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Abstract In a Hilbertian framework, for the minimization of a general convex differentiable func-
tion f, we introduce new inertial dynamics and algorithms that generate trajectories and iterates
that converge fastly towards the minimizer of f with minimum norm. Our study is based on the
non-autonomous version of the Polyak heavy ball method, which, at time ¢, is associated with the
strongly convex function obtained by adding to f a Tikhonov regularization term with vanishing
coefficient ¢(t). In this dynamic, the damping coefficient is proportional to the square root of the
Tikhonov regularization parameter €(t). By adjusting the speed of convergence of ¢(t) towards zero,
we will obtain both rapid convergence towards the infimal value of f, and the strong convergence of
the trajectories towards the element of minimum norm of the set of minimizers of f. In particular,
we obtain an improved version of the dynamic of Su-Boyd-Candés for the accelerated gradient
method of Nesterov. This study naturally leads to corresponding first-order algorithms obtained
by temporal discretization. In the case of a proper lower semicontinuous and convex function f, we
study the proximal algorithms in detail, and show that they benefit from similar properties.

Keywords Accelerated gradient methods; convex optimization; damped inertial dynamics;
minimum norm solution; Nesterov accelerated gradient method; Tikhonov approximation.

AMS subject classification 37N40, 46N10, 49M30, 65B99, 65K05, 65K10, 90B50, 90C25.

1 Introduction

Throughout the paper, H is a real Hilbert space which is endowed with the scalar product (-,-),
with ||z||? = (z,z) for € H. We consider the convex minimization problem

min {f(z) : =€ H}, (1)

where f : H — R is a convex continuously differentiable function whose solution set S = argmin f is
nonempty. We aim at finding by rapid methods the element of minimum norm of S. As an original
aspect of our approach, we start from the Polyak heavy ball with friction dynamic for strongly
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convex functions, and then adapt it to treat the case of general convex functions. Recall that a
function f: % — R is said to be p-strongly convex for some p > 0 if f — 4| - |? is convex. In this
setting, we have the exponential convergence result:

Theorem 1 Suppose that f : H — R is a function of class C1 which is p-strongly convex for some
p>0. Let z(+) : [to, +o0[— H be a solution trajectory of

Z(t) + 2y/p(t) + Vf(z(t)) = 0. (2)
Then, the following property holds: f(x(t)) — miny f = O (67\/’7’5) as t — +oo.

Let us see how to take advantage of this fast convergence result, and how to adapt it to the case of
a general convex differentiable function f : H — R. The main idea is linked to Tikhonov’s method
of regularization. It consists in considering the corresponding non-autonomous dynamic which at
time ¢ is governed by the gradient of the strongly convex function f; : H — R

e(t
@) = £@) + D
Then replacing f by f¢ in (2), and noticing that f; is e(t)-strongly convex, we obtain the dynamic

(TRIGS)  i(t) + 6y/e(t)i(t) + Vf(z(t)) + e(t)z(t) = 0,

with § = 2. (TRIGS) stands shortly for Tikhonov regularization of inertial gradient systems. In
order not to asymptotically modify the equilibria, we suppose that e(t) — 0 as ¢ — 4oo. This
condition implies that (TRIGS) falls within the framework of the inertial gradient systems with
asymptotically vanishing damping. The importance of this class of inertial dynamics has been
highlighted by several recent studies [3], [5], [8], [10], [18], [28], [38], which make the link with the
accelerated gradient method of Nesterov [35,36].

1.1 Historical facts and related results

In relation to optimization algorithms, a rich literature has been devoted to the coupling of dynamic
gradient systems with Tikhonov regularization.

1.1.1 First-order gradient dynamics

For first-order gradient systems and subdifferential inclusions, the asymptotic hierarchical mini-
mization property which results from the introduction of a vanishing viscosity term in the dynamic
(in our context the Tikhonov approximation [39,40]) has been highlighted in a series of papers [2],
[4], [12], [14], [20], [30], [33]. In parallel way, there is a vast literature on convex descent algorithms
involving Tikhonov and more general penalty, regularization terms. The historical evolution can be
traced back to Fiacco and McCormick [31], and the interpretation of interior point methods with
the help of a vanishing logarithmic barrier. Some more specific references for the coupling of Prox
and Tikhonov can be found in Cominetti [29]. The time discretization of the first-order gradient
systems and subdifferential inclusions involving multiscale (in time) features provides a natural link
between the continuous and discrete dynamics. The resulting algorithms combine proximal based
methods (for example forward-backward algorithms), with the viscosity of penalization methods,
see [15], [16], [22], [25,26], [33].
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1.1.2 Second order gradient dynamics

First studies concerning the coupling of damped inertial dynamics with Tikhonov approximation
concerned the heavy ball with friction system of Polyak [37], where the damping coefficient v > 0
is fixed. In [13] Attouch-Czarnecki considered the system

B(t) +ya(t) + V() + e(t)z(t) = 0. 3)

In the slow parametrization case f0+°° e(t)dt = 400, they proved that any solution z(-) of (3)
converges strongly to the minimum norm element of argmin f, see also [34]. A parallel study has
been developed for PDE’s, see [1] for damped hyperbolic equations with non-isolated equilibria,
and [2] for semilinear PDE’s. The system (3) is a special case of the general dynamic model

B(t) +ya(t) + V() + () Vg(z(t)) = 0 (4)

which involves two functions f and g intervening with different time scale. When () tends to
zero moderately slowly, it was shown in [17] that the trajectories of (4) converge asymptotically
to equilibria that are solutions of the following hierarchical problem: they minimize the function
g on the set of minimizers of f. When H = H;1 x Hs is a product space, defining for z = (z1, z2),
f(z1,22) == fi(z1) + f2(z2) and g(z1,22) := ||A121 — Asxo||?, where the A;, i € {1,2} are linear
operators, (4) provides (weakly) coupled inertial systems. The continuous and discrete-time versions
of these systems have a natural connection to the best response dynamics for potential games [14],
domain decomposition for PDE’s [7], optimal transport [6], coupled wave equations [32].

In the quest for a faster convergence, the following system

(AVD),, () + 2a(1) + VS ((t) + e(t)a(t) = 0, (5)

has been studied by Attouch-Chbani-Riahi [11]. It is a Tikhonov regularization of the dynamic
(AVD),  &(t) + Fa(t) + V(2() =0, (6)
which was introduced by Su, Boyd and Candes in [38]. When a = 3, (AVD)_, can be viewed as a
continuous version of the accelerated gradient method of Nesterov. It has been the subject of many

recent studies which have given an in-depth understanding of the Nesterov acceleration method,
see [3], [8], [10], [38]. The results obtained in [11] concerning (5) will serve as a basis for comparison.

1.2 Model results

To illustrate our results, let us consider the case €(t) = f where r is positive parameter satisfying

0 < r < 2. The case r = 2 is of particular interest, it is related to the continuous version of
the accelerated gradient method of Nesterov, with optimal convergence rate for general convex

differentiable function f.
1.2.1 Case r =2
Let us consider the (TRIGS) dynamic
#(t) + %a’c(t) +Vf (1) + t%:r(t) =0, (7)

where the parameter o > 3 plays a crucial role. As a consequence of Theorems 8 and 9 we have
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Theorem 2 Let x : [to, +00[— H be a solution of (7). We then have the following results:
Int

i) If a« =3, then f (z(t)) — rr%_ilnf =0 <t—2> as t — +oo.
it) If @ > 3, then f(z(t)) — mq_itnf =0 (%2) as t — 4oo. Further, the trajectory x is bounded,

. 1 . . .
lz(t)]] = O (?) as t — 400, and there is strong convergence to the minimum norm solution:
liminf ||z(t) — z*|| = 0.
t——+o0

1.2.2 Caser < 2
As a consequence of Theorems 7 and 11, we have:

Theorem 3 Take €(t) = 1/t", % <r <2 Let z: [to, +oo[— H be a global solution trajectory of
. 5. 1
Z(t) + th(t) +Vf(z()+ t—Tx(t) =0.
2

Then, we have fast convergence the values, and strong convergence to the minimum norm solution:

f(2(t)) —min f =0 <%) and limjnf [|z(t) — || = 0.

3r _
t2

These results are completed by showing that, if there exists T > tp, such that the trajectory
{z(t) : t > T} stays either in the open ball B(0,||z*||) or in its complement, then z(t) converges
strongly to z* as t — 4oc0. Corresponding results for the associated proximal algorithms, obtained
by temporal discretization, are obtained in Section 5.

A remarkable property of the above results is that the rate of convergence of values is comparable
to the Nesterov accelerated gradient method. In addition, we have a strong convergence property
to the minimum norm solution, with comparable numerical complexity. These results represent an
important advance compared to previous works by producing new dynamics for which we have both
rapid convergence of values and strong convergence towards the solution of minimum norm. Let us
stress the fact that in our approach the fast convergence of the values and the strong convergence
towards the solution of minimum norm are obtained for the same dynamic, whereas in the previous
works [11], [13], they are obtained for different dynamics obtained for different settings of the
parameters. It is clear that the results extend naturally to obtaining strong convergence towards
the solution closest to a desired state z4. It suffices to replace in Tikhonov’s approximation ||31:||2
by ||z — x4||?. This is important for inverse problems.

