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TIME REVERSAL OF DIFFUSION PROCESSES UNDER A FINITE
ENTROPY CONDITION

PATRICK CATTIAUX, GIOVANNI CONFORTI, IVAN GENTIL, AND CHRISTIAN LEONARD

ABSTRACT. Motivated by entropic optimal transport, time reversal of diffusion processes
is revisited. An integration by parts formula is derived for the carré du champ of a
Markov process in an abstract space. It leads to a time reversal formula for a wide class
of diffusion processes in R™ possibly with singular drifts, extending the already known
results in this domain.

The proof of the integration by parts formula relies on stochastic derivatives. Then,
this formula is applied to compute the semimartingale characteristics of the time-reversed
P* of a diffusion measure P provided that the relative entropy of P with respect to
another diffusion measure R is finite, and the semimartingale characteristics of the time-
reversed R* are known (for instance when the reference path measure R is reversible).

As an illustration of the robustness of this method, the integration by parts formula
is also employed to derive a time-reversal formula for a random walk on a graph.
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1. INTRODUCTION

The time-reversed (Y,* := Yr_4,0 <t < T) of a Markov process (Y;,0 < ¢t < T') remains
a Markov process. Consequently, the problem of finding its Markov generator arises
naturally. The answer to this problem is given by the so-called time reversal formula. More
precisely, we shall establish at Theorem 3.17 an integration by parts formula connecting
the carré du champ of a Markov process (its Dirichlet form) with its backward and forward
generators. This result extends the well known case of reversible processes where forward
and backward generators are equal, and is valid under mild regularity assumptions.
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Then, we apply this abstract integration by parts formula (IbP) to identify the semi-
martingale characteristics of a time-reversed diffusion process, see Theorems 1.10 and
1.14.

It is worth mentioning that this IbP formula allows a unified study of time reversal for
diffusion processes and processes with jumps. See Section 7 below where time reversal of
random walks on graphs is investigated to demonstrate the robustness of this strategy,
and the companion paper [5] where the time-reverseal of a Markov process with jumps is
investigated.

During the eighties, Follmer gave a smart proof of the time reversal formula for a
diffusion process driven by a Brownian motion under a finite entropy condition, using
Nelson stochastic derivatives [10, 11]. In the present article, we revisit Follmer’s proof
working out in more detail some technical steps and extending it to more general diffusion
processes. In doing so, we keep its powerful guideline based on stochastic derivatives and
entropic arguments.

We stress that our version of the time reversal formula, as well as Follmer’s one, holds
under a finite entropy hypothesis implying a low regularity of the drift field, L? being
typically enough. Such a situation seems not to be covered by the other main results in
the field.

Besides being an interesting topic in its own right, last years have seen a renewed inter-
est in time reversal because of its applications to the Schrédinger problem (a.k.a. entropic
optimal transport) and functional inequalities. To give some examples, in [4] and [14]
a fluid-dynamic (Benamou-Brenier) formulation of entropic optimal transport is derived
leveraging time reversal arguments, and similar ideas are also used in [2] in a mean field
setting. In all these applications, it is of fundamental importance of having a result appli-
cable to diffusions whose drift is only L2, as no more than this can be expected assuming
only finite entropy against the Brownian motion. We refer to subsection “Entropic and
determanistic optimal transports” below for a slightly more accurate discussion of the links
between time reversal and the Schrédinger problem.

Regarding functional inequalities, it is worth mentioning that Fontbona and Jourdain
[13] recover and extend the Bakry-Emery criterion using an approach based on time re-
versal. Also using time reversal in a crucial manner, a simple proof of the logarithmic
Sobolev inequality is proposed by Léonard in [27|, Gentil, Léonard, Ripani and Tamanini
[15] derive the HWI inequality, and Karatzas, Schachermayer and Tschiderer [19] ob-
tain pathwise results about the exponential rate of convergence to equilibrium of some
Wasserstein gradient flows and another proof of the HWI inequality.

Outline of the article. Next Section 2 gathers basic notions about Nelson stochastic
derivatives that will be used throughout the paper. Related technical results which are
necessary during our proofs are postponed to the appendix Section A. The main general
result of the article is the integration by parts formula stated at Theorem 3.17. Section 3
is devoted to its proof. The time reversal formulas that we obtain for diffusion processes
in Sections 4 and 5, and random walks in Section 7 are corollaries of this theorem. These
time reversal formulas are stated at Theorems 4.9, 1.14, 5.7 and 7.11. Finally, in Section
6, the current-osmosis decomposition of an entropic interpolation in a diffusion setting is
discussed in detail to illustrate our main motivation for revisiting time reversal under a
finite entropy condition.

Theorem 1.14 which is stated in this introductory section is an extension of Theorem
4.9. Its proof is almost verbatim the same as Theorem 4.9’s proof.
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Entropic and deterministic optimal transports. Let us start presenting some aspect
of our main motivation for revisiting time reversal of Markov processes.

Entropic optimal transport dates back to the seminal articles [34, 35] by Schrédinger and
was rigorously rephrased in terms of large deviations of empirical measures of particle
systems by Follmer in his Saint-Flour lecture notes [12]. One wants to minimize the
relative entropy

H(P|R) := Eplog(dP/dR)

with respect to the law R of some reference Markov process on a time interval [0, 7] among
all Markov measures P with prescribed initial and final marginals.

To fix the ideas in this introductory discussion, following Schrodinger and Foéllmer, our
reference measure R is the law of a Brownian motion. We denote by P, the t-marginal
of P, i.e. the law under P of the position at time ¢, and P* the time-reversal of P. The
quantity H(P|R)— H(P,|Ro) appears as an average forward kinetic action (again a result
by Foéllmer). Since time-reversal is a one-one mapping, we have

H(P*|R*) = H(P|R) (1.1)

which allows us to interpret H(P|R) — H(Pr|Rr) as a backward kinetic action. Taking
the half sum, we arrive at

H(P|R) = function(Py, Pr) + Acu(P) + Aos(P), (1.2)

where the current action term A.,(P) is purely kinetic with a direct interpretation in
terms of deterministic optimal transport:

inf {Ac(P); P: Py = po, Pr=pr)} =T "W (o, ir),

with W5 the standard quadratic Wasserstein distance. This is the Benamou-Brenier for-
mula. It turns out that the osmotic action term

Aos(P) = Acs([P]) (1.3)

only depends on the marginal flow [P] := (P;)o<t<r of P (it is directly linked to some
Fisher information). This important identity follows from the time reversal formula, which
is the main goal of this paper.

