N
N

N

HAL

open science

Extreme quantile regression in a proportional tail

framework

Benjamin Bobbia, Clément Dombry, Davit Varron

» To cite this version:

Benjamin Bobbia, Clément Dombry, Davit Varron. Extreme quantile regression in a proportional tail
framework. Transactions of A. Razmadze Mathematical Institute, In press. hal-03207692

HAL Id: hal-03207692
https://hal.science/hal-03207692

Submitted on 26 Apr 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03207692
https://hal.archives-ouvertes.fr

Extreme quantile regression in a proportional
tail framework.

Benjamin Bobbia*, Clément Dombry*, Davit Varron*

Abstract

The model of heteroscedastic extremes initially introduced by Ein-
mahl et al. (JRSSB, 2016) describes the evolution of a non stationary
sequence whose extremes evolve over time. We revisit this model and
adapt it into a general extreme quantile regression framework. We pro-
vide estimates for the extreme value index and the integrated skedasis
function and prove their joint asymptotic normality. Our results are
quite similar to those developed for heteroscedastic extremes but with
a different proof approach emphasizing coupling arguments. We also
propose a pointwise estimator of the skedasis function and a Weissman
estimator of conditional extreme quantiles and prove the asymptotic
normality of both estimators.

1 Introduction and main results

1.1 Framework

One of the main goals of extreme value theory is to propose estimators of
extreme quantiles: given an i.i.d. sample Y7, ..., Y, with distribution F', one
wants to estimate the quantile of order 1—q, defined as q(«,) := F* (1—ay,),
with a,, = 0 as n — oo and

FT(u):=inf{z e R: F(x) > u}, ue€ (0,1)

denotes the quantile function. The extreme regime corresponds to the case
when «,, < 1/n in which case extrapolation beyond the sample maximum is
needed. Considering an application in hydrology, these mathematical prob-
lems correspond to the following situation: given a record over n = 50 years
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of the level of a river, can we estimate the 100-year return level 7 The answer
to this question is provided by the univariate extreme value theory and we
refer to the monographs by Coles [6], Beirlant et al. [2] or de Haan and
Ferreira [§] for a general background.

In many situations, auxiliary information is available and represented
by a covariate X taking values in R? and, given z € R? one wants to
estimate ¢(«,|z), the conditional (1 — ay,)-quantile of Y with respect to some
given values of the covariate X = x. This is an extreme quantile regression
problem. Recent advances in extreme quantile regression include the works
by Chernozhukov [5], EIl Methni et al. [13] or Daouia et al. [7].

In this paper we develop the proportional tail framework for extreme
quantile regression. It is an adaptation of the heteroscedastic extremes de-
veloped by Einmahl et al. [12], where the authors propose a model for the
extremes of independent but non stationary observations whose distribution
evolves over time, a model which can be viewed as a regression framework
with time as covariate and deterministic design with uniformly distributed
observation times 1/n,2/n,...,1. In our setting, the covariate X takes val-
ues in R? and is random with arbitrary distribution. The main assumption,
directly adapted from Einmmahl et al. [12], is the so called proportional
tail assumption formulated in Equation and stating that the conditional
tail function of Y given X = z is asymptotically proportional to the uncon-
ditional tail. The proportionality factor is given by the so called skedasis
function o(x) that accounts for the dependency of the extremes of Y with
respect to the covariate X. Furthermore, as it is standard in extreme value
theory, the unconditional distribution of Y is assumed to be regularly vary-
ing. Together with the proportional tail assumption, this implies that all the
conditional distributions are regularly varying with the same extreme value
index. Hence the proportional tail framework appears suitable for modeling
covariate dependent extremes where the extreme value index is constant but
the scale parameter depends on the covariate X in a non parametric way
related to the skedasis function o(x). Note that this framework is also con-
sidered by Gardes [I4] for the purpose of estimation of the extreme value
index.

Our main results are presented in the following subsections. Section
considers the estimation of the extreme value index and integrated skedasis
function in the proportional tail model and our results of asymptotic nor-
mality are similar to those in Einmahl et al. [9] but with a different proof
emphasizing coupling arguments. Section [1.3] considers pointwise estimation
of the skedasis function and conditional extreme quantile estimation with
Weissman estimators and state their asymptotic normality. Section [2] devel-
ops some coupling arguments used in the proofs of the main theorems, proofs



gathered in Section [3] Finally, an appendix states a technical lemma and its
proof.

1.2 The proportional tail model

Let (X,Y) be a generic random couple taking values in R? x R. Define the
conditional cumulative distribution function of Y given X = x by

F.(y) =P <y|X =2), yc R, v € R%
The main assumption of the proportional tail model is

1—F, . .
7}5201_—]?08)) = o(x) uniformly in x € RY, (1)
where F is some baseline distribution function and where o is the so-called
skedasis function following the terminology introduced in [I2]. By integra-
tion, the unconditional distribution F' of Y satisfies

i —1—F(y) = o(x T
SRy _/Rd (2)Px(dw)

We can hence suppose without loss of generality that F' = F° and that
f odP X = 1.

We also make the assumption that F'is of 1/~-regular variation
1= F(y) =y "Uy), y €R,

with ¢ slowly varying at infinity. Together with the proportional tail condition
with F' = FY, this implies that F), is also of 1/v-regular variation for each
x € R This is a strong consequence of the model assumptions. In this
model, the extremes are driven by two parameters: the common extreme
value index v > 0 and the skedasis function o(-). Following [12], we consider
the usual ratio estimator (see, e.g., [16, p. 198]) for v and we propose a
non-parametric estimator of the integrated (or cumulative) skedasis function

C(x) = /{ < }o(u)PX(du), z € RY,

where u < x stands for the componentwise comparison of vectors. Note that
- putting aside the case where X is discrete - the function C' is easier to
estimate than o, in the same way that a cumulative distribution function
is easier to estimate than a density function. Estimation of C' is useful to



derive tests while estimation of o will be considered later on for the purpose
of extreme quantile estimation.

