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Abstract. We design high-order schemes to approximate the weak solutions of hyperbolic
systems of conservation laws. These schemes are based on high order correction of the standard
HLL flux. They are proved to satisfy a global entropy stability property under an appropriate CFL
condition. These schemes do not involve limitation techniques and thus relevantly preserve the order
of accuracy. Numerical experiments illustrate the accuracy and the stability of the proposed schemes.

1. Introduction. The present work concerns the numerical approximation of
the weak solutions of systems made of d > 1 conservation laws in one space dimension
given by

Ow+ 0y f(w) =0, z€R, t>0. (1.1)

The unknown state vector w(z,t) is assumed to belong to 2 a non-empty convex open
subset of R, Here, f : Q — R is a given smooth flux function. It is assumed to be
such that the d x d Jacobian matrix V f(w) is diagonalizable in R so that the system
(1.1) is a hyperbolic system of conservation laws. We consider the Cauchy problem
for , that is we prescribe an initial data at time ¢t = 0 as follows:

w(z,t =0) =wo(z), =€eR, (1.2)

where wy : R —  is a given measurable function. According to [34}/35,42] (see
also [18}19,/36,47]), it is well-known that the solutions of — may develop, in
a finite time, discontinuities and that the weak solutions are in general non unique.
In order to rule out non-admissible weak solutions, the system must be endowed
with entropy inequalities. In this regard, we assume the existence of both a strictly
convex function n € C%(£,R), called entropy function, and an entropy flux function
G € C*(Q,R) such that

Vn(w)"V f(w) = VG(w)T, vw € Q. (1.3)

We then note that smooth solutions of (|1.1)) satisfy the following additional conser-
vation law

om(w) + 0,G(w) =0,

while weak solutions, containing discontinuities, verify an entropy inequality (for in-
stance, see [34135,42]) given by

On(w) + 0G(w) <0 in D'(R x (0,+00)). (1.4)
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fInstitut Camille Jordan, CNRS UMR 5208, Université Claude Bernard Lyon 1, 43 boulevard
du 11 novembre 1918, F-69622 Villeurbanne Cedex, France.
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2 L. Martaud, M. Badsi, C. Berthon, A. Duran, K. Saleh

A weak solution of (|1.1)) is called an entropy satisfying solution if and only if the
entropy inequality (|1.4) holds for any pair entropy-entropy flux (7, G). Integrating in
space the entropy inequality (|1.4) results in a global entropy stability inequality,

d

— <0.
pr R77(10(95,1?)) dx <0

As a consequence, provided [, n(wo(z)) dz is finite, we have for all ¢ > 0

/Rn(w(x,t)) dx < / n(wo(z)) dz. (1.5)

R

The inequality (1.5) is a global entropy stability inequality. Within the specific context

of scalar conservation laws, we may use n(w) = w?/2 or for symmetric system of
d
conservation laws n(w) = % wa so that ([1.5]) reformulates as follows for all £ > 0
j=1

lw(t, )llze < llwoll 2,

which expresses the decrease of the L?-norm satisfied by the solution. For general
hyperbolic systems of conservation laws , the global entropy decreasing property
is reminiscent of a L? weighted type stability since the strict convexity of the
entropy function 7 yields that the hyperbolic system is symmetrizable.

As for the numerical approximation, we approximate the weak solutions of (L.1]),
at time t™, by the following piecewise constant function

wa(z, t") =wi iz ez, _1,2,,1), (1.6)

where (z;, 1 )iez define the sequence of the mesh nodes. The quantities w] are ap-
proximations of the average of the solution over the cell (z;_ 1T +%) as follows,

$i+%

wl = 7/ w(z, t") dz

where w(z,t") naturally belongs to L (R). For the sake of simplicity, we consider a

uniform mesh made of constant size mesh cells Az > 0. As a consequence, we have

Tipr = 1+ Ax for all i € Z. In addition, we introduce the time increment At > 0
so that t"t! = " + At. Over the past fifty years, numerous strategies have been
proposed to evolve in time the approximation m and to define suitable updated
states (w?+1)iez (for instance, see [111/18,19}/26,36,[41,47] and references therein). In
the present work, we use conservative finite volume schemes so that the updated state

reads

witt =Wl — % (}‘H% - ]-'i,%) , (1.7)

where F; 1 € R? is a numerical flux function. According to [19}/26,47], provided
w = w for all ¢ € Z, where w denotes here an arbitrary constant state, if we get

Fipr = f(w), VweQ, (1.8)

?
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Global entropy stability for a class of unlimited high-order schemes 3

then the scheme is known to be first-order consistent and in conservative form.
As a consequence, we may expect from the famous Theorem by Lax and Wendroff [25],
some convergence results. Namely, if the sequence (w]');ez nen converges in a sense to
be defined then the limit function is a weak solution of . However, the obtained
limit solution is not necessarily entropy satisfying and non-admissible discontinuous
waves may appear (for instance, see [931]). To correct such unphysical solutions, one
asks the approximate solution to satisfy, in addition, discrete entropy inequalities in
the form

< n(wj) — 2—; (QH% - Qi_%) , (1.9)

where G; 1€ R? denotes a numerical entropy flux function, which must be consistent;
namely G;, 1 = G(w) as long as w;’ = w for all i € Z where G(w) is the entropy flux
function given by . From , we immediately recover the numerical counterpart
to the global entropy stability condition so that

> nwithAz <3 pw)) A (1.10)

€L €7

The design of numerical schemes able to provide discrete entropy inequalities
and thus able to satisfy the global entropy stability turns out to be very
challenging. Among the few first-order approaches able to exhibit such estimates, we
refer to the exact Godunov scheme [20,26], the kinetic schemes [4132], the HLL scheme
[25,126], the HLLC scheme [48], some relaxation schemes such as Suliciu relaxation
approaches [3}510] or the numerical strategy introduced by Tadmor [45/46]. Staggered
schemes introduce an appropriate framework with respect to entropy stability, as
illustrated in [27] in the implicit case for instance. In the same formalism, fully
explicit results were proposed in [16}/17,/28] for the Euler equations, and in [15] for
the shallow water equations. In [8}29,/30], the global estimation is established
to justify the stability of the derived schemes. Let us however underline that, from a
general viewpoint, time discretization is an important technical obstacle and stability
is often considered in the semi-discrete setting |1|7,/45]. Unfortunately, such semi-
discrete entropy inequalities are known not to be sufficient to rule out non-admissible
discontinuities in the converged solutions.

As far as high-order numerical approximations are concerned, the situation turns
out to be drastically distinct. We may quote Bouchut [5] page 54, “It is extremely
difficult to obtain second-order schemes that verify an entropy inequality”. Several
works devoted to high-order schemes attempted to exhibit discrete entropy inequalities
(1.9). For instance, in [46], semi-discrete entropy estimates associated with , are
established. In [2/6] (see also [39,/40]), fully discrete entropy estimates are introduced
as follows:

M) < = S (G~ Gy). (1)
for a suitable entropy average f'. Such discrete entropy inequality strategies are not
fully relevant since Lax-Wendroff Theorem [33] cannot be successfully applied. It has
been illustrated in [13] where the authors proved that, in the convergence limit, the
expected entropy inequality is satisfied up to a positive measure. In addition,
in [13], numerical experiments exhibited the capture of non-admissible shock solutions
for MUSCL schemes which satisfy .
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4 L. Martaud, M. Badsi, C. Berthon, A. Duran, K. Saleh

Hopefully, recent formal developments, proposed in [12,/24,38], may indicate that
a discrete entropy global stability is reachable. The key ingredient in their
strategy consists in a suitable control of the high-order diffusion term in the numerical
fluxes to get the required global numerical entropy stability . Thus, the aim of
the present work is the design of high-order schemes to approximate the weak solutions
of which satisfy the global entropy stability condition (L.10). Although it is a
global stability criterion, a local stability of the approximate solution may be observed
numerically [8}29}30].

