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Abstract

A wave equation whose main coefficient is discontinuous models the evolution of waves
amplitude in a media composed of at least two different materials, in which the propagation
speed is different. In our mathematical setting, the spatial domain where the partial differential
equation evolves is an open bounded subset of R? and the wave speed is assumed to be constant
in each one of two sub-domains, separated by a smooth and possibly non-convex interface. This
article is concerned with the construction of Carleman weights for this wave operator, allowing
generalizations of previous results to the case of an interface that is not necessarily the boundary
of a convex set. Indeed, using the orthogonal projection onto this interface, we define convex
functions satisfying the transmission conditions imposed by the equation, such that, under usual
hypothesis on the sign of the jump of the wave speed, can be used as Carleman weights.

Keywords: Wave equation. Carleman estimates. Transmission system.

1 Introduction

In the last two decades, controllability and inverse problems for partial differential equations have
been extensively studied using Carleman estimates. The books [5], [13] and [2I] allow an overview
of this tool and its application in those fields. More recently, equations in heterogeneous media
have gained a lot of attention in the literature. In particular, we mention the works [19], [18], [9]
concerning elliptic equations, and [10], [20], [I7], [12], dealing with parabolic equations.

In the present work, we are interested in systems of transmission wave equations. More precisely,
let us consider here the system given by

O2u(x,t) — div(a(z)Vu(z,t)) = 0, (x,t) € Q x (0,7),
u(z,t) =0, (z,t) € 092 x (0,T), (1.1)
u(z,0) = u’(z), dwu(z,0) ="(x), x € Q,
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where T > 0,  C R? is an open set with a Lipschitz boundary 9, and the coefficient a is piecewise
constant and given by

Q
a(r) = {al’ Tes (1.2)
as, z € Q.

Here, a1, ag are positive constants and 21, s define a partition of €2, in the sense that they are
non-empty open sets with Lipschitz boundaries and such that

QNQ=0 and Q= Int(Ql U Qz) (13)
The interface between 2; and 2o is denoted I'y and given by
T, Zﬁl ﬂﬁg = 01 N 0Nys. (14)

Remark 1.1. A particular example of a partition is given by the case of embedded domains: Q1 C Q
and Qo = Q) \ﬁl. In this case we have I'y = 9€)4.

The objective of this work is to prove a Carleman inequality for equation (L.1) under suitable
geometric hypothesis.

1.1 Context of the problem

In the seminal book [22], one of the setting that is studied concerning the wave equation is the
case of embedded domains and a main coefficient a(x) of the wave operator which is constant in
each one of the subdomains. Using the multiplier method, the author proves the controllability
of the system, assuming that the interior domain is star-shaped and the value of a at the exte-
rior domain is smaller than the interior one. Moreover, references [6], [7], [23] even proved that
if the monotonicity of the jump of the coefficient across the interface is inverted, then there exist
solutions whose energy is arbitrarily concentrated in a neighborhood of the interface, allowing to
deduce a lack of controllability. But on the other hand, it seems possible to aim at dealing with
less restrictions on the shape of the interface (which is the boundary of the interior domain here).

Up to our knowledge, [4] is the first work where a global Carleman inequality for a wave
equation with a jump at an interface is obtained. In this article, the case of embedded domains is
studied, under hypotheses of monotonicity of velocities and strict convexity of the inner domain.
The Carleman inequalities obtained are the main tool for the study of the Lipschitz stability of an
inverse problem, the one of recovering the potential (a zero-order coefficient term) in the equation
by means of an observation given by the trace of the normal derivative of the solution on some
subset of the external boundary. Those Carleman estimates were also used in [24] in order to
obtain Holder stability of the related main-coefficient inverse problem. An analogous topic for
the Schrodinger equation is investigated in [3], where the construction of the weight function is
generalized for convex inner domains in R”.

We also want to mention the recent work [14], where the case of an embedded strictly convex
domain is considered. In that article, micro-local analysis techniques are used to obtain sufficient
conditions for the observation zone, given by a proper subset of the boundary, in order to get
observability.



The main objective of the present work is to generalize the Carleman estimate obtained in [4],
taking into account the gap between the inner domain being ‘strictly convex’ and ‘star-shaped’.
Actually, we will prove a Carleman estimate for a setting where the interface of discontinuity of
the main coefficient is not necessarily the boundary of a convex domain, but rather the boundary
of a domain that can be seen as a perturbation of a convex set. The main step is the construction
of the weight function, performed using the properties of the orthogonal projection. From there,
using standard techniques, one can deduce properties of controllability and stability for coefficient
inverse problems (see [2] for example). Nevertheless, we expect that the method of construction
of the Carleman weight performed here could be useful in other studies of wave propagation in
discontinuous media.

1.2 Notations and main results

Throughout the paper we will denote Q = Q x (=T7,7), ¥ =90Q x (=T,T) and ¥, =T, x (=T, T).
Also, for each j = 1,2, we denote by n; the unitary exterior normal vector of Q;, we set QQ; =
O
Q; x (=T, T), uj = ulg, for u € L*(Q) and we define the normal derivative by 8—% = Vu; - n;.
nj
Taking into account ([1.3)), (1.4) and the fact that the boundaries of £ and €2y are Lipschitz,
we directly have that equation ((1.1)) is equivalent to the system

Gful — alAul = O, m Ql,
8,?u2 - (IQA'UQ == 0, m QQ,
u =0, on 3,

’LL<7O) - U,O, 875“(70) = 'LLI, in Qa

coupled with the transmission conditions

Uy = ug, on Y,
0 0 1.5
alﬂ—i—agﬂzo, on Di. (1.5)
anl 8n2

This work relies strongly on the construction of a function p = u(x) satisfying the transmission
conditions (|1.5) and such that it can be used as the spatial part of a Carleman weight function (see
Section [2| below). Assuming that such a function p is given, in a quite usual way we define

¢(z,t) = p(z) — B2+ M, (z,t) € Q xR, (1.6)

and, for any A > 0, we set
oz, t) =@ (28) e QxR (1.7)

Remark 1.2. One may already know that a Carleman estimate can be described as a weighted
energy estimate. It is, as already mentioned, a specific tool accurately built to prove the stability of
an inverse problem or an observability estimate for a controllability goal, situations that are both
defined for a given observation term. We would like to highlight the fact that the domain of this
observation is intrinsically linked with the weight function used to design the Carleman estimate.
Therefore one should bear in mind that our approach aims at building weight functions that makes
interface terms vanishing in the process of the proof, allowing the observations to be performed only
at the exterior boundary of the domain.



