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N. El Khatib! N. Forcadel? M. Zaydan'
April 13, 2021

Abstract

In this paper, we establish a rigorous connection between a microscopic and a macroscopic
traffic model on a convergent junction. At the microscopic scale, we assume that each driver
satisfies the "follow the leader" model before the junction point and, a priori, knows its turn
to enter the junction. At the macroscopic scale, we obtain a Hamilton-Jacobi equation with
a flux limiting condition at the junction point as in [27]. The novelty of this model is that we
are able to treat the case of a convergent junction, which wasn’t covered in [18]. We explain
in the Appendix how to treat the general case with several incoming and outgoing roads.

AMS Classification: 35D40, 90B20, 35B27, 35F20, 45K05.

Keywords: specified homogenization, Hamilton-Jacobi equations, traffic flow, non-local opera-
tors, Slepcev formulation, viscosity solutions, microscopic model on junction.

1 Introduction

Several papers proposed partial differential equations to model the traffic on networks, see [30, 8,
22, 24]. Macroscopic traffic model are effective for describing the traffic at large scales but from
modeling point of view, since the dynamics of each driver can’t be described individually, they
are hardly justifiable and incapable to predict all traffic situations (for example free or congested
flow). At the opposite, microscopic model are strong from modeling point of view but complicated
to implement in order to describe the traffic at large scales. Among works modeling traffic at the
micro scale, we refer to [4, 25, 33, 9], the last one appeared recently and considered the network
case.

A rigorous way to justify these macroscopic models is to establish a connection between them
and microscopic ones. Micro to macro connection on a simple road can be found in several paper,
we refer for example to [3, 14, 23, 13, 7, 10]. The case of network is more recent and very few
results are available. Let us cite for example [20, 19] in which the authors consider a very simple
junction with one incoming and one outgoing road (with a local perturbation at the origin). We
also like to mention [18] where the case of a divergent junction (one incoming road and several
outgoing roads) is considered.

In this paper, we will establish a micro-macro connection on a junction. Since this is the
novelty of the paper (see the paragraph below), we will present our results in details for the
case of a covergent junction. More precisely, we will consider a microscopic traffic model on a
merge, and will prove that the cumulative distribution function on each branch will converge to
the solution of a Hamilton-Jacobi equation studied by Imbert and Monneau in [27] and in [6, 32].

1Lebanese American University, Department of computer science and mathematics, Byblos campus, P.O Box
36, Byblos, Lebanon

2Normandie Univ, INSA de Rouen, LMI (EA 3226 - FR CNRS 3335), 76000 Rouen, France, 685 Avenue de
I"Université, 76801 St Etienne du Rouvray cedex. France
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Specified homogenization of a microscopic model on a convergent junction

At the end of this paper, we will show how to extend the results in the case of a general junction.
We obtain our convergence result by using the theory of viscosity solution (see [12, 11]). The
first homogenization result in this framework was obtained in [31] and since then, several works
considered this problem, like [17, 16, 21, 1].

Why the merge case? We will present our results in the case of a merge for two reasons:
firstly to simplify the presentation of our work and lessen the article. In fact, we will see that
in the case of a junction, we need more "cumulative distribution functions" and so more partial
differential equations. Secondly, the mathematical results of this work in the case of a merge
can be easily extended to the case of a junction. In fact, the novelty of our work comes from
considering convergent branches since the case of divergent ones is treated in [18].

Comparison with the papers [18, 19, 20]. In [18, 19, 20], the authors proved the micro-
macro limit in the case of a simple junction (one road with a local perturbation) and of a divergent
junction. Although that the global strategy to get the convergence result is the same, our result
requires new ideas. The difference with [19, 20] is a consequence of the geometry of the domain,
the need of many non-local operators and hence to prove bounds for the solution components.
Compared to [18], at the microscopic scale, we need here additional functions near the junction
point to manage the order of entering and avoid cars collision. The control of oscillations of the
solution is an important result that allows us to determine bounds on the gradient of the limit
solution. In this paper, we provide a shorter proof (compared to [18]) of this result using the
idea introduced in [29] and the definition of the security distance. In addition, we obtain better
gradient estimates far from zero. A similar (but global) result is also needed when constructing
the correctors. In this case, we should compare the components of the solution of an approximated
problem on two different branches. We will use here the definition of a new distance dy which can
be seen as a security distance while crossing the junction point.

2 Main result

2.1 The microscopic model

We consider a microscopic traffic model on a merge with two incoming roads and one outgoing
road. The junction is defined by J = J; U Jo U J3 where J; and Jy are the incoming roads and
isometric to R~ and J3 is the outgoing road and isometric to R*. The branches of the junction
are glued at the point 0. The point 0 is called the junction point and for all £ = 1,2, 3, we define
Ji = Ji \ {0}. To be more precise, the definitions of the branches are given by

Jp = (—00,0]- e for k=1,2, J3=10,+00)-es3,

with e;, es and es three different unit vectors in R2.

J3

(=]
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Specified homogenization of a microscopic model on a convergent junction

Let z,y € J with x = xj, - e,y = y; - €;: the distance d(x,y) in J is defined by

d( ) |zk7yk| lfk:la
T,y) =
7 el + | itk # L

Before writing the ordinary differential equations, we will first give the ideas of our model.

1) Vehicles distribution: We will assume a periodic distribution: two vehicles enter from the

branch J; and then one vehicle from Js.

2) Vehicles labels: Cars that are initially located on J5 (resp. on J; U J5) have positive labels

(resp. strictly negative labels). On each branch, vehicle’s positions is strictly increasing with
respect to their labels. In particular, if 7,7 € Z with ¢« < 7 < 0, then car j will pass by the
junction point before car 7.

3) Velocity dependence: the velocity of a car far before the junction point depends on its initial

leader on the same branch. Approaching the junction point, the velocity of car i € Z\ N will
depend on the distance to "the last car assigned to pass by zero before it", i.e car with label
i+ 1. To write our proposed model, we will need to introduce two continuous functions: one
modeling the transition of the micro-model before and after the point zero, and the other
one modeling the order of junction point entering.

4) Notations: The position of car 4 at time ¢ > 0 is denoted by W;(t) and its velocity is W; ().

We define

L1 ={-1}U{-2—3k keN},
Ly={-4-3kkeN}, (2.1)
L3 ={—3k keN}.

If i € £1 ULy (resp L3), then W;(0) € Jf (resp. W;(0) € J5). We will write a model that
satisfies:
— If ¢ € N, then W; will circulate on Js. Its leader is always W;;.
— If i € £4, then W; will go from J; to Js. Its leader is always W,1.
— If i € Ly, then W; will go from J; to Js. Its leader on J; is W9 and is W11 on Js.
— If ¢ € L3, then W; will go from Js to Js. Its leader on Jy is W13 and is W;41 on Js.

For i € 7, we have

Wi(t) € J <= Wl(t) = Ul(t) c ek (2.2)
with
Ui(t) >0and k=3 ifi e N,

(Ui(t) < 0if k= 1) and (Us(t) > 0if k=3) ifie L1 ULy,
(Ui(t) < 0if k = 2) and (Us(t) > 0if k=3) ifi € Ls.

Using the above equivalence (2.2), we will consider in the rest of the paper the variables Us.

Our model is described by the following differential equations,
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Specified homogenization of a microscopic model on a convergent junction

U, (t) = & (Ui(1), Vi(Uiga (t) = Us(t)), Vs (Uisr (8) = Ui(1))) ifie L UN,
U{(t) = F(Ui(t), Uis1(t), Vi(Uig2(t) — Us(t )) Va(|Uis1 ()] = Ui(t))) if i € Lo, (2.3)
U (t) = F (Us(t), Uig1(t), Va(Uis(t) = Ui(t)), Va([Uis1(t)| = Ui(1))) if i € Ls,

with

F(z,y,a,b) = d_)(z,a,b) 'LLJ(SC,y, |SC| - |y|)a

where ¢ and w are continuous functions modeling respectively the transition of velocities and
the junction point entering order. Their definitions are given below in (2.4) and (2.5).

Remark 2.1. The role of the function ¢ is to model the change of optimal velocities on each
branch of the junction. Far before the junction point, the optimal velocity is Vi (resp. Va) on Jy
(resp. on Ja) and after this point, the optimal velocity is V. The role of the function w is to
avoid cars collision at the junction point. The function w ensures that if car U; is on the branch
J1 (resp. J2), then the vehicle U;yq located on Jo (resp. Ji) will pass by the junction point before
U;. Let us remark that in the first equation of (2.3) we do not integrate w since the leader’s label
does not change and no collision can occur.

Remark 2.2. We could consider a more general vehicles distribution (like 2 vehicles entering
from Ji and then two from Ja, etc..). Since the simplest case is to consider one vehicle from Jy
and then one from Ja, we decided to consider the above distribution to avoid the simplest case and
the complex cases.

We will now give some assumptions concerning the model and the dynamics.
Assumptions (A)

Assumptions on the velocities

(A1) For i = 1,2,3, the function V; : R — RT is Lipschitz continuous, non-negative and
non-decreasing on R.

(A2) There exists hg € (0, +00) such that for all h < hg, V;(h) = 0.
(A3) There exists hpaz > ho such that for all b > hpmaz, Vi(Rmaz) = Vinas-

)
)
(A4) There exists a real ps (resp p1,p2) such that the function p — pVz(—1/p) (resp. p —
pVi(=3/2p), p = pVa(=3/p)) is decreasing on [~1/ho,p3) (resp. [=3/2ho, p1) ,[~3/ho,p2) )
and increasing on [ps,0) (resp. [p1,0) ,[p2,0) ).

Assumptions on the transition function

(A5) The function ¢ : R x R x R — R is defined as follow, for R' > R? > R,

a if © S *Rl,
a — min(a, b) )
(W) (r—RY)+a if —R'<z<-—RZ?
o(x,a,b) = { min(a,b) if —R? <2< —R3, (2.4)
b —mi b
(7m];1;(“’ )) z+b if —R3 <2 <0,
b if x> 0.




Specified homogenization of a microscopic model on a convergent junction

J1

R
Transition

min(a, b) J
3

3

Transition b

Transition
—R?

min(a, b)

Transition

Jo
Figure 1: Schematic representation of ¢

Assumptions on the functions w

(A6) The function w : R* — R is defined by

w(z,y,p) = a(z) + (1 - a(2))B(y, p) (2.5)

with « a lipshitz function defining the zone in which the car U; € J; (resp. U; € JJ) starts
spotting the position of U, on the other branch Js (resp. Jq) . It’s defined in the following
way,

(2.6)

1 ife<-R¥—rora>r,
a(z) = s
0 if —R°<xz<0.

The function f is a lipshitz function describing the fact that if car U4 is after the junction
point, its influence on U; disappears since collision is not possible in this case. It’s defined

by
1 ify>r
Bly,p) = : ’ (2.7)
¢(p) ify<o0,
where ( is a lipshitz function modeling the fact that U;; will enter the junction point before
U,
1 ifp>do+r,
(p) = : ’ (2.8)
0 if p S d07
with
r,dy>0 and 7 < R'— R (2.9)

Remark 2.3 (Comments on w). The role of the function w is to manage the order of entering
the junction point. Let i € Lo. If U;(t) is too close to the junction, i.e. —R> < U;(t) <0, then it
will stop (w=0) if Uir1 € J5 and if

|Us(t)] — |Uss1(t)] < do.
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The distance dog can be interpreted as a security distance when crossing the junction point.
Remark also that when U;11 enters the branch J3(U;41(t) > r), the influence of w disappears
(w = 1). Finally, let us remark that the definition of the function o on [—R3 0] means that the
influence of w begins directly when the driver’s velocity tends to depend on the distance to U;41.

Jp

J3
Ui
Ja
w=0 i |Uisa| 2 Ui = do
Figure 2: The role of w.
2.2 The macroscopic model.
Let ko = 1/hg. For k =1,2,3, we define H;, : R — R by
k k
B — 37; for p <3k%,
Hiy(p) = Vi (=) Ipl for — 20 < p<o, (2.10)
2p 2
P for p > 0,
—p — 3ko for p < —3ko,
— -3
Hy(p) 2 <?> |p| for —3ko <p <0, (2.11)
P for p > 0,
and
—p — ko for p < —ko,
— -1
B =4 ()l for ko <p <o (2.12)
p
P for p > 0.

