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WEIGHTED-L? POLYNOMIAL APPROXIMATION IN C

SEVERINE BIARD, JOHN ERIK FORNASS, AND JUJIE WU

ABSTRACT. We study the density of polynomials in H?(Q,e™%), the
space of square integrable holomorphic functions in a bounded domain
Q in C, where ¢ is a subharmonic function. In particular, we prove
that the density holds in Carathéodory domains for any subharmonic
function ¢ in a neighborhood of Q. In non-Carathéodory domains, we
prove that the density depends on the weight function, giving examples.
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1. INTRODUCTION

Let © be a domain in C. We denote by L?((2, e~¥) the space of measurable
functions f such that

T /Q FPedA < +oo,
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where ¢ is a measurable function on €2, and dA is the Lebesgue measure. Let
H?(Q,e7%) (resp. H(Q,e"%)) be the space of holomorphic functions on a
domain € (resp. holomorphic functions on a neighborhood of Q), which are
in L?(Q,e~%), that is

H*(Q,e7%) := O(Q) N L3(Q,e™%).

Recall that a Carathéodory domain €2 is a simply-connected bounded
planar domain whose boundary 90X is also the boundary of an unbounded
domain. An unbounded domain {2 is said to be Carathéodory if its image un-
der the map z + (z—2%)71 (2% being a fixed point in C\§2) is Carathéodory.
Every Jordan domain is a Carathéodory domain. The domains, for exam-
ple, of a snake winding infinitely often around the outside of a circle and
approaching this circle (“outer snake”) are Carathéodory, but not a snake
winding infinitely often inside a circle and approaching it from the inside
(“inner snake”). For more relevant references about Carathéodory domains,
please see [11] on page 17.

Questions of completeness for polynomials were first studied by T. Car-
leman [4] in 1923 who proved that if Q is a Jordan domain and ¢ = 0,
then every L? holomorphic function on © can be approximated by poly-
nomials in L?(£2,1), and this result was later extended by Farrell [8] and
Markushevitch [14] independently to Carathéodory domains. For more gen-
eral non-Carathéodory domains it is well known that this property need
not hold. In [12], Hedberg proved that if €2 is a Carathéodory domain, the
weight e~ % is continuous and satisfies some conditions then polynomials are
dense in H?(Q, e~%). For non-Carathéodory domains, the weighted approx-
imation is usually considered when the weight e™% is essentially bounded
and satisfies additional conditions (see [3]). Based on Hormander’s L2-
estimates for the —operator, Taylor [17] proved that polynomials are dense
in H?(C", e~¥) when ¢ is convex, which allows the weight to have singular-
ity and can be seen as a major breakthrough for weighted L? approximation
(see also [19]). Sibony [16] generalized Taylor’s result and obtained that
if ¢ is plurisubharmonic (psh) on C" and complex homogeneous of order
p >0, ie, p(uz) = |ulfp(z) for v € C, z € C" then polynomials are dense
in H?(C", e™%) (see also [9], section 8). It is well known that each convex
function is psh, but the converse is not true. Thus it is natural to ask

Question 1.1. Can we generalize Taylor’s result to any psh function or can
we find some non-convex psh function ¢ on Q C C" satisfying the property
that H?(2, e~ %) contains all the polynomials but polynomials are not dense
in it?

Our first result is

Proposition 1.2. Let 2 = ﬂl],V:O Gy be a bounded domain in C where Gg
is a bounded Carathéodory domain and G,, 1 < v < N, are unbounded
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Carathéodory domains. If ¢ is a subharmonic function on Q, ie. ina
neighborhood V of Q, then H%(Q,e~%) is dense in H*(Q,e™%).

Our proof depends heavily on the Donnelly-Fefferman L?-estimate for the
O-operator. In contrast with known results on weighted L? approximation of
holomorphic functions, we allow singularities of the weight function, which
makes the result useful. An application of Proposition 1.2 is the following

Theorem 1.3. Let ) be a bounded Carathéodory domain and ¢ a subhar-
monic function on Q. Then polynomials are dense in H*(Q,e™%).

Especially we will have the following

Corollary 1.4. Let Q) be a bounded Jordan domain and let @ be as in The-
orem 1.3. Then polynomials are dense in H?(£,e~%).

Remark 1.5. Under the assumptions of Corollary 1.4, let f € H%(Q,e™%).
Then f can be approximated by polynomials in H?(£2,e~¥) such that the
Taylor series of the polynomials around a given point p € Q) agrees with the
one for f to any given order.

It’s not the case that polynomials are dense for general psh weight func-
tions so that the corresponding Hilbert spaces contain the polynomials. An
example is provided by the following

Theorem 1.6. Let p(z) = [Sm(z)| + |2|P, with 0 < p < 1. Then the holo-
morphic polynomials are in H*(C,e~%), but they are not dense in H*(C,e~%).