The following Carleman estimates for equation (1.1)) are the main result of this work.

Theorem 1.3. Let Q be a bounded domain with a partition 0, Qs and a C? interface T'y. Suppose
that there exists a function p € C3(Q) satisfying

Vp#0 in Q, (1.8)
p is strictly convez in €, (1.9)

and
0(Vp(x),ni(x))| <7m/4, VaxeTl,, (1.10)

where (Vp(x),n1(z)) denotes the angle between Vp(x) and ny(z).
Then there exists € > 0 such that, for every pair ai,as satisfying

1< 8 <14e, (1.11)
ag

there exist C, 5o, A9 > 0 and a convez function u = p(z), such that, for ¢ defined as in (1.7), we
have

SA // (luel® + a|Vul?) ge**¢ dadt + s°X? // |u|?p3e?5? dadt
@ Q

< C// |Bfu — div(a(:c)Vu)]2e2s‘pdxdt + sA\C // a?

for any u € X,\ = X\, s > so, where X := {:): € 89’%(1’) > 0} x (=T,T) and

ou |? 2s
ol #C Pdodt (1.12)
n

X ={ue Hj(Q)| u; € H(Qj) for j = 1,2, u satisfies (L.5), du(£T,-) =0} .

Remark 1.4. The function p will be constructed modifying p in order to impose the transmission
conditions (see and ) Hypothesis 1s a generalization of the particular case
of T being part of a curve {x € R? : p(x) = ¢} which is the boundary of a strictly convex domain
including Qq, that is precisely the hypothesis considered in [J)]. Indeed, in that case we would have
n1 collinear with Vp on 'y and then s trivially satisfied. Hypothesis can be seen as

the requirement of I'yx being a perturbation of the boundary of a convex set. See Figure 1.



Figure 1: The thin continuous lines represent the level curves of the convex function p. Hypothesis (1.10)
means that the unitary normal vectors of the interface I'y are close to the corresponding normal vectors of
those curves.

In order to conclude this introductory section, we highlight that the contribution of this article
is a Carleman estimate for the wave equation that has the noteworthy quality of holding under
extended assumptions where the main coefficient is constant by pieces across a possibly non-convex
interface. Up to our knowledge, this result is completely new, and paves the way for the usual ap-
plications of Carleman estimates in controllability results (e.g. [2]) and stability issues for inverse
problems (e.g. [4], [5]).

The rest of the paper is organized as follows: In Section [2] we perform the geometric construc-
tion of the spatial part of the weight function, modifying a function which is smooth through the
boundary, in order to satisfy the transmission conditions. Section |3|is devoted to present some
examples of weight functions allowing estimates for domains with non-convex or flat interfaces.
Finally, we prove the Carleman estimate in Section

2 Construction of weight functions

We will denote, here and throughout the paper, the ratio between the two wave speeds as

ai

= (2.1)

a2
The key of the construction of an appropriate weight functional for the Carleman estimate is
the careful choice of its spatial dependance. Let us assume that a function p € C?(Q) satisfies
and . Those are the main properties needed for p in order to be the spatial part of a Carleman
weight for the wave equation with a = 1, and they are related to the usual pseudoconvexity
condition (see Section 4.2 of [5]). A typical example is given by p(x) = |z —m|? for some ¢ € R?\Q
(see [16], [1]), but other choices of convex functions are suitable.

The key point of this constructive argument, in order to deal with the jump of the main
coefficient of the equation, is the following. We will modify the function p in order to fulfill the



transmission conditions . Indeed, we leave p unchanged in €y, and we redefine it in the
subdomain {29 in such a way that the obtained function satisfies , and . We will
denote by u the function constructed this way.

Finally, the function defined by — will be used as a Carleman weight in the entire
domain 2 for equation .

2.1 Definition of y = u(x)

In order to define p, we will use the properties of the orthogonal projection P onto Q, and p will
be defined using the parameter ¢ € (1,1 + ¢). We recall that the projection P(x) of x € R? in
is defined by being the only point P(x) € Q; satisfying

|z — P(x)| = min{|z —y| : y € Q1 }. (2.2)

It is natural to consider two cases.
Case 1: €1 is conver.
Then the closed set Q is also convex, and therefore P is well defined in all R?. We set, for each
x €,
() =4 PO e, (23)
§oe) + (1 p(P(@)), il =€\,

Case 2: General case: €1 is not necessarily convex.
Even if €7 is not convex, given that the interface I'y is regular, there exists a neighborhood U of
', in R? (called the tubular neighborhood, see for instance [15]) such that

P:UN —>§1

is well defined. Hence, given an open set V' such that I's C V' C V C U, we take a cut-off function
n € C3°(U) such that n =1 in V. We define, for each z € Q,

p(z), if x€,
p(x) = q Ep(a) + (1= En@)p(P(x)), if €U\, (2.4)
&p(x), if 2€Q\U.

2.2 Properties of the function u

We will prove the properties satisfied by p which will be used in the proof of the Carleman estimate.
In this work, the non-convex case is the most interesting, so that we will consider p defined by
(2.4). However, we recall also that the definition (2.3) will be used in Subsection in order to
construct a weight function corresponding to a flat interface, which is also a case not covered by
previous results in the literature.