The decomposition (1.2) with (1.3) plays a major role in the comparison between de-
terministic and entropic optimal transports. In particular, we see that for a given flow of

marginals 1o := (ju)o<i<r,
inf {H(P|R); P: P, = 1,0 <t < T} = function(po, pir) + Aos(pt) + App(i)

where Agg(u) := inf {A(P); P: P, = p,0 <t <T} is the Benamou-Brenier action of
w1 the fundamental notion of Otto calculus on the Wasserstein space of probability
measures, see [1, 37|. The osmotic action, whose appearance is tightly connected to time
reversal, quantifies the difference between the standard deterministic transport cost and
its entropic analogue.

It is worth mentioning that similar considerations apply to large deviation functionals of
mean-field interacting particles (as opposed to non-interacting particle systems leading to
the relative entropy H(P|R)), as for example in [2]. It brings us with a new interpretation
in terms of Wasserstein geometry of the celebrated contributions of Dawson and Gértner
on the large deviations of mean-field particle systems |7, 6].

Although this article focuses on time reversal, in order to clarify our motivation for
studying time reversal thirty-five years after it was well understood, we give some details
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about these considerations at Section 6, where Proposition 6.2 is the rigorous statement

of (1.2) and (1.3).

Time reversal formula for a diffusion process. General time reversal formulas for
diffusion processes are well known since the 80’s. Consider a diffusion process Y satisfying

dY, = b,(Yy)dt + o, (Y;)dB,, 0<t<T,

with B a Brownian motion, b a drift vector field and ¢ a matrix field associated to
the diffusion field a := oo*, (¢* is the transposed of ¢.) Assuming that the law of Y} is
absolutely continuous at each time ¢, under various hypotheses on b and a, one can prove
that the time-reversed process Y* is again a diffusion process with diffusion matrix field
a; = ap_; and drift field

bi(y) = —br—+(y) + V- (ur—ar—+)(y)/ nr—(y), (1.4)

where p; is the density of the law of Y, with respect to Lebesgue measure. This is not a
straightforward result because a reversed semimartingale might not be a semimartingale
anymore, see [38].

For this identity to hold, it is assumed in [16, 28] that b is locally Lipschitz (for a
Sobolev-type relaxation of this regularity property, see [33]), and that either a is bounded
away from zero or that the derivative Va in the sense of distribution is controlled locally.
Haussmann and Pardoux [16] take a PDE approach, while Millet, Nualart and Sanz [28|
rely on stochastic calculus of variations. The existence of an absolutely continuous density
follows from a Hérmander type condition (PDE formulation in [16] and consequence of
Malliavin calculus in [28]).

Follmer’s approach significantly departs from these strategies. Under the simplifying
hypothesis that a is the identity matrix, it is assumed in [11] that the law P of Y has a
finite entropy

H(P|R) < oo, (1.5)

with respect to the law R of a Brownian motion with some given initial probability
distribution. In particular, the drift field b of P satisfies f[o T]xRn |b: ()| e (y)dtdy <

oo and might be singular, rather than locally Lipschitz as required in [16, 28]. As a
consequence of this finite entropy assumption, Follmer proves the time reversal formula

b (y) = —br_+(y) + Vlog pir—+(y) (1.6)

(recall a = Id) where the derivative is in the sense of distributions, without invoking any
already known result about the regularity of pu.

With entropic optimal transport in mind, the hypothesis (1.5) is mandatory. This rules
out the Lipschitz regularity of b which is required in “non-Féllmerian” approaches. There-
fore, developing the entropic approach to time reversal is a necessary step of the research
program attached to entropic optimal transport. Following a previous unpublished work
by Cattiaux and Petit [3], the present article overcomes this gap, keeping the powerful
guideline of Féllmer’s proof based on stochastic derivatives and entropic arguments.

Main results of the article. Our main results are the IbP formula for the carré du
champ of a general Markov process and the time reversal formula for a diffusion process.



IbP formula for the carré du champ of a Markov process. Its expression is
<_
EP((ZTU + LPu)[Xo(X:) + TP (u, 0)[x) =0, (1.7)

where 213 , <ZP are the forward and backward extended generators of the Markov measure
P, and T'? is its forward extended carré du champ. See Section 2 for more detail about
these notions. This IbP formula is valid for a sufficiently large class of regular functions
u and v.

No entropic argument is used to prove this result whose precise statement is given at
Theorem 3.17. On the contrary, the main technical problem we face is to show that this
IbP is valid under minimal regularity assumptions on P to be able to apply it to general
Markov measures typically satisfying a finite entropy condition.

The reason for calculating with extended generators is twofold:

(1) Unlike semigroup generators (which are associated to topological function spaces),
extended generators are low-sophisticated objects which are tailor-made for mar-
tingale problems: the relevant notion we work with in this article. This allows us
to consider lowly regular path measures P.

(2) As already noticed by Nelson in [31], one can view Markov generators as stochastic
derivatives, see Appendix A. This natural idea permits to perform computations
along trajectories, using stochastic calculus to obtain expressions for the generators
and carré du champ operators. Our main technical result proved in this spirit is
Lemma 3.9. It is the keystone of the proof of the IbP formula.

Time reversal formula for a diffusion process. The law P of the above process Y solves
the martingale problem

P € MP(b, a)

meaning that for any u € C?(R"), the process u(X;) — f(f fsu(Xs)ds is a local P-
martingale, where the forward generator 2 is defined by
?tu(@ =b(t,x) - Vu(x) + Ay u(z)/2, (t,x) € [0,T] x R",
with A, = Zlgi,jgn aij(‘?izj. One also writes
P € MP(u,b,a)

to specify the initial marginal measure Fy = p if necessary.
The Markov generator of a Kolmogorov diffusion is

Au = (—aVU-Vu+ V-(aVu)) /2,

where a is a field on R" (not depending on time) with values in the set S, of all symmetric
positive matrices and U is a differentiable numerical function. The equilibrium measure
of this dynamics is

m(dz) = e V@ dx.
Expanding the divergence term, we see that the drift field of the generator is
vim = (V.a—aVU)/2.

Hypotheses 1.8.
(i) U € CY(R™), a is invertible and in C*(R", S),
(ii) for some K >0, z-v®"(x)+tra(z) < K(1+ |z[*) for all x € R™.
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It is a standard result that under these hypotheses, the martingale problem MP(m, v®™, a)
admits a unique solution denoted by

R € MP(m,v*™ a), (1.9)
which is m-reversible. This implies in particular that R* = R.

Theorem 1.10 (Time reversal formula). Under the Hypotheses 1.8 on R given at (1.9),
let P € P(Q2) be Markov and such that

H(P|R) < co.

Then, for all t the density pu, := dP,/dLeb exists and the time reversal P* of P is a
solution of the martingale problem

P* e MP(b*, a)
with
bi () = —bp_i(x) + V- (ur—td)(z)/pur—(z), dtPi(dz)-a.e. (1.11)

where the divergence is in the sense of distributions.