A general moon-shaped domain is a bounded domain whose boundary
consists of two Jordan curves having exactly one point in common. This
point is called the multiple boundary point. The moon-shaped domain is an
example of a non-Carathéodory Runge domain in C. Keldych [13] was the
first to study the L? polynomials approximation property of moon-shaped
domains without weight. Here we generalize his result with singular weight
as in the following.

Theorem 1.7. Let  be a moon-shaped domain with the origin inside the
inner Jordan curve of the boundary 9. Let ¢ be a subharmonic function
on Q. Then polynomials are dense in H*(Q,e~%) if and only if the function

% can be approrimated arbitrarily well by polynomials in L*(Q, e~ %).

We give two concrete examples of moon-shaped domains where density
holds. The first example is based on Keldych [13] and is an application of
Theorem 1.7.

Definition 1.8. Let ¢ be a subharmonic function on C. Let p denote the
Laplacian of %gf). We say that ¢ satisfies condition (A) if the mass of y on
the closed unit disc is strictly less than 2.
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Example 1.9. There exists a moon-shaped domain 2 with the unit circle
being the outer Jordan curve, such that for any subharmonic function ¢ on
C satisfying condition (A), polynomials are in H?(Q, e~ %) and dense in it.

Example 1.10. There exist a moon-shaped domain 2 bounded by two
circles and a subharmonic function ¢ on € so that polynomials are in
H?(Q, e~ %) and are dense in it.

Theorem 1.11. Let Q2 be a moon-shaped domain bounded by two circles
and let ¢ be a subharmonic function on Q which is uniformly bounded above.
Then the set of polynomials which is in H?(Q),e~%) is never a dense subset

of H*(Q,e~%).

This paper is set-up as follows. In Section 2, we prove Proposition 1.2
and Theorem 1.3, exploiting the property of Carathéodory domains in order
to be able to exhaust them from outside by Jordan domains that are con-
formally equivalent to the unit disc. Then, we apply Donnelly-Fefferman’s
L?-estimates on each of those to obtain the weighted L? approximation. In
Section 3, we give a counterexample on C where we exhibit a subharmonic
function ¢ for which the polynomials are in H?(C,e~ %) but they are not
dense in it (Theorem 1.6). In Section 4, we prove Theorem 1.7 and give an
example of a moon-shaped domain where the density is proved by approx-
imating ﬁ (Example 1.9). In Section 5, we present Example 1.10 and we

finally prove, in Section 6, Theorem 1.11.

2. PROOF OF THEOREM 1.3

We observe that it suffices to prove Proposition 1.2 and Theorem 1.3
when the subharmonic function ¢ is globally defined. To see this, let ¢ be
a subharmonic function defined on a bounded open set V containing Q and
choose an open set U,QQ C U CC V. Then p := A(¢)), is a positive measure
with bounded mass on C. Hence there is a globally defined subharmonic
function ¢ such that A(¢) = p. But then ¢ = ¢ + h on U for some har-
monic function h. Since h is uniformly bounded on 2, it follows that the
Hilbert spaces H?(Q,e™?) and H%(Q, e~%) are the same and the norms are
equivalent.

We use, in the next Lemma, the following classical result from one complex
variable:

Theorem 2.1 (cf.[18], p.382). Let {Q,}°, be a sequence of uniformly
bounded simply connected domains in C and Q a bounded simply connected
domain, all containing the origin, so that the Hausdorff distance between
00y, and 0N tends to zero as n — oo. If we map D conformally onto Q,
by w = fn(z), fn(0) =0, f/(0) > 0, then f, converges locally uniformly to
f € 0O() such that w = f(z) maps D conformally onto .
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For a planar domain Q, let SH™ () denote the set of negative subhar-
monic functions on 2. Our key observation to prove Proposition 1.2 is the
following:

Lemma 2.2. Let Q2 be a bounded Carathéodory domain. Then there exists
a sequence of bounded simply-connected domains €, O €, a sequence of
positive numbers e, — 0 (n — 00), and a sequence of continuous functions
pn € SH™(Q,) such that

(1) Qn—e, = ={2 € Qn 1 pu(2) < —&n} C
(2) the volume of Q\ 2y, _o., tends to 0 as n — oo.

_ Before proving the Lemma we recall the following L?-estimates for the
0-operator which will be used here.

Proposition 2.3 (Donnelly-Fefferman, [7]). Let Q@ C C" be a pseudoconvex
domain and ¢ € psh(Q). Suppose that 1 is a C? strictly psh function which
satisfies

(2.1) 100y > 0y A 0.

Then for each O-closed (0,1)-form v, there exists a solution u to Ou = v
satisfying

(2.2) /Q|u]26_9°d)\§C’/Q\v\?aawe_“"d)\,

where C' > 0 is an absolute constant, provided that the right hand side of
(2.2) is finite.

The norm |[|a||;55, for a (0,1)-form « is the smallest function H that
satisfies

ia A a < H(i00y).