The following proposition proves that the function p constructed here satisfies the transmission
conditions, that are local properties near the interface I's.

Proposition 2.1. If p € CY(Q), then the function u defined by ([2.4) is well-defined, reqular in
each one of the sets Q1 and Qo and it satisfies the transmission conditions (1.5) on T,.



Figure 2: The orthogonal projection is well-defined in U, the tubular neighborhood (denoted in gray) of
the interface I',.

Proof. 1t is known that P is regular in the tubular neighborhood U (see [II] for projections on
convex sets, [§] for the general case). For each z € Ty = Q1 N Qy C U, we have P(x) = x and
n(z) = 1. Hence

p2(z) = p(z) = p(z).

On the other hand, for each x € Ty, P is constant in the direction of n(z), the unitary normal
vector of I'y at P(z). Then

V(p(P(z))) - n(z) =0, Vo e T,
As 7 =1 in a neighborhood of I'y, we can conclude that

Opa

0
22— V[ep+ (1= mp(P()]-n=EVp-n=E- on I,
]

The role of the cut-off function 7 corresponds to the fact that the orthogonal projection in
is not well defined in all R? \ Q1. We will handle its effect in the estimates of the weight function
by regarding the term (1 — &)n(z)p(P(x)) in as a perturbation of {p. In order to do this, we
will assume that 1 — £ is small enough. This is showed in the next result.

Proposition 2.2. Suppose that p € C?(Q) satisfies (1.8)) and (1.9). Then there exists e > 0 such
that, if | — 1| < e, then the function p defined by (2.4) satisfies the following properties:

o There exists § > 0 such that p is strictly positive and

Vu|=>6>0 in Q Uy, (2.5)

o There exists ¢ > 0 such that the hessian matriz of u satisfies

D?u(¢,¢) = cl¢]?, in QUQy, V¢ € R\ {0}. (2.6)



Proof. From hypotheses ((1.9) and (1.8) on p and the definition (2.4)), properties (2.5)) and (2.6) are

fulfilled by g = p1 in 1. On the other hand, we can see us as a perturbation of the function &p.
Indeed, in U N Q5 we have

Via(x) = EVp(x) + (1 =V (np(P(x)))
and
D?pz(x) = €D?p(x) + (1 — ) D*(np(P())).
Then, taking into account the hypothesis on p, we get that Vg # 0 and D?puy is positive definite
if |1 —¢| is small enough. O

Remark 2.3. The definition (2.3) comes naturally, at least locally near the interface, from the
transmission conditions (1.5)). Indeed, given p regular across the interface, and p1 = p already
defined in 1, it is not difficult to see that 1, pe satisfy (1.5) if and only if

na(x) = p(P(x)) + EVp(P(@)) - (z — P()) + g(x), @ € D, (2.7)
where g is some regular function in Qo satisfying
9y
g—a—nl—O on I'y. (2.8)

Our construction in (2.3 corresponds to (2.7) with

g(x) =& lp(x) — p(P(x)) = Vp(P(x)) - (x — P(x))].

Using other functions g satisfying would allow us to obtain more precise estimates. In par-
ticular, a construction where the orthogonal projection P(x) is only used for x near the interface
would be useful in order to avoid the use of the cut-off function n in and then to consider
more general geometries.

Remark 2.4. In the particular case where the interface Iy is contained in the boundary of a strictly
convex set U containing 1, then we can take p as the square of the Minkowski functional (also
called gauge function) of U, and then p(P(x)) = 1 for any x € Qa. In that case pg is just a
multiple of p plus a constant. This is precisely the case of the weight function considered in [4] (see
Subsection below). The construction of a more general weight function developed here allows
us to deal with two cases not covered in [J]: the case of a flat interface (for any as < ai, see
Subsection and also the case of non-convex interface (provided ay is not too far away from aq,

see Theorem above and Subsection .

In the following we explicitly state some inequalities which will be very useful for estimate the
traces at the interface in the proof of the Carleman inequality.

Proposition 2.5. Hypotheses (1.8)) and (1.10) imply that u1, which is equal to p on Q1, satisfies

O O
= | 2.
87’ < 8111 on ( 9)
and 5
M1
—_— > T.. 2.1
D d>0 on (2.10)

for some 6 > 0, where 7 = 7(x) stands for the unitary tangent vector on Iy at each point x € T,

and il Vi - 7 is the tangential derivative.

or



Proof. First recall that 3 = p in ;. Directly from properties of scalar product, we have that

(1.10) is equivalent to

1
L — cos(9)|V —|V T, 2.11
S = cos)[Viml > —=[Vim| on (2.11)

where 0 = 6(Vp(x),n1(x)) denotes the angle between Vp(z) and n;(x).

0 0
On the other hand, at each point of I'y, the orthogonal decomposition Vu; = % T+ 8—”1 ny
T ny
brings, using (E11),
Oui > |0 | 2 O |?
e — =|V <2|=—| onlT,.
ony or Vil ony
0
Taking into account that 8—“1 is non-negative, we obtain (2.9).
ni
Finally, from ([1.8)), (2.11)) and the regularity of p, we obtain (2.10)). O

Remark 2.6. Inequality will play a crucial role in the proof that, at the computation of the
Carleman estimate for the whole domain, the sum of the resulting trace terms at the interface is
non-negative (see Proposition and also Remark . We recall that this inequality, which in
fact is equivalent to , can be regarded as a generalization of the case where p is constant on
the interface I'y.