This is an extension of (1.4) to a low regularity setting which is made precise as follows.
For almost every t the density p; := dP;/dm admits a distributional spatial derivative V py
satisfying

/ |V log p;|2 dP,dt < . (1.12)
[0,T]xR™

and (1.11) is equivalent to
(be +b7_,)/2 —v¥™ =aVlog\/p;, dtdP;-a.e. (1.13)

Furthermore, P* is the unique solution of MP(Pr,b* a) among the set of all Q € P(Q)
such that H(Q|R) < oo.

This theorem is a restatement of Theorem 4.9 which is stated in terms of stochastic
velocities, especially the fundamental identity (1.13) which is synthetically expressed in
terms of the osmotic momentum 3°>\% at (4.11).

An extension of Theorem 1.10. Note that unlike [16, 28], it is assumed in Theorem
1.10 that the diffusion matrix field a does not depend on ¢t. However, our method allows
to extend the results of [16, 28| to a finite entropy setting. Indeed, the method of proof
of the present article is perturbative: if one knows the time-reversal formula for some
reference path measure R € M(2), then a time-reversal also holds for any P € P(Q) such
that H(P|R) < 0.

A careful inspection of the proof of Theorem 4.9 (a.k.a. Theorem 1.10) shows that it
extends to the case where the reference measure R might not be reversible.

Theorem 1.14 (Time-reversal formula, again). Let us assume that the reference measure
R € M(Q) and its time reversal R* both solve uniquely their respective martingale problems
MP (R, b, a) and MP(R; = Ry, b%  a*) in the sense of (4.2), where b%, b%" are locally
bounded fields and a is continuous on [0,T] x R™. The following assertions are verified.

(a) For all 0 <t <T, we have aj = ar_;.
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(b) Assume also that for all 0 <t < T the time marginal Ry is absolutely continuous with
respect to Lebesgue measure, and H(P|R) < co again.
Then, P and P* uniquely solve MP(b",a) and MP(b"",a*) respectively, in the sense
of (4.2). The identity (1.13) becomes

(b + b5 /2 — (bF + 01 ,) /2 = a,Viog \/p;r, dtdP;-ae., (1.15)

where p; = dP;/dR; and the gradient is in the sense of distribution, and (1.12) still
holds:

/[OT] i |V log pi|2, dPdt < .
X R™

Proof. Statement (a) is a consequence of (3.14) at Lemma 3.13-(b) applied to R, whose
assumptions are satisfied by Theorem 3.17-(b).

The proof of item (b) is similar to the proof of Theorem 4.9, almost verbatim. The
uniqueness of the solution to the martingale problems for R and R* is necessary for
invoking Girsanov’s theory at Proposition 4.6. Finally, the local boundedness of the
semimartingale characteristics of R and R* implies the boundedness of ?Ru and %Ru
for any u € C*(R™). This enters the proof of Lemma 4.7 in an essential manner. O

Remark 1.16. A typical hypothesis for a path measure ) to be the unique solution of its
martingale problem MP(a, b%) in the sense of (4.2) is that a = o 0* with o and b% locally
Lipschitz in space and time.

In particular, with R satisfying the regularity hypotheses of the main results of [16, 28|,
we see that Theorem 1.14 extends the time reversal formula (1.4) to the wider class of all
path measures P such that H(P|R) < occ.

Literature about time reversal of Markov processes. The first investigations in the
theory of time reversal of Markov processes date back to 1936 with a pair of articles [20, 21|
by Kolmogorov providing sufficient conditions for a Markov chain or a diffusion process
to be reversible. Then, in 1958 time reversal of Markov processes was used by Hunt [17]
in his study of potential theory. During the same year, Nelson published an article [30]
entitled “The adjoint Markoff process”. Several papers went on in the direction initiated
by Hunt: |29, 23, 9] (to cite a few of them). All these articles deal with stationary
Markov processes and their results are expressed in terms of transition probabilities,
which is quite natural in the framework of potential theory, rather than semimartingale
characterics. The above mentioned articles [11, 16, 28] and [32] are the first ones where
the expression of semimartingale characteristics of a time reversed process are obtained
rigorously, see (1.4). They are restricted to a diffusion setting. We also mention the
article [19] by Karatzas, Schachermayer and Tschiderer both for its well written appendix
section on time reversal of diffusion processes and its results connecting deterministic
optimal transport and diffusion processes, where time reversal plays a crucial role. The
recent article [18] by Karatzas, Maas and Schachermayer also makes use of time reversal
in the context of Markov chains.

Nelson’s contribution. While investigating large deviations of the empirical measure of
weakly interacting Brownian particles as in [34, 35| or [7], Follmer established the time
reversal formula (1.6) using entropic arguments, among which the identity (1.1) is de-
cisive. At the same period, Zambrini obtained in [39] a time-symmetric description of
the backward and forward drifts of the solution to the Schrédinger problem consisting
of minimizing H(P|R) subject to prescribed initial and final marginals, i.e. Py = po and
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Pr = pr. These two authors used in a crucial manner the notion of stochastic derivatives
introduced by Nelson in 1967 in [31]. Time reversal is at the core of Nelson’s theory of
Brownian motion. Indeed, his expression of the osmotic velocity (a notion introduced by
him) in terms of the density of the process is nothing but the time reversal formula. He
proves it in an informal manner, i.e. assuming that all the derivatives exist in a classical
sense, using PDEs, namely Fokker-Planck equations in both directions of time, also called
forward and backward Kolmogorov’s equations after [21]. In the present article, stochastic
derivatives also play a major role.

Back to the roots. As a concluding remark about the history of time reversal of Markov
processes, it appears that the very starting point of this adventure is, again, the paper
[34] by Schrodinger. Indeed, in the first paragraph of [20], Kolmogorov refers to [34] as
his main motivation®.

Notation. The set of all probability measures on a measurable set A is denoted by P(A)
and the set of all nonnegative o-finite measures on A is M(A). The push-forward of a
measure q € M(A) by the measurable map f: A — Bis fzq(s) :=q(f € «) € M(B).

Relative entropy. The relative entropy of p € P(A) with respect to the reference measure
re M(A) is

H(plr) ¢=/Alog(dp/dr) dp € (—00,00]

if p is absolutely continuous with respect to r (p < r) and [, log_(dp/dr)dp < oo, and
H(p|r) = +oo otherwise. If r € P(A) is a probability measure, then H(p|r) € [0, 00]. See
Section B for details.