The paper is organized as follows. In the next section, we introduce a class
of high-order schemes. This class is derived from the well-known HLL scheme [26]
complemented with suitable higher-order corrections obtained by ensuring the high
order consistency of the numerical flux function with the physical flux function. For
the sake of conciseness in the paper, we derive second-, third- and fourth-order space
accurate schemes to approximate the weak solutions of . The reader will be
easily convinced by the possibility of high-order accurate extensions. In Section 3,
we establish . The proof relies on the design of a relevant CFL-like condition
to restrict the time step, and the use of the large enough dissipation granted by the
first order viscosity of the HLL scheme to control (likely anti-dissipative) high order
corrective terms. In the last section, several numerical experiments are carried out to
illustrate both the stability and the accuracy of the proposed schemes.

2. Unlimited high-order HLL schemes. We derive high-order space accurate
schemes. The starting point is the original first-order HLL scheme [26] that reads as
follows:

At

’LU?+1 = w? E (f)(\)l(w:'lﬂwszrl) - ]:/\Ol(wznfl?w?)) ) (2'1)

where the numerical flux function is given by

A

FO i uln) = 5 (@) + Fulhn) = 5 @l —uf) . (22)

Here, A > 0 stands for the numerical viscosity coefficient. Under the following CFL
conditions:

At 1

—A< =  with A>max(Ju(w?)|),

A<y > ma (Ju(wf))

where p(w) denotes the spectral radius of V f(w), the scheme (2.1]) is known to be
entropy preserving (see |26]). As a consequence, there exists a numerical entropy flux
function G (wl’, w?, ), consistent with the entropy flux function G(w), such that for
all ¢ € Z we have

At
(™) <) = 1 (G0 (i wity) = G0 (wiy, wi)) (2.3)

for all entropy pairs (7, G).

Equipped with this first-order scheme, we are in position to increase the order of
accuracy in space. Before doing so, we first recall the following result that character-
izes the accuracy of finite volume schemes (for instance, see |5] Proposition 2.26 for
the proof).

LEMMA 2.1. Consider a numerical scheme of the form

n+l _ niAt

w; w; F.T (‘F(wzn—u’ e 3w1n+u+1) - ‘F(w?—y—lv e 7w;'n+1/)) )
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where v > 0 is an integer. The scheme is k™ -order of space accuracy if, for a fived
Ty 1, we have

}—(ui*w T ’ui+V+1) = f(“(xwr%)) + O(Axk>7

1 where, for a given smooth function u(x), we have set

L[ @) d 2.4
Ul_ﬂx,luu) x. (2.4)
)
2
3 Thanks to this result, we easily notice that the numerical flux function (2.2} is

+ first-order. More precisely, with (2.4)), a standard Taylor expansion in a neighborhood
s of ;1 gives

Az
FQ i) = f (ul@igy)) = 25 0eu(igy)
Ax? 1
+t—5 (&mf (U(fﬂz+%)) + §Vf (U(xw-%)) 3mu($i+;)> (2.5)
AAz3
_ Tammu(mw%) + O(Am‘l)
The main idea is then to define a high-order correction of the numerical flux function
}")?1 that is based on the Taylor expansion (2.5). We therefore consider numerical
flux functions of the form

1

Ok o1 Ok Ok

Fxr(wiy, o wilyq) = FX (Wi wily) + B} (" +alfy).

where the superscript Ok refers to the term ” k*"-order” and will take values in the set
{02,03,04} according to the space order accuracy of the scheme. From the Taylor
expansion (2.5)), we observe that the following consistency, in a neighborhood of a

fixed x; 1, must be satisfied by the correction a¢* according to the selected order of
accuracy:
af? = %%w(mwé’tn) +0(Az?), (26)
aZO?’ = %amw(xﬂr%,t")
S (0 (w001yo1) 397 (000104, 0) D7) ) + O(A)
(2.7)
a?4 = %&cw(fﬂm%tn)
_ ATJJQ (@mf (w($i+§7t")> + %Vf (w<xi+%’tn)) a”w(x”%’tn)) 29
%f(%mw(xwévtn) +0(Azh),

s where respectively aiOQ is the second-order correction, 04?3 the third-order correction
7 and ozio 4 the fourth-order correction. We thereby stress that the high order numerical
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6 L. Martaud, M. Badsi, C. Berthon, A. Duran, K. Saleh

flux function ]-')\Ok contains both approximation of the term — ,\gz 0w which inherits
from the HLL flux function .7-3\01 and approximation of the same term but with the
opposite sign —&—’\%‘” O;w which inherits from the corrective term a®*. At the con-
tinuous level the sum of these two terms is equal to zero. However at the discrete
level, since these two terms are not discretized within the same stencil, they do not
generally compensate. The difference controls the numerical viscosity of the scheme
and thus its stability.

We now give the definition of the corrective terms a{’*. For the sake of clarity in
the forthcoming notations, we set

n

Oip1 = Wity — Wy (2.9)

Concerning the second-order correction, we propose

3

A I
af? = EAl‘azinQ, (2.10)
where
702 02 02
Azdyw; =076 11 + (I —07?%) Oi_1- (2.11)

Here, I is the d x d identity matrix while ©9? is a free d x d diagonal matrix parameter
to be defined. This matrix parameter will play a central role to establish the required
global entropy stability and it will be defined later on. We mention that other dis-
cretizations of the term Axﬂ? ? are likely possible and extensions with more general
matrices ©F? could be considered as well. We emphasize that the second-order con-
sistency statement is immediately satisfied provided the diagonal matrices @?2
remains bounded as Ax tends to 0.

Next, concerning the third-order correction, we choose

P 2 2
af3 = %AmaTw?‘* - A%amf(w)i - AQ—ZVf(w)amwi, (2.12)

where

Ammfg = %91'03 (5i+% +0i 1+ 51‘—%) + % (I -7 (5i+% +oi1+ 5:'7%)
2

+ % (1 - 2092) (5”% _ 52;5) , (2.13)
Az?0p f(w); = f(wiyy) — 2f (w]) + flw]" ), (2.14)
Az () B, = VI (w]) (34 =6,y ) (2.15)

We end up the definition of the scheme with the fourth-order correction that is given
by

A, —o04 Az?2— Az — Axd 04
04 _ — . R — R . _ . .
ot = 2A:E81wz 5 Opa f(w), 54 V f(w)0paw; + A oY Ozzzw; , (2.16)
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where we have set

AaDywy = 09" Aadywy, s + (I - O9Y) Acdyw; s

1 OpzW a9 ) — |
T (_9?%%28”7“”% + (I — 209 Ax* By + (1~ 9?4)Ax28mw¢0:11)
A 3
’ Txamw?{ (2.17)
— 1
A =Gy — 0, (2.19)

A Dty = (043 —0;43) — (6,43 — 6, 1). (2.20)

1
2

Note that the terms Aw@mwioQ, Am@wwgm, Ax@ww?l are consistent with Am@Iw(JcH%)
but with different order of consistency according to the consistency relations —
(2.8]). This is why different formulas are proposed.

Equipped with the correction terms a®?, a3

the high-order scheme of interest as follows:

and af*, we are now able to give

At
1 Ok Ok
where we have set
1
Ok 01 Ok Ok
fiJr% = ‘F)\ (w?vw?—l-l) + 5 (ai + ai+1) ’ (222)
with
Z-Ok = a? 2 for the second-order scheme,
Z-Ok = a? 3 for the third-order scheme,
aP% = a9 for the fourth-order scheme.

