N
N

N

HAL

open science

THE FRAGMENTATION EQUATION WITH SIZE

DIFFUSION: WELL-POSEDNESS AND LONG-TERM
BEHAVIOR

Philippe Laurencot, Christoph Walker

» To cite this version:

Philippe Laurencgot, Christoph Walker. THE FRAGMENTATION EQUATION WITH SIZE DIFFU-
SION: WELL-POSEDNESS AND LONG-TERM BEHAVIOR. European Journal of Applied Mathe-

matics, 2022, 33, pp.1083-1116. 10.1017/S0956792521000346 . hal-03212142

HAL Id: hal-03212142
https://hal.science/hal-03212142

Submitted on 29 Apr 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03212142
https://hal.archives-ouvertes.fr

THE FRAGMENTATION EQUATION WITH SIZE DIFFUSION:
WELL-POSEDNESS AND LONG-TERM BEHAVIOR

PHILIPPE LAURENCOT AND CHRISTOPH WALKER

ABSTRACT. The dynamics of the fragmentation equation with size diffusion is investigated when the
size ranges in (0, 00). The associated linear operator involves three terms and can be seen as a nonlocal
perturbation of a Schrédinger operator. A Miyadera perturbation argument is used to prove that it
is the generator of a positive, analytic semigroup on a weighted Lq-space. Moreover, if the overall
fragmentation rate does not vanish at infinity, then there is a unique stationary solution with given
mass. Assuming further that the overall fragmentation rate diverges to infinity for large sizes implies
the immediate compactness of the semigroup and that it eventually stabilizes at an exponential rate
to a one-dimensional projection carrying the information of the mass of the initial value.

1. INTRODUCTION

The well-posedness of, along with the long-term behavior of solutions to, the fragmentation equa-
tion with size diffusion

0(t, x) — DI;H(t, x) = —a($)¢(t,$)+/m a@)b(z,y)o(t.y) dy,  (t.x) € (0,00)*, (L1a)

G(t0)=0, t>0, (1.1b)
»(0,z) = f(x), x € (0,00). (1.1c)

is investigated by a semigroup approach. In (1.1), ¢ = ¢(t,x) > 0 denotes the size distribution
function of particles of size x € (0, 00) at time ¢ > 0, while a(z) > 0 is the overall fragmentation rate
of particles of size z, and b(x, y) is the daughter distribution function which describes the distribution
of fragments resulting from the breakup of a particle of size y. Besides undergoing fragmentation
events, particles are also assumed to modify their size by diffusion at a constant diffusion rate D > 0.
Finally, nucleation is not taken into account in this model which leads to the homogeneous boundary
condition (1.1b) at z = 0.

An interplay between diffusion and fragmentation as depicted by (1.1) is met in the growth of ice
crystals, see [14,23]. Indeed, on the one hand, ice crystals grow or shrink in a way which looks like
diffusion and break apart due to internal stresses, the latter process being referred to as polygonization
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2 PH. LAURENQOT & CH. WALKER

or rotation recrystallization in ice physics. The fragmentation equation with size diffusion (1.1) is
also derived in [16] to describe the growth of microtubules. In the absence of diffusion (i.e. D = 0),
Equation (1.1) is the spontaneous fragmentation equation which has a long and rich history and
has been extensively studied in the mathematical and physical literature since the pioneering works
of [15,24,28], see [4,6-9], and the references therein.

An important role is played in the dynamics by the total mass of the particles’ distribution

Mi(o(t)) :== /000 zo(t,x) dx, t>0,

which is expected to be conserved throughout time evolution when there is no loss of matter during
fragmentation events; that is, when b satisfies

Yy
/ ab(r,y) de =y,  y€(0,00).
0

Thus, X; := L;((0,00), xzdx) is a natural functional framework for the study of the fragmentation
operator. We further observe that the homogeneous Dirichlet boundary condition (1.1b) corresponds
actually to a no-flux boundary condition for the Laplace operator in X7, so that this space turns out
to be also well-suited for diffusion. However, the analysis already performed on the fragmentation
equation without diffusion reveals that a complete scale of weighted Li-spaces is needed besides X;.
In this regard, we introduce the spaces

X = L1((0,00),2™dz) and X, :=X;NX,

for m € R. We denote the positive cone of X ., by Xffm. For f € X,, and m € R, we also define
the moment M,,(f) of order m of f by

Ma(f) = [ fa) o,

so that || f||x,. = M (|f]). For definiteness, we equip X ,, with the norm |- ||x,,. == || - [lx, + | - || x..
and note that X; = X ;.

Our strategy to study the well-posedness and the long-term behavior of (1.1) is to write it as an
abstract Cauchy problem in Xj ,, for m > 1 and show that the corresponding operator generates a
semigroup with properties depending on m, a, and b. To this end, we assume throughout the paper
that

a € Lo oc(]0,00)), a>0 ae in (0,00), (1.2)

and that the daughter distribution function b is a nonnegative measurable function on (0, 00)? satis-
fying

/Oy xzb(z,y) de =y, y € (0,00). (1.3)

Moreover, the diffusion rate D is normalized to D = 1.
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For m > 1 we then define the (Schrédinger) operator A, ,, on Xi,, by
dom(Agm) ={f €Xim : ["€Xim, af € X1m, f(0) =0},

1.4
Aunf = " —af, € dom(Au). -4
as well as the nonlocal operator B,, on X; ,, by
dom(B,,) :={f € Xim : af € X1} Cdom(A, ),
o0 (1.5)
Buf()i= [ alp)he.o) @) dy, s€ 0,00, f € dom(By).
Owing to (1.3) the operator By, turns out to be well-defined, see Lemma 5.1. Setting
A, = A, + By with dom(A,,) :=dom(A,,), (1.6)
Equation (1.1) can be equivalently formulated as the Cauchy problem
d

in X1 ,,,, and we shall investigate generation properties of the operator A,,.

For concise statements we introduce the following notation: Given x > 1 and w € R, we write
A € G(Xim,k,w) if the (unbounded) linear operator A on Xj,, is the generator of a strongly
continuous semigroup (e'4);>¢ on X ,, and

HetAH»C(Xl,m) S Iiet”t’ t Z O .

We set
G(Xim) = |J 9Ximrw).

k>1,weR

Moreover, we write A € G, (X ,,) if the semigroup (e');>¢ is positive on the Banach lattice X ,,.
We denote the domain of the (unbounded) operator A in X, by dom(A) and set

D(A) = (dom(A), | - |l4) ,

where || f||la == || fllx.,. | Af||x.,. for f € dom(A) is the graph norm. Finally, we write A € H (X ,,)
if A€ G(X,,,) and the semigroup (e');>¢ is analytic.

With this notation we may formulate the generation result in X, ,, for m > 1:

Theorem 1.1. Assume that a and b satisfy (1.2) and (1.3).

(a) There is an extension Ay € G, (X1,1,0) of A;.
(b) Assume further that there is oy € (0,1) such that

(1 —dy)y* > /Oy 2*b(z,y) dr, y € (0,00). (1.8)

If m > 1, then A, € G(X1m) NH(X1m). In addition, for all f € X,
My (e f) = Mi(f), t>0. (1.9)
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(c) Assume that a satisfies
lim a(x) = oo (1.10)

T—00

and that b satisfies (1.8). Then, (e"*m);>q is immediately compact on X1, for m > 1.

Assumption (1.8) is commonly encountered in the investigation of the fragmentation equation and
somehow excludes the concentration of b along the diagonal.

At this stage, the extension A; of A; is not completely identified. In particular, we do not know
whether or not A; coincides with A;. Still, it is a question worth of investigation and we refer to [7]
for a thorough discussion of this issue for the fragmentation equation without diffusion. Anyway, a
positive answer is straightforward when a € L, (0, 00) and reported in the next result.

Proposition 1.2. Assume that a € Ly (0,00) is non-negative and that b satisfies (1.3).
(a) Form > 1, A, € G (Xym) NH(X1,m) and (1.9) is satisfied. In addition, Ay € G1(X4,1,0).
(b) The semigroup (€™ )i>q is not compact on X1 ,.