In particular, on C, we have

0%\~
(23) aline = (5ar ) lo
For more details, see for example [6, 2].

Proof of Lemma 2.2. Since 2 is a Carathéodory domain, there exists a se-
quence {£2,} of bounded simply-connected domains such that  C €2, and
Qni1 C Q, and the Hausdorff distance between 02, and 9 tends to zero
as n — oo (see for example [11], p.17). Without loss of generality, we may
assume that 0 € €. By virtue of Riemann’s mapping theorem, there are
conformal mappings

w = fn(z)7 fn(o) =0, f;L(O) >0

which maps €2, onto D, and

w = f(z), f(0) =0, f'(0) >0,



6 SEVERINE BIARD, JOHN ERIK FORNZASS, AND JUJIE WU

which maps  onto D. Set
p(2) =[f(2) =1, pn(z) = |fa(2)| = 1.

Clearly, p (resp. pp) is a negative continuous subharmonic function on €2
(resp. ). Let

en i=max {1 —|fn(2)]: 2 € Q,\Q} .

By Theorem 2.1, the sequence of Riemann mappings f,; 1D — Q, con-
verges u.c.c. to the Riemann mapping f~! : D — Q. Suppose z € §,, and
pn(z) < —epn. Then |fn(2)] — 1 < —&, and hence 1 — |f,(2)| > &,. This
implies that z €  which proves (1). Next we prove that £, — 0. Let
0 < a <b<c< 1. By the open mapping theorem, there exists ng € N so
that

FHlel<a) c frt(lzl <) € f7H(2l < ¢), V2o,

Hence f,1(]z] < b) C Q so fu(2) D (|z| < b). Therefore if z € Q,, \ ©,
then |f,(2)| > b,s0 1 —|fn(2)] < 1—b. This shows that &, < 1—b if n > ny.
It follows that €, — 0 as b tends to 1.

Finally we show (2).

Let 6 > 0. Then if 0 < a < 1 is chosen large enough, then the area
|f7(|2] > a)] < 6. Choose 0 < a < b < ¢ < 1 as above with 1 — b <
(1 —a)/2. Then for all large enough n, 2e, < 2(1 —b) < 1 — a. Suppose that
2z € Q\ Qp —2,. Then py(2) > —2¢, so |fn(z)| > 1 —2¢, > a which implies
that (for large n) |f(z)| > a. Hence |2\ Qp, —2c,| < 4.

0

Now we can prove Proposition 1.2.

Proof of Proposition 1.2. In view of Lemma 2.2, there exist for each 0 <
v < N a sequence of Jordan domains G¥ DO G,, a sequence of positive
numbers €2 — 0 (n — 00), and a sequence of continuous functions p! €

SH™(GY) such that
() Gl oy = {2 € GY: (=) < <4} C G,
(ii) vol (G \ G}, _5.v) — 0 as n — oo.

(In (ii) we can use the spherical metric near co.) Set

N
pn(z) = ogluaSXN{pn(Z)}’ En = ngaSXN{enL = QGW
y—

It is easy to verify that Q C Q,,, p, € SH™(2,) N C(Qy,) and
(iil) Qn,—c, ={2 € Q1 pn(2) < —en} C Q,
(iv) vol (2\ 2y, —2,,) = 0 as n — oo.

We continue with the proof in a similar way as in the proof in [5]. Choose
a family of negative C'°™° subharmonic functions {p, s} on £, such that
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Pns 4 pn uniformly on Q41 as s | 0. Put 95 = —log(—pps). Clearly, we
have

(2.4) i00S > i0YS A O

Now choose a cut-off function x : R — [0, 1] such that x |(_oo —10g3/2)= 1
and X [j0,00)= 0. Set n;, = x(¢5, + logey) on Q. Then we have

suppn, C {z € Qn | pn,S(Z) < —en} C e, C N

and

5,52 2

1075 s < SUP[X/]
in view of (2.4). Here |- |'35w3 stands for the point-wise norm with respect
to the metric i09v:, like in (2.3). For each f € H?(Q,e™¥), we define

v = fons.
Clearly, v$ is a well-defined C*°, d—closed (0,1) form on ,, satisfying

[ 100 e ean < swlP [ e
Qnt1 {ZGQn+1:7%5n§pn,s(z)<75n}

(2.5) sup [ / [ PeedA
Q\ n,—2en

IN

provided s sufficiently small. By Proposition 2.3, there exists a solution u,
to the equation JuS, = vy on €, verifying, by using (2.5),

/ [us |*e?d\ < C'sup |X'|2/ |f|?e™%dA.
Qi1 0\Q

n,—2en

Let f5 = fn? —us. Then, f5 € O(Qy,4+1) and

/fs flPe %dx < C'/ |f|?e™%d\ — 0 as n — oo
A\

n,—2en

O

Proof of Theorem 1.5. Let ¢ be a subharmonic function on Q. If for each
x € Q, the Lelong number v(p)(x) of ¢ satisfies v(¢)(x) < 2 then we have
1 € H?(Q,e ¥). So there exists a constant M > 0 such that / e Pd\ < M.