We complete this section by establishing the order of accuracy of the schemes.

PROPOSITION 2.2. Let be given u(z) a smooth function and define u; by (2.4).
Let the sequence of matrices (09%);cz be bounded as Ax — 0. For a fized Tip1 and
k €{2,3,4} we have

1
‘Fgl(uia Ui+1) + 5 (a?k + ag_kl) = f(u(xﬁ_%)) + O(Azk)

As a consequence, the high-order scheme 1s space second-, third- or fourth-order
according to the selected order of accuracy.

Proof. A direct Taylor expansion and the application of Lemma [2:1] achieve the
proof. O

To conclude this section, we highlight that the high-order schemes do not involve
limitations techniques in contrast with other usual approaches (MUSCL technique [49)
or ENO/WENO schemes [37,43,44] or DG schemes [14129,{44], for instance). We do
not need limitations in the high-order correction terms to establish global entropy
stability.
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3. Global entropy stability. In this section we establish the global entropy sta-
bility satisfied by the high-order scheme . In order to deal simultaneously
with second-, third- and fourth-order of space accuracy, the high-order correction oziOk
is reformulated as follows:

A Ag?— JAY) /L
afk :—Axc‘?zwiok — 0320 oz f (W), — 503—$Vf(w)8mw,
2 8 K 24 g
Az 04
04 '
+ Ae 24 rxaW;
where
03 1 for third- and fourth-order, o1 1 for fourth-order,
e’ = eVt =
0 otherwise, 0 otherwise,

Ok
where AxOyw, is given by definitions || 1) and 1) according to the
selected order of accuracy Ok € {O2,03,04}.
For the forthcoming developments, it is convenient to condense the high-order

scheme (2.21)-(2.22)) in the form

At
Wit = wh + ER?’“, (3.1)
where
Ok 1 n n A L ok Ok
R{" = ) (f(wi+1) - f(wi—l)) + b) (5i+% - 51'—%) ) (ai+1 - 0%—1) : (32)

We now state our main result.

THEOREM 3.1. Consider n € C?(,R) a strictly convex entropy. Let the approx-
imation at time t", wa(-,t") given by being a non zero function in L*(R) and
such that [, n(wa (z,t"))dx is finite. We assume the following:

a) There exists a compact set K C § such that wa(x,t"™) € K for every x € R.
b) The sequence of bounded (as Ax — 0) diagonal matrices (09%);cz, defined
according to the selected order of accuracy, satisfies for alli € Z the following

condition
Z (Vn(wﬁ-l) - Vn(w?)) ’ 6i+%
i€z
- 12 (Vn(w?y) — V! ) - ( Azdyw, " + AT > 0
2 =~ 77 1+1 77 1—1 x g 12 xxx Wy )

Ok =0
where Axd,w;  and Ax30,.,w; 4 linearly depend on @?k.
Let u©% be a positive bounded (as Ax — 0) constant such that

u* Z (Vn(w?ﬂ) - V??(Uf?)) : 6i+%
i€Z
< Z (Vn(w?H) - Vn(wf)) '5i+%
i€l
1 N N N €O4A 504 A
3 Z (Vn(wi) = Vin(wiy)) - ( Azdyw; + g AT zaaWi | - (3.4)
i€Z
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1 Then there exists positive constants, denoted Cy ,, C’Ok’n independent from \ and

m,
> &L and positive constants r,(X), CO*(N) that depend on A > 0 but not on &L such

s that if A > 0 large enough and % > 0 small enough verify both

o 0, COk
A 2 2ma | max |u(wf)| 4e21 2 ) (3.5)
(zEZ Cn,n
Ok
At (1 2Chn —2PCRE, dist(K, 00) (3.6
A MOETTTORN T ) ) |

« where p(w) stands for the spectral radius of V f (w) and dist(K, 0Q) > 0 is the distance
s from the compact K to the boundary 0N2, then updated approximation given by the
6 high-order scheme verifies wa (-, ") C Q and one has the global entropy
7 stability inequality , that is

/R n(wa (e, 7)) de < / n(wa(z, t))da. (3.7)

R
8
0 Before going any further in the establishment of the main result, let us comment
10 on the technical assumptions :
1 e The assumption a) has to be understood as an L*° bound on the solution. It is
12 however much stronger since we require that the solution belongs to a compact
13 subset of {2 where € is an open set. It is used for several purposes, namely; to
1 obtain a lower bound for the smallest eigenvalue of the Hessian of the entropy
15 V2n, to get a L> bound on the physical flux f and last but not the least
16 to obtain the robustness of the scheme for % > 0 small enough. Note that
17 in the case of scalar conservation laws or symmetric system of conservation
18 laws this assumption could easily be removed since the entropy function to be
19 considered n(w) = 3|w|? is a strongly convex function and the admissible set
2 is Q = R%. In the case of Euler equations with a perfect gas, the admissible
2 set is Q = {w = (p,pu, E) € R® : p > 0,E — pu?/2 > 0}. Our assumption
2 therefore implies that the density p and the pressure p = (y — 1)(E — pu?/2),
2 where v € (1,3) stands for the adiabatic constant, are strictly away from
2 the vacuum and bounded from above. It is a somehow standard assumption
2 (see |42]).
2 e The CFL condition £tr,(\) < dist(X,09) with dist(K,9Q) > 0 is used
27 to prove the robustness of the scheme, namely; wa (-, t"*1) C Q. This CFL
2 condition can be quite restrictive. However in practice we always consider
20 datum that are far away from the border 9€2. We mention that it is difficult
30 to prove robustness for high order scheme under a less restrictive condition,
3 except in the case where limitation techniques are used (for instance, see
2 [2,40]).

e The assumption b) about the definition of the matrix parameters ©* is used
to control the dissipation of the global entropy. Once again this assumption

is easily satisfied in the case of scalar conservation laws or symmetric systems

with the quadratic entropy n(w) = %|w|2. For this specific entropy, and the

second order in space scheme 02, the inequality (3.3]) reformulates as follows:

S by G - %Z (Girs +0iy) - (092,14 + (T - 07254 ) >0,

€L €L



10

11

12

13

14

15

16

10 L. Martaud, M. Badsi, C. Berthon, A. Duran, K. Saleh
which after a translation of indices is equal to
1 2 1 02
> (5”% - 51.,%) — 56 (M% + 51-7%) : (5% - 52.,%) > 0.
i€z i€z
For instance the following choice:

VieZ, ©92=diag <<y (—sign ((043)2 - (6,-1)?2))

yields the desired inequality. Moreover, since it is bounded as Ax — 0, it
preserves the order of consistency of the scheme. Another possible choice is:

VieZ, ©9%2=0¢cMyR).
This choice also gives the desired inequality since for a non trivial solution
2
wa(+,t") € L*(R) the sum 1. ((5”1 - (51;%) is positive.

e For an arbitrary entropy 7, we propose a systematic way to design a sequence
of matrices (O9%);cz such that the inequality of assumption b) holds
(see Proposition in the appendix). We did not manage to prove that
the proposed sequence of matrices stays bounded as Ax — 0, we however

observed it numerically.

3.1. Dissipation estimates. To prove our main result we shall need several
technical lemmata that arise in the study of the quantity Y., Vn(w?) - R*. This
formal quantity with an appropriate CFL condition controls the dissipation rate of
the global entropy of the scheme and results from the following expansion of

the scheme (2.21]),

At
n(w) ™) =n(w]) + 3o Vn(?) - RO"

At ! 2 n o A ok 50k Ok
+<Am> /O(l—s)V77<wi +5A—x72i >RZ -R7T ds.