Path measures. The configuration space is a Polish space X equipped with its Borel o-
field. The path space is the set Q := D([0,7],X) of all X-valued cadlag trajectories on
the time index set [0, 7], and the canonical process (X;)o<i<r is defined by X;(w) = wy
for any 0 < ¢ < T and any path w = (ws)o<s<r € . It is equipped with the canonical

o-field o(Xjo,r)) and the the canonical filtration <O'(X[07t});0 <t< T> where for any

subset 7 C [0,T], X7 := (X, t € T) and o(X7) is the o-field generated by the collection
of maps (X, t € T).

The cadlag setting is necessary at Section 3 for the abstract IbP formula and Section 7
where random walks are investigated. At Sections 4, 5 and 6, diffusion processes are time-
reversed and the path space is the set Q = C([0,7],R") of all continuous trajectories.
We call any positive measure @ € M(2) on 2 a path measure. For any 7 C [0,7],
we denote Q7 = (X7)xQ. In particular, for any 0 < r < s < T, X g = (Xy)r<i<s,
Qprs) = (Xpg) 2@, and Q; = (X;)»Q € M(X) denotes the law of the position X; at time
t. If Q@ € P(Q) is a probability measure, then Q; € P(X).

The time-space canonical process is

Yt = (t,Xt) € [O,T] XX,

and for any function u : [0,7]xX — R, we denote u(X) : (t,w) — u(t,w;). We also
denote

Q(dtdw) := dtQ(dw), dtdw C [0,T] x Q,
q(dtdz) = dtQ(dx), dtdx C [0, T)x X.

'We thank Jean-Claude Zambrini for having brought this to our attention.



2. STOCHASTIC DERIVATIVES

Let us recall the definitions of Markov measures, extended generators and stochastic
derivatives. The precise definitions of these notions together with some useful related
technical results are recalled at the appendix Section A. Stochastic derivatives were in-
troduced by Nelson in 1967 [31].

Conditionable path measure. A path measure () such that @, is o-finite for all ¢
is called a conditionable path measure. This notion is necessary to define properly the
conditional expectations Eg(s | X;), Eg(e| Xjo4) and Eg(e | X 17), for any ¢, see [26]. If
(@ has a finite mass, then it is automatically conditionable.

Extended forward generator. Let () be a conditionable measure. A measurable func-
tion w on [0,7]x X is said to be in the domain of the extended forward generator of @)

if there exists a real-valued process ?Qu(t,X@’t]) which is adapted with respect to the
forward filtration such that f[o 11 |2Qu(t, Xo4)| dt < 0o, Q-a.e. and the process

M = u(Xy) —u(Xo) — EQU<S, Xpg)ds, 0<t<T,
(0,¢]

is a local @-martingale. We say that ?Q is the extended forward generator of Q). Its

domain is denoted by dom £€. Otherwise stated, we say that @ solves the martingale
problem

Q e MP(Z,U) (2.1)

if U C dom BQ and for any u € U, BQU = Bu

Stochastic forward derivative. Nelson’s definition [31] of the stochastic forward deriv-
ative is the following. For any conditionable measure () and any measurable real function
u on [0,T]x X such that Eglu(X,)] < oo for all 0 < s < T, we say that u admits a
stochastic forward derivative under @ at time ¢ € [0, 7)) if the following limit

- . 1. — —
Lu(t, Xpy) = lim Eq (—[u(XHh) —u(Xy)] | X[Onf}) (2.2)
h—0+ h

— —
exists in L1(Q). In this case, L %u(t,s) is called the stochastic forward derivative of u at
time ¢.

Extended generators and stochastic derivatives are essentially the same. It is
the content of Proposition A.10. If u is in dom 9 and satisfies Eq f[o 1] }?Qu(t, X[O,t])‘ dt <

00, one can compute ?Qu using the stochastic derivative:
— _
?Qu = L%, Q-ae.

Beware of the notation: calligraphic £ refers to the martingale problem MP(L), while the
roman font L refers to the stochastic derivative (2.2) which provides us with a mean of
calculating £ via (2.2) using stochastic calculus.
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Reversing time. Let () € M({2) be any path measure. Its time reversal is

Q ( )#QEM< )7

where

X o=limpor Xpgen, 0<t<T
X5 = X, t="T,

is the reversed canonical process. We assume that () is such that
Q(X7- # Xr) =0,

i.e. its sample paths are left-continuous at ¢t = 7. This implies that the time reversal
mapping X* is (almost surely) one-one on .

As a notation, the o-field generated by Xy- 1) is o(Xy-17) = Mrs00(Xpon1)) =
o(Xy-) V o(Xpm), and the predictable backward filtration is defined by: (o(Xp-17);0 <
t<T).

We introduce the backward extended generator and the backward stochastic derivative

(2.3)
L 'U,(t,X[tfﬂ“]) = LQ u (t 7X[0,t*})’

* % *
where u*(t*,x) := u(t,z), with t* := T — ¢, and BQ and L? stand respectively for
the standard (forward) generator and derivative of Q*. These definitions match with
Definitions A.6 and A.7. In particular, for any ¢t € (0, T,

h—0+

— 1. — —
LQu(t,X[t—7T]) = lim EQ (h[ (Xt—h) —U(Xt)] | X[t,T])

if this limit exists in L'(Q .i{emark thé%i the definition of TQ is consistent with (2.3).
The linear operators £, L, L and L are defined for any measurable function u :
[0,7]xX — R such that the above expressions are meaningful where this meaningful
addresses the problem of their domains, see the appendix section A.
As for the forward generator, if u is in dom £ < and satisfies Eg f 0.7] ‘ e u(t, Xpm | )| dt <
0o, then
L =T%, Qae

Markov measure. A path measure () € M((Q?) is said to be Markov if it is conditionable
and for any 0 <t < T, Q(Xpr € o | Xjog) = Q( Xy € o | X¢). It is known that Q* is
also Markov and the stochastic derivatives and extended generators at time ¢ only depend
of the present position X;. Therefore it is possible to consider the sum and difference of
the forward and backward generators: they remain functions of the present position.

<_
Current and osmotic generators. In restriction to dom ?Q Ndom L@, we define the cur-
rent extended generator of () by

F
L@ = (£2 - L9,
Similarly, the osmotic extended generator of @) is
£ .= (£2+ L9))2.

The osmotic generator plays an important role in this article. This is the reason why our
results about time reversal are restricted to Markov measures.
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3. INTEGRATION BY PARTS FORMULA

The main technical result of this paper is the integration by parts formula stated at
Theorem 3.17. This section is dedicated to its proof.

