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Zermelo Navigation Problems on Surfaces of Revolution and
Hamiltonian Dynamics

B. Bonnard! O. Cots! B Wembe?
April 27, 2021

Abstract

In this article, using the historical example from Carathéodory-Zermelo and a recent work describing
the evolution of a passive tracer in a vortex, we present the geometric frame to analyze Zermelo navigation
problems on surfaces of revolution, assuming the current invariant by symmetry of revolution. In this
context, normal (polar) coordinates distinguish parallels and meridians and one will consider the case
where the current is oriented along the parallels. The problem is set in the frame of time optimal control
and the Maximum Principle allows to select minimizers among geodesics, solutions of an Hamiltonian
dynamics. In the strong current domain, there exist both normal and abnormal geodesics, the later
representing limit curves of the cone of admissible directions. We present the concepts of conjugate points
in the normal and abnormal directions, associated to the singularity analysis of the central field defined by
the Lagrangian manifold formed by geodesics curves with fixed initial conditions, in relation with Hamilton-
Jacobi equation. This leads to a parameterization of the conjugate locus in the general case and conjugate
points along abnormal directions are cusp points of the geodesics when crossing the limit of the weak current
domain and are associated to non-continuity of the value function, due to bad accessibility propertie in
the weak current domain. The dynamics is Liouville integrable but this dynamics is intricated due to non-
compactness of the Liouville tori related to separatrices curves and interaction between parallels geodesics
causing the existence of Reeb components. We present a generalized Morse-Reeb classification associated
to an extended potential and this leads to a stratification of the geodesics set. Another complementary
point of view is described which goes back to the historical example, using the parameterization of the
geodesics by the heading angle of the ship, corresponding to the so-called Goh transformation in optimal
control. This leads to a different stratification of the set of geodesics using Lie brackets computations
and integration with Clairaut relation, interpreted as computing the control given by the derivative of the
heading angle. The abnormal geodesics being seen as a projection with two branches of a determinantal
variety. The final problem is to compute the cut locus and we introduce the first return mappings to
equator and meridian to order the geodesics and to compute the separating locus formed by intersecting
time minimizing geodesics. We apply our approach to analyse the historical example and a set of cases
studies related in particular to Zermelo navigation on spheres of revolution and the generalized vortex case
where the different techniques are used to analyze the dynamics of the geodesics and in fine to compute
the optimal syntheses in the geodesically complete case.

Key words

Zermelo navigation problems on surface of revolution, Abnormal geodesics, Integrable Hamiltonian dynamics
and Morse-Reeb classification, Conjugate and cut loci, Hamilton-Jacobi equation and regularity of the value
function.

1 Introduction and Summary

Our aim is to introduce the geometric frame from optimal control viewpoint to analyze Zermelo naviagation
problems on surfaces of revolution with application to numerous cases studies, motivated by applications. The
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first one being the historical example due to Carathéodory-Zermelo [21, 39] which is one founding study of
classical calculus of variations and which serves as a seminal motivation in our analysis. The second case
concerns the displacement of a passive tracer in the neighborhood of a vortex. This case with singularity has
been recently studied in [14, 15], motivated by applications in hydrodynamics [3] and in space and celestial
mechanics, in the relation with N-body problem, in the frame of Hamiltonian dynamics [28]. From geometric
point of view, the study of Riemannian metrics on surfaces of revolution is an important problem in Riemannian
geometry and the determination of the conjugate and cut loci for conver spheres goes back to the earliest
works by Poincaré and Myers [29, 30, 34]. Only very recently the conjugate and cut loci for oblate and prolate
ellipsoids of revolution were computed, solving the Jacobi conjecture about the astroidal shape of the conjugate
locus and later extended to general ellipsoids [26]. This leads to define a series of Zermelo navigation problems
on two-spheres of revolution, in the weak current case (where the drift current can be compensated) associated
to Randers geometry [24, 25] where the conjugate and cut loci can be computed by small deformation. But our
aim is to extend the analysis beyond the context of Riemann-Finsler geometry [5] by considering the strong
current case (in which the current is with larger norm than the unit Riemannian norm) and in the frame of
Hamiltonian dynamics coming form Mazimum Principle [35]. In this article we shall consider the general case
where the ambient manifold M is a surface of revolution endowed with an induced Riemannian metric which
can be written g = dr? + m?(r)d#? in (polar)normal coordinates with m(r) > 0 and the current is defined
by a vector field Fy = u(r)% , and is oriented only along the parallels (the geometry being defined by the
two functions m(r) and wu(r)). Taking the orthonormal frame F; = a% , By = %%, from optimal control
point of view the Zermelo navigation problems amount to minimize the transfer time between two points of
the ambient space for the control system

% 5) = Fola) + 3 wFa(t)),u = (), ) < 1. (1)

i=1,2

One first contribution of this article being, following Carathéodory-Zermelo point of view, to parameterize
the control by the heading angle of the ship « , observing that the control can be restricted to |ju|| = 1
and setting u; = cosa,us = sina. This correspond to Goh transformation in optimal control taking as
control v the derivative of the heading angle. Using this transformation and Maximum Principle the geodesics
candidate as minimizers can be interpreted as singular trajectories [11] of a single-input affine control systems.
Moreover they can be stratified into normal geodesics for which using [16] one can distinguish between small
time minimizing or maximizing trajectories, while they are separated by abnormal geodesics, called limit
curves by Carathéodory-Zermelo. The geodesics flow is Liouville integrable and in this frame we provide a
neat interpretation of the standard Clairaut relation and the integration of the geodesics by quadrature. The
stratification of the set of geodesics in this context being related to Lie brackets computations only.

The second contribution of this article is to use again the Maximum Principle to stratify the set of geodesics
using a generalized Morse-Reeb classification [7], introducing a one-dimensional mechanical systems with and
extended potential. This leads to a different stratification of the sets of geodesics in which either they fill
compact tori described by Liouville-Arnold theorem but also non-compact tori. Hence this leads to a compli-
cated Hamiltonian dynamics and in particular this gives a neat interpretation to Reeb components occurence
detected in the vortex case [15] and the relation to interactions between equators solutions (corrresponding to
parallel geodesics).

The third contribution is to apply our different techniques to three cases studies . The first one being
the historical example in which the complete analysis relies to the stratification using the heading angle and
we recover the time minimal synthesis described in [21]. The second study concerns the deformation of a
Riemannian case on a two-sphere of revolution in which we use the stratification of the set of geodesics
with the generalized Morse-Reeb classification. The final case being the extension of the vortex case to get
complicated Hamiltonian dynamics with several equators solutions and Reeb components.

The final contribution being to get a self-contained and neat presentation of the conjugate and cut points
for both normal and abnormal directions extending [16] to the abnormal case where the geodesics can have
cusp points corresponding to conjugate points [10] This is interpreted in terms of Lagrangian manifolds [9)
and Hamilton-Jacobi equation [27], showing in particular the relation with integrability properties of the
geodesics equations and of the value function. The important point remaining efficient algorithms to effective
computations of the conjugate loci in the case studies, combining in a modern setting mathematical analysis
and numerical computations based on [16], HamPathcode (www.hampath.org).



The article is organized as follows. In section 2, we introduce the general concepts and definitions and a
large collection of cases studies which are in fine the motivations of our work. In section 3 we introduce the
theoretical tools of our article. We recall the Maximum Principle and this leads to two parameterizations of
the geodesic curves, the first one is related to the extended Carathéodory-Zermelo-Goh transformation and we
construct semi-normal forms to parameterize the conjugate and cut loci in the normal and abnormal case. The
generalized Gauss curvature is introduced using Jacobi equation, which is useful to estimate conjugate points
for equator solutions. The second parameterization is described and leads to define the generalized potential.
We introduce the concepts and results related to the generalized Morse-Reeb classification of the geodesics. In
the final section 4, we present the applications of our techniques to analyze three cases studies. The first case
concerns the historical example for which we present a complete analysis in the frame of geometric control,
describing in particular the cut loci related to existence of abnormal curves and associated to non-continuity
of the value function and bad accessibility properties. The second case is a Zermelo navigation problem on
a two-sphere of revolution associated to Kepler orbital transfer but also to the so-called Grushin case, where
the metric is singular. We use the generalized Morse-Reeb classification and we decribe the conjugate and cut
loci for an initial point located on the equator solution. We show in particular the stratification of the cut
loci into two distinct components associated respectively the branch related to the abnormal solution (already
detected in the historical example in relation with limit curves) and the branch occuring in the Riemannian
case of revolution and associated to the general description of the conjugate and cut loci by Poincaré. The
third case aims to describe complicated dynamics related to generalizations of the single vortex case. Finally
a construction is presented to glue all the existing cases either along equators or meridians to get a general
classification of situations occuring on surfaces of revolution with a parallel current, opening the road extension
to a general current with rotational symmetry.