Note that for all £ = 1,2, 3, the function H}, is continuous, coercive and because of (A4), there
exists a unique point pr < 0 such that

Ek is decreasing on (—o0, p), (2.13)
Hy, is increasing on (pg, +00). '
We denote by
Hy = H 2.14
7 hefinay 0 (2.14)
with
HY = min Hy(p). (2.15)
peER
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We introduce now the definition of the gradient of a function defined on J. If x € J, then we
define

(2) = diu(x) itz e J7,
S (01u(0), ou(0), Bsu(0)) if @ =0,

with Q;u(x) the derivative of the function u with respect to = € J;. We denote by J* = J\{0}. The
macroscopic model is the Hamilton-Jacobi equation with flux limiting condition at the junction
point as considered by Imbert and Monneau in [27] and given by

u + Hp(ul) =0 for (t,z) € (0,400) x J},
uf + Fx (u)) =0 for (t,x) € (0,+00) x {0}, (2.16)
u®(0, z) = o (x),

where A is the flux limiter and F= is defined by

F3(p1,p2, p3) = max (AaHl (p1), Ho (p2), Hy (ps)) : (2.17)
with
==y _ [ H(p) ifp<px, —+, [ H(pr) ifp<ps,
He ) = { ) itp>pn 0 DO =0T >, (2.18)

Remark 2.4. In [28], authors showed that equation (2.16) is equivalent (deriving in space) to the
trafic model introduced in [30].

2.3 Micro-macro connection.

To establish the micro-macro connection, we need to introduce three cumulative functions p, o and
7. The need of three functions arises from the different type of leaders: far before zero, on branch
J1, the leader can be U, or U;;2 and on branch Jo, the leader is U, 3. We have p(t, U;(t)) = —i
(resp. o(t,U;(t)) = —i,7(t,Ui(t)) = —i) for i € L1 UN (resp. i € L3 UN, i € L3 UN). The
functions p, o and 7 are defined as follows,

p(ty)=— ZH(y —Ui(t)) + (=1 + H(y — U_1(t))) + (-1 + H(y — U_s(t))
- Z 3(—=1+H (y—Ui(t))), (2.19)

i=—2—-3k,keEN*

o(ty)=—|D_Hy—Ui(t)) +4(—1+ H (y — U_a(t)))
i>0
- > 3(=14H(y—Ui(t), (2.20)
i=—4_3k keN~
and

Tty)=— (D _Hy-U®)+ > 3(-1+H(y-U)) |, (2.21)

i>0 i=—3k,kEN*
with

1 ifz>0
H(x):{ 0 ifz<0.
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Figure 3: In blue (resp. pink and red): vehicles U; whose leader’s label at the initial time is i + 1
(resp. i+2 and i+ 3). The definition of the function p (resp. ¢ and 7) depends on vehicles colored
in blue (resp. pink and red).

The main result of this paper is given by the following theorem.

Theorem 2.5 (Junction condition by homogenization: application to traffic flow). Assume (A)
and that at initial time, we have,

U(O)SU (O) ho ifie[ilUN,
Us(0) < Uspa(0) — ho  ifi € Ls | (2.22)
U,(0) < Uss(0) — ho i i € Ls .

M(O) —U;(0)=hy ifi€ Ly and U;(0) < —R,
Uisa(0) — Ui(0) = by ifi € Lo and Us(0) < —R, (223
Uips(0) — U;(0) = hy  ifi € L3 and U;(0) < —R,

z+1(0) — UZ(O) = hg Zfl e N and UZ(O) >R,

with hy, ho, hs > hg. We define two functions ug and wy by

3 1
up(r) = —2—h1$1{x<0} - h—3$1{x20},
3 1
wo(z) = *h—2$1{z<0} - h_gzl{zzo}'
Let £ >0 and x° : RT x J — R be the function defined by
ps(tv *d(O,ZL')) ZfZL' € ‘]ika

X°(t,x) =< 75(¢, —d(0,x)) if v € J;, (2.24)
o (t,d(0,z)) ifxze s

with

We define
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Specified homogenization of a microscopic model on a convergent junction

up(—d(0,2)) if xz € J7,
o (z) = § wo(—d(0,2)) if x € J3,
UQ(d(O,l’)) if x € Js.

Then there exists a unique A € [Hy,0] such that the function x° converges towards the unique
solution u® of (2.16).

Remark 2.6. The proof of this result will be divided into three steps:
1) Inject the cumulative distributions function into a non-local PDE.

2) Couple the PDE with suitable initial conditions and prove the convergence to the solution of
(2.16).

3) Deduce Theorem 2.5.

3 The non-local equation

In this section, we will first define the non-local operators and then show that (p, o, 7) is a viscosity
solutions of a non-local PDE. To do this, we will use the function ¢(z, a,b) = —¢(x, —a, —b) defined
where ¢ defined in (2.4). We remark that ¢(z, a, ) and ¢(z, -, b) are non-decreasing functions which
is a crucial property to obtain the comparison principle (see Proposition 4.1).

3.1 Definition of the non-local operators

In this subsection, we give the definition of the non-local operators.. To do this, we first introduce
the following functions. Let a € R, we define

if 2 > - if
B =1 BP20 p=) T (31)
1 ifz<a, 1 ifz<a,
and
0 if -1 - 0 if z>—1
F(z) = LT T ()= e (3.2)
-1 if 2 < -1, -1 if z < —1.

Let U, V,W : R — R. We define the following non-local operators: for a = 1,2, 3,

+oo
M; (U, [V])(x) = /0 V/(2)E_o V(2 +2) = U(2))dz — Vipaw, i=1,2,3, (3.3)
N, [V])(z) = /> Vi(lz] = 2)E—1 (V(2) = U(2)) dz — Vinaa, (3.4)
and
K(U,[V])(z) = /sz(x, z, x| = [z|)F (V(2) = U(z))dz + 1, (3.5)

with w defined in (2.5). Using the non-local operators defined above, we introduce
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Riq (2,U,[V]) () = ¢ (v, M1,1(U, [V])(2), M5,1(U, [V])(2)) , (3.6)

Rip (2, V. [U],[W]) (z) = ¢ (2, M12(V, [U])(z), N(V. [W])(z)) (  [W])(), (3.7)

Ry (2, W, [U]) (z) = & (z, M3 (W, [W])(z), N(W, [U])(2)) - K(W, [U])(z).  (3.8)

Remark 3.1 (Comments on the non-local operators definition.). Usmg the non-local operators

defined above, we can inject the ODE (2.3) into a non-local PDE (see Lemma 3.3). In particular,
we have that

M1 (pt, Ui(t)), [o(t,-)]) (Us(t) = =Vi(Uisa(t) — Ui(t)) ifi € Ly,
M3 (p(t,Ui(t)), [o(t,)]) (Ui(t)) = =V3(Uis1(t) — Ui(t)) ifi € Ly,
Moo (t,Us(1)), [p(t, M) (Ui(t) = =Vi(Uir2(t) — Ui(t)) ifi€ L2 UN,
Mo (7(t,Ui(1)), [7(t,)]) (Ui(t) = =Va(Uits(t) — Ui(t)) ifi € Ly,
N(o(t.Ui(t)), [t )DUi(t) = =Va(|Ui1(t)] — Ui(t)) ifi € LyUN,
N (7t Us(1)), [p(t,)]) (Us(t) = =Va(|Ui1(t)] — Ui(t)) ifi € L3,
K(ot,Ui(t)), [r(t, )DUi(1) = w (Ui(t), Uir1(8), [Ui(#)| = |Uis1()])  if i € L2 UN,
(T, Ui(t)), [pt,)]) (Ui(t)) = w (Us(t), Ui1 (1), [Us ()| — [Uia (¥)])  if i € Ls.

Remark that in the definition of M; ., the variable z is positive since it models the distance
between U; and its leader whose position is on the same branch or on Js (looking ahead). The
different values of a = 1,2,3 represent the label of U;’s leader which can be i+ 1,7+ 2 and i + 3.
In the definition of N, the variable z models the leader on the other branch, U;y,1. We take z > x
since for z < x, the velocity of U; is zero due to the presence of the function wy. In the definition
of K the variable z € R since it’s modeling the car Ujy1. In the notation Ry, the labels | and k
represent respectively the branches where the initial leader (resp. leader after the junction point)
is located at t = 0.

In the same way, we define Ml as N and K replacing E, and F respectively by E, and F and
then we get the definition of R, 1, R, 2 and RQ 1. Finally, we can easily remark that

—Vinaz < Bi1 (2,0, [V]) (2), Rz (2, V, [U], [W]) (), R2a (2, W, [U]) (x) < 0. (3.9)

For € > 0, we define the following non-local operators: for a = 1,2, 3,

+oo
ME (U, V) () = /O V() E—o(V(z +22) — U@))dz — Ve i =1,2,3, (3.10)
N, [V])(z) = />£ Vi (|z| — g) E_1 (V(e2) — U(x)) dz — Vinas, (3.11)

and

W, (g,z,‘g‘ - |z|)F(V(Ez)—U(ac))dz—|—1. (3.12)

By (2,0.V]) () = 6 (2, M, (U, VD) (@), M5, (U, V] (@) (3.13)
o (SV01 1) (@) = ¢ (2. M, (V. U @), N (V. W) @) - K5V W) (), (3.14)

21 (S W01) (@) = 6 (2, M550, [WD)(@), N* (W, (U))@)) - KE (W [U)@). (3.15)
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1 In the same way, we define M?,_, N and K¢ replacing F, and F respectively by E, and F and

i,a°

2 then we get the definition of Ril, RS 5 and R;l.

; 3.2 The non-local PDE

+ In this subsection, we will prove that (p, o, T) is a discontinuous viscosity solutions of the following
s non-local PDE,

pie(t,x) + Ry (x, p(t, ), [o(t,.)]) (x)|pz(t, )| =0 for (t,z) e RT xR,
ou(t,z) + Ria (z,0(t,x), [p(t,.)],[7(t,.)]) (@)|ox(t,z)] =0 for (t,z) e RT xR, (3.16)
Ti(t,x) + Ray (z,7(t, ), [p(t,.)]) (z)|=(t, z)] =0 for (t,z) eRT xR,

6 with Ry 1,R12 and Ry defined in (3.6),(3.7) and (3.8). We use the definition of viscosity
7 solutions introduced in [34]. This definition allows to have a stability result for the non-local
s term. We refer to [16, Proposition 4.2] for the corresponding stability result. We give now the
o definition of viscosity solutions of (3.16).

1 Definition 3.2 (Viscosity solutions for (3.16)). Let u,v,w : (0,+00) x R — R be upper semi-
u  continuous (resp. lower semi-continuous) functions. We say that (u,v,w) is a viscosity sub-
2 solution (resp. super-solution) of (3.16) on (0,+00) x R, if we have the following:

1) if o € C1([0, +00) X R) such that u — ¢ reaches a mazimum (resp. a minimum) at the point
(t,xz), we have

@t(tvx) + Rl,l (:L', u(t,:c), [w(ta )]) |90I(ta 1')| <0,
(reSP' (Pt(t’x) + Rl,l (x,u(t,x), [w(ta )]) |901(t’x)| > 0) :

2) If p € C1([0,+00) x R) such that v — ¢ reaches a maximum (resp. a minimum) at the point
(t,x), we have

it x) + R (2, 0(t, ), [u(t, )], [w(t, )]) [¢x(t, )| <0,
(Tesp. @t(tvx) + Rl-? (x,v(t,:c), [U(t, )]a [w(tv )]) |501(t7x)| 2 0) :

3) If o € CL([0,+00) x R) such that w — ¢ reaches a maximum (resp. a minimum) at the point
(t, ), we have

@it ) + Ry (2, w(t, ), [ult, )]) [@x(t, 2)| <0,
(7’65]). cpt(tvx) + Rll (:Ea w(ta :E)a [’U,(t, )]) |501(t7'r)| 2 0) :
13 We say that (u,v,w) is a viscosity solution of (3.16) if (u*,v*, w*) and (u., v, wy) are respectively
1 a sub-solution and a super-solution of (3.16).
15 We have the following theorem.

16 Theorem 3.3. The function (p,o,T) is a discontinuous viscosity solution of (3.16). Conversely,
v if (u,v,w) are bounded and continuous viscosity solution of (3.16) satisfying for some time T > 0,
s and for all t € (0,7)

u(t,-),v(t,-),w(t,-) are decreasing,
then the points U;(t), defined by

)=—i forie Ly UN,
) y=—i fori€ Lo UN,
w(t,U;(t)) = —i forie€ L3UN,

v are solutions of (2.3) on (0,T) .
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The proof of Theorem 3.3 is a consequence of the following lemma.

Lemma 3.4. Let (U;)iez be the solution of (2.3). Then we have

Ui(t) = —R11 (Us(t), p(t, Ui (1)), [0 (L, )]) (Ui(t)) ifi € La,
Ui(t) = —Ra2 (Us(t), o (t, Ui(1)), [p(t, )], [T (2, )]( i(t))) ifi€ LyUN, (3.17)
Ui(t) = =Ra1 (Us(t), 7(t, Us(t)), [p(t, ))(Ui(t)) ifi€Ls.

Proof. We will only prove the second equality in (3.17) and the two others are derived in the same

way (and even simpler). In the rest of the proof, we will drop the time dependence of u,v and w
to simplify the presentation.
We distinguish two cases.