We immediately obtain the well-posedness of the Cauchy problem (1.7) in X ,, and, equivalently,
of (1.1) in a classical sense. Since we shall see that D(A,,) = D(A, ), we can formulate the result
as follows:

Corollary 1.3. Assume that a and b satisfy (1.2) and (1.3). Assume further that, either m =1 and
a € Lo(0,00), or m > 1 and b satisfies (1.8). Then, for any f € Xi,,, there is a unique classical
solution
¢ € C([0,00), X1,m) N CH(0,00), X1.m) NC((0,00), D(Aam))
to (1.1) which is given by ¢(t) = e f for t > 0 and satisfies
Mi(o(t)) = Mi(f),  t=0. (1.11)
Moreover, if f >0 a.e. in (0,00), then ¢(t) >0 for all t > 0.

Remark 1.4. Given f € Xffm, the corresponding solution ¢ to (1.1) provided by Corollary 1.3
satisfies the mass conservation (1.11), a feature which is in particular due to the assumed boundedness
(1.2) of a on (0,1). Indeed, even when b satisfies (1.3), infringement of mass conservation is known
to occur when the overall fragmentation a is unbounded for small sizes. In that case, the total mass is
a decreasing function of time, a phenomenon usually referred to as shattering which is closely related

to the honesty property of the associated semigroup, see [3,7, 10,15, 18,19, 24].

Having settled the well-posedness of (1.1), we next turn to qualitative properties of its dynamics.
As a guideline it was pointed out in [14] that the interplay between diffusion and fragmentation
results in the stabilization of solutions to (1.1) to a stationary solution. This is in sharp contrast to
the fragmentation equation without diffusion, since fragmentation is an irreversible process driving
the particle distribution to zero. When diffusion is turned on, a closed-form stationary solution
to (1.1) can be computed for the particular choice a(z) = x and b(x,y) = 2y 'L, (), see [14].
The existence of stationary solutions is also established in [21] for an overall fragmentation rate a
obeying a power law (a(z) = 27, v > 0) and for a specific class of daughter distribution function
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b. Here we extend this existence result to a broader class of fragmentation coefficients a and b, see
Proposition 1.6. In addition, when a diverges to infinity as x — oo, we provide the exponential decay
of the solution to (1.1) to the steady state with the total mass of the initial value.

Theorem 1.5. Assume that a and b satisfy (1.2), (1.3), (1.8), and (1.10), and that a > 0 and b > 0.
There is a unique nonnegative
Y1 € ﬂ dom(A,)
r>1
such that My(11) = 1 and ker(A,,) = Ray for every m > 1. In particular, for m > 1, the spectral
bound s(A,,) = 0 is a dominant eigenvalue of A,, and there are N,, > 1 and v, > 0 such that, for
all f € Xqm,
||etAmf - Ml(f)¢1“X1,7n < Nme_VMt||f’|X1,7rl ;=20

It is worth pointing out that the stationary solution 1, decays faster than algebraically at infinity,
a property which is perfectly consistent with the exponentially decaying tail experimentally observed
in [23]. Also, combining Theorem 1.5 with Lemma 2.1 below implies that ¢4 € X, for all r > —1.

Theorem 1.5 provides a complete description of the long-term behavior of solutions to (1.1) when
a diverges to infinity as x — oco. However, the unboundedness of a at infinity is not a necessary
condition for the existence of stationary solutions. In fact, when

2
a(z) =1, b(z,y) = gl(o,y)(x) ; O0<z <y,

we notice that Equation (1.1) has an explicit stationary solution ;(z) = ze™®, x > 0.! This
particular example is not peculiar and we actually obtain the existence of stationary solutions to
(1.1) as soon as there is a positive lower bound for a as © — oc.

Proposition 1.6. Assume that a and b satisfy (1.2), (1.3), and (1.8), and that a > 0 and b > 0.
Assume further that
1
@:=g liminf a(x) € (0, 00). (1.12)

T—r00

There is a unique nonnegative
P € ﬂ dom(A,)
r>1

such that My(1) =1 and ker(A,,) = Repy for every m > 1.

Let us mention here that there is no loss of generality in assuming the finiteness of liminf, ., a(z)
in (1.12). Indeed, if liminf, ,. a(z) = oo, then a satisfies (1.10), a situation which is dealt with in
Theorem 1.5.

When a only satisfies (1.12), the associated semigroup (em’") >0 1eed not be compact, see Propo-

sition 1.2. We thus take a different route to prove Proposition 1.6 an approximation procedure. This

I'We actually compute explicit stationary solutions to (1.1) when a(x) = 27 and b(z,y) = (v +2)z"y ="~ for v > 0,
v e (—2,0] in [22].
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approach does not allow us to retrieve information on the long-term behavior and it is likely that,
either a more precise study of the operator A;, or a different approach (such as the one developed
in [25]) is required to fully identify the long-term behavior when a only satisfies (1.12).

Let us end this introduction with a brief outline of the paper. Auxiliary results are gathered in the
next section, which includes integrability properties of elements of dom(Ag ) on the one hand, and
a weighted version of Kato’s inequality on the other hand. In Section 3, we recall some properties of
the heat semigroup in the weighted L;-space X ,, with m > 1, relying on the explicit representation
formula which is available in that case. Section 4 is devoted to the Schrodinger operator A, ,, and
the associated absorption semigroup and is mostly a consequence of the thorough study performed
in [2]. We then use a perturbation argument in Section 5 to study the full fragmentation-diffusion
operator A, = A, + B,. On the one hand, for m = 1, the existence of an extension A, €
G.+(X1,1,0) of Ay is a consequence of [27]. On the other hand, if m > 1, then we can use a Miyadera
perturbation technique to prove that A,, € H(X;,,). We recall that this approach has already
proved successful for the fragmentation equation without size diffusion, see [5]. The remainder of
the paper is then devoted to the long-term dynamics. As a preliminary step, we first establish
in Section 6 the immediate compactness of the semigroup in X;,, for m > 1 when a diverges to
infinity as ¢ — oo. We then construct in Section 7 a bounded convex subset of X;,, which is
invariant with respect to the semigroup. This feature, along with the immediate compactness of
the semigroup, implies the existence of at least one stationary solution for any given mass. After
showing that the latter is unique, we perform a detailed study of the spectrum of A, and end up
with the announced convergence at a (yet non-explicit) exponential rate. Building upon the analysis
performed in Section 7, we turn to the proof of Proposition 1.6 in Section 8 which relies on an
approximation procedure. Specifically, introducing a,(x) := a(z) + x/n for z > 0 and n > 1, we
deduce from Theorem 1.5 that there is a unique non-negative stationary solution ¢, to (1.1) with
a, instead of a. We then show that cluster points as n — oo of this sequence are stationary solutions
to (1.1).

2. AUXILIARY RESULTS

According to the definition of dom(A;), an important role is played in the forthcoming analysis
by functions f € Xj such that f” € X;. We collect useful properties of this class of functions in
the next lemma and show, in particular, that the boundary condition (1.1¢) is well-defined for such
functions.

Lemma 2.1. Consider f € X; such that f” € X,. Then f € BC([0,00))NC*((0,0)), f' € Li(0,00),
and, for x >0,

f@I <1 x 2 @I <1 % 1 e < 1 1x - (2.1a)
Moreover,
lim zf(z) = lim zf'(x) = 0. (2.1b)

T—00 T—00
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In fact, f and f' are given by

== rod. r@=-[ Fwa,  ceo). (2.10)
Also, [ € X, for any m € (—1,1) and, for alle > 0,
€m+1 " m—1
1l < 7 1 4™l - (2:2)
Equivalently,
2(1 - m)(m n/2 1 (1=m)/2 (m+1)/
< — . .
1fllxn < e VA 53 IS, m € (—1,1) (2.3)

Proof. Introducing
)= [ -afdy,  ze0.0),
it follows from the integrability of f” that
15 <= [l Wl £ P < [ - ol wldy < 1

so that F(x) is well-defined for 2 > 0. Moreover, F' belongs to BC([0, 00))NC* ((0, 00))NW7,.((0, 00))
and satisfies

- / TP dy, F) = @), ze(0,00), (2.4)
and
lim oF'(z) = lim. F(z)=0. (2.5)

In particular, we infer from (2.4) that there is («, 3) € R? such that (f — F)(z) = a + Bz for z > 0.
Moreover, since f € X, it follows from (2.5) that

z+1 z+1
tim [ ok gyl dy < im [T (W)l + 1R dy =0,

which readily gives « = § = 0 and F' = f, thereby establishing (2.1), except for the limiting behavior
of f at infinity. To this end, we observe that, since f € L (0,00) and f" € L1(0,00), a formula for
f(z)? reads

= —2/ fy)f'(y) dy, x>0.
We then deduce from (2.1a) that

o0 d [e.e]
faf <2 [ ulr el < S [ olf)l .