2 Definitions and Notations. List of the Cases Studies

2.1 Definitions and Notations

Let M be a (smooth) surface of revolution and we denote by g the induced Riemannian metric || .||, and let
T*M be the cotangent bundle endowed with Liouville canonical form o« = pdq. A Lagrangian manifold is a
2-dimensional submanifold where da is zero. We denote by (r,0) normal (polar) coordinates on the covering
Riemannian manifold M¢ where the metric takes the form g = dr? + m?(r)dé#?, m(r) > 0. This defines a

canonical orthonormal frame Fy := %, Fy = %%. The lines r= constant are called the parallels and the

lines 6 = constant are called the meridians. A Zermelo navigation problem is defined by the pair (M, Fy) and
where Fj is a vector field invariant by #— rotation, representing the current and oriented along the parallel,
so that in the covering space it can be written as Fy := ,u(r)% . If p(r) = v constant (resp. linear) this is
called the constant (resp. linear) current case. Let qo = (ro,00), an adapted neighborhood of qp is a rectangle
R:={r <r <r9;6; <0 <603} From control point of view, a Zermelo navigation problem can be written in
g—coordinates as : Minimize the transfer time between two points (qg, ¢1) for the system :

W _ Fya) + 3 wiltFa(o)

i=1,2

where the control u(-) = (u1(-), uz2(+)) is an absolutely continuous function defined on [0, 7], whose (euclidian)
norm is ||Ju| = \/u? + u3 and one may assume |u|| < 1. The heading angle « of the ship in the canonical frame
is defined by: u; = sina, us = cos a where according to Clairaut interpretation, « is the angle with respect
to the parallel. One can decompose the covering space with coordinates (r,6) into rectangles ro < r < rq
in which we have either weak current if || Fy||y, < 1 or strong current case if |[Fy|y > 1. Transition between
the two cases being called the moderate currrent case given || Fyll; = 1. The Zermelo navigation problem is
called (geodesically) complete if for each pair (qo, g1) such that g1 is accessible to qo, there exists a minimizing
trajectory of the control system joining gy to q;. Fixing the initial point gg, we denote by g1 — T'(qo,¢1) the
time minimal value function representing the minimized transfer time from gy to ¢;.



2.2 List of motivating cases studies
2.2.1 Historical example of Caratheodory-Zermelo ([21, ?])

One founding problem in classical calculus of the variations is the problem introduced by Carathéodory and
Zermelo of a ship navigating on a river aiming to reach the opposite shore in minimum time. Hence M is the
2-dimensional Euclidian space with metric g = dz? + dy? in the coordinates ¢ = (z,y), ¥ being the distance
to the shore. To make a complete analysis, Carathéodory-Zermelo considered a linear current of the form
Fy = ya%. Using our notation to fix parallels and meridians, one must set x = 6, y = r, so that the ambient
manifold is the Euclidian space with metric ¢ = dr? + d6? and Fy = r%.

2.2.2 The vortex case ([15, 14])

In the vortex case one consider the punctured Euclidian space where the vorter is localized at the origin and
the ship is a passive tracer in hydrodynamics whose motion is described by

dz(t) ky(t)
a @+ yE ui(t)
dy(t) ky(t)
T +y2 uz(t),

where k > 0 is the circulation parameter and one has F; = %, F = a% and ||lu|| < 1. The problem is written

in polar coordinates x = rcosé, y = rsinf so that the Euclidian metric takes the form g = dr? + 72 d6? and
the current transforms into F = T%%. The ambient manifold is defined by r # 0, Fy having a pole at the

origin identified to r = 0.

2.2.3 Averaged Kepler case ([9])

The ambient space M is the two-sphere of revolution, the metric being defined m?(r) = % where A is
an homotopy parameter deforming the round sphere if A = 0 to the singular metric called Grushin case for

A =1and XA =4/5 corresponds to the averaged Kepler case, where e = sinr is the eccentricty.

2.2.4 Ellipsoid of revolution ([26])

The ellipsoid is generated by the curve : y = sing, z = ecosy where 0 < ¢ < 1 corresponds to the
oblate (flattened) case while € > 1 corresponds to the prolate (clongated) case. The metric takes the form
g = Fi(@)dp? + Fy(p)dh?, with Fi(p) = cos? ¢ + e2sin® ¢, Fy = sin® p. The metric can be written in the
normal form by setting dr = /F1(p)dp. This defines the metric on the two-sphere of revolution.

2.2.5 The Serret-Andoyer case ([12])

The Serret-Andoyer metric in the normal form is given by m?(r) = (Acn?(ar, k) + Bsn?(ar, k))~!, where cn

and sn are Jacobi elliptic function so that m(r) is periodic and moreover m(r) = m(—r). One has k? = g%ﬁ,

a=+/C — A, where 0 < A < B < C are parameters. This corresponds to a representation of the mechanical
pendulum.

For the previous metrics, this defines Zermelo navigation problem associated to constant and linear current,
on the covering space. In the ellipsoid case, the oblate case is different from the prolate case, in relation with
permuting meridians and parallels and our study will cover only the oblate case. Note also that a two-sphere
a constant current corresponds to a linear rotation with axis 0z.

3 The geometric tools from optimal control theory and the Hamil-
tonian analysis

3.1 Generalities and Maximum Principle

If not mentioned, all the objects are in a smooth (C* or C¥) category. We consider a Zermelo navigation
problem determined by a triplet (M, Fy,g) where M is a 2D-manifold with normal coordinates: (¢ = (r,8)),



Fy(q) is a vector field defining the current (or wind) given by:

0
Fy = —
0= p(r) 90
and where ¢ is a metric of revolution in the form: g = dr? +m?(r)d6?. Taking Fy = %, F, = mb) a%’ from

optimal control point of view, the Zermelo navigation problem is a time minimal transfer between two points
(qo,q1) for the control system:

2
g=Fo(q)+> wF;, u=(u,up) [uf <1, (2)
1=1

u = (u1,uz) and the set of admissible controls U is the set of bounded measurable mapping defined on [0, +oo|
and valued in the domain U = {u/|u|| < 1}. Fixing ¢(0) = g, we denote by ¢(-, go,u) the solution of (2)
with ¢(0) = qo, associated to u(-) and defined on a maximal interval .J. We introduce the following:

Definition 3.1. The fized extremity mapping is the map E%' : u(-) — q(ts,qo,u(-)) and the extremity
mapping is the map E® : u(-) — q(-,qo,u()). The set of inputs being defined on a subdomain of L>. The
time accessibility set A(qo,ty) is the image of E9 and the accessibility set A(qo) = s, A(qo,ty) is the image
of the extremity mapping.

Maximum Principle. We recall the maximum principle from [35] to parameterize the minimizers.

Proposition 3.1. Let H; = p- F;(q) be the Hamiltonian lift of F;(q) fori=0,1,2 and H(q,p,u) = Ho(q,p)+
Z?:l u;H;(q,p) denote the Hamiltonian lift of the system called pseudo-Hamiltonian. If q(-,u) are candidates
as minimizers, there exists an absolutely continuous function p(-) (with p(t) # 0) such that (q,p,u) is solution

of:
. OH . . 0H

H(q,p,u) = max H(q,p,v),
(¢,p,u) fmax (¢,p,v)

Moreover, the cost extended Hamiltonian M(q, p,u) = H(q,p,u) + p° is such that p° is constant and < 0.
While p® > 0 corresponds to time maximizing solutions. Solving (3) leads to the following formulation

Proposition 3.2. Denote by M(z), z = (q,p), the mazimized Hamiltonian M(z) = max <1 H(z,v), one
has

e The mazrimizing controls are given by
H;

ui\z) = 9
O VEEm

o The maximized Hamiltonian is given by

M(z) = Ho(z) +\/ Hf + H3 +p° (5)

where p° is a constant and p° < 0 in the time minimizing case and p® > 0 in the time maximizing case.

i=1,2. (4)

e Candidates as time minimizers or mazximizers are solutions of the Hamiltonian dynamics:

£(t) = M(z(1)), (6)

with

Definition 3.2. An extremal is a solution z(-) = (q(-),p(:)) of (6) and a projection of an extremal is called
a geodesic. A geodesic is called regqular if t — q(t) is a one-to-one immersion. It is called strict if p is unique
up to a factor, normal if p° # 0 and abnormal (or exceptional) if p° = 0. In the normal case it is called
hyperbolic (resp. elliptic) if p° < 0 (resp. p° > 0).



One has the following (see [16])

Proposition 3.3. Let z(-) = (q(+),p(+)) be a reference extremal defined on [0,T] associated to u. If we endow
the set of controls (valued in ||ul| = 1) with the L™ -norm topology we have:

1. In the normal case, u is a singularity of the fixed time extremity mapping, that is the image of the Fréchet
derivative is not of maximal rank.

