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Breaking the PT-symmetry to design exceptional optical filters

We apply the supersymmetric Darboux transformation to the optical Helmoltz wave equation to generate analytically complex-valued PT-symmetric potentials (physically a graded refractive index dielectric). PT-symmetry is then spontaneously broken controlling the amplitude of the imaginary part of the refractive index distribution. Consequently a resonance is detectable which is related to a singularity of the S matrix, responsible for extraordinary high transmission and reflection peaks in the scattering spectra. We demonstrate how controlling the resonance we can achieve different amplification rates up to four orders of magnitude at the exact singular point. Total transmission and very high reflection can be also obtained. All the visible portion of the spectrum can be spanned by enlarging the spatial width of the potential. All these potentials can be unified in a single device with the capability to dynamically control the imaginary part of the refractive index, thus defining a tunable dynamical optical filter behaving as a perfect amplifier, a transparent barrier or a high efficiency mirror with the main dimension of few hundreds of nanometers.

Introduction

The study is directed towards the calculation of transmission and reflection spectra in order to make use of PT-symmetry to design optimal optical filters. In this framework we take into account spatial distributions of the refractive index possessing resonances that can be calculated as bound states of a Schrödinger-like equation describing transverse modes. Hence, contrary to waveguide theory where thanks to the paraxial approximation (thus limiting the validity of the predictions for propagation directions close to the optical axis) a direct analogy is possible between optical modes and bound states of the Schrödinger equation, here we consider scattering of waves incident along the direction of index variation (i.e. perpendicularly to the waveguide main axis). As a result, what we calculate through the Schrödinger equation are transversal resonances of the system (and should not be considered as optically bounded). Interestingly, we found that when PT-symmetry is broken another type of resonance associated to a spectral singularity of the S-matrix is responsible for anomalous transmission i.e. the transmission coefficient becomes larger than one [START_REF] Mostafazadeh | Spectral singularities of complex scattering potentials and infinite reflection and transmission coefficients at real energies[END_REF][START_REF] Mostafazadeh | Physics of spectral singularities[END_REF][START_REF] Shestopalov | Singularities of the transmission coefficient and anomalous scattering by a dielectric slab[END_REF]. This is a manifestation of the fact that the system is open towards the external environment i.e. external energy is used to generate anomalous transmission/reflection. Indeed, at the exact resonant condition (by changing the amplitude of the imaginary part of the refractive index distribution) the S-matrix has a singularity which is responsible for an amplification of both transmission and reflection of orders of magnitude. Ultimately, the use of a broken PT-symmetric complex potential makes possible to open resonant singularities that are not obtainable with common complex potentials with only losses. Moreover, these singularities should be distinguished from another type of singularities corresponding to bound states in continuum [START_REF] Hsu | Bound states in the continuum[END_REF][START_REF] Longhi | Bound states in the continuum in pt-symmetric optical lattices[END_REF][START_REF] Longhi | Optical lattices with exceptional points in the continuum[END_REF][START_REF] Dc Marinica | Bound states in the continuum in photonics[END_REF][START_REF] Regensburger | Observation of defect states in p t-symmetric optical lattices[END_REF][START_REF] John Von Neumann | Über merkwürdige diskrete eigenwerte, The Collected Works of Eugene Paul Wigner[END_REF], obtainable when the waveguide is illuminated along its main axis (making possible light trapping).