Q
Let f € H?(Q,e %). According to the proof of Proposition 1.2, for each

e > 0 there exists F' € H?(§),, e~ %) satisfying
/ |F(2) — f(2)Pe?EdA < Z

where (2, is a simply connected domain containing Q. We apply Runge’s
theorem to F' and see that for 6 = /;5; there exists a polynomial P such
that

|F(z) — P(2)| <6, z € Q.
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Consequently we have

/|F |2—<PdA<52M—Z
Thus we have
/ 1f(z (2)2e@dx < 2 / |f(2) — F(2)[2e %) dA
+2 / |F(2) — P(2))%e ¥ dA
If there exist finitely many points zg, z1,- - ,zn with v(¢)(z;) > 2 for each

0 < j < N, then we may choose some polynomial @ so that Q(z;) = 0
and ¢ = ¢ + log|Q|? with v(¢)) < 2 at each point z;. Then for each
f € H?(Q,e %) we have

2

/ e Vd\ < .

L2
Since 1 is bounded above, |,

Based on the above discussion, for each € > 0 we can find some polynomial
P satisfying

2
%’ d\ < co. Hence é is holomorphic on €.

2

/ e Vd\ < e.

L_p

il

/ |f — PQI*e™%d\ < e.
Q

That is

3. PROOF OF THEOREM 1.6

In this section, we denote x = Re(z) and y = Im(z).

Before proving Theorem 1.6 by contradiction, we need a couple of Lem-
mas:

Lemma 3.1. cos 2 € H*(C,e™%).
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Proof. Since cos § = mfe_zi, we have
9 iz _iz
/ )cos E‘ e Yd\ = / erte e YdA
199 - 2
1 iz|? iz |2 iz 52 iz Gz -
=- e'z —l—‘e 2| +e'2e "2 +e 2e"2 | e PdA
4 Jc
1 : .
< / (e +eV+eT+e7') e PdA
4 Jc
Ly Iyl gy 4 L ~lyl-le
(3.1) =— [ (eV+e¥)e dA\+ = [ cosxz eV d\.
4 Jc 2 Jc

Remark that (e7¥ + e¥)e™ ¥l = 1 4 ¢~2I¥l < 2 s0 we obtain for the first term
of the right-hand side of (3.1)

/ (¥ + e¥) e 1 gy :/ (efzm n 1) Y
C C
<2 / e 1" dx
C
+o0 »
< 47r/ e " rdr < oo,
0
and for the second term of (3.1),

—+o0
/ \Coszn|e_|y|_‘zlpd)\ < / e~ W=l gy < 27T/ re " dr < .
C C 0

We will need the following integral representation too:

Lemma 3.2 (see Chapter 7 of [1]). Let u(t) : R — R be a continuous

function satisfying
t
/ u(t) dt < oo.
r 1+ [t

“+oo

Uz +iy) = 71?/00 u(t)(t_m)%yzdt

is a harmonic extension of u to the upper half plane.

Then

In particular, if u(t) = [t|P, 0 < p < 1, then

(3.2) U(m+i)—1/+ooy’t’pdt >0
' V=%l @=t2+g2™ Y70

is a harmonic extension of |¢|P to the upper half plane.
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Proposition 3.3. Let U be as in (3.2). Then there exists constant Cp, >
so that on the upper half plane y > 0,

1
1|z|p <Ul(z +1iy) < CplzlP.

Proof. The right hand side inequality is direct:

: L[> ylt|P
U(a:+zy):7r/oo(t_$)2+y2dt

1/°° yls +aff
=— [ LT
T oo S2+ 12

L[ ylyr + =
= a2 YdT
T J oo (Y7)* +y

1 [ yP|r|P 1 [ P
g/ vl d¢+/ L s
M) T +1 M) T +1

2 sin(5m)
. 7"'7

p
s sin(pm) =1

1
— P p
Pl
2
~ cos(Em)

(3.4) = 2P

|21

To prove the left-hand side inequality, we prove the following inequalities:
(i) Uz +iy) > 3lafP and (ii) U(z + iy) > 3ly[".