2. In the abnormal case, u is a singularity of the extremity mapping.

Definition 3.3. Fizing q(0) = qo, the exponential mapping is the map (t,p(0)) — H(exptl\_/f(z(t))) where
IT: (g,p) — q is the g-projection. Take a regular normal geodesic q(-), a conjugate point along q(-) is a point
where the exponential mapping is not an immersion and taking all such geodesics, the set of first conjugate
points will form the conjugate locus C(qo). Given a geodesic, the cut point is the first point where it loses
optimality and they will form the cut locus X(qg). The separating line L(qo) is the set of points where two
minimizing geodesics starting from qo are intersecting.

Computation of minimizers can be carried out using the maximized or non maximized Hamiltonian. We
introduce the following.

3.2 Carathéodory-Zermelo-Goh transformation and evaluation of the accessibil-
ity set

3.2.1 Carathéodory-Zermelo-Goh (CZG) transformation

In the historical example [21], the authors integrated the dynamics of the heading angle o to parameterize
the geodesics. This corresponds to the Goh transformation in optimal control and this will be crucial in our
analysis.

Definition 3.4. Consider the control system (2), with ¢ = (r,0) and u restricted to the unit sphere i.e
lu|| = 1. One can set u = (cosa,sina), o being the heading angle of the ship. Denote § = (¢, ), X(q) =
Fo(q) + cosa Fi(q) + sina Fx(q) and Y(§) = 2. This leads to prolongate (4) into the single-input affine
system: ]

q=X(q)+vY(q) (7)

where the derivative of the heading angle v = ¢ is the accessory control and such tranformation is called
Carathéodory-Zermelo-Goh transformation.

The first consequence is the important geometric point of view presented next.

3.2.2 Evaluation of the extremity mapping and conjugate point computation in the regular
case

We shall make use of the results of [16] proved in a n-dimensional setting, for single input systems, to calculate
conjugate point in the normal and abnormal case for regular curves. It is based on the concepts of normal
forms, important also in our study. Consider system (7), with coordinates Z = (¢, a, p, po), p adjoint vector
associated to ¢ and p, associated to a. This leads to introduce the extended Hamiltonian:

H(zZv)=p - (X(q) +vY(qG), with veR. (8)

From [16], using the Maximum Principle in this setting we obtain the following parameterization of the geodesic
curves. Let v be a reference geodesic for the extended system defined on [0,7]. We assume the following :

(A1) The g-projection of v is regular, and hence along v, X and Y are independent.
(A2) The reference geodesic is strict and hence along 7, Y and [X, Y] are linearly independent.

(A3) For the computation of (4), the generalized Legendre-Clebsch condition is satisfied along v, i.e: [[Y, X], Y] ¢
Span{Y, [Y, X]}.



Let us introduce the following determinants
D = det(Y, [Y, X], [IY, X], V),
D' = det(Y, [v, X], [[Y, X], X]), (9)
D" = det(Y,[Y, X], X),
and the following vector field called the CZG-geodesic field:

X, =X +0.Y (10)
where v, is the feedback
D'(q)
Vg = — =, 11
: D) (11)
and also the Jacobi (or variational equations)
= 0Xs . _
04(t) = —5--(a(t)) - g, (12)

then, we have.

Theorem 3.1. The geodesics under the CZG transformation extend into solutions of Xs. Moreover
e hyperbolic geodesics are in DD" > 0,
e clliptic geodesics are in DD" < 0,
e abnormal (or exceptional) geodesics are located in D" = 0.

Given a nomal (hyperbolic or elliptic) geodesic defined on [0,T] and the first associated conjugate time t1. on
10, T[ i.e the first time for which the solution J(t) of the Jacobi equation with J(0) = Y (G(0)) is such that
det(J(t1e, Y (G(t1¢)), X(4(t1c)) = 0. Abnormal geodesics are C'-time minimizing and mazimizing up to the
first conjugate time ti., hyperbolic (resp. elliptic) geodesics are C'-time minimizing (resp. mazimizing).

This result is proved in [16] but we sketch the main step of the proof to understand the geometric con-
struction.

Sketch of the proof. The main tool is to construct a semi-normal form for a reference geodesic satisfying our
assumption for the feedback group. The reference geodesic denoted v(t) and defined on [0, T] is identified to
t — (t,0,0) jet-space and the reference control can be taken as v = 0, using a proper feedback. Normalization
are obtained in the space of [X, Y] in the neighborhood of v. We must distinguish normal and abnormal case.

Normal case. We can choose coordinates § = (q1, g2, ¢3) such that the system takes the form:

3
0 0
X = <1 + Z ai,j(Ql)Qin) o0 +Q387q2 + e,

i.j=2 (13)
yo 0
dq3
with ags < 0 (resp. aszz > 0) in the hyperbolic (resp. elliptic) case.
Abnormal Case We can choose coordinates ¢ = (q1, g2, g3) such that the system takes the form:
9] 1 0
X=01+q) 5 +zalq)g3-— + 2,
dg1 2 Jq3
) (14)
Y =—.
g2

See [16] for details of the computation and description of €1, €5. Taking ¢; = 0 and ¢; = t in (13)-(14), one can
evaluate the accessibility set and it boundaries, filled by geodesics, and compute conjugate points deducing
the optimality status, one has:



Optimality status in normal case. Using the normalization in (13) one sets: ¢;(t) = t + wq(t) and
projection of the accessibility set in wi-direction is represented on Fig. 1. Note that hyperbolic and elliptic
geodesics amount respectively to minimize and maximize the wi-coordinate. If ¢ > t1. (first conjugate time)
the fixed extremity mapping becomes open.

w1 A

0 tic t 0 tic t

elliptic case hyperbolic case

Figure 1: Projection of the fixed time accessibility set on the wi-coordinate; ¢1. bieng the first conjugate time.

Optimality status in abnormal case. In this case, one must evaluate the time evolution of the accessibility
set and it boundaries. It is represented on Fig. 2. The reference geodesic is v: ¢t — (¢,0,0) and is associated
to v = 0. We fix ¢t along the reference curve and let a time ¢y in a neighborhood of ¢. Using the model, we
compute geodesics such that :

aty) =t afty) =0, (15)
and the associated cost is given by .
wit) = [ ala)ad at (16)
This give the parameterization of the boundaries of the accessibility set as:
a3(ty) = alt —tp)* +o(t — t5)° (17)

« being a positive invariant, given by the Jacobi equation. Note that the model (14) clearly shows that the
abnormal curve is a so-called limit curve, as observed by Carathéodory [21]. It’s also show that conjugate
points cannot occur in the 3d-case, see again [16] for the occurence of conjugate points along abnormal curve
in the n-dimensional case for n > 3. In this analysis, the integrability of the geodesic flow is not required but
in the model, the accessibility set can nevertheless be evaluated since in the models, the extremity mapping
can be computed (making €; = 0).

g3,

ty

elliptic ~) |~ hyperbolic
et

abnormal

Figure 2: Projection of the accessibility sets on the gs-coordinate in the abnormal case.

O

Next, the CZG tranformation is used to integrate by quadrature the geodesic flow in the rotational case.
Moreover, a clear geometric integration is performed clarify the integration process in the historical example.



3.2.3 The geometric frame and the integrability properties
Geometric frame Using the CZG extension and ¢ = (r, 0, ) the coordinates, we have:
0 < sin a ) 0]
X =cosa— r+ —— ) =.
or +plr) + m(r)/ 06
and Lie bracket computation gives:

Y, X](q) :sinag—@ 0

5r ) 96"
- 0 sina 0
[[Y, X],Y](q) _COSQEJFW%’

o , . m/'(r)\ 0
(¥, X1,X1(0) = (= ()sina+ 250 )

Hence we have:

D) =

PN 1N w2 m/(r) sina
D/(q) = (r)sina + T,
D"(q) = p(r)sina + #7‘)

So that by construction, conditions (A2) and (A3) are satisfied, but the collinearity condition (A1) can be
violated and we have

Lemma 3.1. The collinearity condition (A1) can be violated only along the abnormal curves at points where:

sin «v
cosa = pu(r) + ) 0.
The dynamics is given by
7 = cos q,
: sin «
0= —
MO iy (19)
p .
& = g/ (r)m(r)sin® a — mn (;;)(:;na

and we have the following.
Proposition 3.4. The dynamics (18) can be integrated by quadrature.

Proof. The pseudo-Hamiltonian takes the form:

sin o
=g () + 2 0 a

Moreover, from the maximization condition one has:

0H
=0
Oa ’
which gives the Clairaut relation:
prSina = Po Cos Q.
m(r)

So, (pr,pg/m(r)) and (cosa,sin «) are parallels and thanks to this, one has (p,, pg/m(r)) = A(cos q, sin @),

1/2
with A = (pf + £ 7 ) . Plugging such p, into (19) allows us to define the following implicit relation between

m2(r)
« and 7r: )
po (1) + —— ) 40 =0, (20)

m(r)sina



for a # 0 [r]. By homogeneity one can fix A(0) = 1 and have (p,,,pg/m(r9)) = (cos ap,sinag). So that, one
gets pp = m(rg) sina and from the maximized Hamiltonian one deduces p° = —1 — ppu(ro).

