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Abstract8

Bone extravascular matrix (EVM) elasticity at several tens micrometer scale plays a key role in the mechanical

behavior of bone at different length scales with implications on bone biology through mechanotransduction.

The elastic properties of cortical bone EVM have been evaluated by several experimental methods, including

nanoindentation, scanning acoustic microscopy (SAM) and mechanical testing on µm sized bone specimens.

Nevertheless, these methods hardly give access to elastic anisotropy. In this work, we propose a novel inverse

homogenization method to evaluate the anisotropic elastic properties of cortical bone EVM based on the

transverse isotropic elastic tensor of millimeter-sized bone specimens measured by using resonant ultrasound

spectroscopy and Fast Fourier Transform homogenization method. With the inverse homogenization method,

the anisotropic EVM stiffness constants were evaluated on 50 human femoral cortical bone specimens from

an elderly group. To our knowledge, this is the first time that the whole set of the EVM stiffness tensor

is evaluated on the same specimen and on a large number of samples. Further comparison with the results

from SAM and the degree of mineralization of bone (DMB) showed the potential of this method. Empirical

laws between DMB and EVM anisotropic stiffness constants were also provided for the first time. With the

anisotropic elasticity evaluated by the proposed method, more accurate models can be developed to better

understand bone mechanics and biology, such as mechanotransduction.

Keywords: Bone extravascular matrix, Anisotropic stiffness, Inverse homogenization, Resonant ultrasound9

spectroscopy10

1. Introduction11

Bone size, shape and chemical composition have evolved to reach a compromise between mass, resistance12

to fracture and amplitude of elastic deformations [1]. The elastic properties of bone tissue at the millimeter13

scale (or mesoscale) [2], which play a key role in bone mechanics, depend on the properties and organization of14

the constituents at the nanoscale (mineral crystals and collagen molecules), at the micrometer scale (aligned15

mineralized collagen fibers forming lamellae) [3], and at the scale of a few tenth of microns where osteons16

and vascular pores are the main microarchitectural features.17

∗Corresponding author
Email address: xirancai@stanford.edu (Xiran Cai)

Preprint submitted to Elsevier November 27, 2019



Bone tissue at the micrometer scale, i.e., the solid material in which vessels and nerves are embedded18

is often referred to as bone extravascular matrix (EVM), shortly bone matrix [4–6]. Bone material at19

the mesoscale is accordingly modelled as a network of vascular canals (Haversian and Volkman canals)20

embedded in a homogeneous bone matrix [7–9]. The elastic properties of EVM deserve a careful study21

because, combined with the micro-architecture of the vascular porosity, they determine bone elasticity at22

the mesoscale, which has a direct impact on the macroscopic mechanical behavior of whole bone. Also, for a23

given macroscopic loading, bone matrix elastic properties play a role in mechanotransduction as they govern24

the amplitude of matrix deformations which determine the interstitial fluid flow and the local strains sensed25

by osteocytes [10].26

While, the inter-individual variations of EVM elastic properties in the general population are expected to27

be small [11, 12], considerable alteration of matrix elastic properties have been observed as a consequence of28

bone pathologies [13–15] and drugs [16, 17]. Several experimental approaches have been proposed to measure29

EVM elastic properties, which can be categorized as direct and indirect approaches. Direct approaches are30

nanoindentation [18, 19], scanning acoustic microscopy (SAM) [11, 20] and mechanical testing on µm-sized31

bone specimens [21–23]. For instance, using nano-indentation, elastic properties of trabecular and cortical32

bone tissues were found to be similar [24] and the interstitial tissue was found to be stiffer than osteonal33

tissue [25]. Using SAM, it was found that collagen fiber orientation has an impact on tissue elastic anisotropy34

probed at the microscale [26, 27].35

These direct approaches have several limitations. Several assumptions on tissue elasticity (isotropy, as-36

sumed Poisson’s ratio) are necessary to obtain the Young’s modulus from a nanoindentation load-displacement37

curve [28]. Also, to get a representative value of bone matrix elasticity, several tens of indentation locations38

must be considered in the osteonal and interstitial tissues. SAM yields a map of the acoustic reflectivity of a39

bone surface using a high frequency ultrasound probe. Precisely, the method yields acoustic impedance val-40

ues which can only be converted to Young’s modulus using assumptions on tissue composition and Poisson’s41

ratio [29]. Mechanical testing on µm-sized specimens requires dedicated experimental apparatus, long speci-42

men’s preparation time and it is not always possible to achieve a testing environment mimicking physiological43

conditions, e.g., as for experiments conducted in an electronic microscope [22].44

An indirect approach to measure trabecular tissue elasticity was introduced by van Rietbergen et al. [30];45