Finally, given the function p defined in ([2.4)), the weight function we will use for the Carleman
estimate is given, as usual, by

¢(z,t) = p(z) — B2+ M, (z,t) € Q xR, (2.12)

where 8 > 0 will be fixed later (see (4.8])) and M > 0 is such that ¢ > 0. Finally, for each A > 0,
we set
0 =eM?. (2.13)

3 Examples of interfaces

We give here explicit examples of weight functions allowing the general constructions stated in ([2.4)
and ([2.3) corresponding to various media interfaces that can be covered by our approach.

3.1 Convex set

Here we consider the particular case of the interface I'y being part of the boundary of a strictly (or
strongly) convex set. This case is essentially covered by previous results in the literature (see [4]),
but it is included here in the sake of completeness.

We assume that there exists an open strictly convex set C' C R? such that Q; = QN C, and we
take zg € C. With a translation argument we can assume that g = 0. Then, we take p as the
Minkowsky functional (also called the gauge function) of the strictly convex set C, which is defined
for each = € R?, by

p(z) =inf{t >0 | z € tC}. (3.1)

We recall that tC' = {tx | x € C'}. Finally, we set

p=p.



By construction, I'y is contained in the level curve {p = 1}, and then is trivially satisfied.
Indeed, the weight function defined in is equivalent to the function used in [4], where it is
proved that p is smooth and properties and are satisfied outside a neighborhood of xg.
Therefore, if we take xg € C'\ Q we can guarantee that those properties are valid in ).

In the case Q; C Q and C := Q; then we cannot take such zg, but instead we take two different
points z1, z2 € 1 and then we use the corresponding functions p; and ps. Therefore, each function
pi satisfies and in Q\ Be(xg) for k = 1,2 with e > 0. Taking e small enough, we can
combine the resulting estimates from both weights functions, as is performed in [4], in order to
obtain an estimate in the whole domain (see Subsection 2.3.5 of [4]).

3.2 Flat interface

In the particular case where the interface I', is given by a segment of a straight line, we can explicitly
define a weight function. We recall that this case does not fulfill the hypothesis of [4], where the
only admissible interface is the boundary of a strictly convex set.

In this example the points of the domain  C R? are denoted by an ordered pair (z,y) of real
numbers. Let us assume that I', is contained in the set {y = b}, meaning that Q; is convex (and
not strictly convex). We choose the typical function

p(z,y) = |(z,y) = (z0, v0)I%,
so that the function p defined by ([2.3) is given by

o(ag) = {(x 20 + (y —w0)*, if y <, 32)

(z —20)> +&(y —y0)* + (1= &)(b—wo)*,  if y>b.
It is not difficult to obtain the following result.

Proposition 3.1. Given an open and bounded set Q C R? with Lipschitz boundary, an interface
I'. given by a straight segment and & > 1, there exists (xo,y0) € R? such that function p defined

in (3.2) satisfies hypothesis (1.10) and also the conclusions of Propositions and with no

restrictions on the value of € > 0.

Figure 3 shows an example of a flat interface given by a straight segment, £ = 3, corresponding
to p(xvy) = ‘(‘T7y) - (5’ 73)‘2

3.3 Perturbation of a convex set

This is the most important example considered in this article, since it allows the case of non-convex
geometries. We will use again the Minkowski functional introduced in Subsection Suppose
that 'y can be approximated by the boundaries of some strictly convex sets in the following sense:
there exists a strictly convex domain C' (without loss of generality, we can assume that C contains
the origin), such that, for each z € Ty, if ¢ > 0 is the only positive number such that = € t0C, then

O(nc(z),ni(x)) < w/4, (3.3)

where 6(nc(z),ni(z)) is the angle between the unit normal vectors exteriors to tC' = {tz: z € C}
and Q; at the point x. Then, we take the Minkowsky functional p defined by C (see (3.1))), and

p=rp*

10
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-3 -‘_...‘..’.(»l‘(b.l/ll) = [r) -3)

Figure 3: An example of flat interface, where £ = 3. Here is used p(z,y) = |(z,y) — (5, —3)|%. Level curves
of the function p given by ([2.3) are represented by thin dotted lines. We recall that the observation zone I";
(represented by the continuous line) is contained in 9.

Since each level curve of p is given by the boundary of tC' for some t > 0, we have that
hypothesis is satisfied. Similarly to the previous cases, hypotheses and are satisfied
in Q\ Be(zo) for any € > 0 (see Figure 4).

Also, if we cannot take g € C'\ Q, we can combine the weight functions defined by two points
r1,T9 € ), as was explained also in the subsection (see Figure 5).

4 Proof of the Carleman inequality

This section is devoted to the proof of Theorem and is divided into three parts. The first one
presents the usual setting and computations concerning a Carleman estimate for a wave operator in
a generic domain without boundary conditions, taking into account all the traces at the boundary
resulting from the integration by parts. Then, we derive the previous computations in the specific
situation studied in this work. The terms at the interior and at the boundary of the whole domain
are treated in a classical way, and we carefully study the resulting terms at the interface. Finally,
we gather all the informations and conclude the proof.

4.1 Carleman inequality with traces at the boundary

We denote the wave operator L, := 97 — aA, and we define
2 2
Fo(z) == || — a|Vz]”. (4.1)

As usual for the proof of Carleman estimates, we perform the following changes of variables

11



Figure 4: If the interface T, is given by the dotted black line, we can take p as the square of the Minkowski
functional of the domain bounded by the thin blue curve.