Equation (18) can be solved by quadrature. From geometric control point of view, it amounts to compute
first the control using the integration of the heading angle, r being given by equation (20). Then, 6 can be
obtained using a further quadrature. In the case where ap = 0 [r], one has:

t
a=ap, r(t)==xt+ry, and 0(t) = / w(r) dt.
0

One further consequence bieng the parameterization of the conjugate locus.

3.2.4 Parameterization of the conjugate locus in the normal case

Conjugate points are given using theorem 3.1 by the condition

det('](tlc)a Y(d(tlc))’ X((j(tlc))) =0

where J(t) denotes the Jacobi field which is semi-vertical at ¢t = 0, i.e J(0) = Y'(§(0)). Using the ad-formula,
one has:

T#) = e (Y (3(1) = 3 L ad X, (V) (a(0) (21)
n>0

where adX; - Y = [X,,Y] denotes the adjoint operator. Since ¢(t) is a geodesic curve one has

J(t) € Span{Y (q(t)), [Y; X,](q(2))}

and it can be written as
J(t) = M(@B)Y(4(1) + A)[Y, X](q(2)),

so conjugate times t. (in particular the first conjugate time t;.) are given by A\y(t.) = 0 i.e J(t) collinear to
Y (¢(t)). Thus we have:

Proposition 3.5. In the rotational Zermelo navigation problem, the conjugate locus is defined by the Jacobi
field J(t) which can be integrated thanks to the integrability property of the dynamics and we have: J(t) belongs
to the kernel of the Cartan-Hilbert form w defined by:

w(Xs) =1, w(Y)=w(Y,Xs]) =0,
and at the conjugate time t., J(t.) is semi-vertical i.e collinear to Y (q(t.)).

This defined the conjugate locus in the normal case. Moreover, note that the semi-normal form (13) defines
a canonical form of Jacobi equation in the general frame of single-input affine systems, this gives the singularity
of the time value mapping associated to conjugate points in the normal case.

3.2.5 Historical example as a model of the cusp singularity in the abnormal case

We can refer to [14] for a complete presentation. Recall first that for a Zermelo navigation problem the
domain in the (r,8) coordinates is split into bord g < r < r; where, if ¢ = (r,0) is such that ||Fp|, < 1
(resp. ||Follg > 1) the current is called weak (resp. strong). Transition between the two case being a moderate
current where |[Fyll; = 1. In the weak case, there is no abnormal geodesics. In the strong case there is
two abnormal derections defined by two distinct heading angles denoted {1, as} and they form the tangent
to the indicatrix defined by: Fy(q) + ||u|| where u is given by u = (cosa,sina). We consider the following
coordinates ¢ = (z,y,7) = (0,7,7/2 — a), where r, § and « are understood in the sense of the previous
section. It’s interesting to use the historical example of Caratheodory-Zermelo as a model (normal form) to
make the following analysis. We get the following, illustrated on figures 3-4 (see [21] for more details): The
two abnormal directions at the initial point are given by

1 1
73 = arccos (——) and y}; = — arccos (——) .
Yo Yo

10



A cusp point denoted (Zcusp; Yeusps Yeusp) Occurs along an abnormal geodesic at time teys, When &(teusp) =
Y(teusp) = 0. This gives
teusp = tanyo, Yousp =0 [7] and Yeusp = sign (yo) .

Finally, @ysp is deduced from the analytical expressions given above. And we deduce:

e The abnormal geodesic with the cusp singularity is the limit curve of the micro-local sector, formed by
self-intersecting hyperbolic geodesics.

e The abnormal geodesic is optimal up to the cusp point. Hence it corresponds to a concept of conjugate
point along the nonsmooth abnormal geodesic.

e Moreover, due to the loss of local accessibility associated to the limit geodesic, the time minimal value
function is not continuous. This is clear from Fig. 4. To reach from the initial point ¢y a point B at
right of the limit curve, one must use a self-intersecting normal geodesic so that at the intersection with
the abnormal geodesic, the time is longer along the normal than along the abnormal geodesic. We also
observe that in this sector, the normal geodesic is optimal up to the intersection point with the abnormal

geodesic.
S(Q07 )
elliptic 7
abnormal abnormals !
hyperbohc
do
hyperbolic

Ju =1 elliptic abnormal (—a time maximizing

Figure 3: (Left) ball of directions, (Right) Small sphere and ball in the strong current case. (F, parallel
direction)

3.2.6 Conclusion: models of conjugate points

Normal case. It is deduce using the CZG-representation by (13) where X can be set thanks to integrability
as Xs; = 0/0z and the accessory LQ problem from [16] can be set to (¢ = (z,y, 2)):

3} 0 0
1+L(t,y,z)% +za—y —l—u&

where the reference geodesic is normalized to ¢ — (¢,0,0) and the quadratic form L is given by
L(t,y, z) = a(t)® + 2b(t)y= + c(t)y?,

and a < 0 (resp. a > 0) in the hyperbolic (resp. elliptic) case. While a, b, ¢ can be compute using Lie brackets
along the reference geodesic. The associated Jacobi equation takes the form of the second order diffrential
operator:

11



0 |
-2 -1.5 -1
T Yy

Figure 4: (Left) The initial point is ¢g = (—2,0). The abnormal geodesic with the cusp singularity is in
green while the others geodesics in red are hyperbolic. We can see that the cusp singularity is the limit of
self-intersecting hyperbolic geodesics. Besides, to reach the point B from ¢y, one has to use a hyperbolic
self-intersecting geodesic. When this hyperbolic geodesic intersects the abnormal, the time is longer along the
hyperbolic than the abnormal. At this intersection, the hyperbolic geodesic ceases to be optimal. (Right) The
time minimal value function along the dashed segment from the left subgraph. The discontinuity occurs at
the intersection between the hyperbolic and abnormal geodesics. It is represented by the green dot, which is
the time along the abnormal geodesic.

Ifweset A=%a"! B= (% _c)a™!, C= ea?pfot —A;S) ds and K = ‘f;tgc + A4C 4 BC, this equation can be

set in the canonical form
dZ—JJrK(t)J*O (22)
dt? B

and by analogy with the Riemannian case, K () is called the curvature of the Zermelo navigation problem.

Abnormal case. Conjugate point can be computed as a cusp singularity of the historical model described
by (18) where p® = 0 (abnromal case) and using Lie brackets only with the relation D" = 0 and A = (0.0, 1.5)
initial point gives the reference abnormal arc. We get the following figure 5 summarizing the two cases
excerpted from geodesic beheviors only.

&'rm'z Q;M ﬂﬂ!rﬁﬂl agz

Figure 5: Conjugate points in the 2D-space
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3.3 The mechanical representation and Hamiltonian dynamics anlysis. The gen-
eralized Morse-Reeb classification. Micro-local analysis

Definition 3.5. Let % = X(z) be a smooth dynamical system and we may assume that the vector field X is
complete. We denote by x(t, zq) the solution emanating from xo at t = 0. A point x1 is called a w- limit point
(resp. a— limit point) if there exists an increasing sequence 0 < t1 < --+ < tp,t,, — +00 (resp. a decreasing
sequence 0 > t1 > ... < tp,t, — —00) such that x1 = limy, +00x(t, o) (resp. x1 = limy, oo (t, o))
Taking all such points, they will define the w — limit set AT (xq) (resp. the o — limit set A~ (xq)).

Theorem 3.2 (Liouville-Arnold). Let H be an Hamiltonian vector field on T*M (M being 2-dimensional)
with an additional first integral G so that {H,G} = 0. Assume the corresponding vector field are complete
and moreover H and G are functionally independant. Then the hamiltonian vector field is called Liouville
integrable and moreover if the set Te defined by [H = ¢1,G = ¢2;§ = (c1,¢2)} is regular. Then we have.

1. T is a smooth manifold invariant by the flow of H and G.

2. If Ty is connected and compact, then Tg is diffeomorphic to the 2-dimensional torus T? and it is called
a Liouville torus.

3. The Liouville foliation is trivial that is in some neighborhood of the torus T¢ being a direct product of T2
and the disc D?.

4. In the neighborhood of U = T? x D? there exist action-angle variables so that the dynamics can be written

Lodsy di_ ) —
. dtq _07% _ai(81752)7l_ 1,2.