Tissue elasticity is retrieved by back-calculation combining experimental mechanical testing on a specimen46

of several millimeters and a corresponding micro-finite element model accounting for the specimen-specific47

trabecular microarchitecture. A linear relationship between tissue Young’s modulus and bulk (measured)48

modulus can be assumed, which makes it possible to infer tissue modulus by searching for a good match49

between model and experimental data. A similar approach was proposed in which mechanical testing was50

replaced by ultrasound resonance testing [31].51

Direct methods are designed to probe the EVM elastic modulus in one single direction (typically along the52

osteon axis), and inverse methods, as used to retrieve matrix elasticity in trabecular bone, assume isotropic53
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properties. This is a major limitation of both direct and indirect approaches: they hardly give access to54

elastic anisotropy unless very specific and elaborated techniques are implemented [19, 32]. However, EVM55

is not isotropic [25, 33, 34].56

The present article introduces a novel indirect approach to retrieve the anisotropic EVM elastic properties.57

The new method is applied to a collection of human specimens to document the EVM elastic properties in an58

elderly population. Our approach, coined inverse homogenization, is similar to the back calculation procedure59

introduced by van Rietbergen et al. [30] for trabecular bone but it uses anisotropic elastic information at the60

mesoscale (experimental data) and the computation of a specimen’s elastic tensor with homogenization. The61

method combines resonant ultrasound spectroscopy (RUS) which accurately measures the transverse isotropic62

elastic tensor of millimeter-sized bone specimens [35, 36] and Fast Fourier Transform (FFT) homogenization63

method [37, 38], which has been widely used in engineering material mechanics to evaluate the effective64

properties of composites and porous materials.65

2. Materials and methods66

2.1. Sample preparation67

Bone specimens were harvested from the left femur of 29 human cadavers, provided by the Départment68

Universitaire d’Anatomie Rockefeller (French body donation to science program, declaration number: DC-69

2015–2357; Laboratory of Anatomy, Faculty of Medicine Lyon Est, University of Lyon, France) through the70

French program on voluntary corpse donation to science. Among the donors, 16 were females and 13 were71

males (50− 95 years old, 77.8± 11.4, mean ± SD). The nominal specimen size was 3× 4× 5 mm3 in radial72

(axis 1), circumferential (axis 2) and axial directions (axis 3), respectively, defined by the anatomical shape73

of the femoral diaphysis. Details of sample preparation can be found in Cai et al. [39].74

2.2. Bulk elasticity of the bone specimens75

Cortical bone was assumed to be a transversely isotropic material [40, 41]; using Voigt notation, the

matrix form of the stiffness tensor writes

C =



C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C66


, (1)

where, C12 = C11−2C66 and (1−2) is the isotropy plane; C11 and C33 are the longitudinal stiffness constants,76

C12 and C13 are the off-diagonal stiffness constants; and C44 and C66 are the shear stiffness constants.77
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In the present study, we use already published anisotropic elasticity data of cortical bone specimens78

measured with RUS [39]. The main sources of experimental errors are related to the irregularities of spec-79

imen’s geometry and the uncertainties on the values of extracted resonant frequencies. These errors have80

been documented in a previous study and are of the order of 1.7% for shear stiffness constants, 3.1% for81

longitudinal and off-diagonal stiffness constants [42]. Hereafter, the stiffness constants measured by RUS are82

referred to as CEXP
ij .83

2.3. Bone microstructure and degree of mineralization84

Degree of mineralization of bone (DMB) and vascular porosity (φ) data used in this work has been85

published and was obtained following the imaging protocol described in detail in Cai et al. [39]. Briefly,86

specimens were imaged with a pixel size of 6.5 µm with synchrotron radiation micro-computed tomography87

(SR-µCT) at the European Synchrotron Radiation Facility (ESRF) using a SR-µCT setup based on a 3-D88

parallel beam geometry acquisition [43, 44]. The calibrated gray levels of each specimen were converted into89

volumetric DMB as detailed in Nuzzo et al. [45].90

For the purpose of homogenization (see Section 2.5), the 3D volume of each specimen was slightly rotated91

using Fiji [46] so that the image reference frame coincides with the orientation of the specimen’s faces. In92

each specimen, the largest possible rectangular parallelepiped volume of interest (VOI) was selected manually93

to achieve the largest available volume (average size about 2.8 × 3.9 × 4.8 mm3). The VOIs were binarized94

by simple thresholding treating the void volumes as a solid and the bone phase as a background, from which95

φ of each specimen was measured. Finally, the voxel size was downsampled to 35 µm after having conducted96

convergence tests reported in Appendix B. The average total number of voxels in each VOI was about 1.297

million.98

2.4. Bone matrix acoustic impedance99

A subset of 23 specimens (all from the lateral quadrant) were measured with a custom SAM to provide100

an independent measurement of tissue elastic properties for comparison with the results of inverse homoge-101

nization. The SAM operating with a spherically focused 100-MHz transducer (KSI 100/60◦, Krämer Scientic102