Figure 5: If the interface I, is given by the dotted black line, we can take p as the square of the Minkowski
functional of the domain bounded by the thin blue curve approximating I',, centered at xg or 1. Then both
weight functions can be combined in order to obtain the Carleman inequality. See Subsection

parametrized by s > 0 and A > 0:

0= e, w=eu, L(w) = e Ly(e*fw),

12



and we write
L(w) = L1(w) + Lo(w) + R(w), (4.2)

where, for some v € (0, 1) which we will fix later (see (4.9))),

[

1(w) = wy — aAw + s2X2p2 Fy(d)w,

Lo(w) = (v — 1)sApLa(d)w — sN2pFy(d)w — 2sAp(dywi — aVe - Vw),

R(w) = —ysApLqy(p)w
We perform the following computations in a generic set Q = U x (=7,T) without assuming any
boundary condition for w on the boundary ¥ = 9U x (=T,T), and for a constant. Later, we will

apply the obtained results to each one of the subdomains €2 and {29 instead of U.
We set

(Lr(w), La(w)) 12y = Z Lij,

i,j=1

where I; ; denotes the product of the i-th term in £;(w) with the j-th term in Lo(w). Standard
computations and integrations by parts allow to obtain (see e.g. [4]):

Ly = —sA\(y—1) // &) w2 dadt + X0 =D // w0 [2(1t + Nbe|2) L (6) 0 davdt,

5sA3

Lo = sv/ |wt|2Fa(¢)<pdxdt—s)\2/ lw|?| e ?p dadt — / |w|?pst|b¢|*p dadt

+3A3a// w26ulV 6| wdwdt—// w2l 6u? Fu(6)p dadt,

Lz = S)\/ |w15|2((l3tt+)\|¢t|2)<pdl‘dt—2s)\2a// wipVw - Voo ddt
Q Q

+8/\a// lwe|?(Ag + AV o|?)p dadt — s)\// a|wt|2@g0dadt,
Q » on

Iy = —sA(y—1) // aLa(¢)w8—wcp dodt + sA\(y — 1)@// |Vw|?Lo(¢)g dadt

—SA” /\wQL /\\V¢]2+Aq§)cpdxdt—s)\

/ \w|> A(Lqy(¢))p dadt

//Z alw*V Ly (¢) - np dodt

—s)\z('y—l)a/ w| (w-VLa((;s))(pda;dtJrsﬂ_
paa2l 2 // alw]?Lq( 8 gpdodt
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2
Iy = s\ // aFa(qﬁ)wa—wcpdadt— SA// alw*V (e F,(4)) - ndodt

3
+S/\a/ [w|>Fo(¢)(Ad + NV |?)p dzdt — 25X3a 2/ lw|>D?(¢)(V o, V) drdt

2
+S/\a/ lw*A(F, gpdwdt—s)\Qa/ |Vw|?Fy(¢)p dadt,
Q

I3 = 8)\@/ |Vw2La(¢)g0d:Udt+s)\2a/ |Vw|2Fa(¢)gpda:dt+2s)\2a2/ |V - Vw|?p dadt
Q Q Q
—2s\%a / / dywVw - Voo drdt 4+ 2s\a’ / D?(¢)(Vw, Vw)p dzdt
Q Q

+sA // a2|Vw|2a—¢cp dodt + 25)\/ a(piwy —aVe - Vw)a—wcp dodt,
» on » on

Iy = $93(y — 1) / /Q L) Fald)¢® dudt,

Ly = —*M / W Fy(9)%0 dedt,
Q
and
Lz = 3)\3/ lw|>Fy( (6)¢? dxdt+233)\3/ lw|?(|6¢|>pe + a®>D?*($)(V b, Vb)) > dadt

+353)\4/ lw|2F, ()20 dzdt + s3\3 // alw|?Fy( 6¢ ©? dodt.
Q

With all the previous computations, recalling Q = U x (=7,T) and ¥ = 0U x (=T, T) we write
(L1(w), Lao(w)) 20y = Av + YU + Bou, (4.3)

where Ay gathers the so-called ‘dominating’ internal terms
Au =25 [ [ wiPous dadt —3n [ [ P La(o)p dut
Q Q
+ 25)\2 // (Jwel?| ¢ |* — 2wedpraVw - Vo + a®|V - Vw|?) ¢ dadt
Q
+ 23/\a2/ D?(¢)(Vw, Vw)p dxdt
Q
+ ’ys)\a/ |Vw|? Ly (0)p dzdt 4+ 253\ / \w|*F(6)*@® dadt
Q Q
2508 [[ w100 + a?DX(0)(V0, 90))* dod
Q

BRI / 0P La(§) Fal($)¢® dudt,
Q

14



By is the sum of all the boundary terms

9
By = Y Bi(U,0U)
i=1

with ¥ = 90U x (=T1,T) and

Bi(U,0U) = —s)\// a|wt|2%g0dadt,
b)) on

By (U,0U) = —(’y —1)sA //E aLa(cb)wg—:go dodt,
_ 1)

2 s)\Q// a|w|26¢ ((l))gpdadt,

s/\ / / 126 @ dodt,

5(U,0U) = s\ / / aw— godadt (4.5)
B (U, dU) _sXt // |26 QOF ) doat.

7(U,0U) = 25\ // (prwy — an)Vw)cp dodt,

s(U,0U) —S)\// 2\wa2 ¢gododt

9(U,8U):s3)\37 aF,( )a—\w|2g03dadt

/\

Bs(U,0U) =

B4(U, 0U)

and Yy is the sum of the remaining interior terms. In particular, since A < My = Me ?, we have
that

Y| < Ms\? / / O lw|*dxdt. (4.6)
Q

4.2 Carleman inequality for the transmission system
Assuming the hypothesis of Theorem we will fix the constants of the Carleman weight. From
hypothesis (2.6)) we have that
1
mo =5 inf{a(x)D*u(z)(¢,¢) : € Q1 UQ, ¢ €R?|¢| =1} > 0. (4.7)

Also, the parameter 8 of the weight function can be chosen such that it satisfies

inf{a(z)Ap(z) : x € Q1 UQ2} + 25

0<p< mosup{a(x)AM(x) P x e U} 425

(4.8)

Indeed, the expression at the right hand side of (4.8) is a continuous function on 5 and it takes a
positive value at 5 = 0; therefore (4.8) is fulfilled if 5 is small enough. Hence, from (4.8)) it is clear
that we can chose v such that

46 4m0

sup ———— <y < inf ————. 4.9
Qlulg)zg alAp+ 23 TS gilo, alAp + 26 (4.9)
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Remark 4.1. We mention that, the precise value of § from (4.8) is usually important in the
applications of Carleman estimate. For instance, in order to apply the Bukgheim-Klibanov method,
it would be necessary to take additional hypothesis: typically, we have to take T > Ty with

0<6 < p(z) < BTE (4.10)

for all x € Q. Therefore, a very interesting further problem would be to construct precise examples
of the weight function u adapted to particular cases of (non-convex) interfaces such that the choice
of B > 0 is optimal.