Case 1: i € N. Since U;(0) > 0, we know that

U (t) = Vs (Ussa (1) = Us(1))
Using the fact that U] > 0, we deduce that for all ¢ > 0, U;(¢) > 0 which implies that

R (Ui(t), v, [ul, [w]) (Ui(t)) = N (v, [w])(Ui(t)) - K (v, [w]) (Ui (t)).

Firstly, using the definition of w (see (2.5)), we have that w, (U;(t), z, |U;(t)| — |2|) = 0 which
implies that

K (v, [w])(Us(t)) = 1.

Secondly, we have

N (v, [w])(Ui(t)) + Vinaz = M3,1(Uv [w])(Ui(t)) + Vinax
+oo
=, Vi(2)B-1 (w(Ui(t) + 2) — v(U;(t))) dz

i1 (t)—=Ui(t)
A V{(2) B (w(Us(t) + 2) — o(Us(1))) d=

—+00
+ / Vi(2)E_1 (w(U;(t) + z) — v(U;(t))) d=.
Uit1(t)=Ui(t)

If 2 < U;j1(t) — U;(t), using the fact that w is decreasing, we have

w(Uz(t) + Z) — ’U(Ui(t)) > ’LU(UH_l(t)) — ’U(Ui(t)) =—i—14¢:=-—1.
Similarly, if z > U;41(¢t) — U;(t), then

w(Us(t) + 2) —v(Us(t) < w(Uita(t)) — v(Ui(t)) = —1.

Recalling the definition of E, (3.1), we obtain that

+oo
NE DO 4V = [ ) = Vi = VoUia0) ~ Vi)

where we used assumption (A3).

12
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Case 2: i € L. In this case, we have that i + 2 € £, which implies
u(t, Uig2(t)) = p(t, Uisa(t)) = —(i + 2).
In addition, since ¢ + 1 € L3, we get
w(t,Uip1(t)) = 7(t, Uis1(t)) = —(i + 1).

1 We claim that

Mz (v, [u])(Ui(t) = —Vi(Uit2(t) — Ui(2)),
K, [w)(Us(t)) = wUi(t), Uit (1), |Ui(0)] = [Uira (£)]) , (3.18)
N(v, [w]))(Ui(t)) = =Va(|Us1(t)| = Us(2)).

2 We have

+oo
My o(v, [u])(Ui(t)) + Vinaz = /0 VI (2)E_2 (u(Ui(t) + z) — v(Ui(t))) dz.

If z < Ui+2(t) — Uz(t), then U(Uz(t) + Z) — ’U(Uz(t» > U(UZJrQ(t)) — ’U(Uz(t» = —2 where we
have used the fact that u is decreasing. Similarly, for z > U;12(t) — U;(t), we have

w(Ui(t) + 2) = v(Ui(t)) < w(Uiy2(t)) — 0(Ui(t)) = -2

s Using the definition of E_5 (see (3.1)), we obtain

+oo
M (0, [a) (U (6)) + Vs = [ Vi(2)dz
Uit2(t)=Ui(t)
= Vinaz — VI(UH-Q (t) - Uz(t))
4 We turn now to the proof of the last two equality in (3.18). We have

K(v, [W])(Ui(t))*li/wz(Ui(t)vzlez'(t)l — 2D F (w(z) —v(Ui(t))) dz

R
- /<Uv o 202, U] = [2DF (w(z) = v(Ui(0)) d=
+/ wo(U;(t), z, |U; ()] = |2])F (w(z) — v(U;(t))) dz.
z22Uita(2)

5 If 2 < Uit1(t), then w(z) — v(U;(t)) > w(U;41(t)) — v(U;(t)) = —1 where we have used the fact
s that w is decreasing. Similarly, for z > U, 1 (t), we have

w(z) — v(Us(t)) < wUis(t) — v(Us(t)) = —1.

7 Using the definition of F' (see (3.2)), we obtain

K (v, [w]))(Us(t)) —1 = —/ wz(Ui(t), 2, [Us(t)| — |2])dz
22Uia (t)
= =14+ w(Ui(t), Uita (1), [Us ()] = [Ui1(2)])

s where we used the fact that w(z,y,p) =1 for y > r (see (2.7)). We have

13
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N (v, [w))(Us(t)) + Vinaz = / Vi(|2| = Us(t)) E—1 (w(z) — v(Ui(t))) dz.

Z>Ui(t)

1 Arguing as above, we get

N (v, [w))(Ui(t)) + Vinaz = / Vi(|2| = Ui(t))dz = Vinaw — Va(|Uit1 (1)] = Us(t)).

2>2U;41(t)

> We obtain (3.18) and then the second equality in (3.17). To obtain the two remaining equality in
s (3.17), we prove (in a similar way) that

My (u(t, Ui(t)), [v(t,)]) (Ui(t)) = =Vi(Uiga (t) — Ui(1)) ifie Ly,
M3 (w(t, Us(t)), [w(t,-)]) (Us(t)) = =Va(Uigs(t) — Us(t)) if i € Ls,
M (u(t, Ui(t)), [v(t,-)]) (Ui(t)) = =Va(Uiga (t) — Ui(1)) ifie Ly,
N (w(t, Ui (1)), [u(t,)]) (Us(t)) = =Va(|Uir1(t)] = Ui(t)) ifi € L3,
K (w(t, Ui (1)), [u(t, )]) (Ui(t)) = w (Ui(t), Uia (£), [Us(t)| = [Usa (8)])  if i € Ls.
4 O

s Proof of Theorem 3.3. Using Lemma 3.4 and Definition 3.2, we can see that (p., o«, ) is a discon-
s tinuous viscosity super-solution of (3.16). We obtain a similar result for (p*, o*, 7*) and therefore,
(p,o,7) is a discontinuous viscosity solution of (3.16).

~

8 We prove the converse. Using Proposition 4.8 from [16], we can conclude that

(ps = [u], 0% = [v], 7 = [w])) is a super-solution of

pt — C1(t,x)py =0,
op — Ca(t,x)o, =0,
Tt — &B(ta z)ﬂc =0,
with
a1(t; ZL') = Rl,l (:L', u(t,:c), [’U( )
Co(t,w) = RLQ (2, v(t, ), [u(t, )], [w(t, .)]) (z),
63(ta ,CC) = RQJ (:Ea ’LU(f, ZC), [U(f, )]) (‘T)
Using the fact that u,v and w are decreasing in space, we define
Ui(t) = inf{z, u(t,z) < —i} = (u(t,-))"1(—i) ifie€ L UN,
Ui(t) = inf{z, v(t,x) < —i} = (v(t,-)) 1 (=i) ifi€ Lo,
U;(t) = inf{z, w(t,z) < —i} = (w(t,")) 1 (—i) ifie L3,
o and we consider the functions ¢ — U;(t). They are continuous because u,v and w are decreasing
1 in x and are continuous in (¢, x).
u We now prove that the functions U; are viscosity solutions of (2.3). We will do the proof for

1 1 € L7 UN since other cases can be done in a similar way. Let ¢ be a test function such that
s @(t) < U;(t) and p(to) = Ui(to). Let us now define $(¢, ) = —i + ¢(t) — . It satisfies

@(to, Ui(to)) = p«(to, Ui(to)),

-
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and
B(t,a) < pult,z) for Ust) — 1 < a < Uiy (0).
This implies that
@i(to) + 1(to, Ui(to)) > 0 < pi(to) = Uj(to) > —&1(to, Us(to))
with
—&1(to, Ui(to)) = =& (Ui(to), —=Vi(Uit1(to) — Us(to)), =Va(Uir1(to) — Ui(to)))
= ¢ (Ui(to), Vi(Uis1(to) — Us(to)), Va(Uir1(to) — Ui(to))) -

This proves that for i € £; UN, the functions U; are viscosity super-solutions of the first
equation in (2.3). In a similar way we can prove that for i € Lo (resp. @ € L3), the functions U;
are viscosity super-solutions of the second (resp. third) equation in (2.3).

The proof for sub-solutions is similar and we skip it. Moreover, since & (-, U;(-)) is continuous
for i = 1,2,3, we deduce that U; € C! and it is therefore a classical solution of (2.3).

|

4 Results for the non-local PDE with initial conditions
In this section, we will consider the following PDE:

ue(t,x) + R (z,ult, ), [v(t,.)]) (x)|ug(t, )] =0 for (t,z) e RT xR,

ve(t,2) + Rya (z,v(t, x), [u(t, )], [w(t,.)]) (z)|ve(t,x)| =0 for (t,x) € RT xR,

wi(t,x) + Ro1 (z,w(t, ), [u(t,.)]) (z)|wg(t, z)| =0 for (t,z) e RT xR, (41)

u(0,2) = up(x) for z € R, '

v(0,z) = vo() for z € R,

w(0,z) = wo(z) for x € R.

We will give first some classical results like the comparison principle and existence via Perron’s
method, then we will prove a gradient estimate result far from the junction point. The initial
conditions wug, vy and wq are lipschitz continuous functions. In addition, to control the gradient of
the limit solution of (2.16), we need the following assumption. Let ko = —1/ho.

(A0) The functions ug,vo and wp are non-increasing. Let R! the positive parameter appearing
in the definition (2.4) of ¢. We assume that for y < z < —R*,

= (z —y) — 1 < wo(x) — uo(y),
—3ko(z —y) —3 < wo(x) —wo(y),

and for x >y > 0,

—ko(x —y) — 1 < wo(x) — up(y).

4.1 Existence and uniqueness results for (4.1)

The definition of viscosity solutions for (4.1) is the same as in Definition 3.2 for ¢ > 0 and for
t =0, we will add the following inequality for the sub-solution (resp. super-solution),

u(0,2) < wup(x), v(0,2) < wvo(x) and w(0,x) < wo(z),
(resp. u(0,2) > uo(x), v(0,2) > vo(x) and w(0,x) > wo(x)).

We begin first with the comparison principle.
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Proposition 4.1 (Comparison principle for (4.1)). Assume (A). Let (u,v,w) be a visocsity sub-
solution of (4.1) and (4,0,Ww) be a viscosity super-solution of (4.1) in the sense introduced of
Definition 3.2. Let us also assume that there exists a constant K > 0 such that for all t > 0,

u(t,z) <wug(z) + Kt and —a(t,x) < —up(z) + Kt for z € R,
v(t,z) <wvolx)+ Kt and —9(t,x) < —vo(x)+ Kt forxzeR,

w(t,x) <wg(z)+ Kt and —(t,z) < —wo(xz) + Kt for x € R.

Then we have for all t > 0,

Proof. The proof is very similar to the one in [19] and uses the monotony of E, F, ¢, and wy, so
we skip it.
O

In the proof of convergence (see Section 6), we need a comparison principle on bounded sets.
For a given point (tg,z¢) € (0,7) x R and for 7, R > 0, we define the set

'Piﬁ(to, xo) = (to —7,ty +7) X (xo — R, xo + E) (4.2)

Theorem 4.2 (Comparison principle on bounded sets for (4.1)). Assume (A). If (u,v,w) and
(@, 0,) are respectively sub-solution and super-solution of (4.1) on the open set P-4 such that

u <

>
<>

v < w < W outside Pr g,

then

S

<a v<0 w<w on P x.

Proof. The proof of this theorem is similar to the one of Proposition 4.1, so we skip it.
O

Lemma 4.3 (Existence of barriers for (4.1)). Assume (A0) and (A). Let K; = gvmaxko and

Ko = 3Vazko. We define
(ut(t,z), vt (t,2), w" (t,7)) = (K1t + uo(x), K1t + vo(x), Kot + wo(z)),
“(t,x),w (t,z)) = (ug(x),vo(x), wo(x).

Then (ut, vt wh) and (u™,v™,w™) are respectively super and sub solution of (4.1).

—~
= |
—~
“PF
2
“@

Proof. The proof is very simple. We just use the bounds of Ry 1, R 2 and Ry 1 (see (3.9)) and the
gradient bounds (A0). O

Applying Perron’s method (see [2] or [26] to see how to apply Perron’s method for problems
with non-local terms), joint to the comparison principle, we obtain the following result.