Instruments, Herborn, Germany) was used to probe the acoustic impedance normal to the samples surfaces103

according to the measurement procedure extensively detailed in [47]. Calibrated impedance (Z) maps were104

obtained with a lateral resolution of 19.8 µm for the faces perpendicular to radial and axial directions. The105

Z-maps were segmented allowing the separation of vascular porosity and bone EVM. The acoustic impedance106

of the matrix was determined from the segmented maps of the specimens. The small pores (Volkmann’s107

canal, osteocyte lacunae) could not be resolved so that they contributed to the probed bulk matrix properties.108

Matrix impedance in the probing direction, denoted Zi(i = 1, 3), was defined as the mean value of the

Z-map scanned in the face of direction i. Matrix impedance was then converted to EVM stiffness using the

following equation:

CZ
ii =

Zi

ρt
, (2)
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where ρt = 1.12 + 0.73 · DMB − 0.033 · DMB2 is the tissue density converted from DMB values [48].109

2.5. Forward problem: homogenization to simulate bulk stiffness110

Each specimen’s VOI was considered as a representative volume for homogenization containing two111

homogeneous phases: vascular porosity and EVM. The elastic properties of the pore voxels were defined112

with a bulk modulus of 2.2 GPa and a null shear modulus, corresponding to elastic properties of water.113

The EVM voxels were allocated transverse isotropic elastic properties Cm
ij . The isotropy plane of the EVM114

material was taken to be the plane 1 − 2. The terms Cm
ij are the unknowns of the inverse homogenization115

problem.116

The bulk stiffness tensor CFFT
ij of each VOI was evaluated by the FFT homogenization method [37, 38].117

Briefly, the bulk stiffness tensor is obtained after solving the local mechanical problem in the VOI (V )118

consisting of the equilibrium equation, generalized Hooke’s law as constitutive equation, compatibility of119

the displacement field and boundary conditions. The phases are assumed to be perfectly bonded. The local120

problem closed by periodic boundary conditions [49, 50] can be solved by the FFT-based numerical approach121

proposed by Moulinec and Suquet [37].122

The implementation of the method has been described in [9]. Note that no elastic symmetry assumption123

was made for the calculation of the effective stiffness tensor. For the requirements of the present study, we124

implemented a parallelized version of the FFT method. One loading in the FFT homogenization method125

took around 50 iterations in our specimens and the effective stiffness tensor could be computed in about 1126

minute on a workstation (CPU, Intel Xeon E5-2695 v3, 8 threads per loading).127

For all VOIs, the values of the off-diagonal terms of the homogenized stiffness tensor CFFT , which are128

null in the case of orthotropy when the tensor is expressed in the material basis, were at least two orders of129

magnitude smaller than the other terms. These off-diagonal terms were, therefore, disregarded, i.e., the 12130

coefficients with index kl = 11, 22, 33, 44, 55, 66, 12, 21, 13, 31, 23, 32 were kept.131

2.6. Inverse homogenization to recover EVM stiffness132

The inverse homogenization consists in determining the matrix stiffness tensor Cm which provides an op-133

timum match between CEXP and CFFT(Cm) Two approaches have been implemented: (1) The ’calibration134

approach’ assumes that one mesoscale coefficient CFFT
ij is fully determined by the porous microstructure and135

its EVM counterpart Cm
ij . (2) The ’optimization approach’ determines the EVM stiffness constants without136

such assumption, i.e., it accounts for the possible dependence of one term of the mesoscale tensor CFFT
ij on137

all EVM stiffness constants. The ’calibration approach’ is straightforward and less demanding in terms of138

computational resources, but intrinsically less precise to determine Cm
ij . We found that the two approaches139

lead to only slightly different results. Only the details and the results of the ’optimization approach’ are140

detailed in the paper. The methodology and results of the ’calibration approach’ are reported in Appendix141

A.142
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EVM stiffness constants Cm of each specimen were obtained by minimizing the objective function defined

as the root-mean-square-error (RMSE) between experimental and homogenized bulk stiffness constants. That

is, for each specimen, we solve

RMSE(Cm) =

√√√√ 1

12

∑
kl

(
CEXP

kl − CFFT
kl (Cm)

CEXP
kl

)2

× 100%, (3)

Note that the 12 non-zero coefficients (labeled by kl) are used in eq. 3. The Nelder-Mead Simplex Method143

implemented in Matlab Optimization Toolbox Release 2017b (MathWorks, Natick, MA), which does not144

require derivative information, was used to solve the minimization problem. The iterative solver stopped145

when, for two consecutive iterations, both the difference of the objective function values (eq. 3), and the146

difference of the norms of Cm
ij , were smaller than 0.001. For most of the specimens, the optimization stopped147

after about 130 iterations which costed about 130 minutes per specimen. The optimization procedure was148

initialized at the values (Cm0) of Cm0
11 = 24.4 GPa, Cm0

33 = 33.5 GPa, Cm0
13 = 14.7 GPa, Cm0

44 = 6.9149

GPa, Cm0
66 = 5.4 GPa. These values, reported in [9], were found by minimizing the differences between150

experimental and homogenized stiffness constants for the entire collection of specimens.151