The quantity ), ., Vn(w}) ~Ri0’“ thus must necessarily be negative for to hold.
Actually, we shall be more precise and prove a quantitative estimate that essentially
shows that the global entropy dissipation rate of the the high order scheme can
be controlled by the global dissipation rate granted by the first order HLL scheme.
In this respect, we begin with the following lemma. It gives an estimate on how the
first order part of the scheme dissipates the global entropy.

LEMMA 3.2. For any sequence (v;)icz, € 1*(Z) with values in Q such that
Z n(vi)Azx is finite, for all A > max;ez |p(vi)| where p(v) denotes the sequence
1€Z
of the eigenvalues of V f(v), under the CFL condition

At 1
=A< .
Az — 2 (3.8)
we have
1 A
= 5 2 V() (f(vin) = i) = 5 D (Vn(vin) = Vo) - (vis = v)
iE€EZL 1€EZL
At [* At
<_=0 1— 2 ) Al 01, OLA  5O01,A
<30 [0 v (s RO RO RO s,

€L
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where

RV = _% (f(vit1) = f(vi-1)) + é(Uz‘+1 —vi — (v = vi1)). (3.9)

2

Proof. Let (v;)icz € [?(Z) be an arbitrary sequence with values in Q. Consider
the updated sequence (7;);cz determined by the first order HLL scheme (2.1)) with a
numerical viscosity A and a CFL condition given by (3.8). That is

At AAt

Az (f(vig1) = f(vi-1)) + m(vi—kl —v; — (v; —vi_1)). (3.10)

’lNJi = V; —
Since A > max;ez |u(v:)|, it is known that the first order HLL scheme verifies ¢; €

(because 2 is convex) and is entropy preserving (see [26]). As a consequence, we get

At

(o) < n(vi) = (G (vi,vig1) — G (vima,vi))

where G{* is the numerical entropy flux function. We then obtain

> on(@) =Y n(v) <0. (3.11)

I€EL i€Z

Besides, since 9; € {2, using (3.10]) we have

5) =)+ Do) . ROLA
77(7]1> —77(%) + Axvn(vl) Rz

At\? [ At
+ (A.’I}) /0 (1 — S)V2T] <’Uz + SFR01 A) ROl A ROl A dS,
where R?LA is given by 1’ Considering l} we necessarily have

> Vnlv) RV < — At/ 1-5)Y V% (vZ—FSAR,»Ol’A) ROVA L ROVA g,
a:

i€EZ 1€EZ

Eventually remark that

Zvﬁ(vi) 'R?LA = —% Z V(i) - (f (vig1) — f(viz1))

i€z ieZ
+ = ZV?] (i) * (Vi1 — vi — (vi — vi—1)),
zEZ
= 5 3 V() (i) = i)
i€Z
B %Z (Vn(vig1) = V(i) - (vig1 — vi),
i€Z

which yields the desired inequality and achieves the proof. O

Our second lemma states that the upper bound in which controls the numerical
viscosity p@* > 0 is bounded as Az — 0 and thus the scheme does not need to be
infinitely viscous.
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1 LEMMA 3.3. Let the approximation at time t", wa(-,t"™) given by being a
> non zero function in L*(R) and such that it verifies the assumption a) of Theorem
[3.4 Let (0;)icz a sequence of bounded as (Az — 0) matrices that verifies (3.3).
+ Then the upper bound in , is bounded as Az — 0.
Proof. First, since n € C?(£2,R) is a strictly convex function and wa (-, ") belongs
to a compact set K C € there exists a constant a,,,, > 0 such that we have

w

1
> (Vn(wiyy) = Vwi) - 63 = / S V(W] 4 50i51)004y 0,y ds,

i€z 0 ez

> G ) 0y Oip g

€L

-

Since wa(+,t") is in L?(R), the sum Y, , 0ir1 - 0;11 > 0is convergent. Let us set

S=> (Vnwi,) = Vn(w})) - 6141
i€z
1 I —Y
- 5 2 (el - V) - (Aadw + S5 AcD )
i€z

which is positive since the sequence of matrices (0;);cz satisfies (3.3). Since 7 is
smooth and wa(+, ") lives in a compact set K C €2 then there also exists a positive
constant 3, , such that

< Bon Z USER OIS

1€Z

> (Vnwiyy) = Va(w})) -0,y

€7

. ~—Ok 04 . . .
Moreover, since Azd,w;, and Ax30,,,w; are linear functions with respect to
(6i+u+%),2§l,§+1 and with bounded coeflicients, there exists positive constant S, .,
such that

04
> (Viwi) - Vi(w)) - (Axm?’“ + iQAa:Bamw?“‘) |

i€z
< Bom Z i (6i+% + 51‘7%) Oiguils

1E€EL v=—2
< 85n7n Z 5i+% ’ 5i+%'
i€Z

It results in the existence of a positive constant 3, , > 0 such that
S<Bynd Gips-Oips.
i€Z
As a consequence, we get

S < ﬁn,n
Sz (Vn(wlyy) — V(w})) - Oiyl — Qyn

s and thus, from (3.4), 4©* remains bounded as Az — 0. The proof of Lemma is
s completed. O

0<

b
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Our last lemma is the cornerstone of this work. It is an estimate on how the high
order global entropy dissipation rate can be controlled by the first order dissipation
rate.

LEMMA 3.4. Let the approzimation at time t™, wa(-,t") given by (1.6) being a
non zero function in L?(R). Let the assumption a) and b) of Theorem old. Let
% > 0 be large enough to satisfy . Let DO be the high order dissipation rate
given by

A " 1 n
D) Zvn(wi ) (§i+% - 51‘—%) 9 Zvn(wi ) : fi’“l - O%Okl) (3.12)

i€z i€z
Then there exists a positive constant Cofn which does not depend on \ such that

by Ok
DO < —'UT Z (Vn(w?H) - Vn(w?)) ’ 5i+ 0307; fn Z 5i+% ) 5i+%7

€L €L

Proof. Let us begin with a bound on the second term |3 3, ., Vp(w?)-(a9F — ?kl) |
The approximation at time ", wa (-, ") is in L?(R) and wa(-,t") C K where K is
a compact set of Q. Besides, since the functions f and 7 are smooth there exists a
positive constant C9% gy which does not depend on A such that

n Ax? Ar? ——
SVt (SO + S @00,
i€EZ

Ar?— A ———————
—%8mmf(w)i_1 - ivf( ) Mwi_1>‘

- Z(vmwal)—vmwl))-(m O CONE O >w>

i€L

nf, Z‘swl '5i+%-

1EZL

)

Expanding D%, we obtain

>\ n
DO < B ZVn(wi ) (01 —0;1) ZV?] - (Azd,w. w — Azd,w wl 1)
i€z 4ia
ZVU N(AZOpypwyy 4 Aa:g’awmwio:ll))
ZEZ
+eP O D Givy i
€L
A n n
< 3 Z (Va(wiyq) = Vn(w})) Oy 1
=
A " " — ok 9 . o
+ 1 ; (vn(wi-i-l) - V’?(“’i—ﬁ) : (Al’axwi + HAJU OrzaW; )

03
Cofm Z(SH% Oy

1€EL
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Multiplying the inequality (3.4) by —\/2 one has the bound