Theorem 4.4 (Existence and uniqueness of viscosity solutions for (4.1)). Assume (A0) and (A).
Then, there exists a unique continuous solution of (4.1) which satisfies

lu(t, z) —uo(x)|] < Kit, |v(t,z) —vo(z)| < Kyt and  |w(t,x) —wo(x)| < Kat. (4.3)
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4.2 Gradient estimates

Theorem 4.5 (Control of the oscillations). Assume (A0)-(A). Let T > 0 and (u,v,w) be the
solution of (4.1) on (0,T) given in Theorem 4.4. For all t > 0, the functions u(t,-),v(t,-) and
w(t,-) are non-increasing. Let v < —R' and h > 0 small enough such that x +h < —R' and
h < hg. For allt € (0,T), we have

—3ko
2

h—1<w(t,xz+h)—u(t ), (4.4)
—3koh —3 < w(t,x + h) —w(t,x). (4.5)

Let x>0 and 0 < h < hg. For allt € (0,T), we have

—koh — 1 <w(t,z + h) — u(t, ). (4.6)

Proof. The proof of monotony is similar to the one in [20, Theorem 4.10]. We will only do the
proof of (4.4) since the other inequalities can be proved in the same way. We will use the technique
introduced in [29] for the proof of local gradient estimates. Let o < —R! and § > 0 small enough
such that

h+26 < h
+ o (4.7)
ro+h+0<—R".
We will prove for all t € (0,7, y € Bs(xo) and x € Bs(xo + h), that
—3k
5 (=) = 1= Ly = w0)* = Lo(x — o — h)* < w(t,z) — u(t,y) (48)

K\T
with Ls = 5—12 and K defined in (4.3). In particular, taking y = xp and x = z¢ + h, we obtain
(4.4). To prove (4.8), we introduce

A =10,T) x Bs(xo + h) x Bs(xo)
and consider the following supremum
_ 3ko 2 2
M= sup u(t,y)—v(t,z)—T(zfy)—lng(z—zo—h) — Ls(y —xo)” ¢ .
(t,z,y)EA

We want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 1: the test function. For n > 0 small, we define

3k
ot 2,y) = ult,y) —vlt,2) = Zo(e —y) = 1= Lola — a0 — ) = Ls(y - 20)* - .

Since ¢ is continuous, it reaches a maximum on A at a point that we denote by (¢, Z, 7). Classically
we have for 77 small enough,

M _
0< = <(t,,9).

Step 2: t > 0. By contradiction, assume first that £ = 0. Then we have
_ _ 3ko ,_ _
7 < uo(@) —w(@) ~ @ -5) - 1<0,

where we used (AO).
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Step 3: [T — 29— h| #d and |y — a9 # . By contradiction, assume that |z — xg — h| = 0.
Using the barriers and (A0), we get that

3k
0< % < uo(§) — vo(7) — To(f—g) 11— KT — Lys?

< KT —Lsé*> =0
where we used the definition of Ls. In the same way, we have |y — x| # 9.

Step 4: utilization of the equation. By doing a duplication of the time variable and passing
to the limit in this duplication parameter, we get that

~ - . —3k
(T i E)Q < M (’U(t?‘i')’ [u(t, )]) (j) : ‘ 0 — 2L5(j — Ty — h)’
- M (0 ), [oE ) (5) | 5+ 2505~ a0 (1.9
where we used the fact that ¢(x,a,b) = a and w(z,y,p) = 1 for z < —R'. We claim that
My (ult,g), [v(,)]) () = 0. (4.10)

In fact if (4.10) is true we will obtain a contradiction in (4.9) since Ml,g < 0. The definition of
M, 1 can be written for z > hg since for z < hg, we have V] = 0. We have

+oo
My (u(E 5). ol )]) (5) = /h VI(2)Eor (0(E, 5 + 2) — u(E,))dz — Vinas.

Using that ¢(¢, Z,y) > 0, we have
v(t,z) —u(t,y) < —1.
If z > hg, using (4.7), we have
y+z>x0—0+ho>x0+d+h>rT.

Since v(t, -) is non-increasing, we get for z > hg,

v(t, 7+ 2) —ut,g) <vt,T) —ulty) < -1

which implies E_1(v(¢,5 + z) — u(t,y)) = 1 and then (4.10). This ends the proof.

5 Construction of correctors

In this section, we construct the corrector far and near the junction point, which allow us to use
the perturbed test method introduced by Evans in [15].

18
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1 5.1 Corrector far from the junction point.

> Proposition 5.1 (Homogenization far from the junction point). Assume (A). For p < 0, we
s define the following non-local operator:

+oo
M7, (U, [V])(x) = /0 Vi(2)E_a (V(z +2) = U(z) + pz) dz = Vinaa, (5.1)

4 with E, defined in (3.1).

1) For every p < 0, there exists a unique Ay € R such that there exists a viscosity solution (u,v)

of

M, (u(@), ) (@)lp +usl =X 2 €R,
MY o(v(2), [u])(@)[p +va] =Xz €R, (5.2)

u, v are bounded.

2) For every p <0, there exists a unique Ao € R such that there exists a viscosity solution w of

{M§3<w<x>,[w1><x>|p+wz| — X @€R, 653

w s bounded.

3) For every p < 0, there exists a unique A3 € R such that there exists a viscosity solution

(u,v,w) of
M3, (u(z), [])(@)lp + ua| = A5 2z €R,
M2 (o), [ @lp + el = s wE€R o
Mg (w(z), [ul)(@)|p + wa| = A3z €R,
u,v,w are bounded.
5 In particular, \; = H;(p) with H; defined in (2.10),(2.11) and (2.12).

1
Proof. We claim that (u,v) = <0, 5) is a solution of (5.2) with Ay = —|p|W1 <2—> We have
p

=3 0o
Mfl(u(z), [W)(x) + Vinaz = ; 2p Vi(z)E_1 <% +pz> dz + /_J: Vi(2)E_4 (% +pz) dz
+oo -3 S
= /2_3 Vi (2)dz = Vinar — V1 (%) ,
6 where we used that if z < g—;, then % + pz > —1. Similarly, we have

—+o0

M5 (0(z) [u]) (&) + Vinaz = /O = Vi(2)E_y (—% 4 pz) dz+ / Vi(2)E_y (—% 4 pz) dz

—3

+oo , -3
= [s Vi(2)dz = Vipaz — V1 (%)

2p

2p

-3 1
7 where we used that if z < o then —3 + pz > —2. The above computations implies (5.2).
p

s To prove (5.3) and (5.4), we proceed in the same way taking respectively the corrector w = 0 and
s (u,v,w) = (0,0,0). The uniqueness of \; is a classical result and the reader can refer to [31] for

10 the proof.
11 l:‘

19



10

11

12

13

14

Specified homogenization of a microscopic model on a convergent junction

5.2 Correctors at the junction point

In this subsection, we will construct correctors near the junction point. To do this, we will consider
the following equation: for A € R, we consider a viscosity solution (u,v,w) of

Ry (z,u(x), [v]) (z)|us] = A r eR,
Rio (z,v(x),[u], [w]) (z)|ve] = A z€R, (5.5)
Ro (@, w(z), [u]) (2)|we] = A z € R,

where the non-local operators R 1, R12 and Ry are defined in (3.6),(3.7) and (3.8). We now
prove the existence result of the corrector. For A > Hy with Hy defined in (2.14), we introduce
the real numbers p*, 7> and ﬁi satisfying

ML) =H, pL) =4, H@)=H, " )=4 H@)=H,7)=4

Theorem 5.2 (Existence of a global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy,0] such that there exists a solution
(w,v,w) of (5.5) with \ = A and such that there exists a constant C and a globally Lipschitz
continuous function m such that

u(z) —m(x)| <C,  |v(z) —m(x)] < C,  [u(z) —m(z) <C. (5.6)

ii) (Rescaling ) For € > 0, we set
u®(z) =eu (E) , vi(z)=ev (E) , w(x)=ew (E) .

9 9 9

Then (along a subsequence €, — 0), we have the following convergence locally uniformly: u® *O> U,
E—

ve — U and w* — W with U and W satisfying
e—0 e—0

U(x) —U(y)| < Clz —y| forallz,y R,
for all z < 0, (5.7)
for all x > 0,

and

W(x) =W(y)| <Clz—y|l foralzycR,

Eg(Wm) = E for all x < 0, (5.8)
Hs(W,)=A for all x > 0.
In particular, we have (with U(0) =W (0) =0)
U(z) = Pralizsoy + Dral{z<o}, (5.9)
W(z) =PL2l (0 + P2 2l{z<0}- (5.10)

i) (Uniqueness of the flux limiter A) We define the following set of functions
S = {(u,v,w) s.t. ILipschitz function m and C > 0 satisfying (5.6) }.
Then we have

A=inf{\ €R:3 (u,v,w) €S solution of (5.5) }.

20
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5.3 Proof of Theorem 5.2

This subsection contains the proof of Theorem 5.2. In [20, 18], authors considered a bounded
domain (—I,1) and a continuous function depending on a parameter R > 0 which allows a con-
tinuous transition between the non-local operators and the Hamiltonians then respectively took [
and R to +o0o. In this work, we remarked that we can shorten this proof by considering a bounded
domain depending on R and a continuous transition function between the non-local operators and
the increasing and decreasing parts of the Hamiltonians. Let R > R! (R! the constant appearing

n (2.4)), we want to find Ag, such that there exists a solution (u?, v w’) of

GhL x,u (x),[vR],uf) = A\r if x € [~lg, R,
G% (z, 0" (2), [, [, vF) = Ar if € [~Ig,lg], (5.11)
G (z, wh(2), W], wl) = Ag it x € [~lg, IR,

with

Gz, U, [V],q) = ¥ (@)0f ()¢ (2, My 1 (U, [V])(2), Ms1 (U, [V])(x)) |q|+
+(1—p(@) - Hy (@) + (1 —vh(2) - Hs (q), (5.12)

Gh(x,V,[U],[W],q) = ¢E($)¢E($)¢ (2, My 2(V, [U])(2), N(V, (W)(z)) KV, [W])(@)]ql+
+ (1= 9p(@) - Hy (g) + (1 - vh(@) - Ty (g), (5.13)

G (2, W, (U], q) = b7 ()05 ()¢ (, Mo (W, [W)) (), N(W, [U))(2)) K (W, [U])(2)|g]+
+ (1= Pp(2) - Hy () + (1 —¢3h(2) - Hs (q), (5.14)
and ¥, by € C®, ¢F : R — [0, 1], with ¢y (z) = ¥ (—2),

vk = { 1 on [—o0,R]

oo :
0 outside [R + 1, +00), and v}, non-increasing,

and Ig >> R+ 1 >> max(hmas, R® + 7). To each operator G, we associate Gi& which is defined
in the same way but replacing the non-local operators M; ,, N and K by M; ,, N and K.
Proposition 5.3 (Comparison principle). Let A € R,

1) Let us consider the following problem,

G (z, (), [0], 4z) > A if x € (0, 1],
G (z,0(x), [a], (@], 92) > X if @ € (0, 1],
Gy (@ d(@), [a],d:) 2 A ifw € (0,1g],
and for e >0
Gh (z,u(z), [v],us) <A —¢ if © € (0,1R],
G%(xav(x)’[u]a[w]avm)<)\_5 ifxe(O,lR],
G4 (v w(w),[ul,wy) A—e i we (0]
If

then for all x € [0,1lR] , we have

u(z) < a(x), ov(z) <o(x), wlx) <d(x).
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2) Let us consider the following problem,

{ Gk (z,a(2), [0, a,) > A ifx € [~Ip, —RY),
G% (x,0(x), [a], [@), 0,) > A if x € [~Ig, —R"),

and fore >0

{ Gh (z,u(z), [v],uy) <A —¢ if v € [~lg, —RY),
G%(ﬂﬁ,v(m),[u],[w],vz)g)\—g ifl'e [—ZR,—Rl).
If

u(z) <a(z), wv(x) <o(x) forx € [~R" — hpmaw, —RY],

then for all x € [—Ir, —R'] , we have

3) Let us consider the following problem,
Gh (2, (@), [@],@2) > A if 2 € [~lr, ~R),
and for e >0
G% (v, w(x), [w],ws) <A —¢ ifx € [~lg,—RY).

If

then for all x € [—Ir, —R'] , we have

Proof. The proof of this proposition can be done using classical arguments of viscosity solutions
theory, (see [5, 11]. Let us remark that the initial comparison between sub-solution and super-
solution in points 2)-3) is given on the interval [~ R' — 4., —RY]. This condition will ensure, when
doing the proof, that the maximum points (z,vy) satisfy = + 2,y + 2 < —R! for 2z € [0, hppas]. O

Proposition 5.4 (Existence of correctors). There exists a unique Ar € R such that there exists a
solution (uft, vf* w!t) of (5.11). Moreover, there exists a constant C , and a Lipschitz continuous
function m® such that

Ho < An <0,

|m®(z ) mP(y)| < Clz —y| for x € [~Ig, IRl

|u (x) —mP(z)| < C for x € [—lr,lg], (5.15)
[ (z) —m ( )| <C for z € [=lr,lr],

lw(z) —mf(x)] < C for x € [~lg,lR].

Proof. In order to construct a corrector on the truncated domain, we will consider the approxi-
mated problem

6u’ + G} (z,u’(z), [v° ,uig =0 if x € [~lg,lR],
600 + G% (2,00 (2), [u°], [w],v3) =0 if x € [~Ig, IR, (5.16)
Sw® + G, (2, w® (2), W], wd) =0 if v € [~lg,lg]
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1 Step 1: Construction of the solution.