1.3 Contents

In section 2, we show existence and uniqueness of a global solution for the Cauchy problem associ-
ated with (TRIGS). Then, based on Lyapunov analysis, we obtain convergence rates of the values
which are valid for a general e(-). Section 3 is devoted to an in-depth analysis in the critical case
e(t) = ¢/t%. Section 4 is devoted to the study of the strong convergence property of the trajectories
towards the minimum norm solution, in the case of a general €(-). Then in Section 5 we obtain
similar results for the associated proximal algorithms, obtained by temporal discretization.
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2 Convergence analysis for general €(t)

We are going to analyze via Lyapunov analysis the convergence properties as t — +oo of the
solution trajectories of the inertial dynamic (TRIGS) that we recall below

Z(t) + 0/ e(t)z(t) + Vf(x(t)) + e(t)z(t) = 0. (8)
Throughout the paper, we assume that tg is the origin of time, ¢ is a positive parameter, and

(H1) f:H — Ris convex and differentiable, Vf is Lipschitz continuous on bounded sets.
(H2) S :=argminf # (. We denote by z* the element of minimum norm of S.

(H3) e: [to, +0o[— RT is a nonincreasing function, of class C!, such that lim;_ o €(t) = 0.

2.1 Existence and uniqueness for the Cauchy problem
Let us first show that the Cauchy problem for (TRIGS) is well posed.

Theorem 4 Given (zo,v0) € H X H, there emists a unique global classical solution x : [to, +o0o[— H of
the Cauchy problem

(1) + 6y/cDit) + VS (2(t) + e()a(t) = 0

x(t()) = xo, i?(to) = 9.

(9)

Proof The proof relies on the combination of the Cauchy-Lipschitz theorem with energy estimates.
First consider the Hamiltonian formulation of (9) as the first order system

o(t) —y(t) =0
§(t) +8y/e(V)y(t) + Vf (2(1) + e(t)z(t) = 0 (10)

z(to) = z0, y(to) = vo.

According to the hypothesis (H1), (Hz), (H3), and by applying the Cauchy-Lipschitz theorem in the
locally Lipschitz case, we obtain the existence and uniqueness of a local solution. Then, in order to
pass from a local solution to a global solution, we rely on the energy estimate obtained by taking
the scalar product of (TRIGS) with z(t). It gives

d (1

3 (IO + £@0) + 5e@ll0))) + V@I - e@llz)]* = 0.

From (Hs), €(-) is non-increasing. Therefore, the energy function ¢ — W (t) is decreasing where

W(t) = )] + F() + 5et)la(t)]*

The end of the proof follows a standard argument. Take a maximal solution defined on an interval
[to, T[. If T is infinite, the proof is over. Otherwise, if T is finite, according to the above energy
estimate, we have that ||2(t)|| remains bounded, just like ||z(¢)|| and ||Z(¢)|| (use (TRIGS)). There-
fore, the limit of z(¢) and z(¢) exists when ¢t — T'. Applying the local existence result at T' with the
initial conditions thus obtained gives a contradiction to the maximality of the solution.
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2.2 General case

The control of the decay of €(t) to zero as t — 400 will play a key role in the Lyapunov analysis of
(TRIGS). Precisely, we will use the following condition.

Definition 1 Given § > 0, we say that ¢ — €(¢) satisfies the controlled decay property (CD) ., if it
is a nonincreasing function which satisfies: there exists 1 > to such that for all ¢ > ¢4,

< el(t)> <min(2K — 6,6 — K),

whereKisaparametersuchthat%<K<5f0r0<5§2,and5+7v25274<K<6f0r5>2.

Theorem 5 Let z : [to, +oo[— H be a solution trajectory of (TRIGS). Let & be a positive parameter.
Suppose that €(-) satisfies the condition (CD) for some K > 0. Then, we have the following rate of
convergence of values: for all t > t1

£ (1))~ min < 2 sm(t)/ m(s)derm(t) (11)
where
t .
M(t) = exp ( / u(s)ds), () =~ 50+ (6~ K)V/eD
and

€ = (f(t) - 1) + L) + V) (at) - o) + ()]
Proof Lyapunov analysis. Set f* := f(z*) = miny f. The energy function £ : [to, +oo[— Ry,
£0) = (7(®) = ) + L) + 20 @) - a7) + ), (12)

will be the basis for our Lyapunov analysis. The function ¢ : [to, +oo[— R will be defined later,
appropriately. Let us differentiate £(-). By using the derivation chain rule, we get

£(0) = (V1 (®).a(0) + D ()7 + e(t)@0). (1) (13)
(€ (O)@(t) — 2*) + e(t)i(t) + £, (D) (alt) — 2°) + ().

According to the constitutive equation (8), we have

#(t) = —e()2(t) — 5/ e(D)3(t) = Vf(2(t)). (14)
Therefore,
(' () (x(t) - x*) +e(t)a(t) + @ (t), e(t)(z(t) — 27) + & (t)) (15)

(¢ (O ((t) = @) + (e(t) = 6/e())a(t) — (e(t)(t) +Vf(l‘(t))) C(t)( (t) —2%) +&(t))
=c (t)C(t)lll’(t) — | (¢ () + —5C(t)r 2(t) =) + (c(t) — 6/e(?))lli(2)
—e(t)(@(1), (1)) = (VF(2(t)), () — c(t)(e(t)=(t )+Vf(ffi( ))Jf‘(t) —a’).

By combining (13) with (15), we get

£(t) = ()H O + ¢ (et 2(t) — 2*[> + (' () + (t) — de(t)V/e(t)@(t), 2(t) —2*)  (16)
(c(t) — \/e(®)|a(t)1? — c(®)(e(t)x(t) + V f(z(t)), 2(t) — =*)
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Consider the function

foiH B, fle) = £(2) + D
According to the strong convexity property of fi, we have

fr(y) = fr(x) > (Vfe(x),y — =) + @Ilw —y||, for all z,y € H.

Take y = z* and = = z(t) in the above inequality. We get
£+ D - 1) - Dy >
— (VHG0) + e 0. 2(0) - ) + D fat) - 2

Consequently,

(V1) + eW)x(t),2(t) — %) < ~(F(al) - F(=))
(;)\ I Dia - Wipy -2, 1)

By multiplying (17) with () and injecting in (16) we get
£0) <~ c(r(e) - 1)+ (4 - 0 ) 1e0)® (18)
+ (@0t = e DY et o7+ () - DO
(1) + (2) — 8elt) /el (3(0). 2(8) — 2°) + () a2

On the other hand, for a positive function u(t) we have
WE®) =n(t) (F((t) — 1° )+u<t>e(t)u O + 2p0SOllet) - =17 + Lp@ @1 (19)

+ p(t)e(t)(z(t), z(t) — x™).
By adding (18) and (19) we get

é(t)+u(t)€(t)S(u(t)—C(t))(f(a?(t))—f*)+(E(t) oty (t)e“)n 02 (20)
+(c - 6@+1u<t>c2<t>>||x<t>fx*u2
+ (e 5@ + 300 ) 1O

e(t
(<) + 2(0) — sl /elD) + nlt)e®) (i(0).2(0) — ) + (1) W o)
Since we have no control on the sign of (&(t), z(t) — z*), we take the coefficient in front of this term

equal to zero, that is
() + A(t) — dc(t)Ve(t) + pu(t)e(t) = 0. (21)

Take c(t) = K+/€(t). Indeed, it is here that the choice of ¢, and of the corresponding parameter K,
come into play. The relation (21) can be equivalently written

(0) = =335+ (6~ K)VCD)
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According to this choice for p(t) and c(t), the inequality (20) becomes

E0)+ nOE0) <55 (=60 +26 260607 () - 1) (22)
T3 () + 26— 25) e))?) (o)
+ g (Ké(t) +2¢(t)? (~K? + 6K — 1)) |z(t) — z*|?
3 z* 2 3
+ g (-0 + 205 - 9 e + Ky L

Let us show that the condition (CD), provide the nonpositive sign for the coefficients in front of
the terms of the right side of (22). Recall that, according to the hypotheses (CD), for all ¢t > t;
we have the properties a) and b):

!
1 . 2K —§if K < 26

/
b) L >0
Ve(t)
Without ambiguity we write briefly M; for M7(K). Note that b) just expresses that €(-) is non
increasing. According to the hypotheses (CD), we claim that for all ¢t > ¢;

”) (\/el(T)> > 6K7I[((2,1 (23)

Let us justify these inequalities (23).
!/

i) is a consequence of (\/:(T)> < M; and My < 2K —§.

/
i1) is a consequence of (\/:(T)> >0 and 6K — K2 -1 < 0. Precisely, when § < 2 we have

5K—K2—1§2K—K2—1§0.When6>2,wehave5K—K2—1§ObecauseK2LVQ‘SQ“‘.

!
‘e . 1 o
i1) is a consequence of (\/@) < M;and M; <§—K.

The inequalities (23) can be equivalently written as follows: for all ¢ > #;

i) — €(t) +2(5 — 2K)e(t)? <0

i) Ké(t) + 2(6K — K2 —1)e(t)2 <0 (24)

iti) — é(t) + 2(K — 8)e(t)? < 0.