Let (X;,Yi)1<i<n be i.i.d copies of (X,Y). The estimators are built with
observations (X;,Y;) for which Y; exceeds a high threshold y,,. Note that, in
this article, (y,,)nen can be deterministic or data driven. For the purpose of
asymptotics, y, depends on the sample size n > 1 in a way such that

y, —+ oo and N, — oo in probability,

with N, = >, 1jy,5y 1 the (possibly random) number of exceedances.
The extreme value index v > 0 is estimated by the ratio estimator

) 1 < Y;
Y 1= m;log (y—n) Tivisy.y-

The integrated skedasis function C' can be estimated by the following empir-
ical pseudo distribution function

~

1 n
Culz) = 5~ D Aoy, xi<a), T € R
" oi=1

When Y is continuous and y,, := Y, k... is the (k, + 1)-th highest order
statistic, then NN,, = k and #,, coincides with the usual Hill estimator. R
Our first result addresses the joint asymptotic normality of 4,, and C,,,

namely
- <Cn(;) - C(‘)) 2wy, (2)
Tn — 7

where W is a Gaussian Borel probability measure on L*®(R?) x R, and
v, — 00 is a deterministic rate. To prove the asymptotic normality, the
threshold y,, must scale suitably with respect to the rates of convergence in
the proportional tail and domain of attraction conditions. More precisely,
we assume the existence of a positive function A converging to zero and such
that, as y — oo,

w0 (1)) W
el 0 (4 () g

with F(y) := 1 — F(y) and F,(y) := 1 — F,(y). Our main result can then
be stated as follows. At the reading of the present article, the reader shall
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probably notice that the domain {z > 1/2} in can be replaced by any
domain {z > ¢} for some ¢ €]0, 1[.

Theorem 1.1. Assume that assumptions and hold and that yn/yn —
1 in probability for some deterministic sequence vy, such that p, := F(y,)
satisfies

pn— 0, np, =00 and ap, “A(1/pn) = 0 for some e > 0.

Then, the asymptotic normality holds with
Uy = A/np, and wZ (ﬁ) ,

with B a C-Brownian bridge on RY and N a centered Gaussian random
variable with variance v* and independent of B.

By C-Brownian bridge, we here mean a centered Gaussian process on R?
with covariance function

cov(B(z), B(z')) = /R el e dC — C)C),

Remark: Theorem extends Theorem 2.1 of Einmhal et al. [I2] in two
directions: first, it states that their estimators and theoretical results have
natural counterparts in the framework of proportional tails. We also could go
past their univariate dependency i/n — o(i/n) to a multivariate dependecy
r — o(z), * € R% Second, it shows that general data-driven thresholds
can be used. Those extensions come at the price of a slightly more stringent
condition upon the bias control. Indeed, their condition vk, A(n/k,) — 0
corresponds to our condition \/np, TA(1/p,) — 0 with ¢ = 0. We be-
lieve that this loss is small in regard to the gain on the pratical side: the
threshold y,, in (9, C’n) can be data-driven. Take for example y,, := Y, .n,
which is equivalent in probability to vy, := F* (1 — k,/n) is k, — c0. As a
consequence, Theorem holds for this choice of y,, if

k, — o0, k—" — 0, and \/anEA <£) — 0.
n n

An example where (3) and hold:

The reader might wonder if a model imposing (3f) and ({4]) is not too restrictive
for modeling. First, note that condition has been well studied as the
second order condition holding uniformly over intervals (see, e.g., 8, p. 383,
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Section B.3|,[1],|I1]). A generic example of regression model where and
hold is as follows: take a c.d.f H fulfilling the second order heavy tail
condition (4] on any domain {z > ¢}. Then assume that the laws of Y | X =
x obey a location scale model in the sense that

rat) = (U5,

for some functions p(-) and A(-) that are uniformly bounded on R?. Then,
since 1 — A(z)p(x)/y — 1 uniformly in = as y — oo, condition (4] entails

Is;lﬂg m - 1’ =0O(A(1/H(y)), as y — oc.

Integrating in = gives H(y) = 0F (y) as y — oo for some # > 0, which yields
(3) with the choice of o(-) := OA(-)'/7.

1.3 Extreme quantile regression

In this subsection, we restrict ourselves to the case where y,, is deterministic
i.e. y, =y, according to the notations of Theorem [I.1, We now address the
estimation of extreme conditional quantiles in the proportional tail model,
namely

qlan|z) == F (1 = ay),

for some z € R? that will be fixed once for all in this section, and for a
sequence a,, = O(1/n). To that aim, we shall borrow the heuristics behind
the Weissman estimator [19], for which we here write a short reminder. It is
known that F € D(G,) is equivalent to

Ultz)

tliglo 0 =27, for each z > 0,

Since U is

with U(t) = F<(1 — 1/t), t > 1. Recall that p, = F(y,).
= F(1—a,)is

of y-regular variation, the unconditional quantile g(a,) :
approximated by

d(an) = U(l/m% ~ 1 (2—) ,

leading to the Weissman-type quantile estimator

A :Yn
X o Pn
Q(an) = UYn (an) .
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Where p,, := % > i1 Liy,5y,y is the empirical counterpart of pj,.
Now going back to quantile regression in the proportional tail model, it
is readily verified that assumption implies

q(anlx)f\/q(%

This immediately leads to the plug-in estimator

where 6,,(x) denotes a consistent estimator of o(x).