> Lemma 5.5. There exists a unique viscosity solution (u’,v?,w’) of (5.16) such that

(5.17)

Proof. We can easily show that,

(u™,v™,w") = (0,0,0) and (ut,vt,wh) = (|H01|, |H01|, |H02|)

s are respectively sub-solution and super-solution of (5.16). Using the comparison principle and the

+ Perron’s method, we construct a unique viscosity solution (u°,v°, w®) satisfying (5.17).

5 O

s Step 2: A new super-solution

Lemma 5.6. Let by = max(go, ko) and go = 1/dy with do defined in (2.8). Let
H3 H3 H3
(ut ot wt ) = (—3b0(9€ —Ir) + |5—0|, —3bo(z — IR) + %, —3bo(z — IR) + M) )
7 Then (ut, vt wt) is a super-solution of (5.16).

Proof. Since z € [—Ig,lg], we have u™ v+ wtt >

H, , we remark that for £ = 1,2, 3,

. In addition, using the definition of

Hy(—3bo) > Hy(—3ko) = Hy (—3ko) > 0.
We recall that for i = 1,2, 3, we have
Vi(h) =0 if h < hg, and w(z,y,p) =0 for z € [-R* 0], <0 and p < do. (5.18)
s We claim that
x My o(vFF(z), [utT])(z) =0 if z < —R3,
(z ):O if v < —R3,

()
)

() = K(w** (), [w*])(x)
) = N(w* (), ™)) (x)

M171(u++(x) [v*F])
Mj z(wt(x ),[ ]
Kt (x), [wh])
Nt (x), [wr])(z
0),

0 if v € (—R3, —dy),
0 ifx>0.

In addition, on (—dg,0), we have

K@t (z), [w])(z) =0 K(wtt(z),ut*])(z) =0 if & < do,
Nt (), [w]) (@) =0 N(w**(2),[u**])(@) =0 if & >dy .
9 We prove only four equalities since others are done in the same way. First, let 2 < —R3,

+oo
Ml,l(zﬁ*(x), [v++])($> + Vinas = /0 Vi(2)E_4 (U++(z +2) — u++(x)) d

+oo
= / Vi(2)E_1 (—3boz) dz.
h

0

23
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For z > hg, —3bgz < —3 < —1. Using the definition of E_; (see (3.1)), we get

hmax
M (u (2), o) (2) = / VI(2)dz — Vinas = 0.
ho
1 Second, let x € (—R3, —dy),

K@ ™ (2),[w™ ) (z) = 1= [ w.(x,z|z|—|z))F (w++(z) - v++(x)) dz

wy(x, 2, x| — |2|)F (=3bo(z — x)) dz

wy(x, z,|z| — |2|)F (=3bo(z — x)) dz

I
—

+ /]R+ wy(x, z,|z| — |2|)F (=3bo(z — x)) dz.

> Let z < 0: using (5.18), we remark that we can assume that z > x + dy. In that case, we have
3 —3bp(z — x) < —=3bodg = —3 < —1. The last inequality is also true if we take z > 0. Using the
4+ definition of F' (see (3.2)), we obtain

0
KOt @) ot @) == [ wnlozlol = |ahds = [ oz ol = Jahds + 1
z+do R+
= —w(z,0,|z]) + w(z,z + do,do) — 1 + w(x,0,]z]) +1=0
5 where we used in the last line the fact that w(x, z,p) = 1 if z >> 0. Finally, let x € (—dyp,0): if
s M < dy, then using (5.18), we evaluate K (vt (z), [wt*])(x) only for z € RT since z+dy > 0 > z.
2
7 If 2> 0, then —3bg(z — x) < 3bgx < 73b0% < f% < —1, and we get

Kt (z), [wtt])(z) = — /R+ w.(z, z, x| — |z])dz = =1 + w(x,0,|x]) + 1 =0

s where we used that |z| = —2 < dy. Assume now L > dy. We have

N @) 0@ + Visas = [ Vil = ) (07 () =0 (@) s
_ /m Vi (l2] — @) E—y (~3bo(z — 2)) dz
_ /O>Z>I Vi(—z — 2)E_1 (=3bo(z — x)) d=
+ /Z>O Vi(z — 2)E_y (~3bo(z — 2)) d.

9 We evaluate the above integral only if z > 0 sinceif x < 2z < 0, we get —z—x < —2x < 2dy < hg
o and so Vi(—z—a)=0. If z >0 and z —x > hg, we get that —3by(z — ) < 3bpho < —1 and using
1 the definition of E_;, we get

N (), [wr])(z) = /> o Vi(z — 2)dz — Vinaz = 0.
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Recalling the definition of Gk, G% and G% (see (5.12),(5.13) and (5.14)) and using the lower
bound of v, v™F and w* T, we deduce that (u™,vT wT™T) is a super-solution of the approx-
imated problem for z € (—lg,lr). Let us now treat the boundary conditions. Consider a test
function ¢ touching u** from below at © = —Ig (resp. = [g). We have that

0p(=lr) + Hy (pa(=1r)) = Hy (uy™*(~lr)) = Hy (=3bo) = 0,
(resp. 0¢(lr) + Hy (¢x(lr)) > out™(Ig) + Hy > 0).
We can argue in the same way for the function v+ ans w*+. This implies that (u™F, v+ wt™)

is a super-solution of the approximated problem for x € [—lg,[r]. Using the stability of viscosity
super-solution, we can construct a new super-solution,

(min(ut, u* ), min(v*, o), min(w ™, wtT)).

The comparison principle then implies that

0 < u®(z) < min(u®,utt),
0 < v°(z) < min(vt,v+T), (5.19)
0<w () < mi (w+,w++).

Step 3: bounds for the solution.

Lemma 5.7. Let (u®,v° w?) be the solution of (5.16). The functions u®,v° and w® are non-
increasing and we have the following bounds,

u(x) —v’(z) <1 for all x € [~IRr,IR],
{—2 <ud(x) —v’(z) if —lg <x < —Ra, (5.20)
and
ul(z) —w’(z) > -1 and w’(x) —°(z) > -1 if0<x<lIg. (5.21)
In addition,
uwl(x) —w(z) > -1 and w’(z)—v°(x) > -1 if —R* <z <0. (5.22)

In particular, we deduce that
—2<ud(z) —v0(x) <1 for all x € [~Ip, g,
—1<ud(z) —wd(xr) <2 if 0 <x<lIg.

Proof. The proof of monotony is similar to that in [20, Lemma 5.5] so we skip it.

We will only prove the second bound in (5.20). The first one is simpler since we do not need
a localization procedure. To prove (5.21), we proceed in the same way.
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Case 1: —R<x< —R3 Let —R < 2y < —R? and a > 0 small enough. We will prove that for
x € Ba(z0),

v (z) — u’(x) <2+ Loz — 20)? (5.23)

[Ho|

ith B, = —a, d L, > .
wi (20) = (20 — @, 20 + a) an 52

Taking = = 2 in (5.23), we obtain the second
inequality in (5.20). We consider

M= sup {v’() —u’(z) =2~ Lo(x — 20)%}
€ Bg(20)

and we assume by contradiction that M > 0. We then introduce
)2
M. = sup {vé(x)ué(y)QLa(zzo)Qu}.
z,y€Ba(20) 2e

The supremum M, is reached at a point (z,y) with |z —y| — 0 as ¢ — 0. If |x — 29| = a, then
we obtain

Hl
0< M. < | 60|7Laa2<0,

which implies that for ¢ > 0 small, |z — 29| # a and |y — 29| # a. Writing the viscosity
inequalities, we get

0 < 60’ (z) — dud(y) < GL <y,u5(y>, [ve], Z ; y)

- G (000 @), 0 0 T 2L )

< -G (20 @ 0L 0] T 4 2l - )

where we used that G} < 0. Since —R < 2 < —R?* and by definition of G% (see (5.13)) and ¢
(see (2.4)), we remark that we obtain a contradiction if we prove that

M (0 (), [u®])(z) = 0. (5.24)

Using the supremum M., we obtain that

u’(y) —v°(z) < —2.

Using the fact that | — y| — 0 as ¢ — 0, we deduce that for £ small enough,

u(z) —v°(x) < —2.

Since u° is decreasing, we get for z > hg

ul(z + 2) — v’ (x) < ul(x) —o°(z) < —2

which implies E_5(u’(z 4 2z) — v*(x)) = 1 and therefore (5.24). We deduce that (5.23) is true
and in particular by continuity that the second inequality of (5.20) is proved for z € [~ R, —R3].
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Case 2: —lp <z < —R. We introduce the following supremum

M.=  sup {05(:@ —ul(y) —2— M}

—Ilr<z,y<—R 2e

Classically, we have that

{ M. > M > 0 and M, is reached at a point (z,y) , (5.25)

z,y =T ase — 0.

In addition, using step 1, we have x,y < —R. for € small enough. Writing the viscosity
inequalities, we get

As in step 1, we can prove that

My (0% (2),u®)(z) = 0 (5.26)

)

and this implies

€

) - bt () < (- v (T2) - 0 vpEr (T2Y). G

In particular, the sub-solution viscosity inequality and (5.26) implies

(- vy (1Y) < <o) <0,

€

Recalling the definition of H; (see (2.18)) and since (1 — ¢ (z)) > 0, we deduce that

HY<H, (w;y) <0. (5.28)

Finally, using (5.28), we deduce that inequality (5.27) yields to

26 < 0v° () — ou’(y) < (Vg (x) — Y (y))H, (w — y)

9
< [Hg| - [|(5) lloo - l2 = yl-

Sending e to zero, we get a contradiction and this ends the proof of (5.20).

We turn now to the proof of the first inequality in (5.22) (the second inequality is treated in
|H|
da?’

the same way). Let —R3 < 29 < 0, a > 0 small and L, > We will prove that for x € B,(z0),

u®(z) —wd(z) > =1 — Ly(x — 20)*.
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1 If the above inequality is true, then taking @ = 2z, we obtain the first inequality in (5.22). For
> € >0, we define

)2
M. = sup {wé(y)ué(z)lLa(xzo)Qu}.
z,y€Ba(z0) 2e

We have that M. > M > 0 and since the functions w® and u? are continuous, M, is reached
at a point (Z,y). Classically, we have
|HE| (2 —y)?

0< M, <
¢ 5 2

s which implies |z — y| — 0 as € — 0. If |Z — 2| = a, and using the definition of L,, we obtain

H2
o< ol _ Loa* <0
0
+ which gives a contradiction and implies that |Z — zp| # a and |y — 20| # a for & small enough.
s Writing the sub-solution viscosity inequality, we get

<6t (g) < -Gk (50’0 0 22 ).

s Using the definition of G% for § € (—R?,0), we can see that we obtain a contradiction if we prove
7 that

K (w’ (), [u’]) () = /sz (5, 2, [y — 2) F (u®(2) = w’(y)) dz + 1 = 0. (5.29)

8 Recalling that w (z,y,p) = 0 if z € (—=R3,0),y < 0 and p < 0, we can evaluate the above
o integral for z > 0. If we prove u’(z) — w’ () < —1 for all z > ¢, we will get

—+o0
[ ee@alil - D F (@) - w'(@) ds = -1
g
which implies (5.29). Using the supremum M., we have
u’(z) — w’(g) < —1

10 and since |Z — y| — 0 as € — 0, we have for ¢ small enough

u® () — w’ () < —1.

1 Using the fact that «°® is non-increasing, we have for z > 7,

u’(2) —w’(§) <u’ () —w'(y) < -1
12 which gives the desired result.

13 O
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Step 4: control of oscillations.

Lemma 5.8. Let (u’,v?,w’) be a solution of (5.16). Let go = 1/dy and by = max(go, ko). We
have that

3< ) for —lp <y <z <lpg,

—3bo(z —y) —3 < v (x) — 0O (y for —lg <y <ax <lg, (5.30)
—3bo(z —y) =3 <w’(z) —w’(y) <0 for —lg <y <z <lg.

Proof. We will only prove the second inequality in (5.30). To prove the other inequalities, we

proceed similarly (the proof is even simpler).
We define

M = sup {v‘s(y) — () — 3bo(z — y) — 3}.

—lr<y<z<lgr

We want to prove that M < 0. Assume by contradiction that M > 0. Classicaly, M is reached
at a point (z,y) with & > y. Moreover T # ¢ since M > 0. Writing the viscosity inequalities, we
get

50°(y) — 6v° (z) < G%, (7,0°(2), [u’], [w’], —3bo)

- G2 (77 US(?])’ [U(S]’ [ ] _3b0)
< (14 (2))H; (=3bo) + (1 — ¢ (2))H; (—3bo)
- GR (yv S(g)v [u6]7 [ ] 73b0) .
We claim that
¢ (5, M1z (v° (), [v°]) (5), N (v°(3), [w’]) (7)) K (v° (%), [w’]) () = 0. (5.31)

If we prove (5.31), using the definition of G%, we get

500(§) — 60 (x) < (1 — (@) H; (~3bo) + (1 — v} (2))Hs (—3bo)
— (1= ¥R (@) Hy (~3bo) — (1 — 45 (5))Hy (—3bo)
= Wr(®) — V(@) H, (=3bo) + ($5(H)) — (&) Hs (—3bo).