T

which implies that zf(z) — 0 as  — oo due to f € X;.
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Next, let € > § > 0. It follows from (2.1c) that

T am x axm T +em! Oox x
| i@l e < [Caip@)deeen [Tl a

/ / o) dyde + Sl

m+1 oo
< [ [1relane s S [T 1rwlays e il
By Fubini’s theorem,

[ [ 1wl e = = [ am) 17wl ay < mH/\f )| dy.

Combining the above inequalities with (2.1a) gives

o) c o) €m+1
m d < / d m—1 < " m—1 )
| amir@ar < S [l dus e il < S+

Letting 6 — 0 completes the proof of (2.2). We next optimize (2.2) with respect to € € (0,00) to
derive (2.3). m

m—+1

We next state for the sake of completeness the density in X, ,, of smooth functions with compact
support in (0, 00), which is actually a straightforward consequence of the density of C2°((0,00)) in
L1 (0, OO)

Lemma 2.2. The space C°((0,00)) is dense in Xy, for m > 1.

We finally recall a variant of the celebrated inequality of Kato [20, Lemma A].
Lemma 2.3. Let { be a nonnegative function in W1 ,,.([0,00)) and consider f € W7,,.(0,00) such
that f' € L1((0,00), ¢ (z)dz) and f" € Li((0,00), {(x )dx) Then

- [t sisa(F@)r @) do > [ @) If1e) de. 26)
0 0
Proof. For e € (0,1), we define 5. € W2 ,,.(R) by 5.(0) = 0 and
Br) i=sign(r), [r|>e, and Blr)i==, rel-ed.
Since B > 0 a.e. in R, integration by parts gives

- / " ta) B(f (@) (@) do = / T [tw) B F@)F @ + C@)B(F)f ()] da
> / T V@B (@) de

Since |B.(r) — r| < e for r € R and B. converges pointwise to the sign function in R as ¢ — 0, we
may pass to the limit as ¢ — 0 in the previous inequality to complete the proof. O
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3. THE HEAT SEMIGROUP

It is well-known that the solution to the heat equation with homogeneous Dirichlet boundary
conditions at = = 0,

ow — Pw =0, (t,z) € (0,00) x (0,00),
w(t,0) =0, t € (0,00),
w(0,z) = f(x), x € (0,00),

is given by the representation formula

w(t,z) = W(t)f(z) = / [k(t,x —y) = k(t.x +y))f(y) dy,  (t.z) € (0,00)*, (3.1)
0
where .
k(t,x) = el t,x) € (0,00) x R. 3.2
(t.2) = = (t.2) € (0, 00) (3:2)
Moreover, (W (t))io0 (with W(0) := idz, (0,0c)) s & positive analytic semigroup of contractions on

L1(0, 00) with generator G given by
dom(G) :={f € L1(0,00) : f" € Li(0,00) and f(0) =0},
Gf:=f", f € dom(G).
That is, G € G, (L1(0,00),1,0) N H(L1(0,00)) and e'® = W (t) for t > 0. We now consider this

semigroup in the weighted space X ,,. More precisely, for m > 1, we recall the definition (1.4) (with
a = 0) of the unbounded operator Ag,, on Xi,,, given by

dom(Aom) =4{f € X1m : " € X1 and f(0) =0},
A07mf = f//, f - dOl’Il(A07m) s
and show that it is the generator of the heat semigroup in Xj ,,.

Proposition 3.1. Let m > 1. There is w,, > 0 such Ay, € Go(Xim, 1, wm) N H(Xy,m) with
(0,00) C p(Aom). The semigroup (e*Aom) _ is given by

(3.3)

>0
etom f(z) = / k(t,xz —y) — k(t,z +y)]f(y) dy, (t,z) € (0,00) x (0,00), (3.4)
0
for f € Xy, where k is defined in (3.2). Moreover, et4om = etAO’1|X1,m fort >0 and
A= Agm) ' =(A=40) x, A0,

Two steps are needed to show Proposition 3.1. We first establish Proposition 3.1 for m = 1 and
m > 3, see Lemma 3.2 below. An interpolation argument then completes the proof for m € (1, 3).

Lemma 3.2. Let m € {1} U (3,00). Then Agm € G+(X1m, 1, wm) N H(X1m) with

wy =0 and wpy, = 4Y0 Dy (m — 3)m=3)/(m=1) m>3.
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Moreover, etdom = etot|x = fort >0, (0,00) C p(Aom), and
()\ - Aoﬂn)_l = ()\ - AO,I)_1|X1,m ) A>0.

Proof. We first note that A, is a closed operator on X ,, and that its domain is dense in X; ,, due
to Lemma 2.1 and Lemma 2.2. We divide the remainder of the proof into several steps.

Step 1. We first show the dissipativity of Ag,, — wy, on Xi,,. To this end, let A > 0 and f €
dom(Ay,,). By Kato’s inequality (2.6) (with ¢(z) = 2™), Lemma 2.1, and the boundary condition

f(0) =0,
IAf = (Aom — wm) fllx, = /0 2™ sign(f (2))[(A + wm) f(x) — f*(2)] dz

> (4 o)l +m / T (@) de

= (At wn) [ fllx,, —m(m =D fllx,. . -
In particular, when m = 1,
IAf = Ao fllx, = Allfllx, (3.5)

so that Ay, is dissipative on X;. We next handle the case m > 3. Then m — 2 € [1,m) and we infer
from Young’s inequality that, for ¢ > 0,

m(m = D) fllx,, < m(m = 3)el|fllx,, +2me® ™72/ f||x, .

Hence,
(A + wm) [ /] X+ 2meCT 2 £l + I = (Ao — win) ]
Combining (3.5) with this inequality gives
A+ wm) [ fllx < MM = (Aom — wim) fllx,
+m(m = 3)e]| fllx,, +2me® 2| f|lx, .

We now choose € = &, := (2/(m — 3))%™=Y_ Since

X S (M = 3)el| f]

Xm

W = m(m — 3)e,, = me3m/2
we readily conclude that
M lxm < MM = (Aom — win) fll X1
so that Ap,,, —wy,, [ is a dissipative operator on X ,,.

Step 2. We next show that rg(A — Ag,) = Xy, for A > 0. Consider ¢ € X ,,,. According to
Lemma 2.2, there is a sequence (g,)n>1 in C2°((0, 00)) such that

lim ||g, — gl/x,,., =0. (3.6)
n—oo

Since g, € L1(0,00) and (0,00) C p(G), there is a unique f, € dom(G) such that Af,, — Gf, = gn;
that is,
ANo—fl=g, in (0,00), fn(0)=0. (3.7)
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Now, let R > 1. We multiply (3.7) by (z A R)™ sign(f,(z)) and integrate over (0,c0). Using Kato’s
inequality (2.6) (with ¢(x) = (z A R)™), we obtain

1gnllx,, > /OOO(SC A R)™ sign(fo(2))[Mu(2) — £, (2)] do
> )\/Ooo(:c AR |fa(@)] de + m/o U f (@) da

= )\/Ooo(sc AR)"™ |fu(z)| dz — m(m — 1)/0 "2 fo(x) do.

In particular, for m = 1 we get

lgnlls = A / (A R) | fulw)] dr,

so that, letting R — oo and using Fatou’s lemma,

Ml fullxy < Mlgnllx, - (3-8)

The same argument entails that

>‘||fn_leX1 < ||gn—gl||X1v nal > 1. (39)
If m > 3, then m — 2 € [1,m), and we use Young’s inequality to deduce that, for £ > 0,

A / T(@ AR [fule)] dr < [lgallx,, +m(m — 3)e / "o e da
o [ )
+ 2me ; n

< Ngallx,, + m(m — 3)e / T@ AR fulw)] da

+2meCm 2 £, -
Choosing € = A/(2m(m — 3)), we combine (3.8) and the above inequality to conclude that

\ [ om [ 2m(m — 3)\ "2
> [Cwnmye |fn<x>|dxsngn|xm+—(¥) lgnllx -
0

2 A A
We now let R — oo in this inequality and deduce from Fatou’s lemma that f, € X,, with
Am [ 2m(m —3)\ "
Mlfal < 2l + 52 (2= g, (3.10)