In the following, we propose a kernel estimator of o(z) and prove its
asymptotic normality before deriving the asymptotic normality of the ex-
treme conditional quantile estimator ¢(ay,|z). The proportional tail assump-

tion implies

) as n — 0.

o(z) = lim Falyn)
@)=, Flyn)

We propose the simplest kernel estimator with bandwidth A, > 0

>t Le—xi<hnt Livisyay
> im Lje—xi|<hn)

as an estimator of F',(y,), while the denominator is estimated by p,. Com-
bining the two estimators yields

on(7) ==n > iz Lo Xil<h} Lvisyn) :
Zi:l ]l{|$*X¢|<hn} Zi:l ]1{Yi>yn}

Our next result states the asymptotic normality of &,(z). The more
general case of a random threshold is left for future works.

Theorem 1.2. Take the notations of Theorem[I.1], and let h,, — 0 be deter-
ministic and positive. Assume that

npnh? — 0o,  \/np,hiA(1/p,) — 0.

Assume that the law of X is continuous on a neighborhood of x. Also assume
that o is continuous and positive on a neighborhood of x € RY, and that
some version [ of the density of X also shares those properties. Then, under
assumption (3), we have

\/m<6n(x) — cr(x)) LN (O, %) :




The asymptotic normality of the extreme quantile estimate §(«, | x) is
deduced from the asymptotic normality of 4, and &, (z) stated respectively
in Theorem and [[.2] This is stated in our next theorem, which has
to be seen as the counterpart of [8 p.138, Theorem 4.3.8| for conditional
extreme quantiles. Also see [16, p. 170, Theorem 9.8 for a similar result
when log(p,/ay,) — d € R.

Theorem 1.3. Under assumptions of Theorems cmd if /hdlog(pn/an) —

oo we have

vV npy (é(an|x)> < 2
lo —— N (0,77%) .
a(p /o) Latariz)) 7 A O

The condition /hd log(p,/a,) requires the bandwidth to be of larger or-

der than 1/log(p,/a,) so that the error in the estimation of o(x) is negligible.
As a consequence of Theorem [1.3] the consistency

ACTLNSY
q(an|z)
That condition seems to state a limit for the extrapolation: «, cannot be
too small or one might lose consistency.

2 A coupling approach

We will first prove Theorem when y,, is deterministic (i.e y, = y,). In
this case N, is binomial (n,p,). Moreover N,,/np, — 1 in probability since
np, — 00.

A simple calculus shows that entails, for each A Borel and ¢ > 1:

Y oo
P(— Zt,XEA‘YZy) —>/ /y‘lma(x)dyPX(dx), asy — 0o,
¢ Ja

y
(5)
defining a "limit model" for (X,Y/y), the law

Q = o(z)Px ® Pareto(1/7)

with independent marginals. Fix n > 1. Using the heuristic of , we shall
build an explicit coupling between (X, Y/y,) and the limit model @. Define
the conditional tail quantile function as U,(t) := F;7 (1 —1/t) and recall that
the total variation distance between two Borel probability measures on R? is
defined as

|PL — B|| := sup |Pi(B) — P(B)].
B Borel

This distance is closely related with the notion of optimal coupling de-
tailed in [I5]. The following fundamental result is due to Dobrushin [10].
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Lemma 2.1 (Dobrushin, 1970). For two probability measures Py and Py de-
fined on the same measurable space, there exist two random variables (Vi, V)
on a probability set (Q, A, P) such that

Vi~ P, Vo~ Py and ||Py— Pof| = B(Vi £ V).
This lemma will be a crucial tool of our coupling construction, which is
described as follows.

Coupling construction: Fix n > 1. Let (E;,)i1<i<, be i.i.d. Bernoulli
random variables with P(E;,, = 1) = F(y,) and (Z;)1<i<p i.i.d. with distri-
bution Pareto(1) and independent from (Ej;,)1<i<n-

For each 1 < ¢ < n construct (XZ - Ym, X}, Y5,) as follows.

» If £;,, =1, then

> Take Xi, ~ Pxjy>y., X/, ~ o(x)Px(dz) on the same probabil-
ity space, satisfying P(X;, # X)) = IPxjysy, — o(x)Px(dz)||.
Their existence is guaranteed by Lemma [2.1}

> Set }/;m = UXz,n(W) Y* = ynZQ/
» If E;,, =0, then

> Randomly generate (X’in, Y; n) ~ Pxyvyv<y,-

> Randomly generate (X7,,Y;,/yn) ~ o(z)Px(dz) ® Pareto(1/7).

The following proposition states the properties of our coupling construction,
which will play an essential role in our proof of Theorem [I.1]

Proposition 2.2. For each n > 1, the coupling (XM,YM,Xjn,Y;*n)lgiSn
has the following properties:

1. (Xm,Ym)1<Z<n has the same law as (X;,Yi)1<i<n-

3. (X* Y* )195” and (Ejy)1<i<n are independent. Moreover, (Y7, )1<i<n

7,M) ,n

are i.1.d, and independent from (Xm,X* ).
4. There exists M > 0 such that

Y*

max |=— —1| < MA(1/p,) and (6)
By | i

P (Kin # Xl Bia = 1) < MA(1/p0), (7)

where A is given by assumptions and .

9



Proof. To prove Point 1, it is sufficient to see that
LR Vi) [ Bin = 1) = LYY > ).