We prove (i) as follows: from (3.3) 7 inherits the sign of x, then we only
have to study = > 0. We get

, 1 [ |yT+x|P
U(SL’+Z?J) = 7T/ 7_2_‘_1‘617'
—0o0

1 [ p
/ lyT + x| ir
0

- o7 241
1 [ p

> / |2$‘ dr
)y T +1
1

> —|x|P.
2

For (ii), we also start from (3.3) and by a similar argument, we may
assume that x > 0. Then,
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U(x+iy) =

v

v

>

Finally, combining (i) and (ii) and by concavity for 0 < p < 1, we get

‘ 1 1 1
Ulz +ay) 2 (|2 + [yl") 2 ;2 + |y = ]2

Proof of Theorem 1.6. First, remark that the holomorphic polynomials are

1/°° lyT + x|P
— | T
T ) o TF1
1/°° lyT + z|P
—| e
)y T4+1

1 [ |ylPrP

/ \?él ™ i
™ Jo T +1

p oo b
[y
T Jo T 4+1
1y
2 cos(&m)

1
_ p
2Iy\ :

in L?(C,e %) thanks to the exponential rate e~ I?I”.

We prove Theorem 1.6 by contradiction. Assume now that holomorphic
polynomials are dense in H?(C,e~%). Since cos 5 € H?(C,e™%) by Lemma
3.1, for all £ > 0, there exist a sequence of polynomials (P,) and N € N

such that for all n > N,

(3.5) /«;

Note that for n sufficiently large,

212
P,(z) — cos 5} e Yd\ <e.

z z
| Pa(2)llc,e = ( Pp(2) — cos 5 +cos §H<c,¢
z V4
< [|Pute) —cos 5|+ eos
_1 n(z) —cos g o |feos
z
36 <1+H *H
( ) < COS2 (C,(p

We deduce from (3.6) that there exists M > 1 such that ||P,(z)

for all n.

Since P, is analytic, we have

2”({:,@

11

O

|<C,s0 <M
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So
1 (40 _e(z+¢)
PN L[PG
1 - (24+¢) (Z )
(3.7) <1 gup 25 / 1Po(z+ Ol 25 dx.
T |ql<t cl<t

By Cauchy-Schwarz’s inequality, we get from (3.7) and for all n,

1 1

1 » 2 2

Rl 2w 5 ([ pGroper ) ([ ax
T¢gI<t I¢I<1 ¢I<1

1 w(z4+¢) M p(z+0)
38) < IR, s 5 < T ap o5
¢l<1

Note that for 0 < p < 1,

sup ¢(z + () sup (|Sm(z + Q) + |z +(I")
I¢I<1 <1

ISm(2)| + 1+ (]z] + 1)P
ISm(2)| + 14+ 1+ |2|P
ly| + 2+ |2[P.

IAIA

Plugging it in (3.8), we get for all n

[Pala -+ )] < Szed G,

Then it follows that on the real axis (y = 0),

l D Me 1 P
|P,(x )|<7 3 (2Hal?) < 27 5 lel
NG NG
S0
1
(3.9) log |Py(z)| <log M +1 —log /7 + i\x]p.

By Lemma 3.2 applied to @(z) =log M + 1 — log /7 + %]:EPD,

i7 1 T y(log M 41 —log /7 + 3[t[P)
(x +iy) = — 5 5
T J—c0 (l‘—t) +y

is a harmonic extension of @ to the upper half plane. And from Proposition
3.3, we obtain

dt, y >0,

1 -
log M +1 —log /7 + é\z]p <U(z) <logM +1—log/T+ Cplz|P.

From the fact that for any positive constant C', C'log |z| is much smaller than
|z|P for large enough |z|, we deduce that for large enough |z|, log |P,|(z) <
U(z). Because U is harmonic and log|P,| is subharmonic, we obtain
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(3.10) log|P,(z +iy)| < Uz +iy) < Cp + CplzlP on {z € C |y > 0},
where C7 = log M + 1 —log /7. From (3.10), we get
log |Pa(2)] < C1 + Cplzf?,
SO
1P, (2)] < eC1eCrl2l”,
But remark that
el2l/4 _q
Iz\gﬂoo eCrelolzlP oo
so there exists a positive constant Y > 1 such that for all |z| > Y,
(3.11) P/t 1 > 4601 Ol
Note also that if 22 < 3y? then 4y? = y% + 3y > 22 +y% = |2|? so0 if in
addition y > 0, we get y > 3|z|. Hence, on {z € C|z? < 3y? y > 0}, we
have
’ z
cos —
2

1. 1.
_ ‘261:1:/21//2 + 5ez:):/2+y/2

Y

1.
‘267,1:/2—&-?;/2

_ ‘;eixﬂ—y/?

1( y/2 _ emu/2)

2
1
(3.12) > §(e|2|/4 —-1).
Combining (3.12) with (3.11), we obtain on W := {2z € C | 22 < 3y?, y >
0, 2] >Y}={(r,0) | r>Y, %<9<%7r ,
z

(3.13) ‘cos% - Pn(z)‘ > ‘cos 5‘ — | Py(2)] > eC1eCrlAl > oCLeleY”

Hence, from (3.13), we have on W,

2
/ ‘cos - Pn(z)’ e ?dx > / ’cos - P,.(z)
C 2 W 2

Ferlax

> 620162prp/ e~ P g\
w
aorrac,yr [T T rsing— |
= eTebr df re dr
/6 Y
—+00
> 27T€201+20pyp/ e rl=Ir? g,
3 1%
> 2j6201+20pyp'16—2y

3 2
T o201+20,YP—2Y
3 .
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This is a contradiction with the formula (3.5) when n is large enough. [

4. PROOF OF THEOREM 1.7

Recall the following classical fact:

Lemma 4.1. Let  be an open set in C, h a holomorphic on Q and ¢ a
subharmonic function on an open set VD h(). Then ¢ o h(z) = ¢(h(z))
is also subharmonic on Q.