Application to the averaged Kepler case. In this case the ambient manifold M is the (compact) 2-
dimensional sphere. If g is the metric in normal coordinates the hamiltonian vector field is defined by H =

2
12+ ml’;?r)) and G = py is the additional (linear) first integral. Trajectories of H splits into three cases :

the meridians defined by 6 constant, the equator which can be identified to 7/2 with » € [0, 7] in the normal
coordinates on the sphere. All the other trajectories are formed by solutions so that r oscillates periodically
of the mechanical system

(3:)2 =1-V(r,ps) = G(r,pg),

which can be integrated starting from the equator ro = 7/2 and using by example the ascending branch, the

2
term V = m’;fgr) being the potential. One further integration is necessary in order to recover the f—variable

using the hamiltonian dynamics. Parameterizing by r on each branch this dynamics takes the form

o_ 1 on
dr \/G(T‘,pe)ape.

This allows to compute the variation denoted Af/2 of the angle 6 starting from the equator and on the
ascending branch the total variation to return to the equator being Af. Note that in the limit case of the
equator the rotation is stationary since r is constant. This gives the complete description of the Liouville tori,
with periodic trajectories if Af/27 is rational and dense orbits if AQ/2w is irrational.

Theorem 3.3. Given a Zermelo navigation problem on a surface of revolution, with parallel current.

1. Denoting ||p||g = (pfo + #%0)) 1/2, the evolution of the in the (r,p,) space is decribed by the hamiltonian
dynamics
o (r)
m3(r)llplly”

dr  pr dpy

/
3. 9 = _pG;U' r +
a " Tely )

2. It can be integrated using the mechanical system representation

AT
dt er;pe -

13



where the generalized potential is given by

2
Dy
Ve(r,pt) = :
‘ m?(r)(e + popu(r))?
where e = —p° < 0,=0,> 0 corespond respectively to the hyperbolic, elliptic and abnormal case.
3. Since the hamiltonian is constant we normalyze ||p(0)||y =1, i.e (€ + pou(ro)) = —1, one has:

p2 = (e +pop(ro))” — m2(r)
with
po € J(10,pry) = {po | IP(0)[lg = 1}.

Proof. The first point of theorem is a consequence of the Maximum Principle, in particular it comes from
equation (3).

For the second and third points, we have on one side, from the Hamiltonian: ||p||, = —e — pou(r), so:
2 2 P 2 P3
= — = = . 23
2 ”p”r mQ(r) (E +p9u(r)) mg(r) ( )
On other side, from the restricted system in (7, p,) one has:
Pr
T =
Pl
2/
. / pgm/(r)
Pr=—popt' (1) + —5 -
' m3(r)|pll-
2
So that, 72 = HZ 7. Finally, using these two relations, we deduce:
2 _ P}
Il
2
(et pon()? - 2
(e + pou(r))?
29
m?(r) (€ + pop(r))
conclusion then follows. O

Definition 3.6. The classification of trajectories of the restricted hamiltonian dynamics, where pg is fixed is
called the Generalized-Morse-Reeb (GMR) classification defined by the generalized potential V.

Definition 3.7. Assume the hyperbolic case € < 0. An equator r = 71 is an equilibrium point (r1,0) of
the restricted dynamics. It is called L — elliptic if the linearized dynamics is with spectrum {*io,a # 0},
L — hyperbolic if the spectrum is of the form {\, =\, A # 0} and L — parabolic if the spectrum is zero.
The elliptic case corresponding respectively to a stable case associated a minimum of the potential and in the
hyperbolic case an unstable case associated to a maximum. An equator corresponding to a stationary rotation,
it is called positive rotation (resp. negative) if 0 is rotating with a positive (resp. negative) frequency. A
separatrix geodesic is a geodesic e(t) = (r(t),*) such that r(t) — r1 as t — oo and it is contained in the same
level of the Hamiltonian and this is called a singular level.

Definition 3.8. A generalized Reeb component is a separatriz solution e(t) = (r(t),*) so that r(t) converges
respectively when t — +o0o to two equators solutions and with different orientations.

Definition 3.9. Let U be an adapted neighborhood of qo. Geodesics at the initial time decompose into starting
ascending branch, starting descending branch or tangential to the parallel for which one must consider the case
with positive or negative acceleration %(0). Note that if we start from the equator both coincide. The first
return to the equator (resp. the meridian) associated to a geodesic is the first point such that the geodesic
reintersects the equator (resp meridian) passing through the initial point.

14



Proposition 3.6. Let U be and adapted neighborhood of qo = (ro,00). Levels sets sin the GMR-classification
splits into compact levels corresponding to r — periodic geodesics and non-compact level sets corresponding to
r — aperiodic geodesics restricted to the neighbohood U. If r1 is an equator which is L — elliptic, then locally
the Liouville foliation by Liouville tori is preserved.

Proposition 3.7. Let qy be a fized initial condition, then using the GMR-classification for each adapted
neighborhood of qo one can stratified the set of geodesics emanating from qo into micro-local (conic) sectors
corresponding to compact and non-compact geodesics.

Remark 1. The decomposition depens upon the adapted neighborhood and can be obtained using the potentiel
retricted to the domain. One can easily have situations with two compact sectors separated by a singular level
with a separatriz geodesic and an equator for which when retricting the domain, the singular level separates
compact and non-compact orbits.

Example 1. In the averaged Kepler case, the mico-local classification at a point on the equator gives the
following. Retricting to py positive, one has the following decomposition. The meridian with pg = 0 formed by
the ascending and descending branches and correspond to mon-compact orbit in the covering manifold M€, the
micro-sector formed by pg €]0, m(w/2[ where the level set is filled by the same periodic orbit corrresponding
to different ascending and descending branches with +p,.(0) and the equator corresponding to pg = m(w/2),
where the two branches are similar and the level set is a single point.

Example 2. In the Serret-Andoyer case, starting from the equator identified to zero and corresponding to the
stable position of the pendulum we have two sectors associated repectively to rotating and oscillating solutions
of the pendulum, separated by the separatrices. The rotating solutions correspons to non compact orbits on the
plane but periodic if they are interpreted on the cylinder. On this surface oscillating trajectories are homotopic
to a point but not the rotating trajectories.

4 Case studies

4.1 The Carathéodory-Zermelo historical example

In this presentation, all the details of the computations are not given, for a complete study of this example,
based on the Carathéodory-Zermelo-Goh point of view, see [14]. Recall that, considering the following coordi-
nates § = (z,y,7v) = (0,7, 7/2 — «), where r, § and « are understood in the sense of section 3, dynamics takes
the form:

& =y+cosy, y=siny, = —cos’n.

Straighforward computations using the previous section leads to
D(§) =1, D'(§) =cos’y and D"(§) =ycosy+1,
and thanks to Theorem 3.1 we can parameterize abnormal, hyperbolic and elliptic extremals.
e Abnormal case. The abnormal geodesics are contained in D” = ycosvy+1 = 0. Hence, given an initial

condition (xg,yo, o) such that |yo| > 1, the associated geodesic is abnormal if vy € {v},72} with

1 1
'y; = arccos (——) and 73 = —arccos (——) .
Yo Yo

If the current is strong, that is if |yo| > 1, then 7} # 42 and we have two abnormals. Else, if |yo| = 1
there is only one abnormal, and if |yg| < 1 (this correspond to a weak current) there is no abnormals.

e Normal case. The hyperbolic (resp. elliptic) geodesics are contained in DD” = D" > 0 (resp.
DD" = D" < 0). Hence, given an initial condition (¢, yo,70):

— if |yo| < 1, then ygcosyo + 1 > 0 and thus the corresponding geodesic is hyperbolic.

— for |yo| = 1, if the geodesic is normal, then it is hyperbolic.
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— for |yo| > 1, if the geodesic is normal, then it is either hyperbolic or elliptic depending on the sign
of ypcosvyy + 1. Note that the hyperbolic and elliptic geodesics are separated by the abnormal
geodesics as illustrated in Fig. 3.

To complete the discussion about the historical example, we give the integration of the system.

Proposition 4.1. Let (g, y0,70) be the initial condition, the corresponding solution (z(t),y(t),y(t)) is given
as follows.

e Foryy = £7/2 one has:
2
1(t) =70, y(t) =+t +yo and z(t) = £ +yot + zo.
e For vy € (—m/2,7/2), one has:
1 1
cosyy cosy(t)’

1 tan -y y(t) 1
[N R (PR P
o cosy ., €oS Yo

v(t) = atan (tan~yo — t),  y(t) =yo +

cos 7y
1+ sinvy

2(t) = 3 M

o Foryy € (—m,—7m/2) U (7/2, 7], one has:

(t) = 7+ atan (tanyo — £),  y(t) = yo + — !

= n (tanyo — = _—

Y T T ata an o 3 Yy Yo cos o COS’)/(t)7

r(t) 1 {tan’y
3

o coS "y

cos 7y
1 +sinvy

1 v(t) 1
x(t) = 2 {ln } + (yo+7)t+a:0.
o cos Y

Synthesis: Cusp singularity and regularity of the value function. We use the heading angle and
the Clairaut relation to stratified the Lagragian manifold £ = exptM(qp), where ¢q is in the strong current
domain (see Figs. 6 and 7). One can also compute the time minimal synthesis. In the strong current case,
qo is not strongly locally controllable, i.e A(qo,t) is not a neighborhood of gy for small time. The time T'(go)
along the loop is the limit time such that A(qo,t) is a neighborhood of gq.