2.7. Estimation of the precision of inverse homogenization to recover EVM stiffness152

Cm is recovered from experimental elasticity data and the images of each specimen’s microstructure.153

The images have a high contrast and a high resolution so that there is little concern about the precision of154

the reconstruction of the pore vascular network. The method of solution used for the forward problem yields155

the exact solution of the continuum mechanics problem with a controlled numerical precision. It follows156

that the uncertainties on Cm
ij mostly stem from the experimental uncertainties on CEXP

ij . We conducted157

an error propagation analysis using Monte-Carlo (MC) simulations to estimate the errors on Cm
ij due to the158

uncertainties on CEXP
ij .159

Three specimens with porosities covering the entire porosity range (5.0%, 9.9% and 15.4%) were selected

for the MC simulations to account for an expected dependence of the error on porosity. The experimental

uncertainties on stiffness constants were modeled with independent normal distributions. The distribu-

tions were centred at mesoscale stiffness values obtained from the FFT homogenization of each of the three

specimen’s VOI with EVM stiffness Cm0. The width of the distributions were consistent with the typi-

cal experimental uncertainties for longitudinal and off-diagonal stiffness constants (SD of 3.0%) and shear

stiffness constants (SD of 1.5%). A set of 1000 independent realizations of mesoscale stiffness tensors were

drawn from the normal distributions. The EVM stiffness Cm
ij was calculated for each realization of mesoscale

stiffness tensor using inverse homogenization and compared with Cm0 to calculate the relative error on each

coefficient, defined as

δCm
ij = (Cm

ij − Cm0
ij )/Cm0

ij × 100%, (4)
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2.8. Data analysis160

Linear least squares regressions were conducted to analyze the relationships between elastic properties,161

impedance and DMB. Pearson’s correlation coefficient are reported. Normality of the distributions of the162

Cm
ii and CZ

ii was verified using the ShapiroWilk test. Paired t-test was used to test if Cm
ii and CZ

ii were163

different. The level of significance for all the tests was set to p = 0.05.164

3. Results165

3.1. Descriptive statistics166

The specimens of one subject with a porosity higher than 30% was not included in the analysis. Another167

specimen was broken during sample preparation. Finally 55 specimens were used for this study.168

The bulk elasticity of five specimens with a porosity larger than 14.5% were found to be slightly or-169

thothropic due to the shape of the pore network [9]. Precisely, the relative difference between CFFT
22 and170

CFFT
11 , or between CFFT

44 and CFFT
55 exceeded 3% for these five specimens. This violates the assumption of a171

transverse isotropic material used to process RUS measurements. Despite the fact that, for these specimens,172

the inverse homogenization optimization lead to a relatively good fit with a RMSE (eq. 3) between 1 and173

2%, these specimens were discarded. The results presented below are consequently given for 50 specimens.174

Experimental stiffness constants, porosity, DMB and matrix impedance are summarized in Table 1. The175

coefficient of variation (CV) of DMB was about 2% which is smaller than the CV of Zi (4.2 − 4.3%) and176

CEXP
ij (7 − 14%).177

Table 1: The average, SD and range of the experimental data of the stiffness constants (CEXP
ij ), porosity (φ), DMB (ρm) and

matrix acoustic impedance (Zi). Note that Zi was measured on 23 specimens from the lateral quadrant.

CEXP
11 (GPa) CEXP

33 (GPa) CEXP
13 (GPa) CEXP

44 (GPa) CEXP
66 (GPa)

Mean±SD 20.1 ± 1.5 29.5 ± 1.3 12.0 ± 0.9 6.0 ± 0.4 4.5 ± 0.5

Range 16.9 − 23.8 25.7 − 32.1 9.3 − 14.1 4.7 − 6.9 3.5 − 5.9

φ (%) ρm (g/cm3) Z1 (Mrayl) Z3 (Mrayl)

Mean±SD 6.5 ± 2.6 1.02 ± 0.02 6.8 ± 0.3 7.4 ± 0.3

Range 1.8 − 12.1 0.95 − 1.06 6.2 − 7.5 6.9 − 8.1

The RMSEs after inversion (eq. 3) were small, between 0.06 − 1.01% (Mean ± SD = 0.26 ± 0.19%).178

The EVM stiffness constants Cm
ij and the engineering moduli (obtained by inverting the stiffness tensor) are179

summarized in Table 2. The CVs of Cm
ij (3.0− 7.1%, Table 2), EVM Young’s moduli (4.5− 5.5%) and EVM180

Poisson’s ratios (5.3 − 11.5%) were greater than that of ρm (2%, Table 1).181

3.2. Error propagation analysis182

The distribution of each δCm
ij (eq. 4) was found to be normally distributed (Shapiro-Wilk’s test). The183

results are summarized in Table 3. The offset (bias) of δCm
ij from zero was small, less than 0.8%. The184
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Table 2: The mean, SD and range of the EVM stiffness constants Cm
ij and engineering moduli.