Proof of Theorem 1.7. Since % € H?(Q,e™%), the condition is obviously
necessary.

We then need to prove the sufficiency. The mapping w = /z transforms
Q) into a Jordan domain ' and for each f € H%(Q, e~ %),

/ |f(2)|2e?3dN, = 4/ |f(w)w|2e @) dN, < cc.
Q Qf

Put h(w) = w?, we know that wf(w?) € H?(Q, e=#°M®)) where poh(w) =
¢©(h(w)) is subharmonic on the closure of the bounded Jordan domain €.
In particular, ¢ o h(w) = p(h(w)) is subharmonic in a neighborhood of €.
According to Corollary 1.4, for each € > 0 there exists a polynomial P(w)
such that

4| |Jwf(w?) — Pw)?e Mg\, <e.
Q/

Therefore
SFs) — PlvE)e—?@ . L. = A POAL e
@) [ 1VEre) - PwARe ) man = [ ) - 2 i <e.

Separate the polynomial P into even and odd parts:

P(Vz) = Pi(2) + VzPa(z),
then the formula (4.1) implies that
Py(z)[*

/Q £:) = Paf) = =12

In order to find some polynomial Q(z) such that

/ 1£(2) — Q(2)* e ?P)dN, < 2.
Q

It is sufficient to know that
— — R(2)

e

for some polynomial R(z) but this holds by assumption.

e PEdN, < e.

2

1
e AN < ¢
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We give now an application of Theorem 1.7: Example 1.9. First we need
the following lemmas.

Lemma 4.2 (Riesz Decomposition Theorem, see for example Theorem 3.7.9
in [15]). Letu be a subharmonic function on a domain D in C, with u # —oc.
Then, given a relatively compact open subset U of D, we can decompose u
as

u= [ _loglz = (ldu(¢) +1
ceu

on U, where i = %Au!U and h is harmonic on U.

Let D, R be positive numbers so that D = 7R?. Fix o,0 < a < 2.

Lemma 4.3. Let zp € C and A be a measurable set in C with bounded area
2—
D. Then fA = |ad)\ < R . Moreover this estimate is sharp.

Proof. Tt suffices to consider the case when zy = 0. The largest integral
occurs when the area is a disc centered at 0. The radius then is given by

TR? = D. We get [, _p fed) = [y t170dt = 57 O

Using the convexity of the exponential function we apply Lemma 2.1 in
[10] to obtain:

Lemma 4.4. Suppose 0 < o, >, a; = o < 2. Then

1 2—a
/Hid)\g R
A lz—alf 2-«

as i the above Lemma.

Corollary 4.5. Let p be any nonnegative measure with total mass a,0 <
a < 2. A be a measurable set in C with bounded area D. Then if ¢(z) =

_ RZ—a
Jlog |z —¢|du(¢), we have that [, e Pd\ < 34—

Proof. Define ¢, (z,() = max{log |z — ¢|,—n} and

_ /%(z

2—a 1
/ e dA(z) < ul + — Vn € N*.
A 2 n

It suffices to show that

We fix n. Let € > 0. We apply Lemma 2.4 [10]: there exists a finite positive
measure 3 := Zf\il a;0,, with Zf\;l «o; = « such that

/ (2, )dB(C) < / (2 Q)du(C) + €
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By Lemma 4.4 we know that

2—a

/e—ziailogb—zid)\ < R .
A

2—«

So

Jlog |z—(|dB({) R
—JoelEm dX\(z) < .
/ e (2) 5

2—a
Hence / e~/ ¥n(2:0dB(Q) g\ < f . Finally, by choosing ¢ small enough
A (0%

2—a 1
/ e Prdi < 1 + —.
A 2

we get

— n

Define for n € N*

1 1
Sy = {go is subharmonic on C:  the mass of u <|z| <1+ ) <2-—
n n

P =+ ot = [

S log |z — (|du and |hy,| < non |z| < 1}.
<1+

Lemma 4.6. Suppose ¢ is subharmonic on C satisfying condition (A), then
for all large enough n, ¢ € S,,.

Proof. Pick m so that the mass of u = %Agp is strictly less than 2 on the
disc A (1 + %) Increasing m, we may assume

1 1
pllzl <1+ —)<2—-—.
m m
This remains true for all large m, let ¢ be subharmonic on C satisfying

condition (A), write ¢ = ¥, + hy, and set

K = sup |hm(2)].
|2[<1

For n > m, we may also write ¢ = ¢, + h,,. We have that
|y, — | < 2logn on  |z| < 1.