The inequalities (24) give that the coefficients entering the right side of (22) are nonpositive:
e i) gives that the coefficient of f(z(t)) — f* is nonpositive.
e Since ¢(t) < 0 we have é(t) + 2(6 — 2K)e(t)% < —€(t) +2(6 — 2K)e(t)%. Therefore, by i) we have

that the coefficient of ||z(t)||? in (22) is nonpositive.
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e ii) gives that the coefficient of ||z(t) — z*||? is nonpositive.
e iii) gives that the coefficient of ||@(t)||? is nonpositive .

Let us return to (22). Using (24) and the above results, we obtain

e +umem) < KIE I 30 forall ¢ 10, (25)

- 2
t

By multiplying (25) with 9t(t) = exp </ u(s)ds) we obtain
ty

K|la"|?
2

2 e < €2 (H)M(1). (26)

By integrating (26) on [t1,t] we get

< Ka*))? [ 2 (9Ms)ds  am(t)e(t)

et < —5 ) M) (27)
By definition of £(t) we deduce that
t 3
. Kllz*|2 Jy, €2 (s)M(s)ds  g(ty)
- <
Fla(t)) —min £ < K12 T+ o (28)
for all ¢t > t1, and this gives the convergence rate of the values.
!
Remark 1 By integrating the relation 0 < <\/%> < M; on an interval [t1,t], we get
L < ! < Mt —+ ! — Mitq.
e(t1) e(t) e(t1)
. _ 1 _
Therefore, denoting C; = 7 Miti, and Ca = €(t1) we have
1 ___w<c (29)
(Mt +Cr)? — =

This shows that the Lyapunov analysis developed previously only provides information in the case
where ¢(t) is greater than or equal to C/t?. Since the damping coefficient v(t) = d./e(t), this
means that v(¢) must be greater than or equal to C/t. This is in accordance with the theory of
inertial gradient systems with time-dependent viscosity coefficient, which states that the asymptotic
optimization property is valid provided that the integral on [to, +oo[ of v(t) is infinite, see [8].

As a consequence of Theorem 5 we have the following result.
Corollary 1 Under the hypothesis of Theorem 5 we have

lim 9M(t) = +o0. (30)

t—+o0
Suppose moreover that €2 (-) € L*(to, +00). Then

lim f(z(t)) = n}riln I (31)

t—+oo
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Proof By definition of u(t), since €(-) is nonincreasing and § > K, we have that u(t) is nonnegative
for all ¢ > t1. Therefore, t — M(¢) is a nondecreasing function. Let us write equivalently u(t) =
41y L 4 (6~ K)\/e(t), and integrate on [t1,t]. We obtain

NZO)
M(t) = exp ( /t t ,u(s)ds) _ \/S(T) exp ( :(5 _K) e(s)ds) .

Since § — K > 0, we deduce that 9 (t) > % Since lim¢—, o0 €(t) = 0, we get

Vel
lim M(t) = +oo.

t—+4o00

Moreover, if we suppose that ¢2 (-) € L*(to, +0), then by [11, Lemma A.3] we obtain

. J& €2 (s)M(s)ds

e O I

Combining these properties with the convergence rate (11) of Theorem 5, we obtain (31).

2.3 Particular cases

Since €(t) — 0 as t — +oo, (TRIGS) falls within the setting of the inertial dynamics with an asymp-
totic vanishing damping coefficient v(t). Here, v(t) = 6\/@. We know with Cabot-Engler-Gaddat
[27] that for such systems, the optimization property is satisfied asymptotically if | t':oo y(t)dt = +o0
(i.e. v(t) does no tend too rapidly towards zero). By taking e(t) = 5, it is easy to verify that the
condition (CD) is satisfied if p < 2, that is \/e(t) = 75, with p < 1, which is in accordance with the
above property. Let us particularize Theorem 5 to situations where the integrals can be computed
(at least estimated).

2.3.1 €(t) of order 1/t*

Take
1

= —_— < .
)= Grryop M<ME), C<G

!/
Then, ( 1 ) < My (K) for all ¢ > ¢p and the condition (CD) is satisfied. Moreover,

V()
M+56—K
 M+6-K [ Mt+C\ M
"= o mt(t)_(MtO+C>
Therefore, (11) becomes
/t (M +C) —zl\lﬁé—Kd
N S S M+5—K
gty < K11 e ;Mo tC) - Elto) (32)
= 2 M+56—K M+6—K N
(Mt4+C) ™ (Mt+C)"m
Consequently, we have
* |12 —M+6—K M+6—K
K||z*|? 1 — s (Mt + C) =3 4 (Mo +C) ™ 3 E(to)

£t) = 2(—-M +6 - K) (Mt + C)? (Mt + C) ™5™
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By assumption we have M < M; < § — K. Therefore M%H( >2and —M + 6 — K > 0. It follows
that when Mt+ C > 1

c’ . , KHJZ*HQ M4s—K
Et) < ———rs th C'= ———————=< 4+ (Mtg+C) ™ E(to).
® = Grrep ™ MoK T Mo+C) (to)
o
Observe that §+/¢e(t) = t_’I_VIQ = ﬁ, where we set a = % and 8 = % Since M < My < %5 we
M

get a € 13, +oo[. Indeed, we can get any a > 3. Note also that by translating the time scale the
result in the general case 8 > 0 results from its obtaining for a particular case 8 = 0. According to
the fact that we can take for § any positive number, we obtain

Theorem 6 Take o € |3, +00[, ¢ > 0. Let x : [to, +oo[— H be a solution trajectory of
B(t) + (1) + VS (1) + Za(t) = 0.
Then, the following convergence rate of the values is satisfied: as t — 400

f@@ﬁ*%ysz(é>.

Remark 2 It is an natural question to compare our dynamic (¢ > 0) with the Su-Boyd-Candes
dynamic [38] (¢ = 0), which was introduced as a continuous version of the Nesterov accelerated
gradient method. We obtain the optimal convergence rate of values with an additional Tikhonov
regularization term, which is a remarkable property. In fact, in the next sections we will prove that
the Tikhonov term induces strong convergence of the trajectory to the minimum norm solution.

2.3.2 €(t) of order 1/t", 2 <r <2
Take e(t) = 1/t", r < 2. Then

u(t) = 55 + (6= KNVeD

t

r 60— K

2t t5
Therefore

t
M(t) = exp Iy 0 iK ds = Ct? exp 200 - K) 2
2s 53 2—1r

Set

m(t) :==t2 exp (Tt

According to (28) we have that for some Cq > 0

flz(t) — m}i{nf < (33)

Note that according to r < 2, m(t) is an increasing function which has an exponential growth as
t — 4o00. Accordingly, by the mean value theorem we have the following majorization.

L[l cm@) [ (%) (34)

m(t) to 5% ~ m(t) to S2 2

Let us summarize these results in the following statement.
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Theorem 7 Take e(t) = 1/t", 2 <r <2,6>0. Let x : [to,+00o[— H be a global trajectory of
. 5. 1
Z(t) + th(t) +Vf(z()+ t—Tx(t) =0.
2

Then, the following convergence rate of the values is satisfied: as t — 400
Fa(t) ~minf =0 (5
no o \uF-1)

Remark 3 When r — 2 the exponent 321 — 1 tends to 2. So there is a continuous transition in the

convergence rate. As in Remark 2 the additional Tikhonov regularization term is expected to have

a regularization effect (even better than in the case r = 2). In addition, the above analysis makes
2

appear another critical value, namely r = z.

3 In-depth analysis in the critical case €(t) = ¢/t2

Let us refine our analysis in the case where the Tikhonov regularization coefficient and the damping
coefficient are respectively of order 1/t? and 1/t. Our analysis will now take into account the
coefficients o and c in front of these terms. So the Cauchy problem for (TRIGS) is written

{a’c’(t) + $i(t) + Vf (@(t) + Falt) = 0 (35)

x(to) = xg, i(to) = 10,

where tg > 0, ¢ > 0, (z0,v0) € H x H, and « > 3. The starting time to is taken strictly greater
than zero to take into account the fact that the functions ;7 and ¢ have singularities at 0. This is
not a limitation of the generality of the proposed approach, since we will focus on the asymptotic
behaviour of the generated trajectories.

3.1 Convergence rate of the values
Theorem 8 Let to > 0 and, for some initial data xo,vo € H, let x : [to, +oo[— H be the unique global

solution of (35). Then, the following results hold.

i) If a =3, then f (z(t)) 7H’}_i[nf20 (1?—;) as t — +o0.

it) If a > 3, then f (z(t)) — rI%_ilnf =0 <tl2) as t — +oo. Further, the trajectory = is bounded and
()] = O (%) as t = 4oo.