-3 3 (Vntus) - Tn(wl) 6y

i€z
A n n Ok g04 — 04
+ 4 ieZZ (vn(wi+1) - Vﬂ(wiﬂ)) : (Afﬂa;pwi + ﬁA:c?’@mmwi )
)‘MOk
< =S5 > (Vn(wly) = V() - 6iy

icZ
1 gathering all the terms together yields the desired inequality. O

2 3.2. Proof of the main result. Let A > 0 to be fixed later. We first prove the
3 robustness of the scheme ). Namely, there exists a compact set K’ C Q such that
+ forall se[0,1] and i € Z wl + sRERPF € K’ for some small enough £ > 0. We
s argue as follows: since wa (-, t”) is assumed to belong to a compact set K C Q, by
s a standard continuity argument, one can find a positive constant r,,(\) that depends
7 on A but not on £L such that for all i € Z |[RY*| < r,,()). Consequently, one has the
s following embedding

n At Ok . . At L /
{w} + SA—Q:RZ- :s€0,1,i€Z} C K+ EB(TH()\)) =K

s where B(r, (X)) is the ball in R? of radius r,(X). For any £ > 0, the set K’ is
0 a compact subset of R, Since K is a compact subset of and Q) is an open set,

u  then dist(K,09) > 0. Provided 0 < £Lr,(\) < dist(K,09), one has K’ = K +

2 RLB(r,(A\)) C Q which proves the robustness.
We now prove the global entropy stability. Since n € C?(£;R) is a smooth enough
function and the updated approximation wa (-, t"*1) given by belongs to 2, one
has using a Taylor expansion,

M) =n(w) + o Vnug) - RY"

At At
1— o)v2 Ok \ ROk 22Ok ¢
+<Ix> /0( s)V n(w +s— R >Rz RY" ds

13 We have to prove the following inequality
At At
> n(wp) Rk + 1 )Y V2 (w? + SMRiOk) ROk RO ds < 0. (3.13)
i€Z i€Z

We decompose the first term as follows

S V() RO = 230 () - (f(wfh) — Flufy)) + DO,

S/ 1€Z

where R?k is given by (3.2) and D* is given by (3.12). Using Lemma the second

term of the right hand side of the above equality can be from bounded above so that
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we have,

> nwp) - ROF < - Zvn(w?)~(f(w?+1)—f(w?_1))

i€EZ iGZ

(wiy1) — Vn(w?)) 5z+1 + 503017 fn Zéi—&-% “Oiy1
i€z i€z

Using Lemma with the sequence (v; = w]");cz and with the numerical viscosity
A = \u©%/2 and the CFL condition (3.8)), one can bound the first term of the right
hand side of the above inequality as follows,

N %ZVU(W?) () = flwiy)

i€EZL ZEZ

wi'ys) Vn(w,”)) 5i+é

At At 01,2:%%/2\ 501, 2u%%/2 . 01,2u0% /2

Ok
where R?u‘“ /%ig given by 1) As a consequence, gathering all the terms together
we glean

Ok ANOk
D Vn(wi) RP < === (Vn(wlyy) = Va(w))) ;.4
el ieZ
At At 0121 /2\ 501 AuC%/2 01,20 /2
/1—s§€%v2< mRi’/Ri“/~Ri’/ds

03
Covfin D 0iy ~ Biry

iE€EZ

Moreover, since 7 is strictly convex and continuous and wa (-, t,) is assumed to live
in a compact set K C €2, there exists C), , > 0 such that

1
Z (Vn(wz%) - VU(UJ?)) : 5i+% = / ZV%Y(U);L + 86i+%>6i+% : 5i+% ds,

i€z 0 ez
> Cyn E USRI

S/

so that we get the intermediate following inequality

Ok Au©* L03
Zvﬁ R < ( Tcn,n Cnfn) Z‘SH% iy

1€ 1EZ
A A , ; .
t / (1-5)3 V2 (wf n stR?L“Ok”) ROVME/2 _ROVAKTES2 g
Az
i€Z
(3.14)

Adding the term ﬁ‘t fo (1—8)> (w +sx; At RO’“) RiOkfRzokds to the inequality

1€Z
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(3.14) results in

A At
> Vnwp) - RO+ At 1—3)ZV277(1U +5 ROk>R?k~R?kds

€L I€EL

S( Ll Con + ¢ Oscnfn)z(sﬂr%'é”%

1€EZ

At At o o or
/ (1=5)3_ vV (w? s RO k/2> ROV k/Q'Riol”\“ “/2 g
1€L Az

At 2 n, LAt oK\ pok Ok
+ A 1 SZV (wi+sm7€i ROF . ROF ds.

To complete the proof, we have to provide an upper bound for the two last terms.
For the first term, using once again the numerical viscosity A = Au©*/2 and the

Ok
CFL condition l) one has for all s € [0,1] and ¢ € Z, w}* + S%R?L)‘“ 2 cq.
Therefore by standard continuity argument, there exists a positive constant C7(\)
that depends on A such that

At
/ (1-s ZVQ (w? n SMR?I’)‘“(Mﬂ) Riol,)‘MOk/z.RiOL/\NokﬂdS <1\ Z‘SH-%'(SH%
1€L 1€EZ

We now deal with the second term. Using a continuity argument in the compact
set K’ C €, there exists a positive constant C2(A) that depends on A such that

A
/ (1-5)) Vn <w?+SA;R§)k>R?“R?kdsgCg(/\)ZéH;~6i+é.

1€EZL i€L

We then get with a positive constant C%(\) = C1()\) + Ca(N)

A
/ (1=5))_ Vn (w? + stR.Ol’A“‘”“) ROV /2 O /2

AI, 1 1
i€Z
/ (1-5)> Vn (w +5 ROk>ROk ROF ds
€L
<COk )Z(SiJrl 5Z+%
=

It eventually yields

At At
Ok 2 n Ok \ 20k | 150k
lEGZ Vn(w) - R; 1 -5 ;ez \Y (wi + s :CRi ) R7" Ry ds

)\MOk 03 ~Ok Ok
g(— T Cn +ePC + C’ )Z% B

1€EZL

To conclude the proof, it is enough to choose A large enough to satisfy || and %
small enough to verify the additional CFL restriction (3.6 so that

)\,u At
Az

and the required inequahty is satisfied. The proof of Theorem is thus
achieved.

C, + 030,2’; —C%(\) <0,
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4. Numerical experiments. In this section, we provide several numerical ex-
amples that illustrate the accuracy and the stability of the proposed schemes. In
order to be complete, some details in the scheme implementation must be given.

As far as the time order of accuracy is concerned, the scheme is first-
order in time. To increase the time accuracy, we use the well-known SSP Rung-Kutta
methods introduced in [21H23]. Since this high-order time approach is based on convex
combination of first-order time sub-steps, the global entropy stability result is
preserved.

Let us now explain how the parameters of the scheme are settled. Being given a
strictly convex entropy 7, we design the matrix parameter (©9%);c that satisfies the
criteria . Then we have to choose an explicit definition of the numerical viscosity
coefficient A and the time step At. For a fixed Az > 0, according to Theorem
there exists A > 0 large enough and At > 0 small enough such that the inequality
is satisfied which implies the global entropy stability. From practical point of
view A and At/Ax are chosen such that A = max;|u(w})| and ’\A—A; < 1. We shall
verify systematically at the numerical level that this choice ensures the decrease of
the total entropy.

Equipped with this numerical parameters, we performed numerical simulations
considering mainly the scalar Burgers equation and the Euler equations. For each case,
we propose three different choice of the matrix parameter O9% € {@aoff , @bof , @COJ’-“ .
We systematically measure the error in L', L? and L* norms between the numerical
solutions and an exact solution. Plots of the obtained numerical solutions and the total
entropy are also given. A particular attention must be paid on the choice @iOk = @gf
whose results are surprisingly good, notably because very few oscillations are observed

in the discontinuities.

