves.

Proof. If there exists a point x in X at which F satisfies the Lie algebra rank condition, then (C) has a single orbit. Indeed, Krener's theorem implies that the interior of A x is nonempty. Hence, due to the approximate controllability assumption, the attainable set from any other point intersects A x , and therefore is contained in O x . Thus, (C) has a single orbit and, due to the Lie-determinedness property (LD), every point in X satisfies the Lie algebra rank condition. The controllability follows as a corollary of Krener's theorem ([AS02, Corollary 8.3]). Otherwise, assume that F does not satisfy the Lie algebra rank condition at any point. Then, Lemma 4 shows that the orbits of (C) form a regular foliation, whose leaves are dense since they contain the attainable sets. Finally, the dimension of the orbits is less than the dimension of X, otherwise F would satisfy the Lie algebra rank condition due to (LD). Remark 6. Corollary 5 is useful if one can exclude the existence of a foliation with the properties described in (b); this might be possible thanks to the particular form of system (C) or some topological properties of X. Most of the results in this direction are for codimensionone regular foliations: for example, it is known that even dimensional spheres do not admit codimension-one regular foliations [START_REF] Durfee | Foliations of odd-dimensional spheres[END_REF]. We recall also that a compact manifold with finite fundamental group has no analytic regular foliations of codimension one [START_REF] Haefliger | Structures feuilletées et cohomologie à valeur dans un faisceau de groupoidess[END_REF]; some additional results can be found in [START_REF] Lawson | Foliations[END_REF].

If we drop the hypothesis that the system is Lie-determined, it is possible to construct an approximately controllable and not controllable system having only one orbit. This is shown in the following example.

Example 7. Let X = R 2 and consider the family

F = {f 1 , f 2 , f + 3 , f - 3 } with f 1 = ∂ ∂y , f 2 = -φ(x, y)f 1 , f ± 3 = ±φ(x, y) ∂ ∂x ,
where φ : R 2 → [0, +∞) is a smooth function such that, for all (x, y) ∈ R 2 , φ(x, y) = 0 if and only if x = 0 and y ≤ 0. This four vector fields are illustrated in Figure 1. It is not hard to check that this system has a single orbit, is approximately controllable, and still it is not controllable. 3. Proof of Theorem 1

Assume that system (Σ) is approximately controllable and that n ≥ 2, the case n = 1 being trivial. As already remarked, system (Σ) is Lie-determined due to the analyticity of each linear vector field. Thus, Corollary 5 applies: either system (Σ) is controllable, or the partition of R n {0} into the orbits of (Σ) forms a regular foliation of positive codimension as described in (b). Let us assume the latter, and show that this leads to a contradiction.

Let us introduce two systems which can be naturally associated with (Σ): the projections of system (Σ) onto S n-1 and RP n-1 . First, consider the projection π : R n {0} → S n-1 defined by π(x) = x/|x|. For every x in S n-1 and every v ∈ T x R n , consider the pushforward π * (v) = v -x, v x, and let us introduce the control system

(SΣ) ẋ = π * (M (t)x), M (t) ∈ M, x ∈ S n-1 .
Due to homogeneity, the trajectories of (SΣ) are the image of the trajectories of (Σ) via π; thus, the orbits O S of (SΣ) are projections of the orbits of (Σ), that is

(3) O S π(y) = π O y , ∀y ∈ R n {0}.
We say that (Σ) is angularly controllable if (SΣ) is controllable. Similarly, consider the canonical projection ω : R n {0} → RP n-1 and the system

(PΣ) q = ω * (M (t)x), M (t) ∈ M, q = ω(x) ∈ RP n-1 .
This system is well-defined because ω * (M (t)x) depends only on q and not on the choice of the specific x ∈ R n {0} such that q = ω(x). As mentioned in the introduction, Theorem 1 holds if one replaces (Σ) by (PΣ), as shown in [START_REF] Boarotto | Dwell-time control sets and applications to the stability analysis of linear switched systems[END_REF]Proposition 44]. Using this result, let us deduce the following property.