Since U,(z/(1 — Fy(y))) < y if and only if 1 — (1 — Fy(yn))/2 < F.(y) we
have, for y > y,:

> dz
L CAC S S O E )
1

e dz
= | Lo-0-Rw)/<he) 3
1

/1 " dt
= t<Fy P —

Fulyn) L — Fo(yn) L= Fo(yn)

with the second equality given by the change of variable t = 1—(1—F,(y,))/=.
We can deduce from this computation that, for a Borel set B and y > y,,,

~ Z
P (len € B, UXl,n <T(y)) <y El,n = 1)
Xl,n n

o dz
= / / 11{Uz(z/(1sz(yn))>§y};dPX|Y>yn(if)
zeB J1

:/ Fuo(y) — Folyn)
r€B 1- Fz(yn)

APx|y >y, (7)

:/ P(Y < y|Y >y, X = 2)dPx|ysy, (2)
r€EB
=P(X € B,Y <y|Y >y,).

This proves Point 1. Points 2 and 3 are immediate.
Point 4 will be proved with the two following lemmas.

Lemma 2.3. Under conditions (@ and , we have

(i) -0 o) v

Proof. According to assumptions and , there exists a constant M such
that

sup sup
2>1/2 z€RP

F, 1
& — 1' <MA <—) , uniformly in z € R?, and

o(x)F(y) F(y)
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1
F(y)

F’(z_y)
FIEG)

From the definition of U, we have

) , uniformly in z > 1/2. (8)

e

Udlely) = Fi (1-22)
= infJweR: F(w)>

= infJwelk: zF“””(w Sl}

H,_/

Hence for any w~ < w™ one has:

Fx( ) Fgc(w_) 2
F<><“”Em>j%(ﬂ@

Now write e(y) := MA(1/F(y)) and choose w* := 27y (1 & 4ve(y)), so that
one can write

Folw™) _ zﬂ(x)F(W‘)(lfe(y))
Fu(y) o(x) F(y)(1+e(y))

4;ﬁﬁ;Fuwu—4w@»> y
S A P01 = ) (70— 1) o
ey (L—dye(y) /7.

A similar computation gives

Jelwwl. O

z

(AVAR VARV

Fuw?) _ (Lt e(y))?
As a consequence the condition before "=" in @D holds if

1 1 — 2\ 7 1 2\ 7
o (e R (U1 S
€(y) 1+ €(y) 1—e(y)
But a Taylor expansion of the right hand side shows that it is 3y+o0(1) as y —
oo. This concludes the proof of Lemma [2.3] O

(1+ dvye(y)) .

Applying Lemma 2.3| with z := Z; and y := y,, gives

Yin
|

7 O (A(1/pn))

max
By =1

Now by construction of (X, X{,) when Ey, =1, we see that is a
consequence of the following lemma.
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Lemma 2.4. Under conditions (@ and , we have

1Py = o@Px(dol] =0 (4 (7)) asy s o

Proof. For B € R¢, we have
|P(X € BlY >y) — /Ba(aﬁ)PX(da:)]

fB (y)PX ) N T T
: | otaPx(an

F(y)
< /B o(x)| P (da)

Fu(y)
<(e(at)-

F(y)

]
This prooves and hence concludes the proof of Proposition 2.2
UJ
3 Proofs
3.1 Proof of Theorem [1.1]
Change of notation: Since, for each n the law of (XZ Y n)iz1..n 1S P}e}fly,

we shall confound them with (X;,Y;);=1.. . to unburden notatlons

-----

3.1.1 Proof when y, =y, is deterministic

Fix 0 < e < 3and 0 < 8 < £/(2y). We consider the empirical process

defined for every z € R? and y > 1/2 as

Gu(z,y) := V/npn(Fo(z,y) — F(x,y)), with
IF (33 y Z]I{X <:Jc}]1{Y/yn>y}Ezn7 and

Fz,y) = C(z)V3(y) = Q (] = 00, 2] x]y, +o0[),

where V,(y) := y~/7 for y > 1 and V,(y) := 1 otherwise.
Note that neither F nor any realisation of F,, is a cumulative distribution

12



function in the strict sense, since they are decreasing in y. Their roles should
however be seen as the same as for c.d.f. Now denote by L>#(R? x [1/2, co])
the (closed) subspace of L>°(R? x [1/2,00[) of all f satisfying

[ fllocs == sup  |y”f(a,y)] < oo,
z€R y>1/2
f(oo,y) == lim f(z,y) exists for each y > 1,

{y— f(oc0,y)} is Cadlag (see e.g. [4] p. 121).

Simple arguments show that G,, takes values in L># (R4 x [1/2, o0).
First note that C,, — C and #,, — v are images of G,, by the following map ¢.

o: L®P(RYx[1/2,00]) — L*®(RY) xR
/ = ({z = @D} [Ty oo y)dy) -

and remark that ¢ is continuous since § > 0. By the continuous mapping
theorem, we hence see that Theorem will be a consequence of

Gn 5 W in LF(R? x [1/2, 0]), (10)

where W is the centered Gaussian process with covariance function

cov(W(z1,91), W(@2,32)) = ClaiAz2) Vs (y1)AV;(y2) —C1) Ca2) Vs (y1) V5 (112),

and where x1 A x5 is understood componentwise.

The proof is divided into two steps. In step 1 we prove for the counter-
part of G, that is built on the @ sample (X}, Y}’ )i<i<n. Our proof relies
on standard argument from empirical processes. In step 2 we use the cou-
pling properties of Proposition to deduce for the original sample
(X, Yi)i<icn-

Step 1: Define

F(z,y) == _ZE{X*@}H{Y* fynsiyBin © ER?, y > 1/2.

The following proposition is a Donsker theorem in weighted topology for
G;, = /1pa(F;, — ).
Proposition 3.1. If (@ and hold, then

G —>W in LP (R x [1/4, 00]).