4.1. Burgers equation. The Burgers equations consists in taking w € R and
the flux function given by f(w) = w?/2. We consider the entropy function n(w) =
w? /2 so that the global entropy stability coincides with a L?-decreasing prop-
erty. We shall present several test with the following parameters:

O0F = —Osign ((Vn(w}iy) = Vn(wly)) (A1)
Ok (512—1/2 - 52’2+1/2) (51‘2—1/2 + 5i2+1/2>
Oni = 2 2 2 ’ (4.1)
(51‘71/2 + 5i+1/2> +e
1
ok, _ 1
6071' - 2a

where we fix § = —min(0, S/D), with S given by (A.2) and D given by (A.5), and
e = 107'2. Numerically, we verified that these choices of ©9* satisfy the criteria

(3-3)-

4.1.1. Smooth solution. We take a smooth initial data wg(z) = 0.254-0.5 sin(7z)
over a periodic domain [—1,1). With a final time small enough, here given by ¢t = 0.3,
the exact solution remains smooth so that the order of accuracy can be evaluated.
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Table 4.1: Second-, third- and fourth-order accurate approximation of the smooth
Burgers with a mesh made of 400 cells.

Second-order scheme errors
cells | LT order || L? order [[ L® order
100 5.8E-04 | - 6.9E-04 | - 8.2E-04 | -
200 1.4E-04 | 2.0 1.7E-04 | 2.0 2.0E-04 | 2.0
400 3.6E-05 | 2.0 4.2E-05 | 2.0 5.0E-05 | 2.0
800 8.9E-06 | 2.0 1.0E-05 | 2.0 1.2E-05 | 2.0
1600 | 2.2E-06 | 2.0 2.6E-06 | 2.0 3.1E-06 | 2.0
Third-order scheme errors
cells | LT order || L? order || L order
100 8.2E-05 | - 1.3E-04 | - 3.4E-05 | -
200 1.0E-05 | 3.0 1.6E-05 | 3.0 2.4E-06 | 3.8
400 1.3E-06 | 3.0 2.0E-06 | 3.0 1.9E-07 | 3.7
800 1.6E-07 | 3.0 2.5E-07 | 3.0 1.6E-08 | 3.6
1600 | 2.0E-08 | 3.0 3.1E-08 | 3.0 1.4E-09 | 3.6
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Fourth-order scheme errors
cells | LT order || L? order || L order
100 6.1E-06 | - 1.0E-05 | - 1.2E-05 | -
200 3.8E-07 | 4.0 6.4E-07 | 4.0 7.9E-07 | 4.0
400 2.4E-08 | 4.0 4.0E-08 | 4.0 4.9E-08 | 4.0
800 1.5E-09 | 4.0 2.5E-09 | 4.0 3.0E-09 | 4.0
1600 | 9.1E-11 | 4.0 1.5E-10 | 4.0 1.9E-10 | 4.0

19

Table 4.2: Errors and order evaluations for the second-, third- and fourth-order accu-
rate schemes with the smooth Burgers solution for 9% = 62’; .

Second-order scheme errors
cells | LT order || L? order || L*° order
100 1.4E-03 | - 1.6E-03 | - 1.0E-03 | -
200 2.5E-04 | 2.5 2.8E-04 | 2.5 9.9E-05 | 3.4
400 3.9E-05 | 2.7 4.3E-05 | 2.7 4.8E-05 | 1.1
800 8.9E-06 | 2.1 1.0E-05 | 2.1 1.2E-05 | 2.0
1600 | 2.2E-06 | 2.0 2.6E-06 | 2.0 3.1E-06 | 2.0
Fourth-order scheme errors
cells | LT order || L? order || L°° order
100 6.0E-06 | - 9.8E-06 | - 1.2E-05 | -
200 3.7E-07 | 4.0 6.3E-07 | 4.0 7.6E-07 | 3.9
400 2.3E-08 | 4.0 3.9E-08 | 4.0 4.8E-08 | 4.0
800 1.5E-09 | 4.0 2.5E-09 | 4.0 3.0E-09 | 4.0
1600 | 9.1E-11 | 4.0 1.5E-10 | 4.0 1.9E-10 | 4.0

Table 4.3: Errors and order evaluations for the second- and fourth-order accurate
schemes with the smooth Burgers solution for 0% = ©fF.

Second-order scheme errors
cells | L1 order || L? order || L order
100 4.5E-04 | - 4.8E-04 | - 4.5E-04 | -
200 1.1E-04 | 2.0 1.2E-04 | 2.1 1.1E-04 | 2.1
400 2.7E-05 | 2.0 2.8E-05 | 2.0 2.7E-05 | 2.0
800 6.6E-06 | 2.0 6.9E-06 | 2.0 6.6E-06 | 2.0
1600 | 1.6E-06 | 2.0 1.7E-06 | 2.0 1.6E-06 | 2.0
Third-order scheme errors
cells | L1 order || L? order || L order
100 8.2E-05 | - 1.3E-04 | - 1.3E-05 | -
200 1.0E-05 | 3.0 1.6E-05 | 3.0 1.0E-06 | 3.7
400 1.3E-06 | 3.0 2.0E-06 | 3.0 8.7TE-08 | 3.6
800 1.6E-07 | 3.0 2.5E-07 | 3.0 7.6E-09 | 3.5
1600 | 2.0E-08 | 3.0 3.1E-08 | 3.0 6.8E-10 | 3.5
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Fourth-order scheme errors

cells | LT order || L? order || L order
100 3.5E-06 | - 5.9E-06 | - 1.8E-06 | -

200 2.0E-07 | 4.1 3.3E-07 | 4.1 1.1E-07 | 4.0
400 1.2E-08 | 4.1 1.9E-08 | 4.1 6.6E-09 | 4.1
800 7.2E-10 | 4.0 1.2E-09 | 4.1 4.0E-10 | 4.0
1600 | 4.5E-11 | 4.0 7.1E-11 | 4.0 2.2E-11 | 4.2

Table 4.4: Errors and order evaluations for the second-, third- and fourth-order accu-
rate schemes with the smooth Burgers solution for 9% = Ggf .

The obtained numerical solutions are presented in Fig. [I.I] We notice the very good
behavior of the approximations. This remark is completed by Table [4.4 where
the evaluation of the order of accuracy is presented. Since the high-order scheme is
unlimited, we get the expected order.

4.1.2. Discontinuous solution. We take a discontinuous initial data over the
1 if —0.25<2<0.25,

periodic domain [—1,1) defined by wy(z) = .
0 otherwise.

The exact solution is made of both rarefaction and shock waves. With a final time
t = 0.3, the waves do not interact. In Table [47] we present the evaluated
order of accuracy. The obtained approximations are presented in Fig. 1.1} We notice a
remarkable behavior of the approximate solutions since very little spurious oscillations

appear.
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Fig. 4.1: Second-, third- and fourth-order accurate approximation of the Burgers
solution made of rarefaction and shock waves with a mesh made of 400 cells.