The same argument entails that

dm [ 2m(m — 3)\ "/
M fr = fillxm < 2l90 — aillx,, + ~ (%) 190 — a1l x, (3.11)
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forn > 1 and [ > 1. Therefore, for m € {1} U [3,00), the estimates (3.9) and (3.11) along with (3.6)
guarantee that (f,,),>1 is a Cauchy sequence in X ,, and that there is f € X ,, such that

lim || f, — fllx,.. = 0. (3.12)
n—o0

Since f!! = Af, — gn for all n > 1 by (3.7), it readily follows from (3.6) and (3.12) that (f/).>1
converges to Af —¢g in X ,, and to f” in the sense of distributions. Therefore, f” € Xy ,,, f" = Af—g,
and || f; — f"|lx,,. — 0 as n — oo. Finally, by (2.1c),

FO)] = 1 £(0) — <>|</0 ('~ f)(@)] da

<[ = mwlase = [Tyl = 2wl =1 .,

from which we deduce that f(0) = 0. Consequently, f € dom(A,,) and \f — Ay, f = ¢. Since
A — Ag,, is one-to-one by (3.5), we have thus shown for any A > 0 that

rg(A — Agm) = Xim and (A — Agm) rg= (A — A1) tg forall g€ Xi,,. (3.13)

Step 3. For m € {1} U[3,0), we infer from Step 1 - Step 2 and the Lumer-Phillips theorem [26,
Theorem 1.4.3] that Ag,, — wm, belongs to G(Xi.,,1,0). Hence, Ay, € G(Xim, L, wnm). Also, it
readily follows from (3.13) that (0, 00) C p(Ag,m) and (A= Agm) ™' = (A= Ag1) Y x,,,- In particular,
the latter, along with the exponential formula [26, Theorem 1.8.3], entails that edom = efdor|y
for all ¢ > 0.

Step 4. We next derive the representation formulation for (e401);54. To this end, we first note
that, for t > 0, the operator W (t) defined in (3.1) is a bounded operator on X;. Indeed, since
[z —y[ < |z +yl=2+y for (z,y) € (0,00)?,

1 2 2

eyt o) >0 (2 € (0,00)?

e e >0, z,y) € (0,00). (3.14)
VAt ( )

By Fubini-Tonelli’s theorem and (3.14),

W@l < / s / k(e — y) — Ktz + )| f)] dyda

\f / ( /_ y/N(ij 2:Vt)e ™ dz — /_ :/M(—y —22v/1)e™ dz) dy

== [Tl ([ 2evBe ) an =l

Thus, W (t) is a contraction on X;. Since (A — G)™' = (A — A1)~ on L;(0,00) N X; for all A > 0,
it follows from the exponential formula, see [26, Theorem 1.8.3], that !¢ = e!4o1 on L;(0,00) N X,
for all t > 0. Therefore, W (t) = et on L;(0,00) N X; for all ¢ > 0. Since L;(0,00) N X, is
dense in X; by Lemma 2.2 and e!4o1 and W (t) are both bounded operators on X;, we conclude that

k(t,z —y) —k(t,x+y) =
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et = TV (¢) on X, for all t > 0. Together with the outcome of Step 3, this identity proves (3.4).
In particular, (e'4om),5q is a positive semigroup according to (3.14).

Step 5. We are left with showing the analyticity of (e/40m);q on X ,,. To this end, let f € X,
Clearly,

t—s /Ooo[k(t,x —y) —k(t,z +y)|f(y) dy

is differentiable on (0, c0) and, since

2t0ik(t, x) = (—1 + %) k(t,z), (t,z) € (0,00) x R,

we derive for (t,z) € (0,00)? that

21 e () = - tA‘“"f(x)

dt
|g;_y|2 - ERNIE
At At

kt,o+ y>) Fly) dy

= —36tAO ’”f

+2/0°° [(H%) Ktz —y) — (1+%) k(t,x—l—y)] F(y) dy.

Let ¢t > 0. Since z — (1 + z)e™* is non-increasing on (0,00) and |z — y| < x +y for (z,y) € (0,00)?,
we see that

<1+|I;ty|)k(t,x—y)—(lJr'xLy‘)k(t,if+y)20> (z.y) € (0,007, (3.15)

and infer from Fubini-Tonelli’s theorem that

/ow - / ) [(1 " |$;ty|2) Ktz —y) = (1 + 'xLy'z) k(t,xw)] f(y) dy\ da
/ / K E: —ylz) k(t,x —y) — <1 + %) k:(t,x+y)} | f(y)| dyda
f/ [/y/w (y * 22;//3: (142%™ iz .

—/_ (—y—2zx/¥) (14 2%)e* dz] dy

oo

= [T [ oA (28 (e iy,
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Consequently,
2t d tAo,m < 3” tAO,m
1,m
2 o o0
b2 [T [ (v 2evE) @ e ay
\/7_T 0 —00
2 o0 o0 m—1
w2 [T [ o™ (v 2evE) G e dedy
VT Jo o
so that
d
imsupt | et <31l
t—0 dt X1m

by Lebesgue’s convergence theorem. It is well-known that this property implies the analyticity of
(eom),5o on X ,,. Thus, the proof is complete. O

The proof of Proposition 3.1 is now a consequence of the previous lemma and an interpolation
argument as shown next.

Proof of Proposition 3.1. We only have to consider the case m € (1,3). Since Ap; € H(X11) and
Aps € H(X,3) according to Lemma 3.2, Hille’s characterization implies that there are Ay > 0 and
k > 1 such that

IO = Ao.) "Ml + T = Aos) e ReA > X.

K
) S T
A= A
Since (A — Ag3) ™t = (A — Ao1) !|x,,, it readily follows by interpolation that
<«
WA

Obviously, Ap,, is closed and densely defined in X ,,. Let g € X;,, be arbitrary and Re X > .
There is a unique f € dom(Ag ;) such that (A—Ag;)f = g. By (3.16), f = (A—A01) '|x,..9 € Xim
and f" = Ao mf = Af —g € Xy, From this identity, we deduce f € dom(Ay,,) with Ag,.f = Ao f
and (A — Ao ) f = g. Since f is unique, we conclude that A € p(Ay,,) and

A=Apm) === A1) x09;

that is, (A — Aom) ™" = (A — Ao1) Y x,.,.- Invoking (3.16) we derive that

||()\ - Aoyl)_1|X1,m ||£(X1,m Re)\ > )\0 : (316)

K

<—, ReA> A\
)_‘)\_)\0|7 €A > Ao,

1Y = Aon) " lexs,m

and thus conclude that Ay, € H(X,,,) with etom = etA°’1|X1’m for t > 0. The fact that Ag,, €
G(X1m, 1, wy) follows again by interpolation using Lemma 3.2. O
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4. THE ABSORPTION SEMIGROUP
Let a € Lo 0c([0,00)) be a non-negative function and m > 1. We recall the definition (1.4) of the
Schrédinger operator A, ,, on Xi,, given by
dom(Aym) ={f € Xim : fedom(Apm), af € Xim},
Aumf=f"—af, f € dom(Aym) -
The main result of this section is that A, ,, € G+ (X1 m, 1, wn) N H(X1,m), the parameter w,, being
defined in Proposition 3.1. The proof relies on [2].

Proposition 4.1. Assume that a satisfies (1.2) and let m > 1. Then Aum € Gi(Xim, L, wm) N
H(X1m). Moreover, etem = etei|x,  fort > 0.

Proof. Let us recall that X ,, is a Banach lattice with order-continuous norm and introduce Y :=
L1((0,00), (z + 2™)a(x)dz). We first observe that (dom(Ag,,)NY)" = {0}, where the disjoint
complement F'* of a subset F' of X1, is given by

Ft={g€ X1, : min{|f|,|g|]} =0 forall feF}.
Indeed, since C°((0,00)) is a subset of dom(Ag,,) NY, we readily deduce that ¢ = 0 for g €
(dom(Ag,m) N Y)L. Consequently, we are in a position to apply [2, Proposition 4.3] and conclude
that there is an extension A, ., € G4+ (X1m) of A,,, with domain

fe Xy, « thereexist (f,)n>1 in dom(Ay,,) and g € X, such that
dom (A, ) =
lim ([ fo = fllxe, + [ Aomfa = (@ A1) fu+ gllxi,,) =0
It first follow from Lemma 4.2 below that dom(fla,m) = dom(A,,,) and therefore fla,m = Aum-
Moreover, 0 < etAam = etdam < ctAom for ¢ > 0 by [2, p.432]. Since Apm € G (Xim, 1, wp) due to
Proposition 3.1, this ordering property, along with [6, Remark 2.68], implies

le ™ |2y < flethom

L(X1) < € t>0.