13



Proof. Write 0,(A) =1if z € A and 0 otherwise.
Since (X}, Y, )1<i<n is independent of (E;,)1<i<n, Lemma entails the

,n) N

following equality in laws

>0, ) Z‘% * )

,Mn yn

where v(n) ~ B(n, p,) is independent of (X* Y Vi<i<n-

7,M7? ,n

Since (X,,Y;%/yn) ~ @ and since v(n) 5 o0, v(n)/np, 5 1 and v(n)
independent of (X, Y}, )i<i<n, we see that G, 4 W will be a consequence
of

Vk (% Zn{Uig,m,} ~F(, .)) oo W in L=P (R x [1/4, 00]),

where the (U;, V;) are i.i.d. with distribution (). Now consider the following
class of functions on R¢ x [1/4, oo

Fp = {fxy (u,v) = yﬁ]l( so,2] (W) Ljy.00f(V), € RY y > 1/4}.
Using the isometry:
L¥F(RY x [1/4,00[) — L>(Fs)
g = {¥: foy,—g(z,y)},

it is enough to prove that the abstract empirical process indexed by Fjp
converges weakly to the ()- Brownian bridge indexed by Fj3. In other words,
we need to verify that Fj3 is ()-Donsker. This property can be deduced from
two remarks:

1. Fs is a VC-subgraph class of function (see, e.g, Van der Vaart and
Wellner [18], p.141). To see this, note that

Fs C {fm,z C(u,v) = 21 Lo p) (1) 1y oo (V), 2 € R% s € [1/4,00], 2z € ]R}

which is a VC-subgraph class: the subgraph of each of its members is
an hypercube of R%+2,

2. Fp has a square integrable envelope F'. This is proved by noting that
for fixed (u,v) € R? x [1/4, .

F%(u,v) =  sup yzﬁﬂ[oyx](u)]l]y,oo[(v) =?f
z€RL y>1/4
as a consequence F? is Q-integrable since 8 < (2)7'.
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This concludes the proof of Proposition [3.1] O

Step 2: We show here that the two empirical processes G,, and G} must
have the same weak limit, by proving the next proposition.

Proposition 3.2. Under Assumptions (@ and , we have

sup Y7\ /npa|Fi(z,y) — Fo(z,y)| = op(1).

z€RY, y>1/2

Proof. Adding and subtracting
F? - En j E
n(Ty) = Fn £ ]l{Xisf}]l{iQTn/ypy} in

in |F,(z,y) — F!(z,y)|, the triangle inequality entails, almost surely
=[Fn (96 y) = Fi(2,y) + Fi(z,y) = F,(2,9)]
<_ 1 oy — Lixs <oy | pvr Ein
Z| xizet — Lixg, <ol {2, ) o

Yn

R Ly Bz

Sm;]l{X#X{n}]l{y;n>y}Ei,n + Nin;|]l{ﬁ>y} - ]l{’;i}l>y}|Ei,n'

Yn

Let us first focus on the first term. Notice that

sup y‘ﬁZ]l{xﬁ(* }11{ >y}Ei,n

z€RL, y>1/2
= sup ¥
y>1/2

Yn

ZIL{X #X7, }]l{y* >y}Ei,n

B = n
S sup yNﬂ max 1 Y E”L Z]I{X-;éX.* }Ezn
=i (G} | AR

Now notice that

sup  max v 1 vio \Bin = Inax - sup Y1, vz, fun () B
y>1/2 i=Leon { un >y} = y>1/2
« \ B
= max (Y ) E;,.
i=1,...,n \ Yn ’

15



By independence between E; , and Y7, /Yn, Lemma in the Appendix gives

(Y@)ﬂ P (m)ﬁ
max (—— | F;, = max
i=1,..,n \ UYn i=1,...,v(n) Yn

where Y /y, in the right hand side have a Pareto(1/v) distribution, whence
v\
1max (—) Ein = Op(v(n)*) = Op((npa)™). (11)
1=1,...,n yn

Moreover, writing A,, := A(1/p,) one has

E (Z ]l{Xi;«éXZ7L}Ei,n) = nppAn,
im1

which entails
1

npnAn

D Lpxxsy Bin = Os(1). (12)
i=1
As a consequence

NPn

1z

Y \? "
’ ) Ei, Zﬂ{xi;&x;n}E@n
i1

Yn

n Y* B 1 n
- %zirll,a}fn ( Zm) Ei,n ( ;1{X1¢X;n}El,n> \/TLpnAn

yn npnAn i

= Op(1)Op((npn)?")Op(1)\/npn Ay, by and

= op(1), by assumption of Theorem and since By < g

Let us now focus on the convergence

Ein 0.

1 n
sup  y” V1Pn FZ
"i=1

z€RL, y>1/2

Lo T )

Yn

We deduce from Proposition [2.2] that, almost surely, writing ¢, := MA,,:

Y; Yin Y;
(1 - 6n)_Ei,n S _,Ei,n S (1 + Gn)_Ei,n‘

Which entails, almost surely, for all y > 1:

;;LHZ(l'f'en)y Yn — %2(1_5n)y

Eiyn]l{y_* } < Ei,nﬂ{ﬁ>y < E@n]l{Y* }’

16



implying

1,v, — 1y
we>u) { LIy

This entails

Ei,n

B 1 _
sup Y’ \/Npn~— 1 1
zERL, y>1/2 N"z‘;l { v} { un >y}

< sup P ymp, |y (00, (1= en)y) — Fr (00, (1+ €n)y)|.