Proof The analysis is parallel to that of Theorem 5. Set f* := f(z*) = miny f. Let b : [to, +00[— R,
b(t) = & where K > 0 will be defined later. Let us introduce & : [to, +oo[— R,

" 1 * .
£(t) = (F@(t) — I7) + 5o eI + S (1) — ") + (1), (36)
that will serve as a Lypaunov function. Then,

E(1) = (VI (1)), #(0)) = Sla(0)) + 5 (i(0), 2(0) (37)
() (ale) — )+ b)) + (), b(0) (2(0) — ) + (1),
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According to the dynamic system (35), we have

B(t) = Jv(t) (t) = Vf(x(t)).
Therefore,
(o' () (2(t) — ") + b(6)E(t) + &(1), b(t) (x(t) —2*) + & (t)) =
K-«

<f§(x(t)fx*)+ : x(t)f(t%a:(t)—f—Vf(x(t))),%(m(t)fx*)+gb(t)>:

K? N K?—-aK—-K . o K—a,.
—tTIIx(t)—m H2+t72<w(t)7w(t)—m>+ 7 EOIk

— S a0),4(0) — (VF@0),50) — 5 (e 0) + Vi), a(t) ")

Combining (37) and (39), we get

K*—aK-K
t2

(@(t), 2(t) — ™) + || (0))?

. c K2 «
E(t) = - Sle®I? - J o) — "2 +

_K <t£2x(t) Y (2(t)), 2(t) — m> .

t

Consider the strongly convex function

foi H— R, fila) = f(z) + 5z llall®

From the gradient inequality we have
Je(y) = ful@) = (Vu(@).y = o) + 55l — yl*, for all 2,y € M.
Take y = z* and x = z(t) in the above inequality. We obtain
+ 5l = 7 @) - gzl =
- <Vf(w(t)) + (b)) —a") + 55 le() — o

Consequently,
C * 2
(Eat) + V). 2(t) ~ 2 < - (1) - 1) Sl @I g le®) =7
C * 12
?Hx [
By multiplying (41) with %, and injecting in (40), we obtain

c Kc

80 <~ S a) - 1) - (5 + g5 ) Iel - (55 + g) Ja(t) — =

Kol K ), at) - 0+

* t

O]l + H II®.

On the other hand, by multiplying the function £(t) by u(t) = O‘_It(*l, we obtain

(o — K +1)K?

a—K+1
—a—sts ()l + z—t?,ux(w P

n(BE) == ) + (azK+1)e

23
(a-K+ 1K
2

(f(=(®) = f

a—K+1, .
+ —llz@®)I* +

5 (#(t),z(t) — z*

(38)

(39)

(40)

(41)

(42)

(43)
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By adding (42) and (43), we get

. 2K +1 2K
£0) +ne®) <“ 2L () - 1)+ ET 2T 2 (44)
a—-K-1)K? - K¢ " —« —|— 1
ez Kol le(e) - o7 + K2 gy 2 4 a2,
The case a > 3. Take a“ < K < a—1. Since a > 3, such K exists. This implies that a— 2K+1 <0,
hence a — 2K — 1 < 0, and K —a+1 < 0. In addition, since ¢ > 0 there exists K € ] a+1 — 1[
such that
(a—K—-1)K* - Ke<0. (45)

Indeed, (45) can be deduced from the fact that the continuous function ¢(K) = (a — K — 1)K is
decreasing on the interval [23!, o — 1] and ¢ (o — 1) = 0. Therefore, for every ¢ > 0 there exists
K € ]2 a — 1] such that ¢ > ¢(K). So take K € |24t o —1[ such that (45) holds. Then, by
collecting the previous results, (44) yields

. cK | &
£0) + nOEW) < S o P (16)
Taking into account that u(t) = %KH, by multiplying (46) with t*~ 5+ we get
d a—K+1 ) cK | si2,0-K—2
— < — .
= (17 ew) < Slletl (47)
By integrating (47) on [to, t], we get

)< CKIETIP 1 eKJat|? 67" T E) (48)
“2a-K-1)t2 2a-K-—1)te—K+1 to—K+1 7

Since a — K + 1 > 2, we obtain
1
Et)=0 =) s t — +o0. (49)
By definition of £(t) we immediately deduce that
F(a(®) —min f = 0 (%2) as t — oo, (50)

and further, that the trajectory z(-) is bounded and
. 1
lz(t)] = O 7] 88 t — 4o0.

The case o = 3. Take K = 2. With the previous notations, we have now u(t) = 2 and (44) gives

; 2 c c c
E(t) + 26(1) <~ Sl - Slle(®) - "I + Sl 2 < Sl (51)
After multiplication of (51) by t* we get

d 2 C *12

— <- . 2

4 (e (1) < %)’ (52)
By integrating (52) on [to,t] we get

g(t) <e ||211’lt C” ||21Ht() tog(to).

(53)
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Consequently, we have

ﬂﬂ:OCg)%t%+m. (54)

By definition of £(t) we immediately deduce that

f(z(t)) —min f =0 (1?—;) as t — +oo. (55)

which gives the claim.

3.2 Strong convergence

Theorem 9 Let to > 0 and, for some starting points xo,vo € H, let x : [to, +oo[— H be the unique
global solution of (35). Let ©* be the element of minimal norm of S = argmin f, that is x* = projg0.
Then, for all a > 3 we have that

lim inf [lo(¢) — 2" | = 0.

Further, if there exists T > to, such that the trajectory {x(t) : t > T} stays either in the open ball
B(0, ||lz*||) or in its complement, then x(t) converges strongly to * as t — +oo.

Proof The proof combines energetic and geometric arguments, as it was initiated in [13]. We suc-
cessively consider the three following configurations of the trajectory.

I. Assume that there exists T > to such that |z(¢)|| > ||z*|| for all ¢ > T. Let us denote
fi(z) == f(z) + 2%H:UH2 and let z; := argmin f;(z). Let us recall some classical properties of the
Tikhonov approximation:

vt >0 [|z¢e|| < [|=¥||, and lim |zt — "] = 0. (56)
t——+oo
Using the gradient inequality for the strongly convex function ft, we have

Fi(@(®) = fulwr) > 5 lla() - @

On the other hand

* * c * c *
Julw) = fola*) = (e0) = 1+ g (lanll® = 112) > oy (el = 12" 2).
By adding the last two inequalities we get
* C *
Fiw®) = £i(") 2 5o (lae) — el + el = 1271, (57)

Therefore, according to (56), to obtain the strong convergence of the trajectory z(t) to z*, it is
enough to show that f(z(t)) — fi(z*) = o (%), as t — +oc.
For K > 0, consider now the energy functional

B = fi(e(t) ~ i) + 5 || 5

() — z*) + (1) (58)

2
C

—(760) - 1) + 5z (O - 171+ | E a0 - )+ 600
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Then,
E(t) =(V fu(x(1)),4(1)) — 2*(;3(Hl‘(?f)|\2 — lz"11*) (59)
+ <7g(m(t) ) ) + ), T (o) 27) + a':(t)> .

Let us examine the different terms of (59). According to the constitutive equation (35) we have

<—§(w()—x>+ —a(t) + (), (x(t)—x*)+a's(t)>: (60)

K-«

(-0 -+ ; :fc<t>f(ix<t>+w<m<t>>),§<x<t>—x*>+¢<t>>=

—aK - K

(@ (1), 2(t) — 2" e
B Salt) + V@®),a(t) ~ 7).

K2 *12
- tT,Hl’(t)—JJ I + 2
C

— S (), 5(0) — (T ((2)), 5(0)) -

Further, from (41) we get

7§ <t%x(t) + Vi), x(t) - m>

K * cK 2 cK
g—?(f(w(t))—f )—ﬁllw(t)\l —ﬁ\lw( ) —a"|I* + 2t3H *|1?
= X (ha) - 1) - S llalt) 2" . (61)

Injecting (60) and (61) in (59) we get

B(0) < ~Z (1) - 7)) - S0@I - 12717) - 25K () - o2
¢ Bl K ), 0 — a7 + K a1 (62)
Consider now the function u(t) = M Then,
pE0) =T (o) — gt + KO oy oy (63
+ KO0 1), a0) o) + ST LK i)
Consequently, (62) and (63) yield
B + () B6) < T2 (fa(0) - i) - t3<||w< I = ")
2a—1- —-c -
He LB Z ey o+ K2 a2

:M(Jc( t) — f(z* )+(a—1*2K)2 (Hw()H — " |I)

t
(a-1-K)— -«
A Lo B 2Ry - o K0 g (64)

Assume that (Hl < K < a—1. Since a > 3 such K exists. As in the proof of Theorem 8 we deduce
that « — 2K + 1 <0, K—a+1 <0 and since ¢ > 0 there exists K € (O“H a— 1) such that

(a—K-1)K?—-Kc<O0. (65)
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So take K € (241, a — 1) such that (65) holds. Then, (64) leads to

a+1—-—K
t

B(t) + E(t) < (a =1 - 2K) 5 (Il — |l2[1%). (66)

Let us integrate the differential inequality (66). After multiplication by to 1K e get

d K c o K *
LK E() < Sa—1- 26072 K (Ja(o)® — 2*]?)
and integrating the latter on [T,t], t > T we obtain
t —2— * —
Jrs® 2R (= (9))1? = ¥ |P)ds | T K B(T)
taJrlfK toz+17K

B(t) < g(a —1-2K) (67)

In one hand, from the definition of E(t) we have
fi(x(t)) = fi(=") < E(t).
Therefore,

t a—2—-K 2 * (12 d a+l1-—K
R(0) ~ 167) < G~ 1~ 2a0) I TR TR

On the other hand (57) gives

* c *
fulw(®) = fula™) > oo (lae) = il + e = 1),
Consequently,

Jhs* 2 K () = l2*P)ds 271K B(T)
taflfK + ctaflfK

(a—1-2K) > () =@l + [l ]® — |21 (68)