We apply the computations developed in the previous part of the work to each one of the
subdomains 1 and {29, with the main coefficient given by a1 and as respectively, and then we add
up the resulting terms. Therefore, from (4.3) we can write

(L1(w), Lo(w)) 2o (—1,1y)) = Aan + A, + Yo, + Yo, + Baa, + Bag, - (4.11)

Here, the terms gathered in Ag, + Aq, are integrals over 2 x (=T, T, denoted again by @, and
can be treated as usual, e.g. [4] or [I].

In the following result we state the norm we obtain from the minimization of this interior
integrals.

Proposition 4.2. If p € C3(Q), u is defined by (2.4) and € is given by Pmposition then, for

each pair ai,as > 0 satisfying

a

— e (1,1+¢e),
az

there exist 0, Ao, So > 0 such that

A=Aq, +Aq, =290 [s)\ // (Jwe]* + a|Vw|?) p dzdt + s*A® // |w|?? dxdt]
Q Q

for all s > sg, A = Xg.

Proof. We denote by A;, j =1,...,8 the eight integrals coming from the L? product of £1(w) and
Lo(w). Hence, from (4.9) we get that there exist 01,2 > 0 such that

A+ Ag =25 // [we|? preodadt — ysA // \wi|? Lo () pdadt
Q Q

= s\ //Q lwi|? (=48 — v (¢ — aAp)) pdxdt = s //Q lwi|? (=48 + v (28 + aAp)) pdxdt

> 018\ // |wy |*dzdt
Q

Ay + As = 25\ // a?D*(¢)(Vw, Vw)pdrdt 4+ ysA // a|Vw|? Ly (¢)pdzdt
Q Q

and

> s\ // a|Vw|? [4mg — v(28 + aAp)] pdzdt
Q

> 025\ // ap|Vw|*dzdt.
Q

16



Also, we have
Az = 25\ // (\wt\2|¢t\2 — 2w ppaVw - Vo + a?|Vep - Vw|2) pdxdt
Q
= 25\ / / (Wi — aVw - V)2 edadt > 0
Q

Concerning the remaining interior terms, recalling that F,(¢) = |¢¢|*> — a|V¢|?,we obtain

M-

i
[=2]

4; = 25\ / G Fu()?dedt + 25503 / WP (6nl26n + a®D*(6)(Vo, V) ddt
Q

+'ys3/\3// |w|*@> Lo (6) Fo(¢)dadt
= 0[]l ARG 4810 +26 D% ) (T, V) +1La(6)Fol)]
N / w2? [AFL(9)? + (YLa(0) — 48) Ful(9) + 2 D2(n) (Y11, V1) — 48a[Vpf?] dadt.
Therefore, denoting b = ||[vLa(¢) — 40|, using and recalling that implies 8 < my,

where my is defined by (4.7), we deduce that there exists dy > 0 such that

8
ZAJ > 33A3/ lw[?@® [2AF,(9) — b Fa(¢)| + do] dxdt. (4.12)

Denoting gy (z) = 2A\z? — b|z| + dp for € R, it is not difficult to see that there exists d3 > 0
and Ag > 0 such that

min gy(z) > 63 >0 (4.13)
zeR

for each A > A\g. From (4.12)) and (4.13)), it is deduced that

8
ZA]- > 83/\353/ lw|?p3dadt
j=6 @

for all A > Ay, and the Proposition is proved. ]

On the other hand, in order to continue dealing with the terms listed in (4.11]), concerning the
negligible terms, directly from (4.6 we have

[Ya,| + |Ya,| < MsA? // O lw|*dxdt. (4.14)
Q

Finally, regarding the boundary terms coming from ; and 3, we recall that 0y U 9y =
I UT, and 9001 N9y =T'.. Hence we can write

Baa, + Boo, = Baq + [Br.], (4.15)
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where By denotes the sum of the integrals from (4.5)) supported in 912, and by [Br,] we mean the
sum of the corresponding integrals supported by the interface I'y, coming from the integration by
parts on both domains €7 and 29, i.e.

9
[Br.] = >_ (Bi(Qu. 1) + Bi(%2, 1))

Thanks to the Dirichlet homogeneous boundary condition of the equation, we have

Vw = gwn on 0f)

n
and then we can deal with the terms at the boundary 02 as usual, obtaining the observation term
stated in the following result.

Lemma 4.3. There exist positive constants M, sg, \g such that

BaQ_ZB 0, 00) MS)\//+
b

dadt

’U)
ai

for any s = sq and A = \g, where ¥ 7 1= {x € 00, ggb(m) > 0}.
n

Finally, dealing with the terms at the interface will be crucial in this work. The rest of this
section is devoted to prove that, under the hypothesis we are assuming, we actually have [Br,] > 0
if the parameter s is large enough. See Proposition [£.4] below.

4.3 Carleman terms at the interface I', between ); and (),

Recall that the exterior unitary normal vectors of €27 and 2y satisfy ny = —nj on the interface I',.
Using the notation presented in (4.5)), we get the following result.