T€RL, y>1/2

Consequently we have, adding and substracting expectations:

sup npn Ei,
zeRY, yzl/z Sen T ">y}‘
< swp (@;z (- ) (0 )| (13)
2€Rd, y>1/2
VP sup PV = €)y) = VA (L + €n)y)), (14)
y>1

where we wrote G*(y) := G*(co, ).
We will first prove that converges to 0. For, y > 1 we can bound
v (Vo (1 = en)y) = Vo (1 + €)y))
<y’ |1 = (L + €)y) L {a—cnyy<y
+y7 (1= e)y) ™7 = (L +)y) ™ La-cpyz1- (15)

In the first term of the right hand side we can write, since (1 —¢,)y < 1,

vl = (L + An)y) e ety
<Yy — (14 AT ey
<y = 6) VT = (14 A) Y L ey<ny
<4y 'e,, since B —1/y < 0.
The second term of is bounded by similar arguments, from where:
NPn sup yf8|V7((1 - Gn)y) - V’Y((l + En)y)l
zE€RY, y>1/2

< 8y ' M /np, A,

17



which converges in probability to 0 by assumptions of Theorem [I.1]

We will now prove that converges to zero in probability. By Proposition
the continuous mapping theorem together with the Portmanteau theorem
entail:

y=1/2,6<p

Ve > 0,Vp >0, lim P ( sup 3P IGE((1 = 0)y) — GE((1+ )y)| > 6)

y>1/2,6<p

SP( sup yﬂﬁma—aw»—ﬁmu+5wﬂ26>,

where W (y) := W (o0, ) is the centered Gaussian process with covariance
function

cov(W (y1), W(y2)) = Vo (1) A Vi (y2) = V() Va(y2), (1,92) € [1/4, 00

With Proposition together with the continuous mapping theorem, we
see that the proof of Proposition [3.2] will be concluded if we establish the
following lemma.

Lemma 3.3. We have
sup  y*|W((1 = 8)y) — W((1 + 8)y)| — 0.

y>1/2,6<p p—0

Proof. Let By be the standard Brownian bridge with By identically zero on
[1,00[). W has the same law as {y — Bo(y~/7)} (see [I7], p. 99), from
where

sup  y [W((1—0)y) — W((L+0)y)l

y>1/2,6<p
Z _ _
= Y [Bo(((1 = 8)y)~/7) = Bo(((1+ d)y) /)]
y21/2,6<p
< sup  y~ 7 [Bo((1 —6)"/7y) — Bo((1 +6)/7y)|, almost surely.
0<y<2,6<p

Since vy < 1/2 the process By is a.s-f-Holder continuous on [0, +00[. Con-
sequently, for an a.s finite random variable H one has with probability one:

sup  y~ P [Bo((1 —6)~"7y) — Bo((1 + )y

0<y<2,6<p
< sup y (1 —p)TVT = (14 p) Py H
0<y<2
= [20=p) V" =21+ p) P H
= (45)57}]'
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The preceding lemma concludes the proof of Proposition [3.2] which, com-
bined with Proposition (3.1)), proves . This concludes the proof of The-
orem [I.1 when y,, = y,. O

3.1.2 Proof of Theorem [1.1] in the general case.

We now drop the assumption y, = v, and we relax it to y” % 1 to achieve
the proof of Theorem [I.1] in its full generality. We shall use the results of

| Define

v 1
F(z,y) = —Z]l{x <o} Ly, /y,>yy and

ZH{Y >yn} =1

V

Vv
Gule9) = v (Fulis) i)
Now write u, := ¥*. From , we know that

yn
v g
(Gn,un> 4 (W, 1) in Dx]0, +-00[, where D := L®?(R? x [1/2, 00[).

Moreover, as pointed out in Lemma W almost surely belongs to

|QO(ZE, y) — QO(ZE, y/)l
Do =< pc LR x [1/2,00[), sup <00 .
{ 2€R4 y,y' >1/2 |y - y,|,87

Consider the followings maps (g, )nen and g from D to L=#(R9 x [1, 00])

F(.,u.)+ ip (., u.)
Gn : (p,u) — \/np, ( Foo,u) & FZ(OO " —F(.,.)) , and
\/7 )

g: (g, u) —ul/? ((p(.,u.) — (o0, u)F(., ))

Notice that G, = gn(((v}n,un) and g(W,1) = W. The achievement of the
proof of Theorem [I.1] hence boils down to making use of the extended con-
tinuous mapping theorem (see, e.g Theorem 1.11.1 p. 67 in [I8]) which is
applicable to the sequence (g,,G,) provided that we establish the following
lemma

Lemma 3.4. For any sequence v, of elements of D that converges to some
¢ € Dy, and for any sequence w, — 1 one has g,(¢n,un) — g(p,1) in
L®A(R? x [1,00[). Here, convergence in L=?(R? x [1,00[) is understood as
with respect to || - ||, the restriction of || - ||es to R? x [1, 00].
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Proof. For fixed (z,y) € R? x [1/2,00[ and n > 1, we have, writing ¢, :=
(np,) /2

|Gn (s un) (2, y) — g(p, 1) (2, y)|
1 (IF(x, UnY) + tnon(x, uny)
tn \ F(oo,u,) + thpn(0o, uy,)

=) = (plo) — ot E ).

Now elementary algebra using F(x, yu,)/F (oo, u,) = F(z,y) shows that
F('I? Uny) + tn(,On (Ia uny)

—F
F (o0, uy,) + thpn (0o, uy) (@.y)

1+tn‘pn($vuny)
= F(z,y) % 1
1+t Pn (00, Un

" F(oco,un)

= F(z,y) ((1 - tnw> (1 — tup/ pn(00, un) (1 + €,)) (1 + O, (2, y)) — 1)

F(z, uny)
=F(z,y) (tn (% — ul 7, (00, un)> + R, (z, y)) :

with ¢, — 0 a sequence of real numbers not depending upon z and y, and
with

(2, uny)

e (1+€,).