Using that H; (—3bg) > 0, Hi (—3bo) < 0 and that ¢~ and ¢ T are respectively non-decreasing
and non-increasing, we get a contradiction. ~
Let us now prove (5.31). Using the definition of ¢ (see (2.4)), we obtain (5.31) if we prove:

Mi 2 (Ug(g)v [US]) (1) =0 ifyg<—R3,
N (v°(y), [w]) (§) =0 ify >0, (5.32)
K (@), [w’]) ) =0 i je[-R%0]

We will only show the third equality of (5.32) since the others can be treated in the same way
and are even simpler. Recalling the definition of w, and assuming that y 4+ dy < 0, we can write,

—+o0

K (0(5), [w’]) (7) — 1 = / w: (7,217 — |2) F (0% (2) — 0° (7)) dz.

y+do
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We claim that w®(z) —v°(j) < —1 for all z > 5 + dy. If the preceding inequality is true, we
get F (w’(z) —v°(y)) = —1 and then

K (0°(9), [w’]) (§) = w (5,5 + do.do) — 1 + 1 =0.

We distinguish two cases:

Case 1: © < z. Using the supremum, we have

(%) — v’ (7) < —3.

The fact that v° is non-increasing implies

v (2) —v0(7) < —3. (5.33)

Combining (5.33) and Lemma 5.7, we get w®(z) — v’ () < —1.

Case 2: 7 > z. Using the supremum, we have M > v°(z) — v°(Z) — 3by(Z — z) — 3, which implies

v (2) — v0(5) < —3bo(z — 7) < —3bodp < —3. (5.34)

Combining (5.34) and Lemma 5.7, we get w®(z) —v°(y) < —1 which gives us the desired result.

If y+dy > 0, in that case, we only evaluate the integral for z € [0, 7] since the other one is zero.

We proceed as above assuming that z < z and z > 2. We deduce that K (v°(3), [w°]) () = 0 and
similarly (5.32). This ends the proof of the lemma.

|

Step 5: Lipschitz estimate.

8

Lemma 5.9. There exists a Lipschitz continuous function m°, such that there exists a constant

C, (independent of R and &) such that for x,y € [—Ig,lR],

[m®(x) —m? (y)| < Clz —yl,
[u () — m(x)] < C,
[ (x) —m®(z)] < C,
|w? (x) — m?(x)| < C.

(5.35)

Proof of Lemma 5.9. Let ag = min(hg, dy). Let us define m?® as an affine function in each interval
of the form [iag, (i + 1)ag], with ¢ € Z, such that

m®(iag) = ul(iag) and m’((i + 1)ag) = u’((i + 1)ao).

Since m?,u® are non-increasing and |u®((i + 1)ag) — u’(iag)| < 3boag + 3 = 6, we deduce that

Yz € [iag, (i + 1)ag],
—6 < u®((i + 1)ag) — m°(iag) < u’(zx) —m(z) < u’(iag) —m°((i + 1)ag) < 6,
and
Im® () —m®(y)| < 6bo|a — y|.

Lemma 5.7 provides the last two inequality in (5.35).
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Step 6: passing to the limit as J goes to 0. Using Lemma 5.7 and (5.35), we deduce that
there exists 6, — 0, Ag € R and a Lipshitz continuous function m? such that

§udn(0) = —AR as n — +oo,

5,027 (0) = —Ag as n — +oo,

Spw’ (0) = —Ag as n — +oo,
Sn 5 R

—m®(0) - m™ asn— +oo,

the last convergence being locally uniform. Thanks to Lemma 5.8, we define

' = limsup”™ (v’ — u®(0)) and uf =liminf (u’ — u®"(0)),
§pn—0 on—0
7% = limsup*(v*» —v°7(0)) and of =liminf (v°* — v (0)),
5pn—0 on—0
and
@ = limsup* (v’ —w’ (0)) and w® =liminf (W’ —w’ (0)).
§pn—0 0p—0

Therefore, we have that Ag,@”, u®, 7%, v, wh, w? and m? satisfy

Hy < AR < 07

@t —mf<C, [ut-mf <C,
Pt —mf < C, vt -mB <C, (5.36)

@ —mf <O, " —m"| <C,

[(m™),| < C.

By stability of the solutions we have that (u”* — 2C,v" — 2C, w" — 2C) and (uf,v%, wf) are
respectively a sub-solution and a super-solution of (5.11) and

ot —20 <uft, T —20 <off, wWH—-20 <wh.

By Perron’s method we can construct a solution (u®, v, wf?) of (5.11) and thanks to Lemma 5.9,
mf, Ag and (uff, v w?) satisfy (5.15).
The uniqueness of Ag is classical so we skip it. This ends the proof of Proposition 5.4.
O

Proposition 5.10 (First definition of the flux limiter). The following limit exists (up to a subse-
quence)

A= lim )
{ Rt AR (5.37)
Moreover, we have

HO < )\R;ZS 05

with Hy defined in (2.14).

Proof. This results is a direct consequence of the following bound on A which is independent of
R (see the barriers in (5.19)),

Hy < Ag <0.
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Proposition 5.11 (Control of the slopes). Assume that R is big enough. Let (uft, v w®) be

the solution of (5.11) given by Proposition 5.4. We also assume that up to a sub-sequence A =

Rlim Ar > Hy. Then there exists o > 0 such that for every v € (0,70), there exists a constant
—+00

C such that forx >0 and h >0,

(5.38)

{ uF(z — h) — u(z) ; ((—791 - v)}f; —g (5.39)

and
wh(z —h) —w(z) > (-5 —y)h - C. (5.40)

Proof. We only prove (5.39) since the proof for (5.38) and (5.40) is similar ( and even simpler).
For p > 0 small enough, we denote by pllt the real number such that

Hi(p,)=H, (p,) = Ar — .

-3k
Using that Hy < Ar < 0, we deduce that pb exists, is unique and satisfies 0

< pl, <0 for p
small enough. We define for —Ipr <z < —R!,
_ 1
(u=,v7) = (pbx,pbx—i— 5) )
We have that

Hy(uz)=Hy(v;) = A —p.

We also have for —lg < r < —R',

My @007 D(@) + Vi = [ VIIE- (b + 3 )

R 2

and
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We deduce that (u~,v~) satisfies for —lp < < —R%,

{ YRE)M (0 (@), [0 @)z |+ (1= ¥ (@) - Ty (67) = A — g
V()Mo (@), [ @)l | + (1= V() - Ty (07) = A — g

Let o < —R' and C' = (3bg —pb)hmw + 3. Using Proposition 5.4, we have for € [£g — hmaz, To),

uf(x) — ul(zo) > p}t(x —x0) = C, vf(z) —vf(z0) > p}t(x —1x9) — C.

Using the comparison principle (Proposition 5.3, point 2), we deduce that the above inequalities
are true for all x < xg. Finally, if we choose 7o < |p1 — p* | (with p; defined in (2.14)), then

Hy(ph +7) = Hy (L +1),
and we can choose p > 0 such that
P =Pl +7

and this ends the proof.

Proof of Theorem 5.2. The proof is performed in three steps.

Step 1: proof of i) The goal is to pass to the limit as R — 4+o00. We consider (up to some
subsequence)

u(z) = limsup” (u® — uf(0)), w(z) =liminf (u® —uf(0))
R—+o00 R—+o0,

—_ — 1 * R _ RO — liminf R _ RO
o(z) im sup (v =0"(0)),  w(x) ggigo*(v v%(0)),

w(z) = limsup” (w® — wf(0)), w(z) =liminf (w? —w?(0)),

R—+oc0 R—+o0,
A= lim X\
R—1>I-Ii-1<>o R
= 1l B _mPR(0)).
m=  lm (m®™—m®0))

The last convergence being locally uniform. Thanks to Proposition 5.4, we know that

m—-—C<u<u<m+C,
m—-C<v<7<m+C,
m—-C<w<w<<m+C.

By stability of viscosity solutions, (@ —2C,v—2C,w —2C) and (u,v,w) are respectively a sub and
a super-solution of (5.5) with A = A. Using Perron’s method, we can then construct a solution
(u,v,w) of (5.5) with A = A that satisfies (5.6). In addition, (5.38),(5.39) and (5.40) hold for
(u,v,w) .
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Step 2: proof of ii). We are now interested in the rescaled functions
x x

u®(z) =eu (—) , vi(x)=ev (—) , w(x)=ew (E) .

3 3 €
Using (5.6), we have that

u“(z) =em (E) +0(e) v (x)=em (E) +0(e) w(x)=em (E) + O(e).
€ € €
Therefore, we can find a sequence ¢,, — 0, such that locally uniformly as n — +o0,
wr = U, vV, wr W

with U(0) = V(0) = W(0) = 0. Like in [27], arguing as in the proof of convergence away from the
junction point, we have that (U, V, W) satisfies

H,(U,)=A forz<0 and H3(U,)=A forxz >0,
Hi(Vy)=A forz<0 and H3(V,)=A
Hy(W,)=A forz<0 and H3(W,)=A forz > 0.
For all v € (0,70), we have that if A > Hy and 2 > 0,
Us 2957 =7, Va2DL -7 Wo>D)—7,
where we have used that (u, v,w) satisfies (5.38). Therefore we get for z > 0,
UZ:]_ji, Vw:pia Wm:ﬁia

this result remains valid even if A = Hy (in this particular case U, = V, = W, = p3). Similarly,
using (5.39), we get for x < 0,

U, = 517’ Vi = ]_)17,
and using (5.40) for z < 0,

which implies that U = V.

Step 3: proof of iii). The proof of this point can be done as an easy adaptation of the proof
in [20]. This ends the proof of Theorem 5.2.
O

6 Proof of Convergence
In this section, we will show how to obtain our main result Theorem 2.5. Let € > 0 and

t x t x t x
u(t,x)=cul-,— ), v (t,x)=¢cv|—-,— ], we(t,x) =ew | —,— |,
to==u(t2). veo=w(tI) v e (L)

with (u,v,w) the unique viscosity solution of (4.1). Then (u®,v®,w®) is the unique viscosity
solution for (t,z) € RT x R of

wi + Ri,y (2,250, [ @) | = 0,
’U? +Ri2 %7 UEE; .)a ,U‘E‘(Et ) 9 |:w£‘(5t7.) ) ($)|U; =Y
wi + Ry (2,24, [ @)fwg| = o, (6.1)

u®(0,2) = ug(x),
ve(0,z) = up(x),
w® (0, ) = wo(x).

First, we will prove the following convergence result.
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Theorem 6.1 (Junction condition by homogenization). Assume (A) and (A0). For e > 0, let
(uf,v®, w®) be the solution of (6.1). Let x* defined by
us(ta 7d(07$)) ZfZL' € ‘]ika
() = wt(t,~d(0,2) i v € J5, (6.2)
ve(t,d(0,z)) if v € Js.

1 Then there exists A € [Ho, 0] such that x° converges locally uniformly to the unique viscosity
> solution u® of (2.16) with the initial condition Uy defined by

uo(—d(0,z)) ifx e Jy,
Uo(z) = § wo(=d(0,2)) if x € J3,
uo(d(0, x)) if x € Js.

s Remark 6.2. The same result remains true if we take v¢ on Ji and (u® or w®) on Js.
4 Theorem 6.1 gives also gradient estimates for the solution of (2.16).

Corollary 6.3. Assume (A0)-(A). Let u° be the unique solution of (2.16) then u® is Lipshitz
continuous and we have,

—— <ul <0 ifxeJy,
73k0§u2§0 ifx € J3,
—ko <ul <0 ifz e J3.

s Proof of Corollary 6.3. The lipshitz continuity of u° was proved in [27].
Let z,y € Jf st x =x1-e3 and y = (21 + h) - e; with 21 +h < 0 and h > 0 small enough. For
£ > 0 small enough, we have x; +h < —eR'. Using Theorem 4.5, we have

—3ko

h—e<v(t,x1 +h) —u(t,x1) <O0.

7 Using Theorem 6.1 and passing to the limit as ¢ — 0, we obtain the desired result. We proceed
s similarly on J3 and J§ by using respectively (4.5) and (4.6).
0 O

10 We will do first the Proof of Theorem 6.1 and then deduce Theorem 2.5.
Proof of Theorem 6.1. We first define for a given point (to,z¢) € (0,7) x J and for 7, R > 0, the

set
(t,x) € (0,T) x J; st |t —to| <7 and d(z,x0) < R} if zg € J},
(t,z) € (0,T) x J st |t —to| <Tand d(z,z9) <R} if 2o =0.