Hence /Alavm € G+ (Xy,m, 1,wp,). Finally, recalling that
(_wm + AO,m) S g—i—(Xl,ma ]-7 0) N H(Xl,m)
by Proposition 3.1, we infer from [2, Theorem 6.1] that A, ., € H(X1nm). O

A~

It remains to check that dom(A,,,) = dom(A,,,). This property actually follows from the mono-
tonicity of the Laplace operator Ay ,, and the multiplication f + af.

Lemma 4.2. Assume that a satisfies (1.2) and let m > 1. Then dom(A,,,) = dom(Aq,).

~

Proof. Pick f € dom(A,,,). Then there are a sequence (f,,),>1 in dom(Ay,,) and g € X;,, such that
nh_g.lo (||fn_f||X1,m+ ||gn—g||X1,m) :0> (41)
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with g, :== —Aomfn + (a An)f, for n > 1. In particular,

K= Sup {Hf”HXl,m + HgnHXl,m} < 0.
n>1

Step 1. Let us first prove that af € X; ,,. Indeed, we infer from Lemma 2.3 that, for n > 1,

lonllx, > [ " sign(fu(e)) on(e) do
>m/ ! | ful (z d:E+/ ™ (a(z) An)|fn(x)| do
= —mm — D)) full oo + / T (ale) A fule)] de

In particular, we derive

| @ ala) Al fula)] do < gl < .
0
Next, if m > 3, then it follows from Young’s inequality that
° 2
[ @) Al e < mim = 1) | 2220l + ] + Lol
<[m(m—1)+1]k

Likewise, if m € (1,3), then Lemma 2.1 implies that

[ e @) Ao do < mlm = 1) |+ Ul ] + laal,

< mil(@ A ) fo = gallx, + fm(m = 1)+ 1
< msup{(@ A fillx,}+ (m* + 1)x

<(m*+m+ 1k

where the last inequality is due to (4.2). Thus, in all cases for m > 1, we have shown that

/Ooo(x +2™) (a(z) An)|fo(2)| do < (m* +m + 2)k
Fixing N > 1, we deduce from the previous estimate that, for all n > N,
| e @) AN do < [ (o) An)lfo)] de < (2.
We then let n — oo and infer from (4.1) that

/Ooo(x+xm) (a(z) AN)|f(z)] dz < (m* +m +2)k
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Using Fatou’s lemma to let N — oo, we conclude that af € X, with
laflx,.. < (m*+m+2)k. (4.3)
Step 2. We next show that ((a A n)f,),>1 converges to af in X ,,. Let x € C*°((0,00)) be such

that x(z) = 1 for x > 2, x(x) = 0 for x € (0,1), and x(z) € [0,1] for z € [1,2]. Introducing
Xr(7) == x(x/R) for x € (0,00) and R > 1, we deduce from Lemma 2.3 (with ¢(z) = 2™ xg(z)) that

/0 o™ (ale) Am)xale)| ful@)] dz + / (@) + ma™ (@) ful (@) da
< / " exn(e)sign(fu(2))ga(z) do

s/mx gn(2)] do

R
Since
/ Tl le) + mam (@)l ol (2) da

. / () + 202 (@) + m(m — 1) (@) fa()] de

[ [ (G A )+ )
and

)+ ) + m(m—;”x(y)) <3\ ooneys ¥ € (0,00).
Yy )

we further obtain

/jxm (ala) A )| fu(a)] do < /wam (al@) A n)xa(@)|fu(a)] do

R
3sup{ [ ate \dx} NN TR
>1 R

3m2k
SSUP{ [ late |dx}+ Il 000
R

>1

for n > 1. Since

lim sup{/ (x4 2™) |gi(z)] da:}
R—o0 >1 R
by (4.1), we conclude

lim sup {/200(x +2™) (a(x) An)|fn(x)] dx} =0. (4.4)

R—o0 n>1 R
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Now, let R > 1. Since a € Lo(0,2R) by (1.2), there is ng > 1 such that a(z) An = a(zx) for
x € (0,2R) and n > ng. Consequently, for n > ng,

[e.e]

2R
lanm)fs—afllx,., < / (21 2™ a(@)|(fu — £)(@)] do + / (z + 2™) (a() A )| fu(2)] dz

R

+/2:(x+xm) a(x)|f(z)| dx

< llallzw©2rllfa = fllx1,. + sup {/
>1 2

R

(& +2™) (a(2) A D)) dx}
—i—/:o(x—i-xm) a(x)|f(z)| dz.

R
We then pass to the limit as n — oo and infer from (4.1) that

limsup ||(a An)f, — af x,,, <sup {/200(£L'+£Em) (a(z) N fi(x)] dx}

n—00 >1 R

—I—/;O(:L"—I—Im) a(x)|f(z)| do.

R
We finally let R — oo with the help of (4.3) and (4.4) and end up with
i @A) = of x,,, = 0. (45

Step 3. We finally show that f € dom(Ag,,). Indeed, it readily follows from (4.1) that (f)),>1
converges to f” in the sense of distributions, while (4.1), (4.3), and (4.5) guarantee that (f)),>1 =
((@An)fn — gn)n>1 converges to af — g in Xj ,,. Therefore, f” belongs to X ,,, with f” = af — ¢ and
(fI)n>1 converges to f” in X ,,. Since f,(0) = 0 for n > 1, this convergence along with Lemma 2.1
ensures that f(0) = 0 and we have proved that f € dom(Ag,,). O

For further use, we show that the graph norm of A, ,, in X; ,, controls independently the diffusive
and absorption terms in X ,,.

Lemma 4.3. Assume (1.2). For f € dom(A,1),

1
3 (o fllx, +llafllx) < lAarfllx, (4.6)
Let m > 1. For f € dom(Aqm),
1
Tt D (Ao fllxm + llaf i) = mULFlx0m < Aamfllxim, - (4.7)
Proof. Let f € dom(A,;) and set g := —A,1f = —f" +af. It follows from Lemma 2.3 (with

((x) = x) that

lollx, > / © sign(f(«))g(z) dz > / @) de + llafllx, = laflx,



FRAGMENTATION-DIFFUSION EQUATION 19

Consequently,
lafllx, < lAarflix, and [[Aoaflix, = [[Aarf + afllx, < 2[[Aaifllx, (4.8)
from which we deduce (4.6).
Next, let m > 1 and consider f € dom(A,,,). We set g := —A,mf = —f" + af and infer from

Lemma 2.3 (with ¢(z) = 2™) that
lollx,, > / o™ sign(f(2))g(z) dz > m / Y f(@) do 4 [laf]
0 0

= llafllx,, —m(m =D fllx,_. -
Either m > 3 and it follows from Young’s inequality and the above inequality that
m— 3 2
< (=2 s
o7l < lolls, + mtm = 1) (=20l + 21

< llgllx,. +m(m =3)[[fllx.. +2ml[fllx,
< lgllx.. +m*lfllx..0. - (4.92)
Or m € (1,3) and we infer from (2.2) and (4.8) that

1
Jofll5, < lallxo +mtm = 1) (=177 + 1,
< gl +mlAa Fllx, + mm — 1) flLx,
< gl + 2l Aus flx, + 2 fl, (4.90)
Collecting (4.8) and (4.9) leads us to
Jafllxs,, < (4 2m) AanF s+ 2] s,

X m

which in turn gives

Ao m flx1m < N1 Aam f i + lafllxm < 200+ m)l| Agmfllx10 +m2 | Fllx0
Consequently,

1 m?
171 N A m < Aam 9 1) )
5 ol + 1aflles) < Vo fllss + 5 s
from which (4.7) follows. O

5. THE FRAGMENTATION-DIFFUSION SEMIGROUP

We now consider the operator A, = A,,, + B,,, where we recall that the nonlocal operator B,,
on Xj ,, is defined by

dom(B,,) ={f € Xim : af € Xim},

B f(r) = /ooa(y)b(x,y)f(y) dy, v€(0,00), fedom(By).
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We first, show that B,, is A, ,-bounded in X ,,.

Lemma 5.1. Assume (1.2) and (1.3). Let m > 1 and consider a measurable function f on (0,00)
such that af € X,,. Then

00
0

My (B, f) = My(af), f € dom(B,,), (5.2)
and By, is Ag p-bounded in X .