Denote by X(qg) the adherence of the cut locus for geodesics starting at gp and contained in the adapted
neighborhood one has:

Proposition 4.2. Let qo in a strong current domain, then:
1. Fort > T(qo), A(qo,t) is a neighborhood of qo.

2. ¥(qo) is the abnormal curve up to the cusp point, corresponding to a conjugate point along the abnormal
curve.

4.2 The Averaged Kepler case
4.2.1 Riemannian case

One takes
sin? o

(1 — Asin® @)
Where A € (0,1) is an homotopy parameter, A = 0 being the round sphere, A = 1 is the Grushin case, with a
singularity at the equator while A = 4/5 is associated to Kepler orbit transfers. The Gauss curvature is

m3 () =

1

m((l —A) — 2\ cos? p).

Ky =

The equator is ¢ = 7/2 and we introduce r := 7/2 — ¢ to normalize the equator to zero and it is the only
parallel solution. The metric is taken in the normal form g = dr? + m?(r) d9? where we use the notation
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© 5 0 -2 15 -1 -0.5 0

Figure 6: (Left) We display (in red) hyperbolic geodesics that started from the initial point go = (—2,0)
portrayed in black, in the whole conic neighborhood delimited by the two abnormals (in green). (Right) We
display (in blue) elliptic geodesics from the same initial point and with the same sector.

1

-3.5

-4 0 2

xT

Figure 7: Minimal time optimal synthesis in an adapted rectangle neighborhood containing the limit loop.
The initial point is ¢o = (—2,0). The abnormal geodesics are represented in green, But since they coincide
with the cut locus (for the abnormal with a cusp, it is up to the cusp), this cut locus is shown in thick black
along them. In red are represented hyperbolic geodesics.

r = ¢ to emphasize that ¢ is an angle measuring the meridian. One set m(r) = mx (7 — ¢) and the metric
is reflectionally symmetric with respect to the equator, that is m(r) = m(—r), which is crucial for the explicit
determination of the conjugate and cut loci. Using the Hamiltonian formalism, we associate to the metric the
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Hamiltonian

and parameterizing by arc-length amounts to set H = 1/2. To integrate the geodesisc leads to introduce the

characteristic equation

s

m(r)’

dr\?
(E) + V(Tap0) = 1a with V(T7p0) =
A geodesic is either a meridian, the equator or each other solution is such that r is periodic and oscillates
between —ry and r; and is entirely determined by a branch of the characteristic equation evaluated on the
quarter of period T'/4 where r(t) belongs to [0,r,], r4 being the posive root of the equation V' = 1, the period
being given by the integral

T T+ dr

4 /0 (1 =V (r,py))'/?’
which depends upon py. By symmetry with respect to the meridian it can be supposed non negative and
belonging to |0,m(0)[. To make the analysis we introduce the application called the period mapping of first
return to the equator: pg — T'(pg).

The geodesic flow is Liouville integrable and the transcendence is characterized basically by the transcen-

dence of the period mapping. More precisely, to integrate one introduces X = sin’r, r € (0,7/2) and one
gets

/ dr _/ dx
(1= V(r,pe))/? ) 2((X(1 - X)(1 - V(X))V/?

To integrate one can assume that r(0) = 0,6(0) = 0 since every oscillating trajectory is such that r is

intersecting the equator and we use
dr \/7
— =/1-V(r,
g (r,po)

do _ 9H _ V(r,pe)
dt  Opg Do

One gets that

0
V(r,pg)dr
6(t) = (2n — 1)A0+/ (. po) o
r(ty Po(1 =V (7, po))
where n € N counts the number of intersections with the equator and by symmetry we can asssume that the
number of intersections is odd. The function A8 for py € (0,m(0) is the so-called first return mapping to the
equator. The following is crucial in our optimality analysis. We can restrict to an initial point at the equator

qo = (07 O)'

Proposition 4.3. Assume that the first return mapping to the equator is monotone non increasing, then the
first conjugate time is given by the equation

where 0 is parameterized by r according to

0(r,pe) = Ab(py) — /T: po(1 Ygéi%)ﬂ”

the first conjugate conjugate time being between T/2 and T /2 + T /4.

Integration of solutions

((17’)2 _ cos?r — p2(1 — Acos®r)
dt cos?r

We denote Zand Z_ the roots of
L+pj(A —1) = Z*(1 + Apj),

18



where Z = sinr and the period reads

:r_/Z+ dz
4 Jo  (L+pg(A—1) = Z2(1 + App)) V2

Normalizing the amplitude of the oscillation by Z = Z,.Y one has

T dY

1 / (1+Ap3) (1 — Y2))72
1

= W [a,rCSiII Y} é .
6

Proposition 4.4. The period is given by

21

T(po) = m—~ =i/
(ESVALE

moreover one has:
arcsin Y (t) = (1 + \p2)*/?t.
This defines the renormalized time s = (1 4+ Apy)'/?t and the #—variable is integrated using

d 1 — A1 —sin7)
=pp——— 3 -

dt 1— Asin®r
Hence one gets
po dt
o(t) = — Apot
®) / cos?r po
and we obtained the following.
Proposition 4.5.
o(t) = bo atan((1 — Z2)Y2tan(t(1 + \p3)) — Apat.

(1+Apg)t/2(1 = Z3)1/2

This leads to a complete parameterization of the geodesics curves and of the conjugate locus. Note that a
simplify and standard computation is to parameterize the angle 6 by r instead of t. Moreover one can compute
the periodic curves. Indeed, one can obtain the first return mapping Af(pg) by setting in the above formula
t = T/2 and periodic mappings are such that Af/27 is a rational number. In partiicular simple periodic
geodesics can be obtained and classified by ordering with respect to their length, by analogy with the prolate
ellipsoid case, the shortest being the meridian. In particular, in the averaged Kepler case they are described
in (|BC, Forum]|, that is five simple curves. To analyse the optimality in this Riemannian case we procced as
follows.

Determination of the conjugate and cut loci We recall that, the problem is called tame if the first
return mapping to the equator is monotone non increasing.

Proposition 4.6. In the tame case case the cut locut of a point on the equator is a subarc of the equator and
the injectivity radius is formed by the cusp extremity of the conjugate locus on the equator.

More generally the conjugate and cut loci of each point can be easily determined using an additional
computable condition that we describe next. One has the following.

Proposition 4.7. Assume that we are in the tame case. Moreover suppose that the first return mapping A6
is such that A8 < 0 < A§” on |0, m(m/2)[ then:

1. The cut locus of a point not a pole is a segment of the antipodal parallel;
2. The conjugate locus has exactly four cusps points.

This can be applied to the our case for A €]0, 1[ . Note that the conjugate locus of the equator is a standard
astroid with four cusps. The limit Grushin case can be analyzed similarly, except that the equator is not a
geodesic and the injectivity radius is zero. This gives a complete analysis of the Riemannian case.
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4.2.2 Transition from the Riemannian case to the Zermelo case with a constant current

Recall that the so-called constant current case is given on the covering space by

Fy g = dr? + m?(r)d6?,

0
= UV—

00’
where v is a non zero constant. We are in the:

e Weak case if sin® rg < ﬁ, with  go = (10, 6b);

e Strong case if sin®ry > with g0 = (10, 60);

_1
V24N

e moderate case if sin® ro = ﬁ7 with g0 = (r0,60);

Assumptions 4.1. In the case where the constant v is such that v2 + X\ < 1, the current will be weak at any
point of M. Thus in order to be in the strong case, we shall make the additional assumption

(A1) : v+ X > 1.
The following is a crucial geometric property.

Proposition 4.8. On the two-sphere of revolution the vector field Fyy defines a linear vector field on R? tangent
to the sphere and it corresponds to an uniform rotation whose axis is the axis of revolution. For the metric
the equator solution is also a stationary rotation since ‘é—f s constant along of the equator so that the effect of

the constant current can be superposed with this rotation.

To make the analysis we proceed as previously, the parameterization of the geodesics being similar but
the effect of the current is to obtain a more complicated mico-local analysis that we describe next, related to
vanishing or not of the derivative of §—component. Here, the Hamiltonian vector field is given by:

Iz

m?(r)’

with & < 0 (resp. € > 0) correspond to hyperbolic (resp. elliptic) case and € = 0 to the abnormal one. we
fix by homogeneity ||p||; = 1, since from the Hamiltonian one has ||p|l; = —(¢ + pgv) is constant. Moreover
G = py is the additional (linear) first integral and this insured the Liouville integrability of the system. One
then gets the following;:

M = pov + |pllg = =&, llpllg = /P7 + (24)

Proposition 4.9. The r—dynamics can be integrated using the characteristic equation

(dr)2+V( )=1
ar r _
dt e\, Po

where e = —pY < 0,=0,> 0 corespond respectively to the hyperbolic, elliptic and abnormal case.