Q; z(to, o) = {}

We introduce

u(t,z) = limsup w®(s,y) and wu(t,x)= liminf  u®(s,y), (6.3)
(s,y)—(t,z),e—0 (s,y)—=(t,x),e—0
o(t,x) = limsup v°(s,y) and w(t,z)= liminf  v°(s,y), (6.4)
(5,9) = (t,x),e—0 (5,y) = (t,x),e—0
w(t,z) = limsup w(s,y) and w(t,z)=  liminf  w°(s,y). (6.5)
(5,9)=(t,3),e—0 (s,y)—=(t,2),e—=0
1 We then define the following functions
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max(u(t,d(0,)),v(t,d(0,z)),w(t,d0,z))) ifze s,
Z(t, ) = < max(u(t, —d(0, z)),v(t, —d(0, z))) if x € Jf, (6.6)
w(t,—d(0,x)) ifzelJs,

and

min(u(t, d(0,x)),v(t,d(0,2)),w(t,d(0,z))) ifx e Js,
z(t, ) = < min(u(t, —d(0, z)),v(t, —d(0, z))) ifeeldy, (6.7)
w(t, —d(0,x)) ifeeld;.

We will prove that Z and z are respectively sub and super solutions of (2.16). In this case, the
comparison principle will imply that Z < z and by construction, we have that z < Z. Hence, we
will get that

Z(t,x) = z(t,x) = u'(t, x)

where u” is the unique viscosity solution of (2.16). Let us prove that Z is a sub-solution of
(2.16) (the proof for z is similar and we skip it). We argue by contradiction and assume that
there exists a test function ¢ € C*((0,7T") x J) (in the sense of Theorem 2.7 in [27]), and a point
(t,z) € (0,400) x J such that

Z(t,7) = o(t, T) )
z2< on Qi 7 (t,T) with 7 > 0 (6.8)
zZ<p—2n outside Qr 7(¢,z) withn >0 '
(6, 7) + H(Z,p,(t,2)) =0 with 6 > 0,
where
o Hy (Opp(t, 7)) if z € J;,
H(x, . (t, =< = - - - o
(@ (. 7)) { Fx (61@(15,0),82(,0(1&,0),83(,0(1?,0)) ifz =0.
We denote by y = sign(z)d(0, ) with sign : J — R, defined by
1 if z € J3,
sign(z) = ¢ -1 ifzx e JfUJj,
0 ifxz=0.
Up to changing ¢ at infinity, we can assume that for ¢ small enough, we have
us(t, sign(z)d(0,z)) < p(t,z) —n for (t,z) € (Qr#(t,z))° N (J1 U J3),
v¥(t, sign(z)d(0,x)) < p(t,x) —n for (t,x) € (Qrr(t, 7)) N (J1 U Js), (6.9)
(t, sign(2)d(0,2)) < @(t,2) — 1 for (t,2) € (Qr.e(F,2)" N (2 U Jy).

First case: £ # 0. We only consider the case where = € J; since the other cases can be treated
in the same way. Let p = d1p(t, ¥) which according to Corollary 6.3 satisfies p < 0 and

‘Pt(ﬂj) “I‘Fl(p) = 0.

Let 7 small enough so that y + 7 < 0. We define a new test function ¢ : [0,7] x R — R given by
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B(t,y) = ¢(t,ye1) for y < 0.
),

1 For (t,y) € Pr(t,y) (see (4.2)), ¢ small enough and by definition of ¢ and w, we have that

qb(g,a,b) =a andw(g,z,‘g‘—kﬂ):l. (6.10)

Using (6.10), and the definition of the non-local operator K¢(see (3.12)) implies that on the
s ball Pr7(t,9), the function (uf,v®) is a solution in the viscosity sense of

)

wi + M,y (02, [ ) s | =0,
of + Mo (£L2, [ )jes] = 0.

4 We define the following function

U (ty) = Bty) + 5.

5 We will prove that for (t,y) € Pr(t,y), we have

ooty (22, | i) 2 0

9 9
i+ 01, (8 [ 2 g 20

For all (¢,y) € Pr(t,y), we have for 7 small enough
. ~e (P e el e
Se(t,y) + M1,1 ;(ta s ?(tv ) () |<Py| = @u(t, y) + or(1)

+ N, (%(t, D, [g(u )D (y) - [&y]
o

=0+ o0(1) + M;, (g(t")’ [ €

9] ) 00 bl = Fa) = (6.11)

o where we used that ¢ (t,7) = d1p(t, ) = p and (6.8).

7 If p = 0, then using that H1(0) = 0, we obtain that A = 0+ 07(1) > 0 for 7 small small enough.

s Assume now that p < 0. For all z € [hg, hynaz), and for € and 7 small enough we have that
Yty t+ez) —@ty) _ oty +ez) — @t y)

€ - € 2

o where we used the fact that ¢ € C!' and that z € [hg, hmasz]- Now using the fact that E_; is
10 decreasing we have

- 1 ~ o(t —@(t 1
E_, <pZ+C€+OT(1)+§> <E_, (@( 7y+€22 90( ay) +§>
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We deduce that

€

M E(tv')a ﬁ(tv') Y) + Vinaz > +OOV1'(Z)E_1 pz—i—o;(l)—i—czs—i—l dz
€ 2

0
(=3/2—ce—or(1))/p 5
:/ Vi(z)E_1 (pz—i—oT( )+ ce + )dz
0
+o0 ~ 1
+ / Vi (2)E_1 (pz +or(1) + ce + ) dz (6.12)
(=3/2—ce—or(1))/p
-3
+o0 — —ce—o0:(1)
=0 +/ V/(2) = Vipaw — V1 | 2~ (6.13)
(—3/2—ce—or(1))/p p

1 =3_
1 where we used in the last line the fact that pz + o7(1) + ce + 5 < —1lifz > =2 U Injecting

> (6.13) in (6.11) and choosing € and 7 small enough, we obtain

-3
7*05*‘%(1) -3
Az O+or()+pl- |-V | =—7—— +V1<_>
p 2p
> 0+ 0r(1) = ||V{]|oo - (cg + 0r(1))
> ¢
= 2

s where we used assumption (A1) for the second line. In the same way, we prove that in Py 7(¢, )

o+, (8, |2 (i = 3

3

+ using that

5 (t — 5(t — B(t 1 1
w(,y+6§) w(,y):s@(,yﬂ%? w(,y)iigpz+of(1)+%i_

2

s and then we do the same computations using the definition of E_j.

s Getting a contradiction. By definition, we have for € small enough and using (6.9),

u® <@g —n outside Pr:(t,7),

v® <9 —n outside Pr(t, 7). (6.14)
7 Using the comparison principle on bounded subsets for (6.1) (Theorem 4.2), we get

u* <p—n on Prit,7),
v® <y —n on Pri(t, 7). (6.15)

s Passing to the limit as e — 0, we get 7 < ¢ —n and v < ¢ — n on Pr(t,y) and this contradicts
o the fact that z(¢,7) = (¢, 7).

1w Second case: £ =0: In that case, we have that

@i(t, &) + F3 (019(t,0), 200(t, 0), 950(t,0)) = 6 (6.16)

1 and using Theorem 2.7 in [27], we can assume that ¢ has a specific form given by
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o(t, ) = g(t) + DL 2l pesry + P22l iaessy + Pralizessy (6.17)
with g € C1(0,T). In particular, (6.16) can be replaced by
gi(t) + A =0. (6.18)

Let us consider the solution (u,v,w) of (5.5) provided by Theorem 5.2, and let us denote by

t) +us(t,y) on Py o5 (t,0)
Ll , ’r,27(1,0), 6.19
2] ( ay) { (,D(t, yell{ygo} + ye31{y20}) outside PF,Q'F(t; O)a ( )
and
£) +ve(t,y) on Pj 27 (t,0)
() =4 9 ; r2r (8 0), 6.20
V) { et yerliy<oy +yesliy>oy) outside Prox(t,0), (0:20)
and
t) +w(t,y) on Py 27 (t,0)
v (t,y) = 9 ’ ide Py o (i 021
) { o(t,yealy<oy + yeslyy>oy) outside Pror(t,0). 021

We will prove that (¢f, ¢, ¥¢) is a viscosity super-solution on Pr(t,0) of (6.1). Let h be a
test function touching ¢ from below at (t1,z1) € Pr#(t,0), so we have

u (%) = é (h(t1,21) — g(t1)) ,

and
u(y) 2 — (h(es, 0) — g(s)).

t
for (s,y) in a neighbourhood of ( ) ﬂ) Therefore, we have
€

oS

~ x x _
heltron) = g/ (0) + Bua (2 (2) 0]) @00) - ot 00)] = 4.
This implies that (using (6.18) and taking 7 small enough)

he(ti, 1) + Ry (%u (%) , [v]) (1) - |ha(tr, 21)] > A+ ¢'(t1) >

Now for € small enough such that ch,q, < 7, we deduce from the previous inequality and using
the fact that the non-local operatos are of bounded support, that

haty,20) + By <% <P8(t,:c)7 [wa(t,.)D (@) - ot 21)| > g_

9 9

The two last super-solution inequalities are obtained in same way using the correctors and
(6.18).

Getting the contradiction. Using (6.9) and (6.17), we have for € small enough on P o7 (¢, 0)\ Pz #(t,0),

u® < g(t) + pLylyy<oy + PLyliy=0y — 1,
v < g(t) + pLyliy<oy + D yliysor — 1,
w® < g(t) + P2 yliy<oy + PLyliy>0y — 1.
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Using the fact that u®,ve — U and w¢ — W with U, W defined in (5.10) we have for ¢ small
enough on Ps 27(t,0)\Pr7(t,0)

n

u® < f — andvsgwgfg andwfgxpf—i.

N3

Combining this with the particular form of the test function given in (6.17), we get that outside
PF,F(IZ 0)5

n n

ut < @ - andv5§¢8_§ andwaglllf—g,

N3

By the comparison principle on bounded subsets (Theorem 4.2) the previous inequality holds in
Pr#(t,0). Passing to the limit as € — 0 and evaluating the inequality in (¢,0), we obtain

a(t,0) < o(f,0) — g and  T(5,0) < p(£,0) — 2 and @(L0) < o(f,0) — g

which is a contradiction.

We can now turn to the proof of our main result, Theorem 2.5.

Proof of Theorem 2.5. We recall that the initial conditions defined in Theorem 2.5 are given by
3 1
up(r) = —2—h1$1{x<0} - h—3$1{x20},
1
wo(z) = *h—2$1{z<0} - h_gzl{zzo}'

We claim that there exists f, g and h such that

1p7(0,2) —uo(2)| < f(e), [0°(0,2) —uo(x)] < g(e), [°(0,2) —wo(x)| < h(e) (6.22)
with f(e),g(¢),h(e) — 0 as € — 0. We prove the last one in (6.22) since the others are done in
the same way. We consider a piece-wise function v satisfying

7(0,z) = v(zx) for x = U;(0) and i € L3 UN.
Since U;4+3(0) — U;(0) > hg for i € L3 and U;;11(0) — U;(0) > hg for i € N, we get that
3
[o(@) —v(y)l < -~z —yl,
0
[v(x) —7(x)] < 3.
Let us consider the integers ig, 41 € Z defined by

g = sup{i € L3, s.t. Uz(O) < *R},
1= inf{i e N, s.t. Ul(O) > R}

Using respectively the third and forth line in (2.23), we have for < U;,(0),

and for z > U;, (0),
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We recall that 7¢(0,z) = er (0, g) If « ¢ [eU;,(0),eU;, (0)], we have

T

w0 (%) ~wol)

— i
h3

17°(0, 2) — wo(x)| <

7°(0,2) — ev (g)’ +
3Ui, (0)

< 3¢ + emax <‘7 — 19
ha

)

where we used the definition of wg. If € [eU;,(0), U, (0)], we have

7°(0,2) — evw (g)’ + ‘EU (g) — wp(x)

<3e+¢e max T —w .
ye[UiO(O)inl(O)](l (y) —w(y)])

[75(0, ) — wo ()] <

Finally, we can define h by

h(e) = 3e + e max (max <‘%“(0) — g
2

)

Gl i), s () - w)).

hs Uiy (0),Ui, (0)]

In the same way we construct the functions f and g. Therefore we have

wo(x) = m(e) < p(0,2) < (5°)(0,) < wolz) +m(e) + ¢,
ug(x) —m(e) < o°(0,2) < (6°)"(0,z) < up(x) + m(e) + &,
wo(z) —m(e) < 7°(0,2) < (7°)°(0,2) < wo(z) + m(e) +e,

with m(e) = max(f(e),g(¢),h(¢)). Using the comparison principle provided in Proposition 4.1,
and since by Theorem 3.3, (p®, 0%, 7¢) is a viscosity solution of (3.16), we get that

us(t,x) —m(e) < p°(t,x) < (p°)"(t,x) < u(t,z) +m(e) +e,
v (t, ) —m(e) < o (t,x) < (%) (t,x) < v°(t, ) + m(e) + &,
w(t,x) —m(e) < 7°(t,x) < (75)"(t, ) < w®(t,x) + m(e) + ¢,

with (u®,v¢,w®) the solution of (6.1). Taking € to zero and using Theorem 6.1, we obtain the

desired result.
O

A Appendix: the junction case.