Interestingly, it was proposed to use supersymmetric transformations [START_REF] Cooper | Supersymmetry and quantum mechanics[END_REF] to generate PT-symmetric potentials, however in the context of quantum mechanics making hard their experimental realization [START_REF] Cannata | Schrödinger operators with complex potential but real spectrum[END_REF][START_REF] Salinas-Hernández | The confluent algorithm in second-order supersymmetric quantum mechanics[END_REF][START_REF] Sinha | Isospectral partners of a complex pt-invariant potential[END_REF]. On the other hand in optics in the context of optical waveguides, it has been recently realized that supersymmetry (SUSY) can be used in order to restore PT-symmetry or to produce classes of optically equivalent potentials (in terms of reflection and transmission) with extremely different spatial distribution of optical properties [START_REF] Miri | Supersymmetry-generated complex optical potentials with real spectra[END_REF][START_REF] Miri | Susy-inspired one-dimensional transformation optics[END_REF][START_REF] Miri | Supersymmetric optical structures[END_REF]. SUSY has also been used to generate discrete real optical potentials which are reflectionless [START_REF] Longhi | Supersymmetric transparent optical intersections[END_REF] or PT-symmetric fiber optical lattices [START_REF] Longhi | Bound states in the continuum in pt-symmetric optical lattices[END_REF][START_REF] Longhi | Optical lattices with exceptional points in the continuum[END_REF][START_REF] Regensburger | Observation of defect states in p t-symmetric optical lattices[END_REF].However, the spectral properties in terms of transmission/reflection spectra for perpendicular incidence on the waveguide has been investigated only with the focus on the invisibility condition [START_REF] Lin | Unidirectional invisibility induced by p t-symmetric periodic structures[END_REF]. Consequently, we show how a spectral singularity can be obtained via spontaneous PT-symmetry breaking of an original PT-symmetric potential generated after a single Darboux transformation of a constant potential, resulting in a simple spatial distribution of the refractive index which is possible to create in optical experiments e.g. with waveguides. As a result the final broken PT-symmetric potential can be used as an optical filter alternatively to the main use as a waveguide (i.e. for perpendicular incidence the waveguide becomes a filter). To summarize, the Darboux transformation [START_REF] Cannata | Schrödinger operators with complex potential but real spectrum[END_REF][START_REF] Darboux | On a proposition relative to linear equations[END_REF] (which constitutes the basis for supersymmetric transformations) is employed in order to generate analytical expressions of PT-symmetric potentials which are then perturbed in order to break the PTsymmetry to study the effect of phase transition on the spectral reflection and transmission of the resulting optical filters. In particular, we observe that by keeping the real part of the refractive index distribution fixed (even), changing the contrast between gain and loss regions of the imaginary part of the refractive index, the same material can act as a high efficiency amplifier, reflector or a perfect transmitter in the UV and visible part of the electromagnetic spectrum.

Results: Transmission and Reflection spectra

Using a standard numerical implementation of the optical transfer matrix method [START_REF] Born | Principles of optics: electromagnetic theory of propagation, interference and diffraction of light[END_REF][START_REF] Lekner | Light in periodically stratified media[END_REF][START_REF] Kenneth | Reflectivity and transmissivity through layered, lossy media: a user-friendly approach[END_REF] we calculate in Fig. (2) the transmission spectra associated to the refractive index distribution n(z, δ ) = Re[n(z)] + iδ Im[n(z)] (for perpendicular incidence on the left side only; see Fig. [START_REF] Born | Principles of optics: electromagnetic theory of propagation, interference and diffraction of light[END_REF] for the different index distributions corresponding to different perturbations δ ). As noted in [START_REF] Ge | Conservation relations and anisotropic transmission resonances in onedimensional pt-symmetric photonic heterostructures[END_REF], a 1D PT-symmetric potential can be viewed from the two sides differently, one side being a gain side while the other one a loss side and consequently a generalized energy conservation relation was therein derived (which constitutes a necessary test to check the validity of spectra calculation). We start our study with the PT-symmetric potential, i.e. for δ = 1, possessing a transmission spectrum that is very close to the corresponding real potential for δ = 0 thus with the transmission upper bound fixed to unity. Interestingly, the net energy balance (on the left side only) is positive indicating a gain effect (correspondingly the absorption coefficient becomes negative). This constitutes an evidence of the opening of the system toward the external environment (as it is known for quantum open systems [START_REF] Garmon | Bound states, scattering states, and resonant states in pt-symmetric open quantum systems[END_REF][START_REF] Hatano | Some properties of the resonant state in quantum mechanics and its computation[END_REF][START_REF] Persson | Observation of resonance trapping in an open microwave cavity[END_REF]). The dielectric system is using external energy in order to increase both transmission and reflection. In addition, for wavelengths λ > 300nm the potential is becoming progressively transparent due to its limited spatial extension (see Fig. (2)). We then explore how the transmission spectra can be altered by perturbing through δ the PT-symmetric potential created after a Darboux transform. Interestingly, at δ = 1.24 i.e. just before the PT symmetry breaking point, the system has two resonances at approximately the same real energy thus preserving the PT symmetry (see Fig. (3)). Spontaneous PT-symmetry breaking is reached at δ = 1.245. Above this exceptional point the spectrum of the resonances of the potential abruptly becomes complex. As noted before [START_REF] Miri | Supersymmetry-generated complex optical potentials with real spectra[END_REF], the transversal resonance splits into a complex conjugate pair of resonant states peaked around the maximum and minimum of the imaginary part of the potential (see again Fig. tude of the imaginary part of the potential, at δ = 3.3 we find an anomalous increase of four orders of magnitude of the transmission coefficient. Moreover, the potential is behaving as an optical amplifier for both transmitted and reflected radiation in the far UV around the resonance at λ = 131nm (see Fig. (2)). This behavior can be explained as the manifestation of a resonance connected to a spectral singularity of the optical S-matrix. However, the spectral position of the corresponding transmission/reflection resonant peaks is not corresponding to the real part of an eigenvalue, but it can be estimated by a study of singular points of the S matrix [START_REF] Hatano | Some properties of the resonant state in quantum mechanics and its computation[END_REF][START_REF] Mostafazadeh | Spectral singularities of complex scattering potentials and infinite reflection and transmission coefficients at real energies[END_REF]. Increasing further more δ , the transmission is progressively reduced and only longer wavelengths maintain an almost reflectionless total transmission. In fact, far (in terms of δ ) from the spectral singular point, the resonant peak is shifted to larger wavelengths and becomes so broad that the amplifying effect is very limited. However, the barrier is reflectionless and the transmission goes to unity in all the visible above λ ≈ 300nm thus giving a transparent potential. For very large δ > 10 the potential becomes almost completely reflective with no transmission in the visible spectrum. Consequently, the spectrum of a very large purely real barrier is recovered i.e. transmission is suppressed and reflection is high in all the visible. All these results were verified with an independent 2D simulation for the field based on FEM (see Fig. [START_REF] Darboux | On a proposition relative to linear equations[END_REF] for reflection calculation of an incident plane wave). We conclude by noting that the potential seen from the left side can be used as a very efficient optical amplifier and all the visible portion of the spectrum can be spanned by expanding the spatial width of the potential (by changing the scaling factor) thus changing the energy of the spectral singular point and consequently the spectral position of the resonance in the broken PT-symmetry regime. 