By assumption ||z(¢)|| > ||z*|| for all t > T and o — 1 — 2K < 0. Hence, for all ¢t > T', (68) leads to

27t -K g(T)

e 2 o) = wl? + o) — 2" (69)

Now, by taking the limit ¢ — +oo and using that z; — x*, t — 400 we get

lm |jz(t) — =z <0
t—+oco
and hence
li t) ="
AT =7
IT. Assume now that there exists T > to such that ||z(¢)|| < ||z*| for all ¢ > T. According to
Theorem 8, we have that
li t)) = min f.
(Jim  f(x(t)) = min f
Let z € H be a weak sequential cluster point of the trajectory x, which exists since, by Theorem 8,
the trajectory is bounded. So, there exists a sequence (tn ),y € [T, +00) such that ¢, — 400 and
z (tn) converges weakly to Z as n — +oo. Since f is weakly lower semicontinuous, we deduce that
-\ < lim' o
f(@) < liminf f (z (tn)) = min f,
hence Z € argmin f. Now, since the norm is weakly lower semicontinuous, and since ||z(t)|| < ||z*|]
for all t > T, we have
2] < lim infos oo [z () | < 2]
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Combining Z € argmin f with the definition of z*, this implies that Z = z*. This shows that the
trajectory z(-) converges weakly to z*. So

" < imn Jo(e)] < timsup (0] < [}="]

hence we have

Jim ()] = [l="]]-

Combining this property with z(¢) — z* as t — 400, we obtain the strong convergence, that is

lim z(t) =z
t—+oo

III. We suppose that for every T > to there exists ¢ > T such that ||z*| > ||z(¢)| and also
there exists s > T such that ||z*|| < ||z(s)]|. From the continuity of z, we deduce that there exists
a sequence (tn),cy C [to, +00) such that t, — 400 as n — 400 and, for all n € N we have

I ()l = ||| -
Consider € H a weak sequential cluster point of (x (tn)), cn- We deduce as in case IT that
T = z*. Hence, z* is the only weak sequential cluster point of z(¢,) and consequently the sequence

z(tn) converges weakly to z*. Obviously ||z (tn)| — ||| as n — 4o00. So, it follows that z(t,) —
z*, n — +oo, that is ||z (tn) — z*|| = 0 as n — +oo. This leads to liminf; 1 ||z(¢) — z*|| = 0.

4 Strong convergence-General case

We are going to analyze via Lyapunov analysis the strong convergence properties as t — +oo of
the solution trajectories of the inertial dynamic (TRIGS) that we recall below

P(t) + 64/e(t)i(t) + Vf(z(t) + e(t)z(t) =

Theorem 10 Let consider the dynamic system (TRIGS) where we assume that €(-) satisfies the condi-
tion (CD) g for some K > 0, ft—:oo e (t)dt < +o0 and lim¢—s 4 oo L =0.

Ve exp (/t:(a - K)@ds)

Then, for any global solution trajectory x : [to, +oo[— H of (TRIGS),

. . * _
liminf [2(t) — )| = 0,

where ¥ is the element of minimal norm of argmin f, that is x* = PT0Jargmin f0-
Further, if there exists T > to, such that the trajectory {z(t) : t > T} stays either in the open ball
B(0, ||z*||) or in its complement, then x(t) converges strongly to x* as t — +o0.

Proof The proof is parallel to that of Theorem 9. We analyze the behavior of the trajectory z(-)
depending on its position with respect to the ball B(0, ||z*|).

I. Assume that ||z(t)|| > ||z*|| for all £ > T. Let us denote f:(z) = f(z) + 6(2—t)||91:||27 and consider
the energy functional E : [t1,+oo[ — R defined by

B(#) = fla0) — fi(e") + 5 le(t) (al0) = ") + 2O,
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where c(t) = K+/€e(t). Note that E(t) = £(t) — 6(2—“|\x*|\2, where £(t) was defined in the proof
of Theorem 5. Hence, reasoning as in the proof of Theorem 5, see (25) (and keeping the term
containing ||z(t)||? in the right hand side of (22)), we get for all ¢ > ¢; that

B0 +10E0) < (G )+ u) P ) 101 - 171, (70)

where p(t) = — 266((?) + (6 — K)+/e(t). An elementary computation gives ? - c(t)%t) + p(t)%) <0,

because of €(-) decreasing and K > g. Since ||z(¢)|| > ||=*|| for all ¢ > T, (70) yields

E(t) + u(t)E(t) <0, for all t > Ty = max{T,t1}. (71)

Wm:mw<ﬁ&@ma:mm(é};ig+®—K)dﬁ@)
Therefore, we have with C' = \/e(T1)

Set

M(t) = C

\/:(T)exp </Tj(5—K)\/@ds> .

Multiplying (71) with 9t(¢) and integrating on an interval [T1,t], we get for all ¢ > T} that
M(t)E(t) < M(T1)E(Ty) = C'.

Consequently, there exists C; > 0 such that for all ¢ > Ty one has

Civ/e(t)

exp (/Tt (6 — K)\/E(T)ds) '

Further, fi(x(t)) — f:(z2*) < E(t), for all ¢t > t1. Therefore,

E(t) <

Crv/e(t)
exp (/Tt (6 — K)\/@ds)

For fixed t let us denote x.«;) = argmin f;(z). Obviously ||zl < [l2*].
Using the gradient inequality for the strongly convex function f; we have

fi(z(t) — fe(z™) < , for all t > T3. (72)

t
fr(x) = fe(zery) = %Hx - xe(t)||2 for all z € H and t > to.
On the other hand
" % et % e(t «
Fileeny) - Foa®) = Faey) = £+ Dl = 1212) = Dl - 12717,
Now, by adding the last two inequalities we get
* e(t) 2 2 )2
1) = Fia®) 2 S ey |2+ oI — 7)) for all 2 € Hamd £ > 10, (73)

Hence, (72) and (73) lead to
Cy

¢Zﬂwp(/Q5—K)e@m%

1

2 (t) = ze(ry I? + llzeqy |17 = ll2™)1* < , for all ¢ > Ty (74)
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Now, by taking the limit as t — 400, and using that x) — «* as t — +o0 and the assumption in
the hypotheses of the theorem we get lim¢— oo [|#(t) — z¢(1)|| < 0, and hence lim;— oo x(t) = z*.

II. Assume now, that ||z(¢)| < ||z*|| for all ¢ > T. By Corollary 1 we get that f(z(t)) — min f
as t — +oo. Now, we take T € H a weak sequential cluster point of the trajectory x, which exists
since the trajectory is bounded. This means that there exists a sequence (tn), cy C [T, +00) such
that ¢, — 400 and z (t,) converges weakly to Z as n — +oo. We know that f is weakly lower
semicontinuous, so one has

f(z) <liminf f (z (¢tn)) =min f,
n——+0o0
hence z € argmin f. Now, since the norm is weakly lower semicontinuous one has that
[Z]] < liminfy oo [l (tn) ]| < [l2*|

which, from the definition of z*, implies that £ = ™. This shows that the trajectory z(-) converges
weakly to z*. So
|| < liminf ||z(¢)|| < limsup ||z(t)|| < ||=*]],
o)) < pmnt o) < imsup (o)) < |

hence we have
lim |z(¢)|| = ”:E*H .

t——+o0
From the previous relation and the fact that z(t) — z* ast — +o0, we obtain the strong convergence,
that is

lim z(t) = z*.
t——4o0

ITII. We suppose that for every T > to there exists ¢ > T such that ||z*| > ||z(¢)| and also
there exists s > T such that ||z*|| < ||z(s)]|. From the continuity of z, we deduce that there exists
a sequence (tn),cy C [to, +00) such that ¢, — +o00 as n — 400 and, for all n € N we have

lx(tn) | =[] -

Consider 7 € H a weak sequential cluster point of (z (tn)),cy- We deduce as at case II that
T = z*. Hence, z* is the only weak sequential cluster point of z(¢5) and consequently the sequence
z(tn) converges weakly to z*.

Obviously |z(tn)|| — [lz*| as n — 4o0. So, it follows that z(tn) — z*, n — +oo, that is
|z (tn) — z*|| = 0 as n — +oco. This leads to liminf; 4 ||z(t) — z*|| = 0.

4.1 The case €(t) is of order 1/t", 2 <r <2

to 43¢ Ve(t)
1 . Ctz2

th$ t :thﬂl 2(6—K)

—+o00 ——+o00 - 1-Z

e exp (/ (6—K)\/e(s)ds) exp (252K %)
to

Therefore, Theorem 10 can be applied. Let us summarize these results in the following statement.