Proof. We infer from (1.3) and Fubini-Tonelli’s theorem that

[ [t dude = [l [ ambep) dody

< / Ty a(w) W) / b, y) dedy = laf|x,

from which (5.1) readily follows. Next, (5.2) is a straightforward consequence of (1.3) and Fubini’s
theorem.
Finally, let f € dom(A,,,) C dom(B,,). By (4.7) and (5.1),

Bufll,. < [ @tom)| [t s) dy’ dz < af ..,

< A(m+ D[ Agmflxy,, +4m(m + )| fllx,,. »
so that B,, is A, ,-bounded. O

Xm (5]‘)

| a1 dy\ 4z < [laf]

In addition,

As already observed in the literature, see, e.g., [7, Theorem 5.1.47 (c¢)], the inequality (1.8) implies
that, for each m > 1, there is d,, € (0,1) such that

Y
(=dy" = [Cabay) de, ye(0.00) 53
0
An immediate consequence of (5.3) is a strict domination of af over B,,f in X,,.

Lemma 5.2. Assume (1.2), (1.3), and (1.8). Let m > 1 and consider f € dom(B,,). Then

[Bm fllx, < (1= 0m)llafl|x,, -
Proof. 1t readily follows from (5.3) and Fubini’s theorem that

||Bmf|xm_/ / b, ) £ (v >|dydvc=/0 I |/ bz, y) dady

< <1—6m>/0 ()| f()ldy = (1 — 6)af 1x,,
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We shall see next that the property (5.3) ensures that B, is a Miyadera perturbation of A, .
Recall that a similar result is available for the fragmentation equation without diffusion [5].

Proposition 5.3. Let m > 1 and assume (1.2), (1.3), and (1.8). Then there are q,, € (0,1) and
tm > 0 such that

tm
/ 1Bre™ ™ fllx ds < gull fllxi,, . f € dom(Agy).
0
In particular, B, is a Miyadera perturbation of Ag .

Proof. Consider f € dom(A,,,) and set F(t) := e!4em f for t > 0. Owing to Proposition 4.1, we have
IF®lx < 1flxs IFOlx . < e Ifllx,.,  t=0. (5.4)

In addition, F'is a classical solution to

d
ZF = AunF =0, >0,  F(0)=/,
and we deduce from Lemma 2.3 (with ¢(x) = ™) that

||F!|Xm+ laFlx,, <m(m—=1D|F|x, ., t=0.

Hence, after integratlon Wlth respect to time,

/0 laF()]1x ds < 1 llx +m(m — 1) / IF($)x, ., ds,  £>0. (5.5)

Now, let ¢t > 0. It follows from (1.3), (5.1) (with m = 1), and Lemma 5.2 that

/ |BuF(3)]]x,,. ds < / JaF(s)1x, ds + (1 — 6,) / JaF(s)]1x,, ds. (5.6)

For R > 1, we infer from (1.2) and (5.4) that
/ laF(s)||x, ds < ||a||z.,r) / / z|F(s,r)| dzds + R*~ m/ / x™a(x)|F(s,z)| deds
<lallem [ 1FGx ds+ 2= [ [~ ama(@|F (s, dras
0 0 Jo

t
< ||aHLoo(0,R)Hf||X1t+Rl‘m/o laF(s)]x,, ds .

Combining (5.5), (5.6), and the above estimate with R = R, := (d,,/2)"~™ gives

t 5m t
[ 1B s < lallconollflse+ (1= %) [arl, s
e+ (1-2) 1flx.

< |l oo 0,R0m)
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1) (1-2) [ 1P, s

st + (1 - —) 1l

+m(m —1/HF

At this point, we handle the cases m > 3 and m € (1,3) in a different way. We first consider
m > 3. We use Young’s inequality, along with (5.4), to obtain

=) [ 1EG s ds <min=1) [ [EZ2P) e, + =2 1P G 0

< mim=3)
S o
Collecting (5.7) and (5.8) leads us to
t m(m — 3)
[ 1BE G 45 < oot + 2=

5771 m(m—3) (14+wm )t
b |1= 4 ) (e,

< lall 2o 0,rm)

(5.7)

m 2

1F 1 (45 = 1)+ 2m £t (5.8)

(€(1+wm)t — 1) + 2mt] £ 1l x,

We now pick t,, > 0 such that
m(m — 3)
1+ w,

Om

([lall o 0,rm) +2m) tn < 1 — %n and (e(1+wm)tm ~1) < -

and infer from the previous estimate (with ¢ = t,,) that

tm
[ 1B, a5 < (1 - —) T

Recalling that B,, is A, ,-bounded by Lemma 5.1, we have thus established that B,, is a Miyadera
perturbation of A, ,, for m > 3.

Let us now consider m € (1,3). In that case, m —2 € (—1,1) and it follows from Lemma 2.1,
Lemma 4.3, and (5.4) that, for s € (0,1),

2(3 —m)m=3)/2

3—m)/2 m—1)/2
1F ()00 < S IF G
6(3 — m)(m=3)/2 3-m)/2) 1 (m—1)/
< = A PG,

Owing to the analyticity of (etA“”") >0 See Proposition 4.1, we further infer from [26, Theorem 2.5.2]
that there is C' > 0 such that -

~

e’ e
[ Agre® || 2xy) < C; < C’;, s € (0,t).
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Combining the above two estimates gives
1 () 1x,2 < Clm)[| 1, @292 s € (0,1).
Hence, recalling (5.7),

t
S 1BaF @1, 05 < (oot + Clmpel =22 |
Om
1™
w(1-%) 0

HaHLoo(O,Rm)tm + C(m)6(3_m)tm/2t££n—1)/2 <1-—

Xm

We now choose t,, > 0 such that

Om
2
and deduce from the previous inequality (with ¢ = t,,) that

tm 6m
[ 1B E @l a5 < (1) 1l

Consequently, using again Lemma 5.1, B,, is also a Miyadera perturbation of A,,, when m €
(1,3). OJ

We are now in a position to prove the first two statements in Theorem 1.1 for the operator
A, =A,m+ B

Proof of Theorem 1.1 (a)-(b). We handle the cases m = 1 and m > 1 separately.

(a). If m =1, then A,1 € G(X1,1,0) by Proposition 4.1, so that it generates a substochastic semi-
group in X;. Moreover, dom(A, ) C dom(B;) and B is obviously positive due to the nonnegativity
of a and b. Also, for f € dom(A, ),

My(Aarf + Bif) = — / " f(a) de— Mi(af) + My(Buf) = 0

by Lemma 2.1, (5.2), and the Dirichlet boundary condition. Consequently, we infer from [27] and [7,
Theorem 4.9.16] that there is an extension Ay € G (X,1,0) of A;.

(b). Let m > 1. Since A, ,, € H(X1,,) by Proposition 4.1 and B, is a Miyadera perturbation of A, ,,
by Proposition 5.3, it follows from [12, Corollary I11.3.16 & Exercise I11.3.17] that A,, = A, ., + By, €
H(X1,,) with dom(A,,) = dom(A,,,). Note that D(A,,,) and D(A,,) are both Banach spaces and
that D(A,,,) is continuously embedded in D(A,,), since B,, is A, m-bounded in X, ,, according to
Lemma 5.1. Consequently, D(A,,) = D(Aa.m) by the open mapping theorem.

We now check the positivity of (etA’”) >0+ Pearing in mind that we already know from Proposi-
tion 4.1 that A, is resolvent positive. Pick A > 0 sufficiently large. Then A\ — A,, is invertible with
inverse given by

()‘ - Am>_1 = <)‘ - Aa,m - Bm)_l = ()‘ - Aa,m)_1 (1 - Bm<)‘ - Aa,m)_l)_l
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A= Aam) ™D BN = Aam) ']
7=0
where the Neumann series converges since B,, is a Miyadera perturbation of A,,,, see the proof
of [12, Theorem II1.3.14]. Now, B,, is obviously a positive operator on X ,, due to the non-negativity
of a and b, and the positivity of (A — A,,)~! directly follows from the above identity.
Finally, as in the proof of (a), we have M;(A,,f) = 0 for any f € dom(A,,,) by Lemma 2.1, (5.2),
and the Dirichlet boundary condition, so that (1.9) immediately follows. O

Proof of Proposition 1.2 (a). Let m > 1. The operator A,,, belongs to G, (Xi,,) N H(X1m) by
Proposition 4.1. Since a € L4 (0,00) and b satisfies (1.3), the operator B, is a positive bounded
operator on Xj,. On the one hand, it now follows from well-known perturbation results that
A,, = A, + B, belongs to H(Xy,,), see [26, Theorem 3.2.1]. On the other hand, the same

argument as in the proof of Theorem 1.1 (b) ensures the positivity of (emm) o Finally, for m =1,
it readily follows from [7, Proposition 4.9.16] that A; = A; € G, (X1, 1,0), thereby completing the

proof. O

6. IMMEDIATE COMPACTNESS OF THE SEMIGROUP

We now turn to compactness properties of the semigroup (e"™);>o for m > 1 as stated in Theo-
rem 1.1 (c). To avoid loss of compactness for large sizes, we further require a to diverge to infinity
for large sizes, thus excluding bounded overall fragmentation rates.