Second-order scheme errors
cells | LT order || L? order || L order
100 3.4E-02 | - 6.4E-02 | - 8.0E-02 | -
200 1.7E-02 | 1.0 4.3E-02 | 0.6 6.4E-02 | 0.3
400 8.4E-03 | 1.0 3.0E-02 | 0.5 5.0E-02 | 0.3
800 4.2E-03 | 1.0 2.1E-02 | 0.5 4.0E-02 | 0.3
1600 | 2.1E-03 | 1.0 1.5E-02 | 0.5 3.2E-02 | 0.3
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Third-order scheme errors

cells | LT order || L? order || L order
100 3.6E-02 | - 6.3E-02 | - 5.3E-02 | -

200 1.7E-02 | 1.1 4.2E-02 | 0.6 4.2E-02 | 0.3
400 8.4E-03 | 1.0 2.9E-02 | 0.5 3.3E-02 | 0.3
800 4.2E-03 | 1.0 2.0E-02 | 0.5 2.6E-02 | 0.3
1600 | 2.1E-03 | 1.0 1.4E-02 | 0.5 2.1E-02 | 0.3
Fourth-order scheme errors
cells | LT order || L? order || L order
100 2.6E-02 | - 4.5E-02 | - 3.7E-02 | -
200 1.2E-02 | 1.1 3.0E-02 | 0.6 2.9E-02 | 0.3
400 5.7E-03 | 1.0 2.1E-02 | 0.5 2.4E-02 | 0.3
800 2.8E-03 | 1.0 1.5E-02 | 0.5 1.9E-02 | 0.3
1600 | 1.4E-03 | 1.0 1.1E-02 | 0.5 1.5E-02 | 0.3

Table 4.5: Errors and order evaluations for the second-, third- and fourth-order ac-

curate schemes with the Burgers solution made of rarefaction and shock waves, for
OO0k — Ok
7 a,i

Second-order scheme errors

cells | LT order || L? order || L*° order
100 3.5E-02 | - 7.0E-02 | - 8.6E-02 | -

200 1.8E-02 | 0.9 4.9E-02 | 0.5 6.8E-02 | 0.3
400 9.2E-03 | 1.0 3.3E-02 | 0.5 5.4E-02 | 0.3
800 4.6E-03 | 1.0 2.3E-02 | 0.5 4.3E-02 | 0.3
1600 | 2.3E-03 | 1.0 1.6E-02 | 0.5 3.4E-02 | 0.3
Fourth-order scheme errors
cells | LT order || L? order || L*° order
100 2.3E-02 | - 5.5E-02 | - 7.3E-02 | -

200 1.3E-02 | 0.8 3.9E-02 | 0.5 5.6E-02 | 0.4
400 6.5E-03 | 1.0 2.7E-02 | 0.5 4.4E-02 | 0.3
800 3.3E-03 | 1.0 1.9E-02 | 0.5 3.5E-02 | 0.3
1600 | 1.6E-03 | 1.0 1.3E-02 | 0.5 2.8E-02 | 0.3

Table 4.6: Errors and order evaluations for the second- and fourth-order accurate
schemes with the Burgers solution made of rarefaction and shock waves, for OP% =
Ok,

Second-order scheme errors

cells | LT order || L? order || L*° order
100 3.1E-02 | - 5.8E-02 | - 6.2E-02 | -

200 1.4E-02 | 1.1 4.0E-02 | 0.6 5.0E-02 | 0.3
400 7.1E-03 | 1.0 2.8E-02 | 0.5 4.0E-02 | 0.3
800 3.5E-03 | 1.0 1.9E-02 | 0.5 3.1E-02 | 0.3
1600 | 1.8E-03 | 1.0 1.4E-02 | 0.5 2.5E-02 | 0.3
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Third-order scheme errors

cells | LT order || L? order || L order
100 3.4E-02 | - 5.9E-02 | - 3.2E-02 | -

200 1.6E-02 | 1.1 3.9E-02 | 0.6 2.6E-02 | 0.3
400 7.8E-03 | 1.0 2.7E-02 | 0.5 2.0E-02 | 0.3
800 3.9E-03 | 1.0 1.9E-02 | 0.5 1.6E-02 | 0.3
1600 | 1.9E-03 | 1.0 1.3E-02 | 0.5 1.3E-02 | 0.3
Fourth-order scheme errors
cells | LT order || L? order || L order
100 2.3E-02 | - 4.2E-02 | - 3.1E-02 | -
200 9.7E-03 | 1.2 2.8E-02 | 0.6 2.5E-02 | 0.3
400 4.8E-03 | 1.0 2.0E-02 | 0.5 2.0E-02 | 0.3
800 2.4E-03 | 1.0 1.4E-02 | 0.5 1.6E-02 | 0.3
1600 | 1.2E-03 | 1.0 9.7E-03 | 0.5 1.3E-02 | 0.3

Table 4.7: Errors and order evaluations for the second-, third- and fourth-order ac-

curate schemes with the Burgers solution made of rarefaction and shock waves, for
OO0k — Ok
7 c,i

4.2. Euler system. The second numerical experiment concerns the Euler sys-
tem for a perfect diatomic gas where the unknown vector and the flux function are
given as follows:

P pU pu
w=|pul|, fwy=[| pu*+p |, where p=(y-1) (pE—>~
2
pE (PE+p)u

We fix v = 1.4 and we endow the system with the following entropy:

w) = —pin (L. (42)

p’Y
We set the following matrix parameter ©Y% values for the Euler problem
@ao,]f = —0 dia&gjgd (sign ((Vn(w?H) - V??(W?_l))j (Al)])> )

2 2 2 2

(@im12)? = Gias2)]) (Gia2) s+ (Ginage) ) ) (43)
2 2\ 2

((5i—1/2)j + (5i+1/2)j) +e
where § and ¢ are taken equal to — min (0, S/D) and 102 respectively. Once again,
we perform two numerical simulations respectively concerned with a continuous solu-
tion, to relevantly evaluate the order of accuracy, and with a shock tube to illustrate

the behavior of the approximate solution within shock waves and the absence of spu-
rious oscillations.

Ok :
®b,i dlaglgjgd

4.2.1. Smooth solution. The initial data is given as follows over the periodic
domain [~1,1): po(x) = 1+ 0.5sin® (rx), wuo(z) = 0.5, po(z) = 1. For such an
initial data the Euler equations reduces to a linear transport problem and the solution
remains smooth for all time ¢ > 0.
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Fig. 4.2: Second-, third- and fourth-order accurate approximation of the smooth Euler
solution and entropy with a mesh made of 400 cells.

Second-order scheme errors

cells | LT order || L? order || L*° order
100 3.5E-03 | - 1.9E-03 | - 1.7E-03 | -

200 8.7E-04 | 2.0 4.7E-04 | 2.0 4.2E-04 | 2.0
400 2.2E-04 | 2.0 1.2E-04 | 2.0 1.0E-04 | 2.0
800 5.4E-05 | 2.0 2.9E-05 | 2.0 2.6E-05 | 2.0
1600 | 1.4E-05 | 2.0 7.4E-06 | 2.0 6.5E-06 | 2.0
Third-order scheme errors
cells | LT order || L? order || L°° order
100 6.3E-04 | - 3.4E-04 | - 3.0E-04 | -

200 7.9E-05 | 3.0 4.3E-05 | 3.0 3.8E-05 | 3.0
400 9.9E-06 | 3.0 5.4E-06 | 3.0 4.8E-06 | 3.0
800 1.2E-06 | 3.0 6.7E-07 | 3.0 6.0E-07 | 3.0
1600 | 1.5E-07 | 3.0 8.4E-08 | 3.0 7.5E-08 | 3.0
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Fourth-order scheme errors

cells | LT order || L? order || L order
100 2.0E-05 | - 1.1E-05 | - 9.6E-06 | -

200 1.3E-06 | 4.0 6.8E-07 | 4.0 6.0E-07 | 4.0
400 7.8E-08 | 4.0 4.3E-08 | 4.0 3.8E-08 | 4.0
800 4.9E-09 | 4.0 2.7E-09 | 4.0 2.4E-09 | 4.0
1600 | 3.1E-10 | 4.0 1.7E-10 | 4.0 1.5E-10 | 4.0

Table 4.8: Errors and order evaluations for the second-, third- and fourth-order accu-
rate schemes with the continuous Euler solution and for 9% = @g’f .