/
Take ¢(t) = 1/t", 2 < r < 2. Then, tj"oe%(t)dt = [ dt < 40, < L ) =2t~ and

Theorem 11 Take €(t) = 1/t", 2 <r < 2. Let x : [to, +oo[— H be a global solution trajectory of
. 5. 1
2(t) + F:E(t) +Vf(z()+ t—Tx(t) =0.
2

Then, liminfi 4o ||z(t) — z*| = 0.
Further, if there exists T > to, such that the trajectory {x(t) : t > T} stays either in the open ball
B(0, ||z*]]) or in its complement, then x(t) converges strongly to =* as t — +o0.
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5 Fast inertial algorithms with Tikhonov regularization

On the basis of the convergence properties of continuous dynamic (TRIGS), one would expect to
obtain similar results for the algorithms resulting from its temporal discretization. To illustrate
this, we will do a detailed study of the associated proximal algorithms, obtained by implicit dis-
cretization. A full study of the associated first-order algorithms would be beyond the scope of this
article, and will be the subject of further study. So, for & > 1, consider the discrete dynamic

@ c
(@1 = 22 +op1) + L (@h —2p1) + VS (@h1) + 58 =0, (75)
with time step size equal to one. We take &, = xj, which gives
Yk = @k + ap(z) — Tp-1)
(IPATRE) ]
Th+1 = Proxy (Z/k - k%fﬂk) )

where (IPATRE) stands for Inertial Proximal Algorithm with Tikhonov REgularization. According
to (75) we have

Tpy1 = og(zy — 2p—1) — VI (@pyr) + (1 - k%) T (76)

5.1 Convergence of values

We have the following result.

Theorem 12 Let (zy) be a sequence generated by (IPATRE). Assume that o > 3. Then for all s €
[3.1[ the following hold:

(i) f(zg) —ming f = o(k™%), |lok — zp_1]| = o(k™*) and |V f(zy)| = o(k™*) as k — +oo.

—+oo —+o0 —+o0o
.. k2571 i < 7 k2571 _ B 2< , k2$ v i 2< )
(ii) ,; (f (k) —min ) < +o0 ,;1 ok = ara |* < oo k§_j1 IV F(@r)l1* < +o0

Proof Given z* € argmin f, set f* = f(2*) = ming f. For k > 2, consider the discrete energy
By = [lag—1(zr—1 — =) + bp—1 (k= 21 + VF@)I* + dpr zp—1]l°, (77)

where a;, = k"1, 2 < a < a—1 and b, = k", r €]0,1]. The sequence (d;,) will be defined later. Set

£

shortly c; := ;5. Let us develop Ej.

B = ajp_llzg—1 — 2"° + 31w — w1 |® + 051 [V (@) |1 + 20k 1bg—1 (2 — 21, 251 — )
+ 2ap_1bp—1 (Vf(2p), zp—1 — %) + 208 1 (Vf(21), 25 — Tp—1) + dp—1 |lzg—1 || (78)
Further
2a—1bp—1(wk — 1,21 — %) = ap_1bp_1 (2, — 2" = llog — zp_1|® = lze—y —27)
2a;,_1bp—1 (Vf (), zp—1 — 2") = 2ap_1bp—1 (Vf(x), 2 — ") — 2a_1bp—1 (Vf(2k), T — Tp—1)-

Consequently, (78) becomes

By, = ap_1by_1llzgp — @112 + (a1 — ap—1bp—1)llwp—1 — =*1> + (0F 1 — ap—1bp—1)llzk — x|
07 IV (@) 1? 4 2ak—1bp—1 (V f(wk), 21 — &) + (2071 — 2051031 )(V f(21,), 2% — Tp—1)
tdi—1llzg—1]? (79)
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Let us proceed similarly with Ej . Let us first observe that from (77) we have
Brpr = llag(zr — 2%) + be(ar (@ — 2p—1) — cpmp) |1 + diellzi ).
Therefore, after development we get

2 2 2,2 2 2 2 2
Eiq1 = aglleg — 27|17 + agbiller — zr—1 [ + bkcilloell” + 2aparby (vg — xp—q, 71 — 27)
2 2
—2abicr(Tr — TR—1, Tk) — 2apbgeg (@g, T — ) + dig |l )7 (80)

Further,

2aapby vy — xp_1, 7% — @) = —agarby(leg—1 — @) = g — w1 || = [z — 2*))7)
—2agbie(ar — vp—1, ox) = agbper (|lzgp—1 I — o — zp—1))® = llzg]?)
—2apbgey(r, ar, — 2°) = agbper(|l2*]* — |z, — 2*)|* — [lzg]?).

Therefore, (80) yields

By = (aj + agagby, — agbyer) |2y — 2| — agapby|lep—q — 2" (81)
+ (aibi + agagby, — agbier) |z — zp—1 I + (bRch + di, — axbier, — agbyer) ||z

+ abiepllor1l” + agbrer |||,
By combining (79) and (81), we obtain

Eji1 — By, = (af + agagby — agbrcy — ag_1bp—1)l|lzg — ™|

+ (—ogagby, — aj—y + ag_1bg_1)l|lzp—1 — "

+ (aibi, + opagby — agbicy — bp_1 + ap—1bp—1)l|z — zp—1]|

+ (bici, + di — abiior — agbrer) [okl® + (arbicr — di—1)we—1[* — be_1 [V £ (z)|I”

+ 2ap 1 b1 (VS (21), & — 2p) + (2671 — 2ak_1 b1 )(Vf (21), wp—1 — 2x) + agbgeg |2 (82)

By convexity of f, we have

(Vi(xp), " —xp) < f* = flag) and (Vf(ap), 2p—1 — i) < f(zp—1) — flzp).

According to the form of (aj) and (bg), there exists ko > 2 such that by > aj for all & > ko.
Consequently, 2bi71 — 2ap_1bi_1 > 0 which, according to the above convexity inequalities, gives

2ap_1bp—1(Vf(z), 2" — zp) + (2071 — 2ap_1bp_1)(Vf (1), Tp—1 — 1) (83)
< 20k 1bp—1 (f* = f(z) + (2b3—1 — 2a5_1bp—1) [f(wp—1) — f(z1)]
= —2ap_1bp_1 (f(zk) — F) + (2bF 1 — 2ap_1bp—1) [(f(h—1) — f*) = (f(zx) — )]
= (2bj_1 — 2ap_1bp—1)(f(@p_1) — f) — 208 _1 (f(zx) — f7)
= (261 — 2ap b ) (f(op1) = 1) = (257 = 2akby) + (2671 — 262 + 2axby) ) () = 1.

Set puy, := 2b7 — 2ay,by, and observe that py, > 0 for all k > ko, and ju, ~ Ck*" (we use C' as a generic
positive constant). Let us also introduce my, := Qbi_l — Qbi + 2axbi, and observe that m; > 0 for
all ¥ > ko. Equivalently, let us show that for all % < r <1 one has b% —apby, < bi_l for all £ > 1.
Equivalently k%" — ak?"~ — (k — 1)?" < 0. By convexity of the function z — 227, the subgradient
inequality gives

(17 _ 1)27" > {E2T _ 27'$2r_1 > m2r _ am2T_1

)
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where the second inequality comes from 2r < a. Replacing = with k gives the claim. In addition
my ~ Ck?"~!. Combining (82) and (83), we obtain that for all k& > ko
Epi1 = By + pi(f(or) = f7) = poma (f(@p—1) = f7) + mp(f(2g) = f7) (84)
< (af + agarby — agbycy, — ap—_1bp—1)|zp — 2"
+ (—apagby — af_q + ap—1bp—1)llzp— — 27|
+ (b} + ararby — axbicr, — bi_y + ak—1bp_1)lzx — zp—1
+ (bkck + di, — arbier — agbrer) |zl + (awbier — di—1)or—1[* = b1 |V f (z1)|*
+ agbrerllz*|?.
Let us now analyze the right hand side of (84).

i) Write the coefficient of ||z}, —2*||? so as to show a term similar to the coefficient of ||zj_; —2*||.
This will prepare the summation of these quantities. This gives

ar + apagby, — agbrcy — ag_1by_1 = (agy1ak1bgy1 + ap — agby) (85)
+(agagby — apbcy — ap—1bg—1 — 10k 11bgg1 + apby).

a) By definition, agjap1bprr +ap — apby = a(k + 1?1 —aa(k + 1)?" 72 + ?k* 2 — ak* L
Proceeding as before, let us show that a(z + 1)*" ! — aa(z + 1)*" 72 + ¢®2*" 72 —az® 1 < 0 for
x large enough. By taking % < r < 1, by convexity of the function z — —z2"~!, the subgradient
inequality gives (2r — 1)z?" =2 > (z 4+ 1)*"~! — 22”1, Therefore,

a(m + 1)27‘71 _ ax27‘71 _ oca(as + 1)27‘72 + a2x2r72 S a(2r _ 1)m2r72 _ OéCL(CL‘ + 1)2r72 + a2x2'r72'
But a(2r — 1)2?" 72 + a222" 72 < aa(z + 1)2772 since 2r + a < a + 1 and the claim follows.
Therefore, there exists k1 > ko such that for all % < r <1 we have

Qg 10p41bp 41 + af — agby <0, for all k > ky. (86)

Set vy, i= —apy1ap1bpy1 — ai + apby. According to (86), vy, > 0 for all k& > k1, and v, ~ Ck?" 2.
b) Consider now the second term in the right hand side of (85):

agarby — agbrcy — ag—1bg—1 — apy10K410k41 + apby
=2ak* "t —aak® ? —ack® P —ak— 1) —ak + 1) +aa(k + 1)
Let us show that for all 3 <r <1
é(z,7) = 2a2”" ' —az® 2 —act® P —a(z— 1) —a(z+ 1)+ aalz+ 172 <0

for z large enough. By convexity of the function z — 22”1 — (2 —1)?" "1 (one can easily verify that
its second order derivative is nonnegative), the subgradient inequality gives (z + 1)2T—1 —2z%r 4
(x— 1?1 > (2r —1)(2*"2 — (x — 1)*"~2). Therefore

o(z,7) = —al(z+ 1) =27 4 (2= 1)) —ar® 2 —aca® P +aa(k + 1)
—a[(2r = 1)@ 2 = (z = 1)) —aaz® " ? —act® 3 + aa(k + 1) 2

a(2r —1)(x — 1) —a(a+2r — 1)2*" "2 —aca®™ 7 + aa(x +1)* 72

IA I

Similarly, by convexity of the function z — (z — 1)2" 72 — 22”72 the subgradient inequality gives

22272 —(z+1)7 2 —(2—1)*""2 > (2r—2)((x—1)*""3—22"73). Therefore, ac(x+1)?" "2 —aaz?" "2 <
ac(z? 2 — (2 = 1)*72) — aa(2r — 2)((z — 1)*" 73 — 2%"3). Consequently,

d(z,r) <a2r—1—a)((z — 1)2T_2 — xZT_Z) —aa(2r —2)((x — 1)2T_3 — m2r—3) — acx?" 3.