Cm
11 (GPa) Cm

33 (GPa) Cm
13 (GPa) Cm

44 (GPa) Cm
66 (GPa)

Mean±SD 24.5 ± 1.2 33.6 ± 1.1 14.7 ± 1.0 7.0 ± 0.3 5.4 ± 0.4

Range 21.7 − 27.5 31.4 − 36.2 12.1 − 16.7 6.1 − 7.5 4.5 − 6.3

Em
1 (GPa) Em

3 (GPa) νm23 νm31 νm12

Mean±SD 15.1 ± 0.8 22.4 ± 1.0 0.26 ± 0.02 0.38 ± 0.02 0.41 ± 0.03

Range 13.2 − 17.0 20.3 − 24.9 0.19 − 0.31 0.34 − 0.41 0.32 − 0.48

uncertainty characterized by SDs of δCm
ij were between 3.1−4.7% for longitudinal and off-diagonal coefficients185

and 1.5−1.9% for shear coefficients (Table 3). These uncertainties are comparable with the SDs of the errors186

modeled in MC simulations and corresponding to experimental uncertainty on CEXP
ij . We noted that the187

SD of δCm
ij increases as porosity increases.188

Table 3: The errors (Mean±SD in %) on EVM stiffness constants affected by the experimental errors on the bulk stiffness

constants. Calculation were performed for 3 specimens of 5.0%, 9.9% and 15.4% porosity.

φ = 5.0% φ = 9.9% φ = 15.4%

δCm
11 0.21 ± 3.49 −0.01 ± 3.96 −0.76 ± 4.66

δCm
33 0.02 ± 3.05 −0.09 ± 3.06 −0.17 ± 2.99

δCm
13 0.17 ± 3.12 0.03 ± 3.55 −0.35 ± 3.90

δCm
44 −0.12 ± 1.49 −0.07 ± 1.58 0.08 ± 1.59

δCm
66 −0.16 ± 1.62 0.07 ± 1.70 0.69 ± 1.87

3.3. Comparison between EVM stiffness derived by RUS and SAM189

SAM provides a direct assessment of acoustic impedance Z which is a good proxy for stiffness. Impedance190

can be converted to stiffness CZ
ii according to eq. 2 which can be directly compared to Cm

ii . EVM longitudinal191

stiffness constants evaluated by inverse homogenization and SAM are compared in Table 4. The values of192

Cm
ii and CZ

ii were significantly different (p < 0.002). The mean value of Cm
11 was about 5.1% smaller than193

that of CZ
11, while the mean value of Cm

33 was about 10.2% greater than that of CZ
33. CZ

ii exhibited a greater194

variability (CV was about 8%) compared to Cm
ii (CV between 3− 5%). No significant correlation was found195

between Cm
11 and CZ

11, nor between Cm
33 and CZ

33.196

Table 4: Comparison between EVM stiffness measured by RUS and SAM.

Mean±SD Range

Cm
11 (GPa) 24.0 ± 1.2 21.7 − 26.7

CZ
11 (GPa) 25.4 ± 2.0 21.5 − 30.6

Cm
33 (GPa) 33.5 ± 1.1 31.4 − 36.2

CZ
33 (GPa) 30.4 ± 2.4 25.8 − 35.3
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Figure 1 and 2 summarize the relationships observed between Cm
ij and Zi. The CV of Cm

ij (3.0 − 7.1%)197

is comparable with that of Zi. Significant positive correlations were observed between Z1 and the Cm
44, Cm

66198

(0.52 < r < 0.60, Figure 1), and between Z3 and Cm
44 (r = 0.42, Figure 2). Trends of positive (not significant)199

correlations were also observed between Z1 and Cm
11, Cm

33 and Cm
13 (0.34 < r < 0.38, Figure 1), and between200

Z3 and Cm
66 (r = 0.36, Figure 2).201

Figure 1: Relationships between Z1 and Cm
ij , and the corresponding linear regression model (solid line) with the 95% CI (dot

line). r is the Pearson’s correlation coefficient.
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Figure 2: Relationships between Z3 and Cm
44, Cm

66, and the corresponding linear regression model (solid line) with the 95% CI

(dot line). r is the Pearson’s correlation coefficient.

3.4. Variations of EVM stiffness with DMB202

Significant correlations were observed between ρm and Cm
44, Cm

66 (0.65 < r < 0.70, Figure 3). The data203

suggest a positive relationship might exist between Cm
11, Cm

33, Cm
13 and ρm, but the correlations (0.24 < r <204

0.27) were not significant. Also, ρm positively correlated with Em
1 , νm23 and νm31 (0.32 < r < 0.59), and205

negatively with νm12 (r = −0.61) (Figure 4). The linear regression equations between ρm and EVM stiffness206

constants are given in Table 5.207

Table 5: Empirical laws between ρm and Cm
ij .