Second-order scheme errors

cells | LT order || L? order || L*° order
100 1.2E-02 | - 7.6E-03 | - 1.1E-02 | -

200 2.4E-03 | 2.3 1.6E-03 | 2.2 2.9E-03 | 1.9
400 3.4E-04 | 2.8 2.0E-04 | 3.0 3.7TE-04 | 3.0
800 6.0E-05 | 2.5 3.1E-05 | 2.7 2.6E-05 | 3.8
1600 | 1.4E-05 | 2.1 7.4E-06 | 2.1 6.5E-06 | 2.0
Fourth-order scheme errors
cells | LT order || L? order || L°° order
100 5.5E-05 | - 3.9E-05 | - 7.2E-05 | -
200 3.4E-06 | 4.0 2.7E-06 | 3.9 6.4E-06 | 3.5
400 1.2E-07 | 4.9 6.8E-08 | 5.3 1.4E-07 | 5.5
800 5.3E-09 | 4.4 2.8E-09 | 4.6 2.4E-09 | 5.9
1600 | 3.1E-10 | 4.1 1.7E-10 | 4.1 1.5E-10 | 4.0

Table 4.9: Errors and order evaluations for the second- and fourth-order accurate
schemes with the continuous Euler solution and for 7% = ©¢% .

The obtained approximate solutions are displayed in Fig. Once again, we notice
a very good agreement of the approximate solution when compared to the exact one.
This remark is emphasized with Tables where we show that the expected
order of accuracy are obtained even surprisingly a greater order for 6?’“ = @gf .

4.2.2. Shock tube solution. We perform a shock tube as described in over the
domain [0, 1] where the initial data is given by

(2) = 1 ifz <0.5, () =0 (z) = 1 ifx<0.5,
POV =1 0.125 otherwise, UorE) =5 PR =901 otherwise,

The final time is 0.2. In order to impose periodic conditions on the boundaries, we
work on the domain [—1,1] and we set a symmetric tube shock problem on [—1, 0].
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Fig. 4.3: Second-, third- and fourth-order accurate approximation of the shock tube
1 Euler solution and entropy with a mesh made of 400 cells for 9% = 62’; .
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Second-order scheme errors

cells | LT order || L? order || L order
100 7.2E-02 | - 7.1E-02 | - 2.7E-01 | -

200 4.0E-02 | 0.8 4.5E-02 | 0.7 2.4E-01 | 0.1
400 2.2E-02 | 0.9 2.9E-02 | 0.6 2.4E-01 | 0.0
800 1.2E-02 | 0.9 1.9E-02 | 0.6 1.9E-01 | 0.4
1600 | 6.4E-03 | 0.9 1.3E-02 | 0.6 1.7E-01 | 0.1
Third-order scheme errors
cells | LT order || L? order || L order
100 4.5E-02 | - 5.0E-02 | - 2.0E-01 | -

200 2.3E-02 | 0.9 3.1E-02 | 0.7 1.9E-01 | 0.1
400 1.2E-02 | 1.0 2.0E-02 | 0.7 1.7E-01 | 0.1
800 5.9E-03 | 1.0 1.2E-02 | 0.7 1.3E-01 | 0.4
1600 | 3.2E-03 | 0.9 8.5E-03 | 0.5 1.0E-01 | 0.4
Fourth-order scheme errors
cells | LT order || L? order || L*° order
100 3.5E-02 | - 3.8E-02 | - 1.4E-01 | -
200 1.9E-02 | 0.9 2.4E-02 | 0.6 1.2E-01 | 0.3
400 9.9E-03 | 0.9 1.6E-02 | 0.6 1.2E-01 | 0.0
800 4.9E-03 | 1.0 9.5E-03 | 0.7 8.1E-02 | 0.6
1600 | 2.5E-03 | 1.0 6.5E-03 | 0.6 8.5E-02 | 0.1

Table 4.12: Errors and order evaluations for the second-, third- and fourth-order
accurate schemes with the shock tube Euler solution and for ©9% = @2’;.

Second-order scheme errors

cells | LT order || L? order [[ L*® order
100 6.0E-02 | - 6.3E-02 | - 2.5E-01 | -

200 3.2E-02 | 0.9 4.0E-02 | 0.7 2.3E-01 | 0.1
400 1.7E-02 | 0.9 2.6E-02 | 0.6 2.4E-01 | 0.0
800 8.7E-03 | 1.0 1.6E-02 | 0.7 1.7E-01 | 0.5
1600 | 4.5E-03 | 0.9 1.1E-02 | 0.5 2.2E-01 | 0.4
Fourth-order scheme errors
cells | LT order || L? order || L™ order
100 3.2E-02 | - 3.9E-02 | - 1.7E-01 | -

200 1.6E-02 | 1.0 2.5E-02 | 0.7 1.6E-01 | 0.1
400 8.0E-03 | 1.0 1.5E-02 | 0.7 1.4E-01 | 0.2
800 3.8E-03 | 1.1 8.8E-03 | 0.8 1.1E-01 | 0.4
1600 | 2.0E-03 | 0.9 6.0E-03 | 0.5 8.9E-02 | 0.3

Table 4.13: Errors and order evaluations for the second- and fourth-order accurate
schemes with the shock tube Euler solution and for Y% = @8;".

The obtained approximate solutions are displayed Fig. Once again, we remark
only little spurious oscillations. In Table we detail the evaluated orders of

accuracy.
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Appendix. Existence of the matrix parameter (09%);cz.

PROPOSITION A.1. Consider n € C?(Q,R) a strictly conver entropy. Let the ap-
proximation at time t", wa (-, ") given by being a non zero function in L*(R).
Assume there exists a compact set K C Q such that wa(z,t") € K for every x € R.
Then there exists a sequence of bounded (as Az — 0) diagonal matrices (©9%);cz
such that the inequality is satisfied.

Ok
Proof. According to the selected order of accuracy, we remark that both Azd,w;,

— 04 . . .
and Ax30,,,w,; are affine functions with respect to @?k so that we may write

(Am@wwiok + ;Asc?’(“)mzwio4> = 0% 4, + B,

where A; and B; are vectors of size d that come with a linear dependency on
(0ig11)—2<v<1 (with respect of (wf')icz). The condition (3.3) then reformulates
as follows

1

E (VU(W?H) - Vn(w?)) ’ 6i+% Y E (VU(W?H) - Vn(w?_l)) ’ (@iOk-Ai + Bi) >0
2

i€Z i€z

where the above sums are convergent since wa (-, ") belongs to a compact set K C
and wa (-, ") belongs to L?(R). Since the matrices ©9% are diagonal, it equivalently
reformulates

1
=52 O (Vn(wiy) = Vn(wiy)) - Ai >0, (A1)
i€z
where we have set
1
S=)_ (Vnlwlyy) = Va(w?)) 8y = 5 > (Vnwiy) = V(w]y) - Bi. (A2)
i€z i€

We now choose OY% € M4(R) under the form
Q%% = —¢ diag) < ;<4 <sign ((Vn(wfﬁrl) - Vn(w?fl))j (Ai)j)) , (A.3)

with @ > 0 a free constant to be fixed. Using such a formula for ©P*, the inequality
(A.1) now reformulates as follows:

S+6D >0, (A.4)

where D is positive number (because wa (+,t™) is non constant) given by

d
b= %Z Z ‘ (V(wi) — V??(w?_l))j (Ai)j;| > 0. (A.5)

i€Z j=1

Since D > 0, it is therefore sufficient to choose 8 > 0 such that 6 > % where

S~ = —min(S,0) > 0 is the negative part of S. O