24 H. Attouch, S. C. Lészlé

Finally, by convexity of the function z — x?"~2, the subgradient inequality gives (z — 1)?"~2 —
2?72 > —(2r — 2)2?" 3. Taking into account that a(2r — 1 — o) < 0 we get

d(z,7) < —a(2r — 1 —20)(2r — 2)2%" 2 — aa(2r — 2)(z — 1)*" 2 — acz® 3.

Since 2¢+t1=2" > 1 we obtain that ¢(z,r) <0 for z > 1.
Consequently, there exists ko > k1 such that for all % <r<1

akakbk — akbkck — akflbkfl - ak+1ak+1bk+1 + akbk < 07 for all & > ko. (87)

Set ny = —agapbr + apbrcr + ap_1bp_1 + Op410k4+1bk+1 — apby. So ng > 0 for all ¥ > ko and
ng ~ Ck2ri3.

ii) Let us now examine the coefficient of ||z — z;_1]|%. By definition we have
aibi + agagby — agbicy — b1 + ap_1by_1
= — (k=1 4+ (204 )k +a(k -1 4+ (0® — aa — )K" % + ack® 3.
Let us show that for all % <r<l1
d(z,r) =2 — (2 —1)* + (—2a+a)z® T +alz -1+ (® —aa— )z + acz® * <0,

if z is large enough. By convexity of the function z — x2" —az® ™!, the subgradient inequality gives
(=1 —a(z— 1) = (%" —az®1) > —(2ra® ! — a(2r — 1)2*"2). Therefore, taking into
account that r —a+a <1 —a+ a <0, we obtain

oz, 1) <2(r—a+a)z® t —a(2r —1)2*" % 4 (o® —aa — )z* T  + ac® 3 <0,
for x large enough. Consequently, there exist k3 > k2 such that for all % <r<l1
aibi + agagby — agbick — bh_q + ag_1bg_1 <0, for all k > ks. (83)
Set n, 1= —aibi — ogarby + akb%ck + bz_l —aj_1bg_1. Son >0 for all k> k3 and nj, ~ Ck?" L.

iii)  The coefficient of ||zy_1|? is agbicy — dj_1. We proceed in a similar way as in i), and
write the coefficient of ||zy||? as

bick + di, — axbiier, — agbrcy = (—app1bfp1ckp1 +di) + (e + app1bii1chyr — agbhcy — agbyey).
‘We have
bich + ak+1bi+lck+1 — agbicy — apbper = AT 4ok + 1% 7% —ac(k+1)%773
_ Ck2r—2 + acer—S _ acer—B
Let us show that for all % <r<l1

2r—3

oz, ) =clz+1)""2 —ac(z+1)*3 —c2®? + acx —act® P4 2T <0

for = large enough. Since for z large enough, the function z — 22772 — az?""2 is convex, the

subgradient inequality gives
(¥ 2 —ar® ) — (e + 1) 2 —az+ 1D ) > —((2r—2)(z + 1?2 —a(2r —3)(z + 1)2T_4).
Therefore, by taking into account that » < 1, we obtain

(7)< (2r —2)e(z+ 1) 2 —a@2r —3)e(z + 1) * —acx® 3 + 22?1 <0
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for x large enough. Consequently, there exists k4 > k3 such that for all % < r <1 we have
biCi + ak+1bi+1ck+1 — akbick - akbkck < 0 for all &k > ka. (89)

Let us denote oy, := ak+1bi+1ck+1 —dj, and s = —bici — ak+1bi+lc;€+1 + akb%ck + apbgc and
observe that s, > 0 for all k > k4 and s ~ Ck?" 3.
Combining (84), (86), (87), (88) and (89) we obtain that for all k > k4 and r € [3,1] it holds

Epy1 = Ep + o (f(ar) = 1) = per (F(er—1) = [7) +mp(f(zr) — 7) (90)
+ vllzr — 217 = vt llwe—r — 21 + ngllzg, — 212
+onllanl? = or—rllee—1l + skllzrl?
Fnllar — apoa|? + 01 IV (@) |7 < agbregllz™|12.
Finally, take dy_y = Sagbjc,. Then, o) = Loy i1bp, cpp1 ~ Ck* 72, o > 0 for all k > ks =
max(a — 1, kq). Further, pyg, mg, vy, ng, s and n are nonnegative for all k > ks and r € [%, 1].
Assume now that 3 < r < 1. According to D k>ks apbrerl|z*||? = ac||as>"||QZka5 kT3 =0 <
+00, by summing up (90) from k = ks to k = n > ks, we obtain that there exists C; > 0 such that
Ent1 < Ch,
pn(f(@n) = f*) < C1, hence f(on) — f* = O(n™""),
> mp(f(ar) = f5) < C1, hence Y K (f(wp) - f1) < 400,

E>ks E>1
villzk — 2*||? < C1, hence [jzn — 2*|| = O(n'™7),

Z ngllze —2*]|? < C1, hence Z k2773 |y, — 2% < 400,
E>ks E>1

ollzk]|? < C1, hence ||zn|| = O(n'™"),

> sellzkll® < €1, hence Y k¥ 3|z |2 < oo,

k>ks E>1
> mkller — zp-al® <1, hence Y TR o — wpa || < 400
k>ks E>1

D biallVF (i)l < C1, hence Y k([ f(w)]|* < +o0.
kE>ks E>1

Since Yo, k27| Vf(zg)]|* < +oo, we have ||Vf(zn)| = o(n~"). Combining this property with
Ep41 < C yields sup,, >4 Hanr_l(:cn — ")+ n"(znt1 —xn)|| + 5 (1 — %) n2T_2H1:n_1||2 < +o0.
Let us show now, that f(z,) — f* = o(n"?") and ||zn — zn—1]| = o(n~"). From (90) we get

D A Erpr + () = ) +ller =2 %) = (Br+pr—1 (F (k1) = ) +vr-a g1 =27 %))+ < +oo.
E>1

Therefore, the following limit exists
Hm ([lak” " (2 — ™) + & (g — 21”4+ digllogl® + e (f (@) — 5) + villzy, — 2*[%).
k—+o0
Note that dj, ~ Ck?" =2, pu, ~ Ck*" and vj, ~ Ck?"~2. Further, we have

Soio1 B 73wy — 2P < 400, Yo psq BT ok —zp—a [P < Hoo, Yopsq BTN (f(2k) — f) < +oo and
Zk;1 k>3 ||zk||* < +o0, hence - =

—_

> Zlak g — &) + K (wppn — o) 1P + dillzgl® + e (F(@r) = £5) + vellze —27)1?) < +oo.
k>1

o~
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Since Y, 5, 3 = +oo we get

 Jim (lak™ " (zg — %) + & (251 — 2) I + digllog|® + e (f(mx) — %) + vgllog — 2*)1?) =0

—+00

and the claim follows.

Remark 4 The convergence rate of the values is f(x}) — miny f = o(k~2%) for any 0 < s < 1.
Practically it is as good as the rate f (z(t)) —mingy f = O (t%) obtained for the continuous dynamic.

5.2 Strong convergence to the minimum norm solution

Theorem 13 Take o > 3. Let (zy) be a sequence generated by (IPATRE). Let x* be the minimum
norm element of argmin f. Then, iminfy_, . o ||zx — ™| = 0. Further, (z)) converges strongly to «*
whenever (xy) is in the interior of the ball B(0, ||z*||) for k large enough, or (zy) is in the complement
of the ball B(0,||z*||) for k large enough.