Laws

Cm
11 14.96 × ρm + 9.28

Cm
33 13.99 × ρm + 19.39

Cm
13 11.79 × ρm + 2.69

Cm
44 8.82 × ρm − 2.02

Cm
66 11.13 × ρm − 5.97

4. Discussion208

In this work, we introduced an inverse homogenization approach to evaluate the anisotropic elastic209

properties Cm
ij of cortical bone EVM. The approach uses a measurement of the transverse isotropic stiffness210

tensor at the mesoscale (with RUS) and assumes that the EVM is itself transverse isotropic. The EVM211

stiffness values obtained are to be understood as ’mean’ values representative of the entire volume of the212

specimen as the forward problem (homogenization) assumes a homogeneous EVM throughout the specimen’s213

volume. One key aspect of the work is that the homogenization is performed with the real vascular pore214

structure obtained with the state-of-the-art 3D µ-CT imaging. Also, the VOI used as a representative215

volume element for homogenization almost matches the specimen volume assessed by RUS, enabling a direct216
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Figure 3: Relationships between ρm and Cm
ij , and the corresponding linear regression model (solid line) with the 95% CI (dot

line). r is the Pearson’s correlation coefficient.

comparison between predicted and measured mesocale stiffness. It is noteworthy that the method provides217

the complete elastic tensor, from which the engineering moduli (i.e., Young’s moduli, shear moduli and218

Poisson’s ratios) can be obtained.219

The fine knowledge of experimental errors on the stiffness constants measured by RUS [42] allows per-220

forming a realistic estimation of the errors on Cm
ij determined by inverse homogenization. The magnitude221

of the errors (SD= 1.5 − 1.9% for shear coefficients and SD = 3.1 − 4.7% for longitudinal and off-diagonal222

coefficients, Table 3) were close to the errors on the bulk stiffness constants measured with RUS. Note that223

the errors on Cm
11 were a bit larger than on Cm

33, which may be explained by the fact that small anisotropy in224
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Figure 4: Relationships between ρm and EVM Young’s moduli and Poisson’s ratio, and the corresponding linear regression

model (solid line) with the 95% CI (dot line). r is the Pearson’s correlation coefficient.

the transverse plane is disregarded in the inverse homogenization process, forcing an ’artificial’ adjustment225

of Cm
11. The errors on the EVM stiffness may be minimized by improving the precision and accuracy of RUS226

[42].227

The average values of EVM stiffness constants and Young’s moduli agreed well with the values reported228

in previous studies measured on human femoral bone as well [19, 24, 32] (Table 6). These values from229

the literature were evaluated by various approaches, including acoustic, indentation and micromechanical230

model-based methods. Specifically, the average values of Cm
33, Cm

44, Cm
66 and all the engineering moduli231

fell inside the range of values measured by SAM and nano-indentation. For Cm
11 and the two off-diagonal232
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coefficients Cm
13 and Cm

12, our values were a bit higher. As far as we are aware, only two articles reported the233

measurement of the entire anisotropic elastic tensor of the EVM [19, 32]. The method used by Lakshmanan234

et al. [32], based on SAM measurements relies on empirical laws (relating acoustic impedance to several235

stiffness constants) and idealized micromechanical models (for the off-diagonal coefficients) to retrieve the236

elastic tensor. The method used by Franzoso and Zysset [19], based on nano-indentation measurements, uses237

an indenter shape-dependent model [51] and a fabric tensor incorporating important assumptions (fibers238

organization and simplified intrinsic material model).239

For instance, our data and the data from [32] respect the inequality relation ν23 < ν31 < ν12 noted240

in Cowin [52], while not the data from Franzoso and Zysset [19]. In our approach, we only assume transverse241

isotropic elastic symmetry for EVM. Furthermore, we provide data for a relatively large number of subjects.242

Table 6: Comparison between the bone EVM elastic properties found in this work and in previous studies. The values are

summarized as mean ± SD except those converted by the mean values of the coefficients (elastic tensor to Engineering moduli

or conversely). Franzoso: Franzoso and Zysset [19]; Lakshmanan: Lakshmanan et al. [32]; Turner: [24].