We will now show how to extend our result to the case of a general junction. We consider a junction
with two incoming roads and two outgoing roads. The junction is defined by J = J; U Ja U J3 U Jy
where J; and Jy are the incoming roads and isometric to R~ and J3 and .J4 are the outgoing roads
and isometric to RT. The branches of the junction are glued at the point 0. The point 0 is called
junction point and for all £ = 1,2,3,4, we define J} = J; \ {0}. The definition of the junction is
sketched in the figure below.

We will consider a microscopic model with the same periodic distribution before the junction
point (i.e, two cars enter from J; and then one car from J;). Concerning the distribution after
the junction point, we will assume that cars with odd labels goes to the branch Js; and others
(even) goes to the branch J;. Obviously, more general (periodic) distributions and junctions can
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JQ J4

1 be considered. We recall the definition of the sets £, Lo and L3, (see (2.1)). Since we have two
> different road choice depending on the label (even or odd), we should divide these sets as follows,

£0={-5-6kkeN} and L£%={-2—6kkeN},
£3={-1—-6kkeN} and L£5={-4—6kkeN},
£9={-3—6kkeN} and L5={—6-6kkecN},
N° = {2k + 1,k € N} and N¢= {2k k€ N}.

3 We will consider the following model on the junction,

U (t) = ¢ (Vi(Uisr (1) = Us(1)), Va(|Uir2(0)] = Ui(2))) if i € L7UN®,

U, (t) = ¢ Vi(Uiga (t) = Us(t)), Va([Uira ()] — Us(1))) if i€ L5 UNe,

Uzz (t) = F (Ui(t), Uis1(1), Vi(Uis2(t) — Ui(t)), V3 (Uis2(t) — Ui(t)))  if i € L3, (A1)
U; (t) = F (Ui(t), U1 (1), Vi(Uis2(t) = Us(1)), Va(Uis2(t) — Ui(t)))  if i € L5,

Ui (t) = F (Us(t), Ui1 (), Vi (Uiss(t) — Ui (1)), Va(|Uira(t)| = Us(t)))  if i € L3,

Ui (t) = F (Ui(), U1 (), Vi (Uigs (1) = Ui(1)), Va(|Usis2 (1) = Us(1)))  if i € L5,

4 with

F(‘Tayva7b) = ¢(‘Taa7b) ' (AJ(SC,y, |SC| - |y|)

s The transition function ¢(,a,b) is defined as in (2.4) and is equal to b on .J;. The functions
s w:R3 — R is defined in the same way as in (2.5). For this model, we should define six cu-
7 mulative distribution functions p° (resp, p¢,0°,0¢ 7° and 7¢) such that p°(t,U;(t)) = —i (resp.
s po(t,U(L) = —i,0°(t,Us(t)) = —i,0%(t,Ui(t)) = —i,7°(t,Us(t)) = —i,7°(t,U;(t))) = —i for
o 1€ LYUNC (resp. L{UNC, L3UN°, L5 UN°, LSUN? and £5UN°).
10 We then inject these functions into the following non-local PDE, for (t,z) € RT x R |

PPt ) + R 5 (2, p°(t, ), [0° (¢, )], [70(L, )]) (@) 02 (¢, )| = 0,

pi (@) + Ry 5 (2, p° (¢, 2), [0 (8, )], [74(8,)]) (2)]pg (£, ) = 0,

7 (0,2) + B (20 (1,20, (0, [ 6, )]) (D)l )] =0, o)

of (t,x) + Ry (2,0 (t,2), [p° (1, )], [7°(8, )]) (2)]og (t, )] = 0,

T (tx) + RSy (2,70, @), [0, )]s [07 () [p° (8 )]) (@) 72 (8 )| = 0,

i (tw) + Ry (2, 7(8 @), [70(8, )]s [0 (8 )] [p° (2, )]) (@) 75 (¢, 2) | = 0
1 The non-local operators are defined by,
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Figure 4: In blue (resp. orange, pink, grey, red and yellow), vehicles with label in £$UN® (resp.L$,
L5 UNe, L9, £§ and L5).

72 (@ U, [V], [W]) () = ¢ (z, M1 (U, [V])(2), N3 (U, [W])(2)) ,

P2 (@ U [V],[W])(2) = ¢ (z, M1 (U, [V])(2), Na(U, [W])(2)) ,
Ry (2, V,[U], [W]) (2) = ¢ (2, M o(V [U]) (), My o(V; [U)(2)) - K(V, [W])(2),
Ri (2, V,[U], [W]) (2) = ¢ (2, M1 o(V, [U]) (), Mao(V; [U]) () - K(V, [W])(2),
RSy (x, Z, [U], V], W]) (2) = ¢ (z, M2 3(Z, [U])(x), N3(Z, [V])(z)) - K(Z,[W])(z),
R, (x, Z,[U],[V], W) (z) = ¢ (z, Ma3(Z, [U])(x), Na(Z, [V])(2)) - K(Z, [W])(x),

where ¢(x,a,b) = —p(z, —a, —b) and,

+oo
M; o(U, [V])(z) = /0 V!(2)Ey (V(x+ 2) — U(x)) dz — Vipae fori=1,2,3,4,

Ni(U,[V]) () = /> VA2 = 2)Bos (V(2) — U(2)) dz — Vinaw for i = 3,4,

and

KU, [V])(z) = /sz(xvzv |z = [z F(V(2) = U(z)) dz + 1,

with E, and F defined in (3.1) and (3.2). We can prove the following theorem.

Theorem A.1 (Junction condition by homogenization: application to traffic flow). Assume (A1)-
(A2)-(A3) for V; with i =1,2,3,4 and that at the initial time, we have,

Us(0) < U1 (0) — ho  if i € £ U L
Ui(O)SUH_Q(O)—hO if’iEEgUﬁSUN,
Ul(O) < Ui+3(0) —ho ifie€ Eg @] £§ .

We also assume that there exists R > 0 such that

Ui+1(0) - UZ(O) =hy ifie LYUL] and UZ(O) < —R,
Ui+2(0) - UZ(O) =hy ifieLSULS and UZ(O) < —R,
Upis(0) — Ui(0) = ho if i € £3U L5 and U;(0) < —R,
Upsa(0) — Ui(0) = hy  if i € N° and Uy(0) > R,
Upsa(0) — Ui(0) = hy if i € N° and Ui(0) > R
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with hy, ha, hs, hy > ho. We define four functions ug, ug, wg and wg by

ug(w) = _2ih1$1{m<0} - h%ﬁ{xzo},
3(2) = —5p-oleco) — polazo),
wy(r) = —h—2$1{x<0} - h%ﬁ{xzo},
w§(2) = — - leco) — 7 tliszo):

Let £ >0 and x° : RT x J — R be the function defined by

(po)a(t’ _d(oa x)) fo € Jl*a
St ) = (Te)s(ta —d(O,l‘)) fo € J2*a
CEDZN oydo.e)  ifwe s,
(0®)%(t,d(0,2))  ifx € Jy,
with
ereo =z (L2). rren =ar (L) 0 e (42
We define
ug(~d(0.2)) ifa e ;.
EO(Z'> _ wS(fd(va)) Zf:L' € Jg,
ug(d(0,)) if v € J3,

w§(d(0,2))  ifx e Jy.
There exists A € [Hy,0] such that the function x° converges towards the unique solution u® of
u + H(u2) =0 for (t,x) € (0—|— ) x Jf,
u) + Fx (ud) =0 for (t,x) € (0,+00) x {0},
uO(O,x) ug(x)  for x € J,

where Fl_and Hy are the same Hamiltonians defined in (2.10) and (2.11). For k = 3,4, the
Hamiltonian Hy, is given by

—p — 2kg for p < =2k,
Help) = -4%(p)m|ﬂw—2%§p§Q
P for p >0,

and I is defined by

F5(p1,p2,p3, p4) = max (AaHl (p1), Hy (p2), H3 (p3), Hy (p4)) :
Remark A.2. The above macroscopic model differs from the one in (2.16) after the point zero.

The difference comes from the fact that after the junction point, the leader is now U;;2 and we
have two different optimal velocities on branches J3 and Jy.
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The path to obtain our convergence result is the same as in the merge case: we consider the
non-local PDE with suitable initial conditions and prove the convergence of its solution. The
control of oscillations for this PDE can be done as in Theorem 4.5 using a localization procedure.
For the reader convenience, and since we proved a similar result before —R!, we will prove one of
these oscillations after zero.

Theorem A.3 (Control of the oscillations). Let T > 0 and (u°,u®,v°,v¢, w®, w®) be the solution
of (A.2) on (0,T). For all t > 0, the functions u®(t,-),u(t,-),v°(t, ), ve(¢t, ), w°(t,-) and we(t,-)
are non-increasing. Let x < —R' and hg > h > 0 small enough such that x+h < —R'. Fort > 0,
we consider the following oscillations:

=§eh — 1 <o (t,x + h) - u(t, @), (A3)

—3koh — 3 < v°(t,x + h) — we(t, ). '
For x >0 and hg > h > 0, we consider fort > 0,

—2koh — 2 < w°(t,z + h) — u°(t, x), (A1)

—2koh — 2 < w®(t,x + h) — ut(t, x). '

Assume (A.3) and (A.4) for t =0. Then, they hold for t > 0.

Proof. We will only do the proof of the first inequality in (A.4). Let 29 > 0. Take ¢ > 0 small
enough such that 2o > §. We will prove for all ¢t > 0, y € Bs(xo) and x € Bs(xp + h) that

—2ko(x —y) — 2 — Ls(y — w0)® — Ls(x — x0 — h)* < w’(t,x) — u’(t,y) (A.5)
. KT . . . . .
with Ls = 57 and K the constant is constant obtained by the barriers construction. In particular,
taking y = x9 and @ = 29 + h, we obtain the desired result. To prove (A.5), we introduce
A =10,T) x Bs(xo + h) x Bs(xq)
and consider the following supremum

M = ( Su? {u(t,y) — w°(t,z) — 2ko(z —y) — 2 — Ls(x — zo — h)* — Ls(y — w0)*} .
t,x,y)EA

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
Step 1: the test function. For n > 0 small, we define
p(t x,y) = u’(t,y) — w(t,z) — 2ko(x —y) — 2 — Ls(x — 2o — h)* — Ls(y — x0)? — 71

Since ¢ is continuous, it reaches a maximum on A at a point that we denote by (¢, Z, 7). Classically
we have for 7 small enough,

0<M
2

< o(t, 2, 7).

As in the proof of Theorem 4.5, we prove that ¢ # 0 and |Z — zg — h| # § and |y — xo| # .
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Specified homogenization of a microscopic model on a convergent junction

Step 2: utilization of the equation. By doing a duplication of the time variable and passing
to the limit in this duplication parameter, we get that

t,9), [w’(t,-)]) () - |-2ko + 2Ls(y — o) (A.6)

|
IA
\
&
®
2

where we used the fact that R‘il <0 and ¢(z,a,b) =b for z > 0. We claim that

N3 (uo(tag)a [wo(t’ )]) (g) =0. (A?)

In fact, if (A.7) is true, we will obtain a contradiction in (A.6) since N3 < 0. We consider only
z >y + hg because, we have V{(h) = 0 for h < hy. We have

—+oo

N3 (u®(t,9), [w’(t.-)]) (9) = /h B Vi(z — ) E_2(w’(t,2) — u’(t,9))dz — Vinaa-

Using that ¢(t,z,y) > 0, we have that
wl(t, ) —u’(t,y) < —2.
If 2> y+ ho and h > 0 we have
z2>x90—0+hyo>20+d+h>1T.

Since w°(t,-) is non-increasing,

°(t,2) —u(t,g) < w°(t,z) —u®(t,y) < —2

g

which implies E_o(w°(t,§ + 2z) — u°(t,7)) = 1 and then (A.7). This ends the proof.
O

As in the Theorem above, all others results use the same ideas of the merge model, the dif-
ferences can be resumed in two points: the number of equations is doubled (for example when
constructing correctors near the junction point, we should consider six equations). The second
point is the definition of Hamiltonians after the junction point.

Remark A.4 (General periodic case). We can consider a microscopic model with a very general
periodic distribution before and after the junction point and our micro-macro connection still
works. The only difference that we should consider more "cumulative distribution functions”.
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