Hence
|hn] < K +2logn on |z| < 1.

We may choose n so large that

K +2logn <n.
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Now we begin to construct Example 1.9. By Lemma 4.6, we may assume
¢ € S1. Then, ¢ = ¢1+h where ¢ = f‘<|<2 log |z—(|dp and p(]z] < 2) < 1.
Let D; be the domain composed of points satisfying the inequalities

1 3 U T
~ 5 >Z’ = <argz <27 — 5

z 52 52

2] < 1,

Then D; is a bounded simply connected domain so that C\ Dy is connected.
By Corollary 4.5 we know that [ p, € 7'dA is uniformly bounded. Since

|hi| < 1, we also get that fDl e~ ?d\ is uniformly bounded for all ¢ € ;.
By the Runge theorem there exists a polynomial P, (z) with degree n; such
1 1
e PE N <« —

that
/D1 NZ 22

for all p € S1. Choose 0 < a1 < 2% is sufficiently small so that for the above
polynomial P, (z) satisfying

2
- Pnl (z)

2

1 1 2
— — P, (2)] e ?Pd\<sup|—= — P, (2 / P17 Mg\
IR w| =) [
1 2 R2—a1
< — P L.
= MVz m(2) 2—a; €
1
< 2*2,
where Ay, of area TR? being the points satisfying the inequalities
(4.2) lz| <1, |z—ai| >1—ay, |arg z| < %

Let lf)vg be the domain composed of the points verifying the inequalities

T
lz| <1, |z—a1]>1—ay, §<argz<27r—§.

Set Dy = D1 U bvg, this is a Jordan domain. We now consider any ¢ € Ss.
Then there exists a polynomial P,,(z) with degree ng such that
—=—F n2 (Z)

o2

Choose 0 < a2 < o so that for the above polynomial P,,(z) satisfying

1 2

1
e PN < 5

1 2 1 2
— — P (2)] e PP\ < sup |— — P, (2 / e Yd\
/A2 vz (%) A |VZ (%) Ao
1 2 RZ*&Q
< — - P, 2. e
_SKQP \/E Q(Z) 2 — o ¢
1

<2737
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where Ay, of area 7R3 being the points satisfying the inequalities
T
2| <1, |z—az >1—as, \argz|§¥.

Let D3 := {|z| < 1, |z —as] > 1— ao, o1 < argz < 2m — 55 }. Set
D3 =DyU b\; Proceed as above, we can find a sequence of bounded simply
connected domains Dy, Do, -+ ,D,,--- . Let D be the limit domain of D,,.
Then the domain D is bounded by the circle |z| = 1 and a simple Jordan
curve I' tangent to |z| =1 in z = 1. Thus D is a bounded very thin moon-
shaped domain and we know that the limit domain D is contained in the
limit domain Dy U Ay, from which it follows that for all ¢ € Sy,

[

Then polynomials are dense in H?(D,e~%) for any ¢ satisfying condition

(A).

2
. 1 11
e PPN < o+ g = o

5. EXAMPLE 1.10

First, we prove the following Lemma, already known for Bergman spaces
(p=0).

Lemma 5.1. Let Q@ CC C and ¢ a subharmonic function on Q. Assume
that 1 € H?*(Q,e %) and p € Q. For each n, let f, € H*(Q,e %) be a
function fr, = an(z—p)"+O0((z—p))" L, an > 0 mazimal with || f|a., = 1.
Then {fn}2°, is an orthonormal basis for H*(Q,e™%).

Proof. We show that f, 1 {g € H*(Q,e %); g=O((z —p)"*1)}.
By contradiction, suppose that there exists such g € H?(£2,e~¥) that is not
orthogonal to f,. Then for complex-valued € small enough,

(5.1) (foteg, fn+eg) = 1= 2Re(e(fn, 9) + el {9, 9),

(5.2) = 1_2’5”<fn79>’+’59’27

(5.3) =t<1

Hence, f, = Integ a—n(z —p)" 4+ O((z — p))"*!) contradicts the maxi-

<,

Vit
mality of the coeflicients.

Suppose now that g L {f,} such that g = b, (z —p)" +O((z —p))"*! with
by = a,. We get g — fn = O((z — p))"*! that is orthogonal to f, i.e
but <gafn>:07é1:<fnafn>- O
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Let M be a moon-shaped domain with multiple boundary point @), and
p be an interior point of M. For each n > 2, denote M,, = M \ B(Q,1/n)
where B(Q,1/n) is the disc of center @) and radius 1/n. Let ¢ be a non-
negative subharmonic function on C and f € H?(M,,e"¥). By Corollary
1.4, for every € > 0, there exists a polynomial P such that ||f — P||u,,, < €.

