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1 Introduction

Let us consider a compact Riemannian manifold M of dimension d endowed
with its normalized Riemannian measure dz (x € M).

Let us consider m smooth vector fields X; (We will suppose later that they
are withous divergence). We consider the second order differential operator:

L=1/2)" X? (1)
i=1
It generates a Markovian semi-group P; which acts on continuous function f on
M 0
aPtf =LPf;Rf=Ff (2)

P.f > 0if f > 0. It is represented by a stochastic differential equation in
Stratonovitch sense ([3])

Fif(z) = E[f (2:(x))] (3)
where .
dxs(z) = ZXii(xt(x))dwi sxo(x) =2 (4)

where t — w! is a flat Brownian motion on R™ Classically, the Stratonovitch
diffusion z(x) can be approximated by its Wong-Zakai approximation.

Let w;"* be the polygonal approximation of the Brownian path ¢ — w for
a subdivision of [0, 1] of length n.



We introduce the random ordinary differential equation

m

day (z) = ZXi(x?(w))dwt"’i sag () =@ (5)

Wong-Zakai theorem ([3]) states that if f is continuous
E[f (a2} (2))] = E[f (x:(2))] (6)

We are motivated in this paper by an extension of (6) to bigger order generators.

Let us consider the generator L* = (—1)k 37" X2*. We suppose that the
vector fields X; spann the tangent space of M in all point of M and that they
are divergent free. L* is an elliptic postive essentially self-adjoint operator [1]
which generates a contraction semi-group P} on L?(dz)

Let L/'* be the generator on R™ ((w;) € R™) By [1], it generates a semi-
group Ptf * on C(R™), the space of continuous functions on the flat space en-
dowed with the uniform topology, which is represented by an heat-kernel:

PP lwo) = [ flw+wop!*(w) @ dw, (7)

(w = (w;)) In [7], we noticed that heuristically Ptf ¥ is represented by a formal
path space measure Q* such that

/ Fwf +wo)dQ"F (w ) = P (f)(wo) (8)
E
If we were able to construct a differential equation in the Stratonovitch sense
def(x) =) X(f (@) dwf,; ;x5(x) = (9)
i=1
P/ @) = [ flat@)d@! (10)

These are formal considerations because in such a case the path measures are
not defined. We will give an approach to (11) by showing that some conve-
nient Wong-Zakai approximation converge to the semi-group. We introduce,
according to [4] and [5] the Wong-Zakai operator

Qi@ = | faw@p @) odoi= | faE*w)@)pl*w)dw
(11)
where .
dzi(w)(z) = ZXz(xg(w))des sxo(w)(z) = (12)

As a first theorem, we state:
Theorem 1 (Wong-Zakai)Let us suppose that the vector fields X; commute.
Then ( ’f/n)”(f) converge in L?(dx) to PFf if f is in L*(dx)



To give another example, we suppose that M is a compact Lie group G endowed
with its normalized Haar measure dg and that the vector fields X; are elements
of the Lie algebra of G considered as right invariant vector fields. This means
,that if we consider the right action on L?(dg) Ry,

f= (9= (f(99)) (13)
we have
Ry [Xif1() = Xi[Rg, £1() (14)
We consider the rightinvariant elliptic differential operator

m

LF = ()R X2 (15)

i=1

It is an elliptic positive essentially selfadjoint operator. By elliptic theory ([1]),
it has a positive spectrum A\ associated to eigenvectors fy. A > 0 if A belongs
to the spectrum.

Theorem 2 (Wong-Zakai) Let f = axfr such that Y, |ax|>*C* < oo for all
C > 0. Then ( ’f/n)”(f) converges in L?(dg) to P f.

We refer to the reviews [5], [6] [7] for the study of stochastic analysis without
probability.

2 Proof of theorem 1

LF is an elliptic positive operator. By elliptic theory [?], it has a discete spec-
trum A associated to normalized eigenfunctions f). Since me |p{ ’k(w)|2dw < 00,
’f/n is a bounded operator on L?(dz). Moreover

if
F=Y axh (17)

The main remark is that we can compute explicitely Qlf /n fa. We put t = 1/n.
Formally

Pl w)) (@) =31/ Xawt )" (1) (=) (18)

n'!