Carré du champ. Let Q be a path measure on ). Its forward carré du champ is the
forward-adapted process defined by

F?(u,v) = ??(uv) — u??v — v??u, (u,v) € dom ??, 0<t<T,

where dom ?? = {(u,v); u,v,uv € dom ?tQ} .
We introduce a class U of functions on X such that

U C dom ?tQ N Cy(X) (3.1)

for all 0 < ¢t < T and any path measure @ of interest, where C,(X) is the space of all
bounded continuous functions on X'. We assume that U is an algebra, i.e.

u,velUd = uv el. (3.2)

In particular,
u,v €U = (u,v) € dom ?tQ (3.3)

We shall mainly consider functions in &/ and make an intensive use of their carré du
champ. In each setting, this algebra will be chosen rich enough to determine a Markov
dynamics, i.e. to solve in a unique way some relevant martingale problem. For instance,
in the diffusion setting, U = C%(R") is a good choice.

Remark 3.4. The requirement that U is an algebra (it is necessary that uv belongs to

dom £ to consider BQ(UU», is strong.

Indeed, let us say that a semimartingale is nice if its bounded variation part is absolutely
continuous. The product of two semimartingales is a semimartingale, but the product of
two nice semimartingales might not be nice anymore.

However, this is true for instance when the semimartingales are adapted to a Brownian
filtration because in this case any local martingale is represented as a stochastic integral
with respect to a Brownian motion. In general, a martingale representation theorem is
needed to verify the stability of the product of nice semimartingales.

Similarly the backward carré du champ is the backward-adapted process defined by
??(u, v) = %?(uv) - u%?v - vftQu,
for any 0 < t < T and (u,v) € dom ?? To emphasize the fact that ?Q(u, v) and
Q(u, v) are processes rather than functions, we often write
T2 (u,0) = T (,0)(Xou) = T, 0)(X),
T2 (u,0) = TR, 0)(Xpm) = TR(u,v)(X).
The quadratic covariation [u(X), v(X)] is a Q-semimartingale. We denote by (u(X),v(X))%
its bounded variation part, i.e.
d[u(X),v(X)]; = du(X), v(X))? +dM>" . Qace. (3.5)

where, here and below, M@* stands for any forward local Q-martingale. As next lemma in-
dicates, we are interested in situations where the bounded variation process (u(X), v(X))?
is predictable (as a continuous process). Therefore, in the remainder of the article
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(u(X),v(X))? is the usual sharp bracket (sometimes called conditional quadratic varia-
tion) of stochastic process theory.

Lemma 3.6. Let U satisfy the hypotheses (3.1) and (3.2).
(a) For any u,v € U, the process (u(X),v(X))? is absolutely continuous Q-a.e. and
Au(X), v(X)? = TP, v)(Xpg)dt.  Qae.
(b) For any u,v € U, the process (u(X),v(X))? is absolutely continuous Q*-a.e. and
du(X), v(X)N D ,(X*) = T2, v)(Xpm)dt,  Q-ac.

|T—t

Proof. e Proof of (a). As a definition of the forward generator

(a
(X)e = LX) dt +dM*,  do(X)s = £ 20(X)dt +dM?,
)(X) ?Q (u0)(X) dt + dM™,
and applying [to’s formula in the forward sense of time
d(uv)(X); = w(Xy)dv(X)y + v(Xy)du(X ), + d[u(X), v(X)];
= u(X)dv(X)e + v(X)du(X); + d(u(X), v(X)); + dMZ ™"
— [w(X)Z Qu(X) + (X)) T Qu(X)] dt + d(u(X), v(X)):
+u(X,)dMY + v(X)dMY + dME,

The Doob-Meyer decomposition theorem allows us to identify the bounded variation and
martingale parts of uv(X), leading us to

Tuv)(X) dt = [u(X) L (X)) + v(X) L (X)) dt + du(X),0(X)?,  Q-ae.
which gives the announced result.
e Proof of (b). Analogous, with @Q* instead of Q. O
: R)emark that the main hypothesis of this lemma is (3.2): u,v € U, and its consequence
3.3).

Let us prepare some notation for next Lemma 3.9 which is the main technical result of
this section. We introduce the class of functions

uf = {ueu Zou(X) e L2(Q), T9u) e '@} (3.7)

If @ is Markov, ??(u,v)(X) = ??(u, v)[X;] only depends on the current position Xj,
and we denote

(t,x) — ??(u,v =F, ?Q (u,v)(X) | X; = x).
Consider the following convolution kernels

kb= h_ll[_hm, k= h_ll[om,

with h > 0. Let f : [0,7] — R be any absolutely continuous function with derivative f :
The following expressions will be used during the proof of next lemma:

mww+m—fwhwﬂ/‘]ﬂMW—kwf@,OStST—m
tt+h (3.8)

h=Hf () — f(t = h)] —hl/ ferydr=k""x f(t), h<t<T.

[t—h.t]
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Lemma 3.9. Let ) be any path measure and take any w,v in the class UZQ.
(a) The following limit holds

h{%ﬁ EQ/ ‘EQ [h_l{U(Xt+h) — u(Xy) Ho(Xpgn) — v(Xe)} | X[o,t]]

— T, v)(X)‘ dt = 0.

(b) If in addition Q) is Markov and (t,z) — ??(u,v)[m] is continuous, then
im Eo [ ol {u(X) ~ (X H(X) ~ (X)) | Xeoa]

h—s0* (3.10)
— T, v)[X)]

dt = 0.

Proof. e Proof of (a). Let us start with a remark about our assumptions. The (a priori

local) martingale M} = u(X;) — u(Xy) fo ? X) ds, is a square integrable martingale
because
Eq sup [MP < CoBglu(X)]§ = CaEq(u(X))$ = CoBqT $(u)(X) <00, (3.11)
0<t<T

where the first inequality is Doob’s maximal inequality with Cy = 4, and the rest follows

from the assumptions I' ?(u)(X) € L'(Q) and Lemma 3.6. For each 0 <t < T — h with
0<h<T,

[w(Xeen) = w(Xo)][v(Xesn) — (X

)]
-[ / ey [T e as| | / e+ / e ds|

=Al'+ B! + C!'+ D,  Q-ae.,

where

t+h t+h t+h t+h
Al = / M / MY, Bl = / Lu(X) ds / dM?,
t
+h t+h t+h
/ Lu(X)ds / dM®, Lu(x (X

Let us control A}'. Denoting Ny, := M® — M and Ngfs =M — Mt”,

t+h
A? = / d<Ntl,LsNtljs)
t

t+h t+h t+h t+h
= / N dM? + / NP dM!" + / dMO / d(M™, M*)?,
t t t t

where M @] is the martingale part of the semimartingale [u(X),v(X)], see (3.5). With
Lemma 3.6, we obtain

t+h
h_lEﬁQ(Ai1 | X[O,t]) = h_l/ EQ[?SQ(U,U)(X[QS]) | X[O,t]] ds. (3.12)
t

Remark that under our integrability assumptions, the stochastic integrals tt+h dMY,

ftHh dMy, |, e N, dM; and th N{ dM are integrable Q-martingales. The first ones
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because of (3.11), and the last ones by Burkholder-Davis-Gundy inequality:
t
Eo sup ‘ / MU dM?
0

T 1/2
( / |Mf|2d[M”1t)
0<t<T :

< 01\/EQ sup |[M{[?\/ Eq[M"]r < 01021/2\/EQ<U(X)>T\/ Eo(v(X))r < o0,

0<t<T

< C1Eg ( sup |M:|[M”]1T/2)

0<t<T

< CiEq

with (' a universal constant and where we used (3.11) when C, appears. By Burkholder-
Davis-Gundy inequality again, we also have M@ € L'(Q). These considerations justify
the cancellation of the expectations of the martingale terms.