Proof. In the constant current case, starting from the equator and using the ascending branch gives the

equation
1/2
ﬁ: p2(1 — Asin®r) /
de sin? r(e 4 pyv)?
and since we have posed ||p||y = 1, that is (¢ + ppv) = —1, then one has
1/2
dr _ p2(1— Asin®r) /
dt sin?r ’
which is the same expression as in the Riemannian case, computation is then similar. O
To integrate 6 we use the dynamics
do(t) oH
dt Opy’

Again note that 6 can be computed easily, parameterizing by r instead of ¢ and one gets the following
proposition. (In particular to determine the first return mapping to the equator).
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Proposition 4.10. 6-variable is given by:

0
Ve(r,pg) dr
0t)=02n—-1 A9—|—/ ,
®) =1 ) v(t) Po(1 = Ve(r,pa))t/?

where n € N counts the number of intersections with the equator and by symmetry we can asssume that the
number of intersections is odd. The function A@ for pg € (0,m(rg)) is the first return mapping to the equator.

This leads to the following stratification of the set of geodesics, using a stratification by the variable py
instead of the heading angle in the historical case. Indeed in this case the geodesics curves are reflectionally
symmetry with respect to the equator solution, the cone of direction being symmetric with respect to the
equator. One can consider only by symmetry the case of ascending branches at the initial condition.

Stratification of the set of geodesics Suppose that assumption (A1) hold. Starting from the equator
and assuming p,(0) > 0, one has the following stratification of the set of geodesics.

Proposition 4.11. geodesics of M split into:

o Abnormal geodesics : We have two distinct abnormal geodesics parameterized by pg = —1/v and py, > 0
for the ascending one and p,, < 0 for the descending one.

e Hyperbolic geodesics : which correspond to the time minimal solution and parameterized by pg €]pg, m(ro)].

e Elliptic geodesics : which correspond to the time mazimal solution and parameterized by pg € [—m(ro), pj.
Moreover, in the hyperbolic case, the set of geodesics can be stratified in four classes namely (see Fig. 8):

e The equator which corresponds to the singular point: r = /2, p, = 0 while pg = m(r)

e The two meridians (ascending and descending one) which correspond to the non compact case 1 > 0.
They are given by pg = 0 and p, = £1.

e (eneric periodic orbits whcih split in two different families namely orbits without loop parametrized by
po €]0,m(ro)[ and orbits with loops, parametrized by ps €]p§,0] and contening by symmetry the orbits
associated to £p,(0).

Determination of the two branches of the conjugate and cut loci Next we can determine the
conjugate locus for a point at the equator. One needs only to aggregated the two branches associated first to
cut points and conjugate point related to the abnormal direction as in the historical examples and associated
to self-intersections and cusp singularity. Second branch of cut locus is associated to the tame behavior of the
first return mapping to the equator and conjugate points computed for simple geodesics using Jacobi equations
(observe that the generalized curvature can be easily computed along the equator since r is constant. Finally
observe that such points exists for non self-intersecting geodesics but appear after the self-intersection. This
leads to the following theorem

Theorem 4.1. Let suppose that assumption (A1) hold i.e we are in the strong current case along the equator.
Then, the cut locus have two distinguished branches, first being form by the abnormals up to their first cusp
point and second being a segment of the equator (see Fig.9).

Deformation of the conjugate locus by homotopy on the constant current v. Classical algorithm,
presented in section 2 is used here to compute the conjugate locus. In order to see the deformation of the
conjugate locus by introduction of a constant current, we start by setting v = 0 (that correspond to the average
Kepler case study by B. Bonnard and al. [9]), then increasing the value of v until /1 — X (to remains in the
weak case) one can clearly see the deformation (see Fig.10).
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0 /2 T 0 T 2
Figure 8: (Left) We represent the potential for the different classes of geodesics in order to highlight the
periodicity of the solutions. The meridians and the equator are represented in black while hyperbolic geodesics
with a loop (resp. without loop) are represented in red (resp. in blue). Abnormal geodesics are represented

in green. (Right) illustration of different types of hyperbolic geodesics in the strong drift case. We take for
simulation A = 4/5 and v = 0.9.

24 7/25 3r/4
0
/25 ‘ /4 :
-7/2 0 47/3 0 pi/2

Figure 9: (Right) Minimal time optimal synthese of the average Kepler case with a constant current taking
A =4/5 and v = 0.9 in adapted rectangle R = {n/25 < r < 247/25;—7n/2 < 0 < 47w /3}. The meridians
and the equator are represented in black while the hyperbolic geodesics with a loop (resp. without loop) are
represented in red (resp. in blue). Abnormal geodesics are represented in green. Conjugate and cut loci are
resp. represented in thick black and orange. (Left) Maximal time optimal synthesis in adapted rectangle
R={n/4 <r <3n/4;0 <0 < x/2}. Elliptic geodesics are represented in blue and abnormal ones in green.
Conjugate and cut loci are resp. represented in thick black and orange.
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Figure 10: Illustration of the deformation of conjugate locus in weak current case. Taking A = 4/5 and
v =0.0,0.1,0.2,0.3,0.4,0.42 respectively from the left to the right. One can see in red hyperbolic geodesics,
in black conjugate locus and in maginta separatine line (that correspond here to cut locus).

4.3 The polar vortex singularity case

In the vortex problem (see [15] for a complete description of the problem), one has Fy = %, with p being

a circulation parameter, so the current becomes infinite at the vortex (in particular @1 = «ag) but still the
dynamics can be extended on the whole plane. We will first consider this case. Then, in order to presented
a more completed situation with many equators, compact and non compact geodesics, we will consider the
so-called general one vortex case. But first of all, we start by providing a generalization of the existence
theorem from [15], see also the relation with [22] in celestial mechanics.

| 3=

4.3.1 Existence of optimal solution
Theorem 4.2. Consider the generalized vortex case:

) A

Fo = 1) 55 90

m(r) Or

on R*\ {0}. Where (r,0) are the polar coordinates, u(-) is a smooth function with a pole of degre B €]1, +00]
at zero and where m(-) is a positive smooth function of r. Take qo,q1 € R?\ {0}, then there exist a minimizing
trajectory to transfer qo to q1. Moreover qo can be transfer to the origin in the minimum time t,;, = ro, with

g0 = (10,60).

Proof. We consider, for the proof, a neighborhood of the origin V' = B(0, R) (i.e a ball centered at the origin
and of radius R). Without losing the generality, we suppose that on V, current u(-) can be approximate by
wu(r) = T—lﬁ with 8 €]1,4o00[. This prove is an extension of one those in [15, Theorem 2.1], so see the paper
for more details. Its relatively technical and essentially based on two arguments: the controllability of the
system and the non-existence of a minimizing sequence that converges towards the pole. Controllability can
be shown quite easily. Indeed, starting from gg and successively applying the control v = (41, 0) until reaching
C(0,71) then v = (0,41) until reaching ¢, allows us to construct an admissible trajectory. In order to prove
the non-existence of a minimizing sequence that converges to the pole, it is sufficient to show that there exist
e > 0 such that every trajectory intersecting B(0,e) can’t be optimal. For that, we first prove that there
exist 0 < € < ¥ < 19 and ry such that the minimal time to make a complete round at the distance 7 to the
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origin (denoted Typ(7)) is smaller than the minimal time to reach the circle of radius € (denoted T;.(7) from the
distance 7. Indeed, by a straightforward computations we have:

B 2P m(r)

Ty(r) = P and T.(r)=r—e.

So

To(r) <T,(r)ee<r (1 _ Wlm(r))

P+ m(r)
and since m(r) > 0,5 > 1, there exist 7 > 0 such that

2781 m(F)

0.
™+ m(r) o

207 m(F) < ™ +m(F) ie 1-—

This proves the existence of 7 and e. Now, suppose that an admissible trajectory q(-,qo) intersect the ball
B(0,¢), then one can construct another which is strictly better by taking from gy to the ball B(0,7) the
same trajectory, then turn around B(0,7) and finally, from B(0,7) taking again ¢(-, ¢p). Thus the conclusion
follows. O

4.3.2 Simple one vortex case : Extremal classifications

Zermelo problem is defined by the couple (M, Fy) where

M =R>\ {0}, g:=dr®+r2do? Fo(q)=Fo:rﬁ2 , with € R and ¢ = (r,0).

S

In this case potential becomes:
2.2
DPyT
(er2 + pop)?
The equator and meridian can be characterized by their a and w-limit sets as follows.