Proof Case I. Assume that there exists ko € N such that ||zy|| > [|z*|| for all & > ko. Set ¢, = /%,
and define f., (z) := f(z) + ﬁHmHQ Consider the energy function defined in (77) with r = 1, that
is a;, = a and b, = k%, where we assume that max(2,a — 2) < a < a — 1. Then,

By, = lla(zg—1 — 2*) + (k — 1) (2 — zp—1 + V(@) + dp—1|lzp—1 ||,

where the sequence (dj) will be defined later. Next, we introduce another energy functional

1 * *
&= §Ck—1(|\1»’k—1||2—|\1? 1)+ lla(zp—1 —2*) + (k= 1) (zg —2p—1 + V. (@p)|I* +dg_1lzr—1]*. (91)

Note that & = cp—1(|lzg—1]* — |z*||*) + Ex. Then,

1 1
Ehy1 — & = §Ck(\|mk”2 —[lz*)1*) - 5%-1(”«’”1«—1”2 —2*)1?) + Egy1 — Eg. (92)
According to (90), there exists k1 > ko such that for all k > k;
Eryr — &+ (f(zr) — ) = o1 (f (@p—1) = f7) + mi(f(z) — f7) (93)
+vglleg — 2 |1? = v llwmy — 27117 + nglley — 2"
Fpller — apo1 |12+ 01 IVF@)l? < —orllanl® + op—illze—ilI® — skllzrll®

1 2 2 1 2 2 2
+gek(lzel”™ = 1271%) = Ser—a (k- ll” = l27[1%) + arbyex |l

Adding 5 (ux + mi)er(lzkll” — 112*]1?) = Fur—1ce—1([zr—1]* — l2*[|*) to both side of (93) we get
Er1 — Ek + i (fer (w) = fer (@7)) = pr—1(fer—s (Th—1) — for_1 (27)) + my(fer, (zx) — fei, (7))
tugllar — ¥ = v llmp—r — ¥ + ngller — 2517+ mgllag — 2P + 0 IVF@e)I? (94)

2 2 2

< —opllzell” + op—1llzp—1ll” — skllzkll
1 1 2 .2 1 1 2 12 .2
+§(Mk+mk+ er(lzrll™ = llz”]| )—5(%71*’ Yer—1(lzr—1lI” = [l=7I7) + arbrerllz™||".

The right hand side of (94) can be written as
1 *
(304 -+ e = o = st ) (= " )

+(-

(-1 + 1)cp—1 + kal) (lzr—1lI” = 112" 11?) + (abrer, — o — sg + op—1)l|z*||.

N| =
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In this case we have uy = 2b7 — 2ayby = 2k* — 2ak and my, = 2b7_, — 2b7 + 2ab = 2(a — 2)k + 2.
Further, o}, = ak+1bi+1ck+l —dp =c— % —di and s, = bzcz —ak+1bz+1ck+1 +akb%ck +agbrcr, =

g C(ak_a) + ;—Z Now, take dj, = W > 0 and an easy computation gives that there exists

ko > k1 such that for all k¥ > ks one has

1 (a+2—a)e 22 —3c
§(Hk+mk+1)ck*0k*8k=* 2% t 52 =0
_1( 1)y 4o _c(anfa)_F ac c <0
g k=1 R TR T 00— 1) k(k—1) 2(k—1)2 =

2— 2 — 2
agbgcy — o — Sk + op—1 = (at+2—a)e (at a)c—c—<0.

2k 2k—1) k2=

Now, since by assumption |[zg| > ||z*|| for & > ko, we get that the right hand side of (94) is
nonpositive for all k > ko. Hence, for all k > ko we have

Ekt1 — Ek + pr(for (21) — fer (37*)) — -1 (fer—y (Tp—1) — f0k71(x*)) +mp(fer (o1) — feu, (x*))

+ vlleg, — 2 = vg—a lzp—1 — 2|12 4 nglleg — 22 4 mgllek — zp—1 1?4+ b1 |V ()] < 0.
(95)

Note that v ~ C. Therefore, from (95), similarly as in the proof of Theorem 12, we deduce that
|z — 2| is bounded, and therefore () is bounded. Further,

Hm ([la(zy — 2*) + k(zper — 2p) I + e (fer (1) — fer (2)) + vpllzg — 2*)) =0,

k—4o00

that is, limy,_, | o vg||zp — 2*[|* = 0 and hence limy_, oo 73, = z*.

Case II. Assume that there exists ko € N such that ||zy|| < ||z*| for all k > ko. From there we
get that (xy) is bounded. Now, take T € H a weak sequential cluster point of (zj), which exists
since (zy) is bounded. This means that there exists a sequence (kn),cy € [ko, +00) NN such that
kn — 400 and xj, converges weakly to Z as n — +oo. Since f is weakly lower semicontinuous,
according to Theorem 12 we have f(z) < liminf, 4o f (2, ) = min f, hence Z € argmin f. Since
the norm is weakly lower semicontinuous, we deduce that

IZ]] < liminfp— oo kan H <|lz*|.
According to the definition of z*, we get = z*. Therefore (z) converges weakly to z*. So

[|=*]| < lim inf ||z < ligigfl\wkll < |l="|-

Therefore, we have limg_, | o ||zk|| = ||z*||. From the previous relation and the fact that x; — z*
as k — +oo, we obtain the strong convergence, that is limy_, , o, 7 = z™.

Case III. Suppose that for every k > ko there exists I > k such that ||z*|| > ||=;||, and suppose
also there exists m > k such that ||z*| < [|zm]]. So, let k1 > ko and l1 > k1 such that ||z*|| > ||z, ||
Let k2 > i and la > ko such that ||z*|| > |z;,||. Continuing the process, we obtain (z;, ), a
subsequence of (z}) with the property that ||z; || < ||z*|| for all n € N. By reasoning as in Case II,
we obtain that lim, 4o z;, = 2. Consequently, liminfy_, |z —2*|| =0.
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5.3 Non-smooth case

Let us extend the results of the previous sections to the case of a proper lower semicontinuous
and convex function f: H — RU {+o0}. We rely on the basic properties of the Moreau envelope
fr:H — R (X is a positive real parameter), which is defined by

— i 1 e
fk(x)—grélﬁ{f(z)—i—z)\ﬂz 95||}7 for any z € H.

Recall that f, is a convex differentiable function, whose gradient is A~!-Lipschitz continuous, and
such that miny, f = ming f), argming f\, = argmin,, f. The interested reader may refer to [21,
24] for a comprehensive treatment of the Moreau envelope in a Hilbert setting. Since the set of
minimizers is preserved by taking the Moreau envelope, the idea is to replace f by fy in the previous
algorithm, and take advantage of the fact that f) is continuously differentiable. Then, algorithm
(IPATRE) applied to fy now reads (recall that oy, = 1 — )

Y = o + o (T — Tp_1)
(IPATRE)

Tpy1 = proxXy, (yp — 72Tk) -

By applying Theorems 12 and 13, we obtain fast convergence of the sequence (zy) to the element
of minimum norm of f. Thus, we just need to formulate these results in terms of f and its proximal
mapping. This is straightforward thanks to the following formulae from proximal calculus [21]:

L. fa(z) = f(prox, s (z)) + o |z — prox, ().

2. Vi(z) = % (g; — profo(x)).
3. proxgy, (v) = /\%r@x + ,\Lﬁ ProX(x4.9) ().

We obtain the following relaxed inertial proximal algorithm (NS stands for non-smooth):

yp = + (1= §)(wp —2p_1)

(IPATRE-NS) N . 1 .
Th4+1 = Thx (Z/k - pmk) + 1% ProX(aq1)f (yk - ﬁ%) .

Theorem 14 Let f : H — RU {400} be a convez, lower semicontinuous, proper function. Assume that
a > 3. Let (zy) be a sequence generated by (IPATRE-NS). Then for all s € B, 1 [, we have:

(i) f(proxy s(zx)) — ming f = o(k™%%), |lzg — zp_1ll = o(k™%),
21 — proxy ¢ (zx))|| = o(k™*) as k — +o0.

+o0 —+ 00
(ii) > k> (f(proxy p(ap)) — H}ritnf) < oo, Y KT ek — mpoa|® < +oo,
k=1 k=1
+o0
> Kl — proxy g (a)[|* < +oo.
k=1
(ii) iminfy_, | ||z — || = 0. Further, (xy) converges strongly to z* the element of minimum

norm of argmin f, if (zy) is in the interior of the ball B(0, ||z*||) for k large enough, or if (xy,) is in the
complement of the ball B(0,||z*||) for k large enough.

6 Conclusion, perspective
In the framework of convex optimization in general Hilbert spaces, we have introduced an inertial

dynamic in which the damping coefficient and the Tikhonov regularization coefficient vanish as
time tends to infinity. The judicious adjustment of these parameters makes it possible to obtain
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trajectories converging quickly (and strongly) towards the minimum norm solution. This seems to
be the first time that these two properties have been obtained for the same dynamic. Indeed, the
Nesterov accelerated gradient method and the hierarchical minimization attached to the Tikhonov
regularization are fully effective within this dynamic. On the basis of Lyapunov’s analysis, we
have developed an in-depth mathematical study of the dynamic which is a valuable tool for the
development of corresponding results for algorithms obtained by temporal discretization. We thus
obtained similar results for the corresponding proximal algorithms. This study opens up a large field
of promising research concerning first-order optimization algorithms. Many interesting questions
such as the introduction of Hessian-driven damping to attenuate oscillations [9], [19], [23], and the
study of the impact of errors, perutrbations, deserve further study. These results also adapt well to
the numerical analysis of inverse problems for which strong convergence and obtaining a solution
close to a desired state are key properties.
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