Acoustic Nano-indentation

This study Lakshmanan Turner Franzoso

Cm
11 (GPa) 24.5 ± 1.2 21.9 ± 2.1 22.4 ± 0.8 — 14.3

Cm
33 (GPa) 33.6 ± 1.1 29.9 ± 5.0 28.3 ± 0.3 — 38.6

Cm
13 (GPa) 14.7 ± 1.0 9.7 ± 1.6 — — 12.3

Cm
12 (GPa) 13.8 ± 0.9 9.2 ± 1.5 — — 10.3

Cm
44 (GPa) 7.0 ± 0.3 6.7 ± 1.2 — — 7.7 ± 0.5

Cm
66 (GPa) 5.4 ± 0.4 6.4 — — 4.7 ± 0.4

Em
1 (GPa) 15.1 ± 0.8 16.8 14.9 ± 0.5 16.6 ± 0.3 9.2 ± 0.6

Em
3 (GPa) 22.4 ± 1.0 23.8 20.6 ± 0.2 23.5 ± 0.2 24.7 ± 2.7

νm23 0.26 ± 0.02 0.22 — — 0.29 ± 0.02

νm31 0.38 ± 0.02 0.31 — — 0.56 ± 0.02

νm12 0.41 ± 0.03 0.32 — — 0.25 ± 0.01

SAM provided impedance data and combined with a model to derive mass density from DMB, provided243

an independent measure of EVM stiffness. SAM is seemingly the most appropriate technique to perform a244

comparison with our EVM stiffness values because it scans entire surfaces of the cuboid specimens; SAM data245

can then be averages, yielding values directly comparable with Cm
ij derived from inverse homogenization.246

We found significant correlations between impedance data and EVM shear stiffness (Figure 1) and 2).247

For the other stiffness constants, the data suggest a relationship might exist with acoustic impedance but248

no significant correlations were observed. The differences between the mean values of the longitudinal249

EVM stiffness evaluated by inverse homogenization and derived from SAM were relatively small (< 10.2%,250

Table 4) considering that the two methodologies are different. However, stiffness derived with SAM and251

inverse homogenization were not correlated. The low and non-significant correlation may in part be due to252

the fact that only 23 among 55 specimens were measured with SAM.253
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The reason for the lack of correlation is likely due to experimental errors of both techniques. RUS254

is intrinsically more accurate for shear stiffness compared to longitudinal stiffness [53, 54], which would255

explain that correlations are found between impedance and shear stiffness. Note that, SAM requires a256

flat and polished surface to measure the acoustic impedance. This is obtained by a manual polishing of257

the specimens which is especially difficult to realize when the sample size is small, as is the case for our258

specimens (Z1 and Z3 were measured on the 4 × 5 mm2 and 3 × 4 mm2 surfaces, respectively). In addition,259

SAM is a surface measurement, whereas the Cm
ij evaluated by inverse homogenization are representative of260

the entire volume of a specimen. The relatively narrow range of variation of the EVM stiffness, combined261

with measurement errors are likely to weaken correlations.262

Significant correlations between DMB (averaged in the specimen’s volume) and EVM shear stiffness (Fig-263

ure 3), and most of the EVM engineering moduli (Figure 4) were observed, which has not been reported264

before. Similar to the observation for impedance data, the correlation between DMB and the EVM longitu-265

dinal stiffness were not significant. This is consistent with the magnitude of the errors in stiffness measured266

by RUS as previously mentioned. Furthermore, opposite correlations between DMB and the Poisson’s ratios267

were observed suggesting different deformation behavior in different directions may exist at the tissue level268

as bone is mineralizing, which may be interesting to investigate in the future. Note that the repeatability of269

the DMB measured by SR-µCT varying beam energy was reported to be as small as 0.26% using the same270

setup on beamline ID 19 at ESRF [55], which may be a reason why correlations with stiffness are found271

although the range of variation of DMB is small.272

The bone specimens used in this study are from donors with undocumented medical history. Overall,273

the presented EVM stiffness data set (Table 2) may only represent a group of elderly population without274

a specific bone pathology. As expected for such a population, the EVM stiffness values vary in a relatively275

small range (from 4.8% to 15.4%). This data may be used as a reference data set to compare with EVM276

stiffness in bone pathology.277

Some limitations in this study should be mentioned. Although the entire EVM stiffness tensor of the278

specimens is provided in this work, the accuracy of the values need further investigation. The comparison with279

SAM-derived stiffness shows a relatively good agreement, and the comparison with the values obtained from280

nanoindentation indicates that the values of EVM stiffness obtained with inverse homogenization are in the281

expected range. Most importantly, the correlations between some stiffness constants and DMB demonstrate282

that the proposed method is sufficiently precise to probe small differences of elasticity due to small changes283

of DMB.284

We assumed that the EVM is homogeneous. In reality, bone matrix mechanical properties are hetero-285

geneous depending on the local variations of the degree of mineralization (differences of elastic modulus286

between osteonal and interstitial region in cortical bone[25, 56]) and microfibril orientation [26]. Though it287

has been shown in trabecular bone that the bulk elastic properties only changed about 2% considering an288

heterogeneous model [57], the effect of neglecting tissue heterogeneity has not been quantified in cortical289

14



bone.290

We also assumed that the EVM stiffness is transverse isotropic. This was a necessary assumption because291

the RUS experimental data itself was obtained with this assumption at the mesoscale level. This assumption292

proved to be valid for most of the specimens, however it may not be valid for specimens taken at other293

anatomical sites.294

5. Conclusion295

To conclude, we introduced an inverse homogenization method to evaluate cortical bone EVM anisotropic296

elastic properties. Our approach provides the entire EVM stiffness tensor with a precision of a few percent.297