Lemma 6.1. Let m > 1 and assume that a satisfies (1.2) and (1.10). Then D(Aym) = D(A,,) is
compactly embedded in X p,.

Proof. Recall that the relation D(A, ) = D(A,,) is established in the proof of Theorem 1.1 (b). Let
(fn)n>1 be a bounded sequence in D(A,,,). According to Lemma 2.1 and Lemma 4.3, there is C' > 0
such that

Sg}g{|fn(93)| talfu()} <C,  n=1, (6.1a)

lfallxm + 1 lx + llafallx, <€, nz1. (6.1b)

On the one hand, we infer from (6.1a) and Arzela-Ascoli’s theorem that (f,,),>1 is relatively compact
in C([1/R, R]) for each R > 1. There are thus a subsequence (fy,);>1 and f € C((0,00)) such that

jli_)rgo fn; () = f(2), x € (0,00). (6.2)

On the other hand, it follows from (6.1) that, if R > 1 and F is a measurable subset of (0, c0), then,
forn > 1,

o

[asmin@lae < [ @ramion@if@) des [ @ramife]

E R
< (R4 R")|[fall Lo 0.00) [ £ 0 (0, R)|
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2 oomax x)| dz
ey L @)

20
< 20R™|EN(0,R)| + -

o pfa(2)] (6.3)

A first consequence of (6.3) with £ = (R, 00) is that

. ) 20
i‘i‘f/R (@ +a™)fu(@)] do < g rsy

from which we deduce by (1.10) that

lim sup /Oo(x +2™)|fu(x)] dz = 0. (6.4)

R—o0 n>1JR

We next infer from (6.3) that, for § > 0,

n(d) = sup{/E(:E+xm)|fn(:£)| dr : n>1, E€B((0,00)), |E| < 5}

satisfies

2C
0) <2C0R"™) + —————F——+
n(0) < inf,>p{a(r)}
for all R > 1. We first let 6 — 0 and then R — oo in the above estimate and use once more (1.10)
to conclude that
limn(d) =0. (6.5)

6—0

Gathering (6.4) and (6.5) implies that the sequence (f,),>1 is uniformly integrable in X; ,,, and thus
weakly compact in X ,,, by Dunford-Pettis’ theorem. This just established weak compactness in X ,,,
along with the pointwise convergence (6.2) and Vitali’s theorem, entails that (f,,);>1 converges to f
in X ,,, thereby completing the proof. O

We are now in a position to finish off the proof of Theorem 1.1.

Proof of Theorem 1.1 (c). Let m > 1. By Lemma 6.1, (A — A,,)"! is compact for A > 0 large
enough and, since m > 1, the analyticity of (etA’") >0 implies that it is continuous with respect to
the operator norm for positive times [26, Lemma 2.4.2]. We now may apply [26, Theorem 2.3.3] to
conclude that (em’") >0 1s immediately compact. 0

The compactness result of Lemma 6.1 is not valid under the sole assumption (1.2) on a. In
particular, we show that it fails when a is bounded.

Lemma 6.2. Let m > 1 and assume that a € Lo (0,00). Then the embedding of D(Aam) = D(A,)
in X1, 15 not compact.
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Proof. Let ¢ € C(R) be such that 0 < ¢ <1, supp ¢ C [—1,1], and |||z, ®) = 1. We fix m > 1
and set ]

n = -n), € (0, ) >1.
(@)= ol =), 2 € (0,00),

Straightforward computations show that

ull o + 0l < (14 Nallaion) Il
1 m,,m—1
14+ m2™n
< (1 s0)) | 1 _ d
< 1+ o) (14 [ EPEE ) 0y
< @+ m2") (14 alloo0)

and
n+1l+@m+0m [, y
1 0 < / W) dy < 2™ ey
b n 4+ nm 1 1(R®)
as well as
Tim flonllx, =1, lim {lon] a0 = 0. (6.6)

Therefore, the sequence (¢;,),>1 is bounded in D(A,,,) but cannot converge in X ,, due to (6.6). [

Proof of Proposition 1.2 (b). Let m > 1 and a € L (0, 00). Since D(A,,) is not compactly embedded
in X;,, by Lemma 6.2, the resolvent (A — A,,)™" is not compact. Hence, [26, Theorem 2.3.3] implies
that the semigroup (e ™);>¢ is not compact. O

7. STEADY STATES AND CONVERGENCE

Throughout this section, we assume that a and b satisfy (1.2), (1.3), (1.8), and (1.10), and that
a>0and b > 0.

We begin with the construction of stationary solutions with the help of Schauder’s fixed point
theorem.

Lemma 7.1. There is a unique nonnegative
P € ﬂ dom(A,)
r>1
such that Mi(¢1) = 1 and ker(A,,) = ker(A2) = Repy for all m > 1.
Proof. We split the proof into three steps.

Step 1. The uniqueness of a solution ¥ € dom(A;) to Ajyp = 0 satisfying M; (1)) = 1 relies on the
dissipativity properties of A; in X; and can be shown exactly as in the proofs of [13, Lemma 3.5]
and [21, Proposition 3], to which we refer.

Step 2. We now turn to the existence part. Let m > 3 and consider f € Xffm satisfying M;(f) = 1.
Setting F(t) := et f for t > 0, it readily follows from Theorem 1.1 (b) that

F(t)>0 and My(F(t) =1, t>0. (7.1)
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Next, by (5.3) and Fubini’s theorem,

%Mm(F(t)) = —m/ 2" 0, F(t, 1) do —/ z™a(x)F(t,z) do
0 0
00 Yy
s [ awFy) [ ey dady
0 0
<m(m — 1)M,,_2(F(t)) — 0m My (aF(t)).
Owing to (1.10), there is x, > 0 such that a(x) > 1 for x > z,. Consequently, using (7.1),
%Mm(F(t)) Mo (F(E)) < %Mm(F(t)) 6 / P F(t 2) Ao + Oy, / () da
T 0

< SMA(F (1) + 8 Mon(aF (1)) + 57 /O U e (1) de
<m(m — 1) My,_o(F(t)) + 6pz™* .

Since m > 3, we now deduce from Young’s inequality that

d O, om(m — 3)\ "~/
M (FO) + M (F(0) < 0 (F0) + 2m (G2 a i)
+ O™t
Hence, by (7.1),
d O 2m(m —3)\ "V S fim
Lo (F) + om (Pt < 2m (2 =3) Fopamt = dmim s
dt 2 Om 2
After integration with respect to time, we conclude that
My (F(t) < max{My(f), pm},  t=0. (7.2)

Now, introducing
Crm ::{fEXf:m : Ml(f):1> Mm(f)ﬁ,um},
which is a closed convex subset of X ,,, an immediate consequence of (7.1) and (7.2) is that

et c Cp t>0.

Owing to the compactness of e in X, for all ¢ > 0, see Theorem 1.1 (c), we argue as in the
proofs of [1, Theorem 22.13] and [17, Theorem 5.2] to deduce from Schauder’s fixed point theorem
that there is 1, € C,, such that
etAm,lvbm = wm ) t>0.

Equivalently, A,,1,, = 0 and we have thus shown the existence of a stationary solution to (1.1a) for
m > 3. Obviously, 13 also belongs to dom(A,,) and satisfies A,,13 = 0 for any m € [1,3). Thus,
there is at least one stationary solution ¢, to (1.1) for any m > 1. Obviously, v, € dom(A;) solves
A1, = 0 for every m > 1, and we infer from Step 1 that 1, = 1, for every m > 1.
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Step 3. We finally identify ker(A2). To this end, let f € ker(A2). Then A,,f belongs to ker(A,,),
so that Step 2 implies that there is u € C such that A, f = u;. Therefore,

o= pMi (Y1) = Mi(Ay,f) =0.
Hence, f € ker(A,,). O
We now supply refined information on the spectrum of A,, for m > 1.