Conclusions

All the obtained results can be unified thinking of a device as schematically depicted in Fig. [START_REF] Born | Principles of optics: electromagnetic theory of propagation, interference and diffraction of light[END_REF] through which the distribution of gain and loss can be controlled dynamically. Having this, it is possible to produce a material which acts as an optical potential with a fixed real part while, the imaginary part can be dynamically changed to achieve different spectral functionalities. In this way the same material could be used as an amplifier, a transparent filter or a high efficiency mirror in the UV and visible portion of the electromagnetic spectrum. In practice, the proposed device can be seen as an active cavity with the main dimension of the order of few hundreds of nanometers which is very attractive for miniaturization purposes. 
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 1 Fig. 1. The refractive index distribution n(z) generated after a single Darboux transform of the initial potential V (z) = 0. Left: Scattering geometry and a physical realization of the generated potential through a graded refractive index waveguide with gain (red contour part) and loss (blue contour part) regions. The gray area represents Re[n(z)]. Right: The refractive index distribution n(z) for different values of the perturbation parameter δ ; the dashed gray line represents Re[n(z)].
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 2 Fig. 2. Transmission (a) and reflection (b) spectra (for incident radiation on the left side only and perpendicular incidence) of various refractive index distributions obtained for different values of δ showing the appearance of a resonance corresponding to a spectral singular point of the S-matrix for δ = 3.3. Adapted from [26].

Fig. 3 .

 3 Fig.3. The transversal resonances or modes (the first Schrödinger eigenstate) of the refractive index distributions with: (Top) δ = 1.0, (Middle) δ = 1.24, (Bottom) δ = 1.5. After the exceptional point at δ = 1.245 the fundamental state with real eigenenergy splits into a pair of complex conjugate states thus spontaneously breaking the PT-symmetry of the potential.
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 4 Fig. 4. 2D TE field simulation for a perpendicularly incident plane wave with λ = 160nm (from top) on the discretized complex potentials (the region with horizontal lines) with: (a) δ = 0, (b) δ = 1, (c) δ = 2.7, (d) δ = 3.1, (e) δ = 3.3, (f) δ = 5 and (g) δ = 20. The reflected power P Re f l is also calculated. Note the extremely high amplification for δ at the spectral singularity (case (e)).