The remaining terms B", C" and D" are controlled using our integrability assumptions
and Cauchy-Schwarz inequality. Let us start with B":

(7 | Bt ar)’

o[ e[ /j*h i

< B, /0 T_h( / o) ds)*dt Eg / TR () st
o(h?) Eq /O « (L Qu)(t, Xpog) dt

— o(h?) (£ / (B2u(X)dt + 000 (1)),

where the third inequality follows from Lebesgue’s dominated convergence theorem un-
der the assumption that ?Q(v)(X) € L'(Q), and use we took k" := h7'1_; ¢ as our
convolution kernel, see (3.8). The last identity is a consequence of Lemma A.8 under the
assumption ?Qu(X ) € L*(Q). This gives

T—h

EQ/ BB dt < opsor (DL 2u(X) 120 + 0nsor (1)

0

and similarly

T—h
EQ/ h71|0£1’ dt < Oh_>0+ H? HL2 @) + 0h—>0+(1)
0

The control of D" is analogous:
T—h 9
(B0 [ iplat)
0
T—h  pt+h T—h  pt+h
< EQ/ (/ BSQU(X) ds)gdt EQ/ (/ BSQU(X) ds)th
0 0 t

< hiEq / « (L )%(t, Xoq) dt Eg / - hkh*(fg)%t,xw)dt
:h4<E / (L2(X) dt + opor ( > < / (2 9)? dt+ohﬁo+(h))
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leading to
T—h
Eo / BYDP dt < B Z (X)) | 22000 s + onooe (B).

Putting everything together, we obtain

i P [ [Pall {u(Xiun) = u(X)Ho(Xiun) = o(X0} | Xioa]

h—0t
t+h
_hl/ Eo[T2(u, v)(Xpw) | Xpou] ds‘dt_o
t

On the other hand, by Corollary A.9 applied with the convolution kernel k" = gl[—h,O]
and A; = 0(X[oy4), under the assumptions FQ(U)(X), ?Q(v)(X) € LY(Q), we obtain

T—h t+h
lim E, / nt [ BT (. 0)(Xi0a) | Xioa] ds = T(u,0)(Xon)
t

h—0t+

dt = 0.

The conclusion of the proof of (a) follows from these last two limits.

e Proof of (b). Changing a little bit the previous arguments, in particular using the
assumed Markov property of @, the convolution kernel k=" : —1[0 n instead of k", and
applying Corollary A.9 with A; = o(X;), we obtain sunllarly

im P [ o[~ {ulXo-s) — u(X0 Ho(Xeoa) = v(X0)} | Xios]

h—0+
t
_p / B[ T8, 0)[X.] | Xis] ds| dt = 0.
t—h

On the other hand, as in the proof Corollary A.9 we obtain

/ I / B[, 0)[X.] | X ds — T, (u,0) X, di
< Eq /T ?Q (u,v)[Xs]ds — ?3h(u, v)[Xt_h]‘ dt

Fo /h k’h*?t@(u,v)[){t] ~ T )Xo

IN

dt

Fo /h s T, 0)[X,] — T2, 0)[X)]

+ B, / ' ]??(u, 0[X] - T2, (u, v)[Xt,h]‘ dt.

We know by Lemma A.8 that limj,_,o+ Eq fh ‘k‘ h % ?Q (u,v)[X] — ?Q (u,v)[X]| dt = 0.

With the additional hypothesis that (¢,z) — ?Q (u,v)[z] is continuous, and because
?Q (u,v) is integrable, we see that limy, o+ Eg fh )?t B (w,0)[Xip] — ??(u,v)[Xt] dt =
0. Putting everything together we arrive at (3.10). O

Corollary 3.13. Let ) be any path measure and take any u,v in the class Z/I2Q.
Then, for almost all t,

lim Eq[h~ {u(Xisn) — (X Ho(Xian) — v(X0)}] = B T &(u, v)(X).

h—0t
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If in addition, U C dom <ZQ, %QU(X),%QU(X> € L*(Q), (u,u),(v,v) € dom T and
%Q(u)(X), ?Q(v)(X) € LY(Q), and the hypotheses of Lemma 3.9-(b) are satisfied, then

for almost all t,
Jim Eg [~ {u(Xi) = w(X) Ho(Xin) = v(X0)}] 51
= EoT 2(u,0)(X) = BT &(u,0)(X). |

Proof. The first statement follows directly from statement (a) of Lemma 3.9 with Fubini
and Jensen. Our additional hypotheses on U, u and v mean that u and v belong to Z/{ZQ "
Applying (a) to Q* instead of @), we have

lim EQ/h ‘EQ [h_l{u(Xt_h) —u( X)) Ho(Xp—n) —v(Xy) } | X[t,Tﬂ

h—0t+

— ??(u,v)(){)‘ dt = 0.

With Fubini and Jensen again, we see that (b) of Lemma 3.9, and this identity imply
(3.14). O

Integration by parts formula. The following easy result is pointed out because it is a
technical argument of the proof of next Theorem 3.17.

Lemma 3.15. For any measurable bounded function u € dom ?Q such that ?Qu[Y] €
LYQ), and all0 < s <t < T,

Equ(X:) —u(X,) | X = Eq l/: L£u(X,) dr | Xs:| :

For any measurable bounded function u € dom L9 such that %QU[Y] € LY(Q), and all
0<s<t<T,

Eolu(X,) — u(X,) | X)] = —Eq [ / T, ) dr | Xt] |

s

Proof. The first equality is obvious. Let us look at the second one:

Eo[u(Xy) —u(X,) | Xi] = Eg-[u*(T —t, Xp_¢) —u*(T — 8, Xp_) | Xr_¢]

T—s t
= —Eg- { BQ*u*(r, X,)dr| XTt] = —Fg- [/ BQ*u*(T —r, Xp_,.)dr | XTt]

Tt
¢ ¢
= —FEg: [/ %Qu(r, Xr_p)dr | XT_t} =—Fq [/ %Qu(r, X,)dr | Xt] ,
as announced. O

Next Theorem 3.17 is the cornerstone of the proofs of time reversal formulas. Before
stating it, let us introduce some notation. For any path measure @), we define

Loulx)] = E(L2(Xpu) 1 %), TR, o)X 1= Eo(T(w,0)(Xoq) | X).