Lemma 8. If (Σ) is approximately controllable then (Σ) is angularly controllable.

Proof. Since the projection of the trajectories of (Σ) are trajectories of (PΣ), if the former is approximately controllable then the same holds for the latter. Due to [BS20, Proposition 44], if (PΣ) is approximately controllable then it is controllable. In [BV13, Theorem 1] the authors show that system (PΣ) is controllable if and only if system (SΣ) is controllable. Therefore, system (SΣ) is controllable, meaning that system (Σ) is angularly controllable.

Let us denote by O = {O x | x ∈ R n {0}} the orbit partition of system (Σ). Due to (3) and Lemma 8, one has

π * T y O x = T π(y) O S π(x) = T π(y) S n-1 , ∀ x ∈ R n {0}, ∀ y ∈ O x .
Therefore, we have that (4)

T y O x + Ry = R n , ∀ x ∈ R n {0}, ∀ y ∈ O x ,
which is to say that the orbits are transversal to the radial direction. Additionally, since we assumed to be in case (b) of Corollary 5, this implies that dim

T y O x = n -1. It follows that O is a codimension-one regular foliation of R n {0} transversal to the radial direction p θ C θ p θ P θ S n-2
Figure 2 and with dense leaves. Moreover O is homogenous in the sense that, for all λ > 0 and x in R n {0}, one has that λO x = O λx . In the following lemma we show that such a foliation cannot exist.

Lemma 9. Assume that n ≥ 2. Then, there does not exist a homogenous, codimension-one regular foliation of R n {0} transversal to the radial direction and with dense leaves.

The hypothesis of transversality between the foliation and the radial direction is necessary, as counterexamples can be constructed otherwise. For instance, in [Hec76] the author presents an example of codimension-one regular foliation of R 3 with dense leaves; this construction is presented with additional details in [CN13, Chapter 4].

Proof of Lemma 9. By contradiction, suppose there exists a codimension-one regular foliation L = {L α | α ∈ A} of R n {0} with dense leaves transversal to the radial direction.

Let us first consider the case n = 2. Orienting the foliation using the clockwise direction and applying Whitney's theorem (see [ABZ96, Theorem 2.3 at p. 23]), the foliation can be identified with the set of trajectories of a vector field. Using the stereographic projection, the flow of such a vector field can be pushed to the sphere S 2 minus two points. However, a flow with dense trajectories on S 2 minus finitely many points does not exist: see, for instance, [ABZ96, Lemma 2.4 at p. 56].

Assume that n ≥ 3. Let us fix the point p = (0, . . . , 0, 1) ∈ R n , and denote by S n-2 the embedded sphere S n-2 × {0} ⊂ R n . For every θ in S n-2 , let P θ be the plane P θ = span{p, θ}, as depicted in Figure 2. Because of the transversality between the leaves of L and the radial direction, the linear subbundle I θ = P θ ∩ T L| P θ {0} is a 1-dimensional distribution on P θ {0} satisfying (5)

I θ (x) ⊕ Rx = T x P θ , ∀ x ∈ P θ {0}.
By definition, the intersection L p ∩ P θ contains the integral curve to I θ starting at p. The integral curves of I θ are nothing but the leaves of the 1-dimensional foliation defined by the distribution I θ in P θ {0}. We claim that such a foliation is orientable. Indeed, for each x in P θ {0}, we can say that a nonzero vector v in I θ (x) has a positive orientation if (v, x) is an oriented frame of P θ . It follows from the already cited Whitney's theorem that the foliation defined by I θ is the orbit partition of P θ {0} by the flow of a vector field g θ everywhere transversal to the radial direction. Because of the transversality condition and the homogeneity, the flow of g θ makes a turn around the origin, in the sense that its angular component is monotone with respect to time and the radial component does not converge to zero nor diverge in finite time. Let us choose the vector field g θ such that, starting from p, one intersects R >0 θ before -R >0 θ. Define p θ to be the point of first intersection between the integral curve of g θ starting at p and the ray -R >0 p, and C θ to be the arc between p and p θ (see Figure 2). Now, let us define the map Φ : S n-2 → -R >0 p by Φ(θ) = p θ . The map Φ is well-defined, in the sense that p θ does not depend on the vector field g θ (once the latter is chosen with the appropriate orientation). Moreover, the map Φ is continuous, as it follows from the transversality between I θ (-p) and -R >0 p for all θ in S n-2 . In addition, the image of Φ is contained in the intersection L p ∩ -R >0 p, which has empty interior because of the transversality between T L and the radial direction. Since S n-2 is connected (n > 2), it follows that Φ is constant. Let us define