Rn(xu y) = tnui/7¢n(oo, Up)€n + (tnui/y)ngn(oo, un)

This implies that

”gn<90n7 Un) - g((pu 1)” S Bl,n + B2,n + B3,n + B4,n7

where the four terms B ,, ..., By, are detailed below and will be proved to
converge to zero as n — 0o.
First term

By =[uy o un.) — ()|
<y V(s i) = @l i) + 1 i) — (., )|
=" = L[| @n(, un )| + 11n (s tn) — (-, )|
<|up" = lpn (s un )| + 1@n (-, un.) — (-, un.)|
+ [l un) = @(50) |l
<Juy/” = Ul (e i) || + 1P| on (@, ) = @(2,9) 005
+ Hplu, — u|ﬁv,

n
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where H,, := sup{|ly — ¢'| ?"|¢o(z,y) — o(x,9)|,z € RY,y,y’ > 1/2} is finite
since ¢ € Dg. The first two terms converge to 0 since v, — 1 and ¢, — ¢
in D. The third term converges to zero since H,, is finite.

Second term

By = (0 (00, un) — (00, 1)) |
< (lu/"pn(00, n) = (00, un)| + n (00, un) — (00, 1)])||F].

But ||F|| is finite since Sy < ¢ < 1/2, from where By, — 0 by similar
arguments as those used for B ,.
Third term

Bsn 3=H“i/7<ﬂn(00aun)€nF|’ < !U}/”%(OQUM X yen’ X ”FH

Since ||F|| is finite, since |u71~/ Ton(00,u,)| is a converging sequence, and since
len] — 0, we deduce that B;,, — 0.
Fourth term

Bu 1= (1+ leal) || (620000, 100) ol )|

< (1 + |en|) ‘(tnu}/”)%pn(oo, Up,)

X |lpn (- un )

Since ¢, — ¢ in L=P(R? x [1/2, 00[), the same arguments as for By, entail
the convergence to zero of By,,. O

3.2 Proof of theorem [1.2

Let x € R?, which will be kept fixed in all this section. To prove the asymp-
totic normality of &, (z) we first establish the asymptotic normality of the
numerator and the denominator separately. Note that we don’t need to study
their joint asymptotic normality, because only the numerator will rule the
asymptotic normality of &, (z), as its rate of convergence is the slowest.

Proposition 3.5. Assume that (p,)n>1 and (hy,)n>1 both converge to 0 and
satisfy np,he — 0. We have

1 i LyiXi—al<hn,Yisyn} — P(|X1 — x| < h,,Y; > Yn) & N(O 1)

N NEOID -

(16)

. Z {IX;—a|<hn} (I o] < hn) ﬁj\/(o,1), and  (17)
Vnhi <= f(z)
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n

1
N > (Lyisyay — Dn) 4 N(0,1). (18)
=1

Proof. Note that is the central limit theorem for binomial(n,p,) se-
quences with p, — 0 and np,, — oo, while is the well known pointwise
asymptotic normality of the Parzen-Rosenblatt density estimator. The proof

of is a straghtforward use of the Lindeberg-Levy Theorem (see, e.g [3],
Theorem 27.2 p. 359). First define

L(X—al<hyisy,) — P(IXi — 2] < h,,Yi>y,)
Vnpahd/o(z) f(z)

and remark that E (Z;,,) = 0. Moreover we can write,

Zi,n =

E (Lyxi-al<hyiova)) = Jpem PO > ¥ulXi = 2) Px(d2)
Jo@m o()pnPx(dz)  (a)
~ o(@)f(@)pht, ()

where (a) is a consequence of the uniformity in assumption (3)), while equiv-
alence (b) holds by our assumptions upon the regularity of both f and o in
Theorem [1.2] We conclude that sup{|nVar (Z;,)—1|, i = 1,...,n} — 0. Note
that we can invoke the Lindeberg-Levy Theorem if for all € > 0, we have

Z / Z2, Px(dz) — 0.
{Z; n>e}

This convergence holds since the set {Z;,, > €} can be rewritten

Q

{|]1{|Xi—z|§hn,yi>yn} —P(Xi —z[ < hy, Y > y,)[ > 5\/0($)f($)\/npnhﬁ}7
which is empty when n is large enough, since np,h¢ — oo. This proves
(16). 0

Now, writing

i L xiena Ly,
5n($)zzn - szl (o= Xi|<hn} 2 {Yi>yn}

i=1 ]l{Y¢>yn} 2?11 1{|17X~;‘<hn}

9
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we have

B(X—a|<hn Y >y,) @ot
| T anZZn
on(z) = i X p——— , where
—z|<hn (z)
L+ /MPn ZZZ,H hd + nhg -z%Zi7n
1=

Z- ' ]l{|X —z|<hn} (|X — :E| <h )
i NGOG

7t Loy, —Pn
n ° npn °

, and

Now write
P(|X — 2| < hp, Y >y,)

on, (z) =
pnhi f ()
Since f is continuous and bounded away from zero on a neighbourhood of x
we have

. on, (2)f(2) (1 + €n) + %ﬁ?zzn
on(z) = 0 :
1 § f(l‘

1+ m;zz,n f(l')(l + 6"2) + ZZZTL

with |e,1] V |en2] = 0. Now a Taylor expansion of the denominator gives

1
a-n(x) = 1 n 4 <Jhn (l’) + np hdf ZZZ n)

1+\/TW;ZM

1
S

By similar arguments, remarking that (nh?)~! = 0<(npnh§ll)’1> we have, by

and (T9):

L 1 1
O-n(x) - 1 + ;izﬁy (O’hn(l') + npnhdf ZZzn +0]P’ (W)) .