Loulx) = E(L8(Xum) | X)), TR, 0)[X] = Eg( T8 (w, 0)(Xpm) | X,),



17

where we use square brackets [X;] to specify the conditional expectation knowing X,

provided it is well defined. Of course, if () is Markov, then ?Q [(Xi] = Bt u(Xy), and so
on. We introduce the class of functlons

u? = {ueu; L € L1(g), T9Mw)[s] € LY @} (3.16)

Comparing with (3.7), we see that the differences with U< are the conditional expectations

with respect to X; and that ?Qu stands in L'(g) instead of L?(g). The integrability
improvement is useful at Section 7 and in the companion paper [5] when establishing time
reversal formulas for jump processes under a finite entropy hypothesis.

Theorem 3.17 (IbP of the carré du champ). Let P € M(2) be any path measure. Take
two functions u,v in UF.

(a) If
wedomLP and <ZPu(X) € L'(P), (3.18)
then for almost every t
EBp((LFu+ L)X (X)) + TF(w,0)[X]) =0. (3.19)
(b) Suppose that P is Markov,
(t,x) — ?f(u,v)(x) is continuous, (3.20)

the class of functions UT determines the weak convergence of Borel measures on X,
and the linear form

weldP = Ep | TP (u,w)(X,)dt (3.21)
[0,7]

onUP = {we Cy([0,T)x X); w(t,s) eUP, YO <t < T} defines a finite measure on

0,T]x X.
Then, (3.18) holds and therefore (3.19) is satisfied.

Remarks 3.22.

(a) The assumption (3.21) is an integration by parts formula.
(b) Statement %a) is really significant when P is a Markov measure because in this case
PIX] = Z£P(X), LP[X] = LP(X) and T P[X] = T P(X): we do not loose any in-
formation and this carries all the necessary material to derive a time reversal formula.
We state it in the general form to stress that the Markov property does not play any
role in the proof of statement (a).
(c) Using the notion of osmotic extended generator

£Pu(e) = (£F + TF)ula)/2,

the IbP formula writes as
1 1
/ U,C?S’Pu dP, = ——/ ?f(u,v)[z] P,(dz) = ——/ ?f(u, v)[z] P(dx),
X 2 Jx 2 Jx

where last equality is Corollary 3.13, provided that the extra hypotheses of this corol-
lary are satisfied. We see that it extends the usual integration by parts formula stated
at Proposition 3.36 below, which is only valid for stationary Markov measures.
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(d) The symmetry of the carré du champ implies

/U/J?S’PudPt:/uE?S’PvdPt.
x x

%
(e) By Proposition A.10 wegnow that for any u € dom £°" := dom ?P Ndom L7 such
that Ep [y (£ Ful + |CPul) (X) dt < oo, the limit

— lim lEp <U(Xt+h) + u(Xi_n)
h—0+ h 2

ﬁgs’PU(Xt)

—u(Xy) | Xt>

takes place in L'(P).

Proof of Theorem 3.17. We start proving the IbP formula (3.19) assuming that « and v
belong to U], and using both hypotheses (3.18) and (3.20). Once this is done, we extend
the result to the case where u and v are in U”. Finally, we shall see at the end of the
proof that it is a simple matter to remove one assumption among (3.18) and (3.20).

e Proof of (3.19) under the hypotheses: u,v € UL, (3.18) and (3.20). It is based on the

elementary identity
[(wgrn — we)+H(ug—p, — ug)]vy (3.23)
= _(Ut—h - Ut)(”t—h - Ut) + vt<ut+h - Ut) - Utfh(ut - utfh)a

which implies
Ep ({Ep[u(XHh) —u(X) | Xi) + Eplu(X,_n) — u(X,) | X,)} U(Xt))
— —Bp({ul(Xi) = u(X) Ho(Xi ) = o(X)})
+ Ep (U(Xt)Ep[u(Xt+h) —u(X,) | Xt]) _ Bp (U(Xt,h)Ep[u(Xt) —u(Xop) | Xt,h]).
Dividing both sides by h > 0, letting h — 0%,
Ep[(Lu+ T a)[Xi] 0(X,)]
= —EpT 7 (uw,0)[X] + lim Ep(v(X,) Eplu(Xera) — u(X,) | X)) (3.24)

h—0+
— Tim Ep (0(Xe ) Ep[u(X,) = u(Xo ) | X)),
h—07+
and the proof will be complete once we show that the last two terms cancel each other.
Let us present some justifications for (3.24). We denote for any 0 < h < T,
y? ::yt-i-h:(t_’—haXt-‘rh)a OStST_hv
X, =X n=(t—hX, ), h<t<T.

Because u is taken in UL, by the first part of Proposition A.10 (and Jensen’s inequality),
we have limj,_,o+ h_lEp[u(yh) —u(X) | X] = ?PU[Y] in L?(P), and a fortiori in L(P).

But v(X) is a bounded function. Hence,

lim_ Ep (o(X) h [u(X") - u(X)] | X) = o(X)ZPuX] i L'(P).

h—0t

h

Similarly, with the second part of Proposition A.10, under the assumption (3.18)
lim Ep (v(7) (X ") — w(X)] | 7) — o(X) L u[X] in L}(P). (3.25)

h—0t
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With Fubini and Jensen, this proves

T—h
Jm [ | B ([{u(Xen) ~u(X0) + fu(Xeon) = u(X)} v(X0))

P i (3.26)
- p<( cu+ L u)[Xt]v(Xt)> ’ dt = 0.

Under the assumption (3.20) and because u and v are assumed to belong to UZ’, by Lemma
3.9-(b) we have also

lim. hT |Bp (7 {u(X0) = u(Xe ) Ho(X0) = v(Xia)})

(3.27)

~ EpTP(u,0)[X]| dt = 0.

It remains to prove that the last terms of (3.24) cancel each other by showing that

im [ ‘Ep (U(Xt)h_l[u(XHh) — u(Xt)]> — Ep(u(X,) Lu[X)

h—0+ 0

dt =0, (3.28)

i ([ (2050 ) — X)) ~ B (oK) ZulXo)

h—0+

dt=0.  (3.29)

The leftmost integrand of (3.28) is Ep(v(X}) {k;h * 2u g , so that the identity follows

because v(X,) is in L®(P) and limy,_,o+ {k" « L in L'(P) by Lemma A.S.
On the other hand, (3.29) is true because

(i Ep(v<Xt_h>h—1[ (X)) = w(Xi1)]) = Ep (v(Xe ) (k" LulX]});

(ii) limy,_o+ {k~" x ?u X} = ?u in L!(P);
(ili) limy o+ v(Xpp) = v(X4-) = U(Xt) P-ae.