The EVM stiffness tensor is provided for 50 specimens from 26 elderly donors exhibiting the range of vari-298

ation for this population. The present work is unprecedented documentation of EVM anisotropic elasticity.299

One important perspective is the quantification of in situ strains of the EVM under loading which has300

consequences for the mechanotransduction process.301
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Appendix A. Calibration approach306

From several preliminary tests, we found that the coupling between CFFT
ij and its counterpart Cm

ij307

(e.g., between CFFT
11 and Cm

11) is much stronger than the other EVM stiffness constants which means that308

specimen-specific relationships can be built between them. Specifically, the relationship between CFFT
11 (as309

an example) and Cm
11 was established by varying the values of Cm

11 starting from Cm0
11 while fixing Cm0

33 , Cm0
13 ,310

Cm0
44 , Cm0

66 (see Figure A.1). The range of variations were Cm0
11 ± 10 GPa, Cm0

33 ± 12 GPa, Cm0
13 ± 6 GPa,311

Cm0
44 ±4 GPa and Cm0

66 ±3 GPa (5 evenly distributed points in the interval for each coefficient), respectively.312

Then, the CEXP
11 was projected to Cm

11 given the established relationship (Figure A.1). It costed about313

30 minutes (5 × 6 = 30 forward computations) to calculate EVM stiffness constants of a specimen in the314

calibration approach.315

The RMSE (eq. 3) was also calculated for each specimen after Cm was obtained to compare with the316

ones from optimization approach. The RMSEs from the calibration approach were between 0.12 − 2.52%317

(Mean ± SD = 0.76±0.46%) greater than that from the optimization approach in general which is expected.318

The optimization approach takes all the coupling between the coefficients into account, i.e., it allows more319

degrees of freedom. Therefore, it is expected that the optimization approach would produce smaller RMSEs.320
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Figure A.1: An example of a specimen-specific relationship (solid curve) between CFFT
11 and Cm

11. The latter was projected

(circle) by CEXP
11 using the relationship.

Bland-Altman’s plots between the Cm
ij from the two approaches showed that only a small bias existed for321

Cm
11 (0.15 GPa), but not for the other coefficients (< 0.07 GPa) and the relative differences are quite small322

(CV was between 0.35− 0.96%) compared to experimental errors. Therefore, one can conclude that there is323

no significant difference between the two inverse homogenization approaches.324

Appendix B. Convergence study325

The convergence study was carried out on the three specimens mentioned in Section 2.7 whose original326

pixel size (ps) of the 3D images was 6.5 µm.327

Appendix B.1. Forward problem328

The convergence study for the forward problem was mainly used to determine the pixel size for the VOIs.329

Details can be found in Cai et al. [9] (Appendix B.2.).330

Appendix B.2. Inverse problem331

The ps of the images of each specimen was increased to 10, 15, 20, 25, 30 and 35 µm, respectively, in

order to study how the image resolution affects the result of the inverse homogenization. The bulk stiffness

constants of each specimen, calculated by the FFT homogenization when ps = 10 µm and using Cm0
ij as

the EVM stiffness constants, were used as the input. Applying the inverse homogenization on the images at

the other ps (15 − 35 µm) for each specimen, the bias between EVM stiffness constants Cm,ps
ij evaluated at

different ps and Cm0
ij was quantified by the RMSE denoted below:

RMSE(ps) =

√√√√1

5

∑
ij

(
Cm,ps

ij − Cm0
ij

Cm0
ij

)2

× 100% (B.1)

Results showed that when ps 6 35 µm, all the RMSEs were less than 0.5%. Compared with the experimental332

errors in RUS, these values are smaller. To this end, ps = 35 µm was considered as an appropriate value for333

the 3D images of the specimens and was chosen in this work.334
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Appendix C. Validation of the inversion335

The effective stiffness constants CFFT0
ij of all the 55 specimens were calculated by the FFT homogenization

with the values Cm0
ij for bone EVM and the pixel size of the images was 35 µm. Using CFFT0

ij as the input,

both the calibration and optimization approaches were implemented to calculate the EVM stiffness constants

Cm
ij and the RMSE of each specimen was evaluated as:

RMSE =

√√√√1

5

∑
ij

(
Cm

ij − Cm0
ij

Cm0
ij

)2

× 100% (C.1)

The results are depicted in Figure C.2 in which we observed that all the RMSE are less than 0.15% and336

0.018% for the calibration and optimization approaches, respectively, and most are less than 0.05% and337

0.005%, which means that the inverse methods themselves are reliable.338

Figure C.2: Histogram of the RMSE (eq. C.1) of the specimens from the (a) optimization and (b) calibration approaches.
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