V/NPn 1 LN
1=

Moreover, with one more Taylor expansion of the denominator, we have, by

(18),
A 1
o-n(aj) = O'hn<l') + npnhdf ZZzn + op ( npnhd)
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which entails

The asymptotic normality of 7, gives
i=1

(5o (z) — on, (7)) S o(z)
V(o) ~ on, o) 5 7 (0.55)).

The proof is achieved by noticing that assumption entails
Vnpnhilon, (z) — o(x)| = /npnhy
P(Y X € B(x,h
— /npihi Y >y,|X € B(z, hy))
PY >y,)
=0 (x/npnhfLA (1/pn)) — 0.

3.3 Proof of theorem 1.3

For sake of clarity, we first express conditions and in terms of the tail
quantile function U: we have, uniformly in z,

V(1) | U/
’U@(az)/an) 1‘ Oldn) and | T o)

where A,, ;= A(1/p,). Start the proof by splitting the quantity of interest
into four parts,

log (%) =log q(;’:‘ﬂf) (pnzz(x)y)

f@)hiP(Y >y,)

—o(z)

—o(x)

. 1‘ = O(4,),

A

- ) + i log (2—) + Au log (6 (x)) + 4n log (p—)

n n

=log (% (2—:)5 + (9 — ) log (Z—:>
: p




Moreover we can see that
Vn P\ U1/pn) (pn\’
1 L =1 n
°g<q<an|:c> (a)) Og(Uwu/an) o
U

Then, we write

n n ] n .
VP og (Q(O‘—m) = Qui + Qon + Qsn + Qun, with

Log(pa/etn) q(an|r)
@ =gty (e (52) )

QQ,n = npn(ﬁ/n - 7)7

Npn . D,
LA (]

B log (pn / Qnp, n

First, condition entails

Qe (gﬁ//iii (};—Z)W )
g (Ul on) (1))
VIPn 0

" 1og(pn/ )

Since a,, = o(p,), we see that log(p,/a,)™' — 0 together with \/np, A, — 0
entails that (), — 0.

Second, we know by Theorem [1.1] that Qs £ N(0,~%).
Now @3, is studied remarking that

log ( U1/ ) ~log <M) Hog (0_ 5 U(1/an) )—’ylog(a(x)).

U:(1/an) Up(1/an) “1U(o(x)/an)
Together with and , one has
Ul/am) \ _
o ({2722 ) = 01 -y 1og(o o).
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Consequently

_—\/n_pn _ VI Yn log(o,(x)) — vlog(o(x
Qs = oa o oy O + 1 L (om0 (2) — 7 log(o(2))).

Hence, the asymptotic behavior of @3, is ruled by that of 4, log(d,(x)) —
vlog(o(x)), which we split into

(A — 7) log(G,(x)) + vlog(d,(x)) — vlog(o(x)).
Now Theorem [I.1] entails that

log(6,(7))

log(pn/ozn) \/n_pn(:Yn - ’7) — 0.

Moreover Theorem [1.2] together with the delta-method show that

L (3 log(6, () 7 og(o(2)

log(pn/ou,
 /npuhd
V hgz 10g(pn/an)

Finally, using the notation introduced in the proof of Theorem [I.2] we have

log(pn/ ) Pn)  log(pn/om) N Z ’

=1

1 - 1
S e
log(pn/om) ; ’ : log(pn/am)

P
— 0,

(10g(6,(2)) — 7 log(a(x))) = 0.

which proves that @4, % 0 since An 5 7.

4 Appendix

Lemma 4.1. For fired n > 1, let (Y;)1<i<n be a sequence of i.i.d. random
variables taking values in (X, X). Let be E = (E;)1<i<, a n-uple of indepen-
dent Bernoulli random variables independent from Y;. Write

k
v(k) := ZEZ-, kE <n.
i=1
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Then we have o
> wE; = > oy, (19)
i=1 i=1

where the equality in law is understood as on the sigma algebra spanned by
all Borel positive functions on (X, X). Moreover if the (Y;) are almost surely
positive, then

max VB, Z max( )Yi. (20)
1=1,...,n i=1,...,v(n

Proof. Note that is exactly Khinchin’s equality (see [16, p. 307, (14.6)]).
We shall now prove . e € {0,1}", and let g be real measurable and
positive function. Since the variables (Y;);<;<, are i.i.d and independent
from E we have, for any given permutation o of 1, n],

<
=(

Z
(Y1, Yo) = V1, Yo)le=e = Yoy, o, Yom)) | B=e

by exchangeability. Now define o by

€; 1fez:1
o(k):={ =1 1<i<n.
n—> (1—ej)ife; =0
j=1

Write s(e) := > s(e;) for the total number of ones in (ey,...,e,). By con-
i=1

struction, the indices ¢ for which e; = 1 are mapped injectively to the set

of first indices [1, s(e)], while those for which e; = 0 are injectively mapped

into [s(e) + 1,n]. Since e has fixed and non random coordinates, we have

<
(}/1617 ceey Ynen)|E:e - (Ya(l)ela ceey Ya(n)en)|E:e‘

Hence
<
max Yie; |p—e = max Yie,
LN =

i=1,..., i=1,...,n

ILN

max Yo(i)€o(i)

IEN

max Yy a
i=1,...,s(e) ® ( )

max Y; (b)

i=1,...,s(e)

IEN

LN

max Y; ’E:e
i=1,...,s(e)

IEN

max Vi [mee,
i=1,...,s(
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where (a) holds because e,;) = 0 for i > s(e) by construction and the Y;

are a.s. positive, while (b) is obtained by noticing that F.(Y,(y, ..., Yom)) =

Z

F.(Yi,...,Y,) with

Fe: (Y1; 5 Yn) =  max y;.

Unconditioning upon E gives 0.
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