Proposition 4.4. Assuming the hypotheses of Theorem a1, as satisfying as < ay and taking
wand ¢ defined by (2.4) and (2.12) respectively, there exist sg > 0 such that

9

Br.]:=3" (Bi (Q1,T) + Bi (QQ,F*)) >0 (4.16)

i=1
for all s > sg

Proof. Step 1 - Preliminaries about properties at the interface T',.

By construction of u and ¢, using p that satisfies the assumptions of Theorem[I.3] the hypotheses
of propositions and are verified. Hence, the function p (and therefore ¢) satisfy their
conclusions. These properties, together with inequality (2.9) stated in Remark will be key
ingredients of this proof. We recall that, for any function f defined in 2 we denote f; := flq, for
ji=1,2.

Indeed, from Propositions we get that ¢ satisfies the transmission conditions (1.5)) at the
interface ¥, =TI'y x (=T,T), meaning

91 Do

$1=¢2 and a1-— +a 250
12

=0 .,
8 on
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so that ¢ and w = e*fu satisfy them as well since u € X. Therefore, on 3., one has ¢; = 2,
w1 = wa, but also w1y = wer and ¢1: = P9, and similarly for any other time-derivative, like wy or
¢ This allows to write simply ¢ or w. Moreover, if we denote by 7 the unitary tangential vector
of I, there is no ambiguity in the notation

09 0¢p O

9P _ 091 gy 5, 4.1
5= 5~ g ~VaT o @17)
Hence, at the interface we have V¢; = 8¢j ]+%T and
on; or
96;1> |99 .
2 J
i == — f =1,2. 4.1
Vol = |52+ |5 eri=1, (115)

Within the framework of the previous notation, we begin by proving a useful identity for the
traces of any pair of functions satisfying the transmission conditions on the interface. If f and g
satisfy (|1.5)) we have, on the interface I's:

_ Of2 092 | Of Og dfi 9g1 | Of dg
@V f2: Vg2 = aVii- Vo = az <6n2 ong + oT o1 “ ony Onq + oT o1

1 ( Of2 592>+a dfog 1 (a of 891> of dg

T \ P2 an2a2 ons 2or or a 18n1 “ onq “ Yor or
df1 8g1 1 of Og
2 - = _ 479
1877,1 Bnl (CLQ a1> + (a2 al)aT 87"

and then we conclude that

o a1 0f1 Ogn  0f g
asVfa-Vga—a1Vfi-Vgi = (a1 —a2) (agamf)nl 5y 87’) on I',. (4.19)

Identity (4.19)), which will be applied to functions ¢ and w, is an essential ingredient of the proof
of the estimate of [Br,].

In order to prove Proposition we now split the calculation of the boundary terms in two
separate steps, one devoted to the negligible terms and one to the dominant positive traces at the
interface that can absorb the others.

Step 2 - Negligible boundary bounded terms.
It is not difficult to prove that the first six terms

[Bi] = Br(Q1,T%) + Bp(Q2,Ty) for k=1,...,6
can be bounded in the following way. We claim that there exists M > 0 such that

0 ow
Z|B,c M//(Z)\?’\w]z—i—)\ =1

=1

) ¢ dodt. (4.20)

We detail the computations needed to prove (4.20)), using the transmission conditions satisfied by
the functions ¢ and w and Young’s inequality.
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0
e B1(Q;,Iy) = —sA // a!wt]26—¢<p dodt, and using the above introductive comments, we have
b)) n

0
[B1] := B1(, %) + B1(Q,1%) = —3/\// |wy|? ( ot 28¢2> pdodt = 0.

e By(Q,Ty) = —(y—1)sA // aLa(gZ))wgwap dodt, and using the transmission conditions on w
» n
and ¢y, and Lq(¢) = ¢u — al¢, we get,
ow ow
[Bg] = BQ(Ql,F*) + BQ(QQ,F*) = — — 1 SA // a1 ¢1 ala— + La2(¢2)a28— (dedt
0
=~ (=0 [ [ v G Ly (60) = L (00)] o dods

—(y—=1)sA // wa1 agAng — a1A¢1] pdodt

and then
owy 2
|[B]| < M32A// |w\2<pdadt+MA// —| @dodt.
. . O
e B3(;, ) = )\2 / / ®)p dodt, and for the same reasons, we have
2 2 02
[Bs] := B3(Q1,T%) + B3(Q2,T%) = ———sA w] a1(¢1) +aag - Lay(¢2) | pdodt
1—
= GIMS)? // [w|? (a1 A1 — aaAgo) ﬂ‘ﬂ dodt
2 X ony
and then
HBgH < Ms\? // lw|?¢ dodt.
E*
26L . .

e B4(9;,T,) wdodt, so that the regularity of ¢ assumed in The-

orem [L.3 allows to erte
OLa, (¢1) OLa,(92)

By :=B4(Q B4(Q2 - . dodt

[Ba] 4(Q1, %) + Ba(Q2,T // ( o, + az I pdo
and then

Byl| < MsA wl?p dodt.
I 0
2*
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o B5(;,T,) = s\? // aw— ®)p dodt, and recalling that F,(¢) = |¢¢|? — a|V¢|?, using the

transmission conditions and Young S mequahty, we get

[Bs] := Bs(1,I's) + B5(€Q2,I'y)

0 0 0 ow
= s)\2 // <|¢t’2 |:a1wl + as aw§:| — |:a1 awlal\ngl]Q +a28a2|v¢2\2]> (de'dt

= —s)\? // wala— (a1|V¢1\2 — a2|V¢>2\2) pdodt
S n1

and then
2,3 2 o |?
HB5H < Ms*A |lwl“pdodt + M —| pdodt.
S N 8n1
A2 Fy(
e Bs(2;,Ty) 2 // ]26 90 )) dodt, so that the regularity of ¢ allows to write

[Be]| = |Bs(1,Ts) + Bs(Q2,T4)| < MsA? // lw[*p dodt.
P
Therefore, gathering all these estimates, (4.20) is obtained.