Ve(r,pe) =

Proposition 4.12. For a given qo = (10, 60),

1. Meridian parameterized by pg = 0 is such that (A~ (20), AT (20)) = ({0}, @) if pr, < 0 and (A~ (20), AT (20)) =
(2,{0}) if pr, > 0, where zo = (qo, Pro, o). So, the vortex can be seen as an equator.

2. There exists an unique equator given by r* = 2|u| and for ro < r*, the geodesic parameterized by
2

Dy = 74:?;:_‘;2 is the unique separatriz which form a Reeb component delimited by the vortex and the
0

equator (see Fig.11) such that:

o (A7 (20), A (20)) = ({0},€(0,77)) if ro <r".
o (A (20),AT(20)) = (C(0,7%), D) if ro > r*.
o (A (20),A"(20)) = (C(0,7%),C(0,7%)) if rg = r* (orbit is periodic in this case).

If we parameterize geodesics by the heading angle, that is fixing ||p(0)|, = 1 and pose p,-(0) = cos a, pp =
rosina. Denoted a* the heading angle assoiciated to the equator, then geodesics can be classified in four
different families according to their @ and w-limit sets.

Theorem 4.3 (Classification of geodesic orbits in the simple vortex problem). For a given gy = (79,60),
taking zo = (qo, cos a, ro sin ) one has:

o for a €]a*,0[, (A~ (20), AT (20)) = ({0}, 2)

o fora €)0,7[, (A (20), AT (20)) = (@, ).

o for a€lm,m—a*], (A (20), AT (20)) = (2, {0})

o for a €lr —a*,a*], (A (20), At (20)) = ({0}, {0}),
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Figure 11: Reeb foliation form by separatrix for gy = (19, p) taking in different domain of current. Above left
correspond to strong drift case (rg < u), above right correspond to weak drift case (with p < 79 < 2u. Below
left and bleow right correspond to the weak drift case with resp. ro = 2u and rg > 2u. Black circle correpond
to circle of radius p i.e the circle in which drift is strong.

4.3.3 General one vortex case

In the simple vortex problem presented above, there is an unique equator for ro = 2u. In order to present
a more general and complicated situation where we encounter several separatrices and equators, we consider
drift Fg in the form:
0 . AT+ "
Folg) = ulr)gg, with p(r)=—3—, ABeR"

The equilibrium points of the system are solutions of the second order equation:

or% + 2 + 38 = 0, (25)
and supposing that 8 < 0,A\? > 343, one has:
e for § = 11i.e pg > 0, (25) has one unique positive solution given by 7! = —\ + \/ﬁ,
e for § = —11i.epgy < 0, (25) has two positive solutions given by 7% = X — \/m and r3 = A+ \/m

Given an equator (r*,0), a geodesic parameterized by a given py will be a separatrix associated to this equator
if an only if:

oVz :
W(T’ pg) =0, with py #0. (26)
Using equation (26) one gets:
m(rt m(r? m(r3
Py = ) Py = ) Py = )

L+ p(r)m(rt)’ 1 u(rm(r?)’ 1 u(rm(r®)

Observations and discussions of potential associated to separatrices (see Fig.13-15) will allows us to classified
the geodesics.
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Figure 12: Illustration of the different families of geodesic orbits for gy = (r¢, 6p) in different domain of current.
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Figure 13: Potential along the separatrix (left) and behaviors of separatrix orbit (right). On the right one can
see the orbit of separatrix given by pj for two different value of ro. In thick blue orbit is crossed in positive
time and in dashed blue it’s crossed in negative time. Black dot correspond to the initial position while red
dot correspond to the vortex taking as origin.
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Figure 14: Potential along the separartrix (Left) and behaviors of separatrix orbit (Right). On the right one
can see the orbit of separatrix given by pg for two different value of ry. Along pg potential explose to infinity
for r between 1 and 2. At the right is potrayed the trajectories in the plan for different value of ry in order to
present the different possibility.
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Figure 15: Potential along the separartrix (Left) and behaviors of separatrix orbit (Right). On the right one
can see the orbit of separatrix given by pj for two different value of ro. Along pj potential explose to infinity
for r between 1 and 2. At the right is potrayed the trajectories in the plan for different value of ry in order to
present the different possibility.

Observations Accordiding to Fig.13-15 one can deduce:

e For pp = pj, potential remains below one. Thus, for ry < r! @ and w-limit set of the separatratrix are
given by (A~ (), A*(a)) = ({0},C(0, 1)) and for 7o > rl one has (A~ (pg), A* (pg)) = (C(0,7), @)

e For py = p?h in the neighborhood of 2, the potential is above one and takes the value one for r = 2.

Thus in this neighborhood, separatrix exists if and only if o = r? and it defines the circle C(0,r?).

e For py = pj}, separatrix exists and is well define for ro > 2.5 and for ro € [2.5,7°], one has A~ (py) =
At (pg) = C(0,73) while for ro > 73, one has (A~ (a), AT (a)) = (C(0,73), @)

GMR classification of geodesics. Representing the potential along the trajectories around the separatrix,
we deduce (see Fig.(16)) the different types of orbits encountered in the classification, thus we have:
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Figure 16: Potential along trajectories around separartrices. Above we consider py less than the py of separa-
trices, so we take py respectively equal to pé — 0.5, pg — 0.5 and pg — 0.5. Below we consider py greater than
the py of separatrices, so we take py respectively equal to pé + 0.5,p§ + 0.5 and pg + 0.5. For py around pé
potential remains bounded, but we have, for more clearness of the figure, made a zoom around 1. In other
case, potential explose to infinity as in the previous case.

Proposition 4.13. Considering the general vortex problem with

0 . AT+
Fy(q) = ,u(r)%7 with  p(r) = rr3 6, B<0, and N> 38,

then orbits of the extremals can be classified into three different families (see Fig.17:

e Those that come from the vortex (resp. infinity) and go towards the vortex (resp. infinity)

e Those that come from the vortex (resp. infinity) and go towards infinity (resp. the vortex),

e Those that remain contained in a crown (these correspond to extremals such that pg €]p3, pa|)-
Different families being delimited by separatrices.

Remark 2. Thanks to the symmetry which respect to 0 we have on one side, separatriz associated to py which
form a Reeb foliation (see [7]). On other hand, separatriz associated to pg are a typical example of homocline
geodesic (i.e for which a and w-limit set are equal). The behaviors of the both cases are illustrated on Fig.(18).

4.4 Algorithm in the general case and the gluing process
4.4.1 Algorithm

One can deduce from the previous studies the method of analysis to handle a general case and we proceed as
follows. In the normal coordinates (r, ) on the covering manifold M€ one has r € (0, R). We can decompose
the domains into disks ¢; < r < ¢;41 with alternately weak and strong current. We compute the equators

28



3 6 6
2 4
.7 BN
1 IO\ 2
I 7 !
0 | o | 0
\ i
/
A N W 2
2 4
3L— ‘ ‘ 6
-2 0 2

Figure 17: Different families of geodesic orbits, taking A = 4 and 8 = —5. In thick blue are represented orbits
crossed in positive time while in dashed blue orbits are crossed in negative time, start from the given initial
point represented by black dot. Red dot represented the vortex. On the left we have an orbit which comes
from and go towards the vortex; on the middle we have an orbit which comes from vortex and go towards
infinity; and on the right we have a dense orbit which remains in a compact.
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Figure 18: Illustration of Reeb foliation forming by separatrix orbits, taking A = 4 and § = —5. Above left
we have Reeb component parametrized by pj and above right we have homocline separatrix parametrized by
ps. Below the both are potrayed together. In thick correspond the trajectories crossed in positive time and in
dashed trajectories crossed in negative time. Red dot correspond to the vortex and black ones to the different
initial points we have consider. Circle in green represent the two Reeb circle associated to r! and r3.
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solutions listed as 0 < 1 < 72 < ... < r, < R and they can be classified according to their optimality status
into elliptic or elliptic equators. Taking a point ¢g, one can parameterize the geodesics with the mechanical
representation with the extended potential using improprer integrals. This allows to construct the time-
minimal synthesis in an adapted neighborhood as in the cases studies using the first return mappings to the
equator and meridian, combining with conjugate point analysis. Note that in the strong current domain the
size of the adapted neighborhood is defined by the limit loop of the self-intersecting geodesics related to the
abnormal direction. This can be extended to a larger domain by gluing different adapted neighborhoods.

4.4.2 The gluing process

Note that complicated situations can be obtained by gluing cases studies using the normal coordinates (r, ),
each case being defined by a pair (u;(r), m;(r)) parameterizing respectively the current and the metric. They
can be glued together in the C*°-category using bump functions . For instance the vortex case with Euclidian
metric can be glued to the averaged Kepler case to represent the motion of a passsive tracer swallowed by the
vortex to enter into a Kepler domain to visit an equator solution, with non zero-curvature.
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