S = θ∈S n-2 C θ .
By the transversality between I θ (-p) and -R >0 p for all θ in S n-2 it follows that we can parameterize C θ as a continuous arc on [0, 1] continuously with respect to θ. Hence, the topology of S as a subset of R n is that of (S n-2 × [0, 1])/ ∼, where ∼ is the equivalence relation which identifies the points in S n-2 ×{0} to a single equivalence class, and analogously for the points in S n-2 × {1}. That is, S is a topological manifold homeomorphic to the sphere S n-1 . In particular, S ⊂ L p is closed in R n , and therefore it is closed in L p . Since S has the same topological dimension as L p , we have that S is open in the topology of L p . Since L p is connected, we can conclude that S = L p . This is contradicts the assumptions that the leaves are dense.

Lemma 9 shows that the supposition that we are in case (b) of Corollary 5 leads to a contradiction. Therefore, we are in case (a), and (Σ) is controllable. This concludes the proof of Theorem 1.

The result in Lemma 9 implies that Theorem 1 generalises for control systems which are Lie-determined, homogeneous, and angularly controllable. We say that (C) is homogeneous if X = R n \ {0} and for every x ∈ X, u ∈ U , and λ > 0, π * (f u (λx)) = π * (f u (x)), where π : R n {0} → S n-1 still denotes the canonical projection. Just as in the bilinear case, the projection of such systems on the sphere S n-1 is Since for n = 2 system (C) projects to S 1 , in this case the hypothesis of angular controllability can be easily removed.

(SC) ẋ = π * (f u(t) (x)), f u(t) ∈ F, x ∈ S n-
Remark 11. For all n odd, n = 2k + 1 with k ≥ 1, the hypothesis of angular controllability in Corollary 10 is superfluous. Indeed, if system (C) is Lie-determined, homogenous, and approximately controllable, then Corollary 5 implies that either (C) is angularly controllable, or the projection of its orbits forms a nontrivial regular foliation of the even-dimensional sphere S 2k . Since even dimensional spheres do not admit nontrivial regular foliations (indeed their tangent spaces do not admit any nontrivial subbundles -see, e.g., [MS74, Problem 9C]), the angular controllability follows.

However, it has not been possible to fully remove the hypothesis of angular controllability in Corollary 10. In this regard, let us discuss the case n = 4. Due to Corollary 5, if (C) is Lie-dermined, homogeneous, approximately controllable, and (SC) is not controllable, then the orbits of (SC) form a regular foliation of S 3 of either dimension one or codimension one. The latter gives a contradiction, since the Novikov compact leaf theorem implies that any codimension-one regular foliation of the sphere S 3 has a compact leaf [START_REF] Novikov | Topology of foliations[END_REF]. The former implies that the orbits of (SC) are given by the flow of a minimal vector field, i.e., a vector field whose orbits are dense. The existence of such flows has been raised as an open question in [START_REF] Gottschalk | Minimal sets: An introduction to topological dynamics[END_REF] for compact metric spaces, and for the sphere S 3 has been mentioned by Smale in [START_REF] Smale | Mathematical problems for the next century[END_REF] under the name Gottschalk conjecture; further details can be found in [START_REF] Basener | Minimal flows[END_REF]. If the Gottschalk conjecture were to be true, it would imply the existence of Lie-determined, homogenous, approximate controllable, yet not controllable systems, showing that Corollary 5 fails to hold if we remove the angular controllability hypothesis.
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 1 Figure 1. The admissible vector fields for the control system introduced in Example 7.