Step 3 - Boundary dominant terms.

We now aim at proving that the remaining terms can provide positive traces on the boundary,
allowing to absorb the right hand side of by means of taking the parameter s large enough.
More precisely, we claim that there exists d > 0 such that

[Br] + [Bs] + [Bo] > 5// (3)\3@3]10\24—3/\@‘2
ni

In order to prove (4.21)), we carefully analyze the result of adding the contribution of each term. We
begin by showing that [B;] + [Bg| provide a positive expression of the normal derivative. Indeed,
recalling that

e B7(Q;,Ty) = 28\ // (prwy — aVo - Vw) ¢ dodt,

we have, using the transmlsswn conditions,
[B7] = B7(Qla F*) + B7(92a F*)
0 0
= 2sA // ala—::l (prwy — a1V - Vwy) o dodt 4+ 25\ // aga—:ff (prwy — aaV o - Vws) @ dodt
. 1 2

> dodt. (4.21)

*

9 9
— 25\ // (alwlalwl SV + ag 22 45V g - Vw2> o dodt
N 6n1 8n2

B
— 26\ // alel (a2Vhs - Vs — a1V - V) @ dodt,
. 1

and then, using (4.19)) with f = w and g = ¢, we get
[B7] = 2sA(a1 — a2) // a w, <(11 091 0un 6¢3w> pdodt. (4.22)

! ony \as Ony Ony  OT OT
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In the same way,
0
e Bg(Q;,T,) = sA // a2|Vw|2—¢<p dodt, so that
S on

[Bs] := Bs(1,T4) + Bs(,T,) = s\ // 2V P2 o dodt + 52 // 2Vun2222 dodt
) ony . Ons
_ 6¢1 2 2
= —SA a1 —— (a2|Vw2| — a1 |Vw| )gadadt.
S anl

Thus, from (4.19) with f = g = w, we get

8¢1 aq 8’11)1 2 ow
= — — — | — dodt. 4.2
(Bl = Mo —ao) [ [ @52 ( |~ |5 ) pdo (423
Therefore, from and - we have
a1 0py |Owi |* B¢y |Ow]®  _Ow B¢ Ow
= - — — —_— dodt. (4.24
[Br] + [Bs] = sAa1 — az)ar //* <a2 ony | Ony ony | Ot 28711 oT Ot vao ( )
Moreover, from hypothesis (2.9) on u, we directly have
¢ 3¢>1
- 4.2
87’ 8711 n ( 5)

This estimate allow us to bound by below the non-positive term in the right-hand side of (4.24]).

Indeed, we have
oL 2
< | == . 4.26
( o ) (1.26)

Thus, taking into account that 1 < ﬂ, from (4.24]) and (4.26)) we deduce that 35; > 0 such that
a2

[B7] + [Bg] = s\(a1 — as al//*< )gii 2(pd0’dt>(518)\//*

For the last term, we proceed as follows:
0
o By(Q,T,) = s°\3 // Fa(¢)aa—¢|w\2g03 dodt, so that
)N n

ow

or

L on
8n1

owy ¢ Ow

ony Ot OT

5091
8711

ow; Ow
8711 (97'

owy

8711

dw, |*
ony

owq

dodt. (4.27
ot pdodt. (4.27)

[Bg] = Bg(Ql, F*) -+ BQ(QQ, F*)

d d
= s3)\3 <// |(;5t]2—a1 |v¢1|2) a1¢1]w|2903dadt+// (\¢t|2—a2|v¢2\2) a2f|w|2¢3dodt>
DN n2
= 3>\3// lw|? [al\V¢1| a1—+ as |Vo|? as ]go dodt

= s3)\3 // |w] a1 (12 IVo|? — a1 |V ) 3 dodt.
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Using (4.19) for f = g = ¢ and (4.25)), we have

001 [*
8n1

9¢

or

ai

az [Vés|* — a1 Vo1 * = (a1 — az) <

ony

a2

2 /a
(G
az

2
) > (a1 — as)

and therefore, there exists a do > 0 such that

[Bg] = 33)\3a1(a1 — a2 < - 1) // ’2221

From (4.27)) and (4.28) we obtain (4.21)).

Finally, from (4.20) and (4.21]) we deduce that there exists sy such that

961 [*
8%1

@3 dodt > 595°\3 / / O |lwPdodt. (4.28)

[BF*] = 07 Vs> S0,
which concludes the proof of Proposition O

Remark 4.5. In the proof of Proposition we used (4.25), which is implied by (1.10) (see
Proposition . But, actually, it is enough to assume inequality

3¢ [a1 ¢y
o 9 on Xy, (4.29)

or
which, recalling that as < a1, is a more general hypothesis than . However, in this work we
are not able to take advantage of since we are taking a1, as satisfying where € depends
on p and the geometry of the interface (via the ortoghonal projection, see Proposition .
It would be very interesting to set a more precise geometrical construction of weight functions
taking advantage of , in order to obtain more general and more precise results.

4.4 Concluding the proof

The proof of Theorem is a direct consequence of the previous results of the article. Indeed,

given p satisfying hypotheses , and , we define u by and then ¢ and ¢ by
and respectively. We take ¢ > 0 given by Proposition and then we assume that
a1, as satisfy . We develop the decomposition (4.2]) in each subdomain ©; and 9, obtaining
. From Propositions and and Lemma we obtain that there exists M such that

Hcl(w)u%z(@+\|52(w)u%2(Q)+sA// (]thQ+a\Vw]2)cpdxdt+s3)\3// (w28 dadt
Q Q

< ML) + Msh //2+ o

As usual, taking u = e”%%w we obtain the Carleman inequality ((1.12]), and Theorem is proved.

2
dodt. (4.30)

w
a—
n
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