Lemma 7.2. Let m > 1. The spectrum o(A,,) of A,, only consists of isolated eigenvalues and
satisfies

g(A,) C{0}U{AeC : Rel < —ep} (7.3)
for some e, > 0. Moreover, s(A,,) =0 is a simple eigenvalue of A,,.

Proof. Owing to the immediate compactness of (e*m),q, see Theorem 1.1 (c), and [12, Corol-
lary V.3.2], the spectrum o(A,,) only consists of isolated eigenvalues which are poles of the resolvent
with finite algebraic multiplicity. Moreover, for any r € R,

#{A€o(A,) : ReA>r}<oco. (7.4)

We next claim that s(A,,) = 0. Indeed, since A, C A} C Ay and A, € G(X1,1,0) by Theorem 1.1,
any eigenvalue of A,, is also an eigenvalue of A; and it follows from [26, Corollary 1.3.6] that

{AeC : ReA>0}Cp(A).
Consequently, any eigenvalue of A, has a non-positive real part. Thus,
o(A,) C{AeC : ReA<0}. (7.5)

Since zero belongs to the spectrum of A,, by Lemma 7.1, we deduce from (7.5) that s(A,,) =0 is a
pole of the resolvent of A,,. Recalling that (e');5q is a positive semigroup on the Banach lattice
X1,m, it follows from [11, Theorem 8.14] that o(A,,)NiR is either reduced to {0} or contains infinitely
many elements. The latter being ruled out by (7.4), we conclude that o(A,,) N ‘R = {0}. Since all
eigenvalues are isolated, this last property ensures that there is &, > 0 such that (7.3) holds true.
Finally, since ker(A,,,) = ker(A2) = Re); by Lemma 7.1, zero is a simple eigenvalue of A,, according
to [12, Section IV.1.17]. O

Proof of Theorem 1.5. Let m > 1. From Lemma 7.1 we obtain the existence of a unique nonnegative
Y1 € ﬂ dom(A,)
r>1

such that M; (1) = 1 and ker(A,,) = Re;. We next infer from Lemma 7.2 that zero is a dominant
eigenvalue of A,, and a first-order pole of its resolvent with residue P, where P € £(X},,) denotes
the spectral projection onto ker(A,,) and is given by

Pf=1lmA\N—A,)"'f, feXim, (7.6)

A—0
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see, e.g., [12, Section IV.1.17]. It then follows from [12, Corollary V.3.3| that there are N,, > 1 and
Vp, > 0 such that
e — Pllecxyy < Npe ', £>0. (7.7)
It only remains to identify the spectral projection P. Introducing gy := A(A—A,,) "1 f for f € X1,
we have

A= 2Agx — Anga,
from which we readily deduce that M;(f) = Mj(gx). Therefore, (7.6) implies M;(Pf) = M(f).
Since Pf € Ry and M (1) = 1, we conclude that

Pf=M(f)Yr, f€Xim.
Recalling (7.7), the above identity completes the proof of Theorem 1.5. O

8. STATIONARY SOLUTIONS REVISITED

We now prove the existence of a stationary solution to (1.1) when the overall fragmentation rate
a may be bounded for large sizes but does not decay to zero. Specifically, we assume that a satisfies
(1.12); that is,

1
a = = liminfa(x) € (0,00).
2 z—oo

Proof of Proposition 1.6. As in Lemma 7.1, the proof of the uniqueness assertion in Proposition 1.6
relies on the dissipativity properties of A; in X; and can be shown exactly as in the proofs of [13,
Lemma 3.5] and [21, Proposition 3], to which we refer.

As for the existence assertion, we employ a compactness method. Let n > 1. We set a,(z) :=
a(x) + x/n for x > 0 and, for m > 1, we denote the operators B, and A,, with a, instead of a by
By, and A, ,,, respectively. Since a,(x) — 0o as & — oo, we infer from Lemma 7.1 that there is a
unique nonnegative

¢1,n € ﬂ dom(Ar,n>
r>1
such that M; (¢ ,) = 1 and ker(A,,,) = Ry, for all m > 1. In particular, given m > 3, the function
1, belongs to dom(Ayg,,) with a,1, € Xi,, and solves

—)  + anth1n = Boptbr, in (0,00), 1,(0)=0. (8.1)
It follows from (8.1), Lemma 5.2, and Young’s inequality that, for ¢ > 0,
Mm(anwl,n> = Mm(Bm,n¢1,n) - m/ xm—1¢17n(x> dx
0
S (1 - 5m)Mm(an¢1,n> + m<m - 1)Mm—2(¢1,n)
S (1 - 5m)Mm(anw1,n) + m(m - 3)€Mm(¢1,n) + 27715(3_”1)/2]\41 (¢1,n) .

Hence,
S My (anthr ) < m(m — 3)e My (1,,) + 2me®=m)/2. (8.2)
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Owing to (1.12), there is 2, > 0 such that
a(r) > «a, T > T, (8.3)

In view of (8.2) and (8.3), we obtain

a0 My, (V1) < ozém:ci”_lf ) 2y p(x) do + 5m/ " an () n(x) do

0
< @b x™ My (Y1) + m(m — 3)e My, (1) + 2meG=m™/2

Choosing € = ad,,/2m(m — 3) in the above inequality gives

Al ad, (8=m)/2
— M, (V1) < adp,z™ 1t + 2 _—m
3 Mm(V1n) S a0+ 2m <2m(m—3))
Therefore, there is a positive constant ¢;(m) depending only on a and m such that
My (Y1) <ei(m),  n>1. (8.4)

Several additional estimates can now be derived from (8.4). Indeed, it readily follows from (8.1),
(8.2) (with ¢ = 1), and Lemma 5.2 that, for n > 1,

197 Ml + lantinll x, + [ Bmntbinllx, <2 (Ilan@Dl nllXm + [ Brn¥1nllx..)
S 2(2 - )Ha'n,@Dl n”Xm S 4M (anwl,n)

4m(m — 3)ci(m) +8m
5 =:co(m). (8.5)

Similarly, by (1.2), (8.1), (8.4) (with m = 4), and Lemma 5.1,
19l x + lantinllx, + 1 Bmatrnllx,
< 2(lanthinllx, + 1 Buntinlx,) < 4llanthialx.,
1 o
<41+ |lallzewo) / 1 () do + 4/ 2t a, (2)1 () dx
0 1

<41+ |lallLeor)) + 4c2(4) =: ¢ (8.6)

for n > 1. Moreover, a straightforward consequence of (8.5), (8.6), and Holder’s inequality is that
(8.5) is also true for m € (1, 3] with a suitable constant co(m).

We next claim that (¢1,),>1 is relatively compact in Xj ,,, for any m > 1. To this end, we note
that, thanks to (8.5), (8.6), Lemma 2.1, and Fubini’s theorem,

1 1/2 1/2 C3
I91nllxe < ZSIEAIE Il < /5

am
||¢1n||xl+||¢1n||xlsl+/ /w )l dyde <14+ 12008 <y g0

<

and



FRAGMENTATION-DIFFUSION EQUATION 31

forn > 1. Now, let m > 2. In view of (8.5) and the above estimates, (1, ),>1 is a bounded sequence
in Xo N X, N W((0,00), zdz) and it follows from [8, Proposition 7.2.2] that (1 ,),>1 is relatively
compact in X, for any r € (0,m). As m > 2 is arbitrary, we conclude that there are 1, € (., X,
and a subsequence (¢1n;)j>1 Of (¥1,n)n>1 such that

lim [|¢1,;, —1|lx, =0 forall r>0. (8.7)
j—00

An immediate consequence of (8.7) and the properties of (¢1,),>1 is that
'le € Xf_ and Ml(wl) =1.

Finally, let m > 1. We observe that dom(4A,,,) C dom(A,,) for n > 1 (as a,, > a) and that (8.1)
also reads

Am,lvbl,n - Rn 5 (88)
where

x 1 [~
Ra(2) 1= ——th1n() + 5/ yb(z,y)1in(y) dy, x>0,
It readily follows from (8.5) that

2 2
Rallxs < (lornllxs + [¥1nllxm) < —(e2(2) +ea(m+1))
so that
lim |R,|x,,, =0. (8.9)
n—o00 ’
In view of (8.8) and (8.9), the sequence (A,31,,);>1 converges to zero in X1, as j — oo and, since
A,, is closed on X ,,, we readily deduce from (8.7) that ¢, € dom(A,,) and A,,1); = 0. O
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