Lemma 5.2. Under the previous assumptions, there exists a subharmonic
function @ on C such that ¢ = ¢ on M, and

I1PlB(@,1/mynm,g < €

Proof. Because M,, is polynomially convex, there exists a subharmonic func-
tion v on C such that v = 0 on M,, and v > 0 outside: To find ~, note that for
every point ¢ outside M, there exists a polynomial P, such that |P,(q)| > 1
and |P;| < 1 on M,. We choose a convex function y(z) which vanishes when
x < 1 and is strictly positive when z > 1. Then x o|P,|? is subharmonic and
vanishes on M,, while it is strictly positive in a neighborhood of ¢q. Then one
can define y = Y emxo|P,,, |* for suitable choices. By choosing ¢ = ¢+ Ly
for L large enough, we get

1P 51 /mnmg < IPIB(@,1/m)nm,Ly-

By taking the limit as L tends to +o0o, the second term of the previous
estimate tends to 0. [l

By Lemma 5.2, we can construct inductively an increasing sequence of
non-negative subharmonic functions ¢, on M and by Lemma 5.1, we can
find fg', ..., fi € H*(My, e #") such that [ = a%(z — p)! + O((z — p)’*!)
with af > 0 maximal and || f}'|[ar,,p, = 1. Then, there exist polynomials
P and ¢pn41 large enough by Lemma 5.2 such that

1
and
n 1
(5:5) 1B} 3@ /mantgnin <

Moreover, by Remark 1.5, we can choose

Pz)=a}(z —pP +O((= — pP ™).

Let ¢ := limy 100 pn. Hence | f}'|la,,o = 1 and (5.4) and (5.5) hold with
respect to .

Lemma 5.3. Under the previous assumptions, the polynomials PJ”, j =
0,...,n built inductively as previously verify the following property

2
1P} e <145
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Proof. Combining the properties of f}‘ seen in Lemma 5.1 and Lemma 5.2

157 1are < 127 00 + 1155 | B(@.1 /)b o

S H‘PjnHMnﬁOn + ”R]?-LHB(QJ/T'L)I"IM,(’DR_,.l?

1
S Hpjn - f]nHMn#Pn + ||f]nHanSOn + 57

2
<1+ —.
n

([

We are now able to give the details of the construction of Example 1.10.
By Lemma 5.3, PJ' converges weakly to P; in H?(M, e %) such that

1Pjllare <1

and
Pj=( lim_af)(z—p)’ +O((z —p)’™).

n—+o0o
In particular, the limit lim, o a} gives optimal coefficients for P;. It
follows that || P;|[a,, = 1 and P; is an orthonormal basis for H2(M, e~ %) by
Lemma 5.1.

oo

Let f € H>(M,e %) and € > 0. We can express f as f = ZAij.
j=0

For N large enough,

N
€
N 4,P; - =
||j_0 347 fHM,so<2

For n large enough, we get finally

N
1Y AP = fllarg < e
=0

6. PROOF OF THEOREM 1.11

Proof of Theorem 1.11. The proof relies on [11], Chapter I, section 3. We
reason by contradiction.

Let T be a circle as in Figure 1. Then there exists a positive constant C'
such that dypo(z) > C|z—1|? for all z € T'. Choose a function f € H%(Q,e™¥)
which does not extend holomorphically to the inside of the small circle. (One
can first choose any nontrivial holomorphic function in the H?(£2, e=¥). Pick
a suitable point p inside the inner circle and observe that % is still in the
H? space.)

Assume that there exists a sequence of polynomials P, so that || f — Py||q,,
tends to 0 as n tends to +00. We obtain a contradiction by showing that f
extends analytically in the interior of I" so in the hole (see Figure 1), which
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FIGURE 1. A general moon-shaped domain including the
curve I' passing through the multiple boundary point Q).

is impossible.
For each w € T'\ {Q}, by the mean value property for subharmonic func-
tions, we get for any n,m € N,

1
Paw) = Praw) < o | 1Pa(2) = Pa(2)%dA,
™ ag(w) B(w,daq (w))
(6.1) _720 / |Po(2) — Po(2)2e @) a),
Tdao (W) JB(w,dsg(w))
C
6.2 L ||Pu(2) = Pu(2)3 .,
(6.2 < 1P~ Pl

where we have used in (6.1) the fact that ¢ is bounded above in Q with C
a positive constant. Because dyo(z) > C|z — 12 by assumption, we obtain
from (6.2) and for each w € I' \ {Q},

doo(w) V'
[(w = 1)*(Po(w) — Ppn(w))| < O Jrdog(w) [ Pn(2) = Pn(2) 0,0

(6.3) < C'||Pa(2) = Pr(2)ll e

where C' > 0. The inequality (6.3) holds for each point w € T' so in the
interior of I'. Hence, the sequence ((z — 1)?P,) converges uniformly in the
interior of " to (2 — 1)2f.
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