Namely, by ellipticity and because the vector fields X; commute with L*, we can
conclude that the L?-norm of X" X**.. X" f\ has a bound in A= i/ e
in order to deduce that the series in (18) converges. It is enough to compute

Ut [ (30 Xt ) @)t ) = By (19)



The main remark is if one of the [; is not a multiple of 2k, we have
/ whtwhnph (w)dw = 0 (20)

On the other hand, by using the semi-group properties of Ptk’f , we have

2k11)! (2kl,)!
. 1! m:

Therefore, B,, = 0 if n’ is not a multiple of 2k and is equal because the vector
field commute, ,if n’ = 2k’ to

1 J C (2K (2kl,,)!
X2KUT X 2K
(2k1)"! 2. X ! L)

Wﬁf&l,)!ﬁ\ = 1/UNLM fr (22)

We deduce that

QY fx = exp[~1/nAlfx (23)
and that
(QF),)" fr = exp[=Alfa (24)
such that
(QY/,)"f = exp[-Llf (25)
if f =2 ax/x.

3 Proof of Theorem 2

Let E) be the space of eigenfunctions associated to the eigenvalue A of L¥.
Since LF commute with the right action of G, E) is a representation for the
right action of G ([2]). Therefore rightinvariant vector fields acts on Ey. If
Z is a rightinvariant vector field, we can consider the L? norm of Zf\ for f»
belonging to Fy. We remark that (L* + C)l/2k is an elliptic pseudodifferential
operator of order 1 (C' is strictly ppositive). By Garding inequality [1],

1Z frllz2@) < Cllallzaie) + I(LF+ OV fall ez (26)
fx is an eigenfunction associated to (L* +C)'/?* and the eigenvalue (A4 C)/2.
Let us consider a polynomial Xgl ...Xg” = Z;. It acts on E) and is norm is
bounded by ((A + C)'/2k + C)2 % for the L? norm.
From that we deduce that if fy is an eigenfunction associated to \ of L*
that the series

1/2ky,
Z wf)\ (27)

!
. I



converges and is equal to f(z(t'/?*w)(x)) By distinguishing if w is big or not
and using (20), we see that if [ # 2kl

/Zth/Qk Y iplE (@) dw = 0 (28)

i=1

Moreover, by (20) and (21)

2kl/ / ZX tl/Qk Zkl f p.f k( )dw _

2kl le/
2](5[’ / ZXo‘l Xamcl’f)\wl Wm mp{’k(w)dw (29)

where 2kl’ is the number of of a; equal to j. By using (20) and (21), we recognize
n (29)

’

1! (k1) (2kI)!
(%7[,)!Z){M.X%M,fA AT (30)
For I = 1, we recognize tL. Let us compute the L? norm of the previous

element. It is bounded by

t . (21! (2KIL)!
/2k 1/2k 1 m
@) S (VR L)L (AR 4 0) AT (31)
For I’ = 1, we recognize tL.
We recognize in the previous sum
t (2k0")! (2K (2KL,)! 12k 2%l
@ 2= @ @R T i A0 (32)

We deduce a bound of the operation given by (29) in £ (%TL A+ ).

By the same argument, we have a bound of l,, ( M on Ey in ‘;,—!Cl (A+O).
In order to conclude, we see that on E

o
QF = exp[-M]Id+ > i Lt (33)

'>1

where Ql):’t has a bound on Ey in C¥' (A + C)". We deduce that QF acts on Ey
b
Y 29\ _ pA
exp[—At]I[d+t°Q; = R; (34)

where the norm on E of Q; is smaller that C exp[C\¢].
But if f = Za)\f)\

(Qlf/n)nf = Z aA(R{\/n)nf)\ (35)



Moreover

1@ ey = [ 1 [ (e w)a)pf*(uw)auldg <

 Joto )1

But
Ll 0 )R ds = 16, (37)
because the vector fields are without divergence. If A/n < C, the sum
> an(BY,)" (38)
A<Cn
converges to
S expl-Alf (39)

Moreover » 5. ¢, ax(R 1/n) fx has a L? norm bounded by(3", . ¢, | ax[?C*)1/2
which goes to 0 when n — oo.
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2(t"/*w)(g) P |p{ ™" (w)*dw < C Ipf’k(w)Ide/ |f (@t w)(g)]*dg
R™ G

(36)