Item (i) follows from Lemma 3.15 and (3.8), (ii) is a direct consequence of Lemma A.8, and
(iii) follows because the sample paths are left-limited, it is assumed that v is continuous
and bounded, and X; = X;- for almost every ¢, P-a.e. because the sample paths are
cadlag.

We have proved

Ep / [(Zu+ Tru)XJu(x) + TF (w0) (X de =0, (3.30)
(0,77

and therefore (3.19), under the hypotheses: u,v € UY, (3.18) and (3.20). Let us relax
this hypothesis by considering functions u and v in U” instead of U7 .

e Proof of (3.19) under the hypotheses: u,v € U, (3.18) and (3.20). The proof of this
extension relies on a localization argument. For any u,v € U” and any k& > 1, we define
the stopping time

Tk::inf{te OT /|2 X[Os] ’dS—l—/ |? X[Os ‘d5>k}

and consider the sequence of stopped path measures P* := (X T )P, k> 1. Clearly

hmTk—oo P-a.c.

k—o0
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because u and v belong to dom ZP. For any k > 1, the functions u and v are in U",
therefore we have just proved that P* verifies (3.30):

dt = 0.

EPkA)T]‘ (2P u+ TP X]o(X) + TP (u, 0)[X]

. .
On the other hand, ?P Ep[l{t<7-k}? w(X) | X, =], L ulz] = Eplycy L,
and ? (u,v) = 1{t<7k}?t (u,v). Hence

dt

%
0= Eps / ‘(1{t<7k}7fu + Ly £7u)[XJ0(Xe) + 1{t<'rk}? (u, v)[X{]
[0,7]

%
_E, / ((1{t<7k}2>fu+ Ve TP X J0(X0) + Loy TF (u0)[X]] e
(0,7

o / (2 Fut C L)X (X0 + T () (X di.
(0,77

The second equality holds because P and P*¥ match on {t < Tk} , and last equality follows
letting k tend to infinity by dominated convergence under our integrability assumptions.
We have proved (3.19) under the hypotheses: u,v € UF, (3.18) and (3.20).

This proof was based on the convergence of the identity (3.23) as h tends to zero. But
for this convergence to hold, it is sufficient that only three of its four terms converge. We
take advantage of this remark to complete the proof.

e Proof of (a). Let us remove (3.20). This assumption was used to obtain (3.27) and was
not used anywhere else. Hence, the limits of the other three terms of (3.23) are valid even
in absence of (3.20), showing in return that in addition to (3.19), (3.27) holds true.

e Proof of (b). Let us remove (3.18). This assumption was used to obtain (3.25) and
was not used anywhere else. Hence, the limits of the other three terms of (3.23) are valid
even in absence of (3.18), showing in return that in addition to (3.19), the expectation of
(3.25) holds true: the limit

lim Ep /[h O (o) — (X)) e = TP w) (3.31)

h—0t

exists for all w € UP (passing from U to UT is obvious), and we have

<_

TP (w) = Ep /[O e CruXJu(X) - TPww)X])dt, weU.  (332)

u

As We assume that U” is separating and w — Ep f[o 7 ?P (u, w)[X¢] dt defines a finite mea-

sure, £ 1 ‘0 P i also a finite measure on [0,T] x X because ?P u € Ll(P% It is absolutely con-
Pu, wy)[z] p(dtdz) =
0. Moreover, since U” is convergence—determmmg, so is UF, and with (3.31) and Propo-

sition A.11 we sce that £Pu—=d¢P .. /dp. We conclude with (3.32) that the IbP formula
(3.19) is satisfied. O

tinuous Wlth respect to p because f[o Thr lw| dp = 0 implies f[o Tht

Remark 3.33. Another very similar proof is based on the elementary identity
(s — we)+(ue—n — we)]vy

—(Ut+h - Ut)(Ut+h - Ut) + Ut(ut—h - Ut) - Ut+h(ut - Ut+h)-
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Doing this, one sees that (a) is still valid. But (b) does not follow so easily because one
cannot drop (3.18).

Corollary 3.34. Let u be in U and suppose that (3.18) is fulfilled. Then, u € dom LF
and for almost every t

/ L3P udP, = 0.
X

Proof. Apply Theorem 3.17 with v = 1. OJ

Stationary Markov measure. To make the point of Remark 3.22-(c) precise, let us
recall what time reversal does with stationary Markov measures.

We consider a stationary Markov measure P € M(f)) with equilibrium m. Stationary
means that for any real numbers ¢y,...,t; and h, the laws of (X 4p,..., X, +5) and
(X4, ..., Xy,) under P are the same. As P is Markov, it is sufficient that this property
holds for k = 2. We restrict the time interval to [0,7]. The equilibrium measure is the
constant law P, = m, for all ¢ € [0, T].

Define the class of functions

V= {v e dom £ N L*(m); TPy e L'(m)N LQ(m)} .

The adjoint (Bﬁ:)* in L?(m) of the restriction 2@ to V of the forward generator TP of
P is defined by: fxv(fﬁ,)*u dm = [, Wl Py dm, for any u,v € V.
; ; . P ?P *
Lemma 3.35. Suppose that P is Markov and stationary, then: £|v = ( |v) :
Proof. Fix t, h such that 0 <t <t + h <T and take u,v € V. By stationarity

Ep[u(X){v(Xipn) — 0(Xp)}]
= Ep[{u(Xi-n) = u(Xe) }o(Xo)] + Ep[u(X)o(Xipn) — w(Xin)v(X)]
= Ep[{u(Xi—n) — u(Xy) Jo(Xy)].

Dividing by h > 0 and letting it tend to zero, we conclude with Proposition A.10. U

This is a well-known result. One of its versions in the framework of discrete time was
published by Nelson in 1958 [30]. We find it pleasant to provide an elementary proof in
the continuous-time setting, based on stochastic derivatives: a tool developed by Nelson
himself a decade later.

Proposition 3.36 (Integration by parts). Suppose that P € M(Q2) is Markov and sta-
tionary, then for any u,v € V, such that uv € V,

1
/ ulY™Fy dm = ——/ ?P(u,v) dm,
X 2 Jx

where
Ly = (P 4 (£P)))2 = (£F + L7)/2 = £oF (3.37)

1s the algebraic symmetrization of ?P.
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Proof. Let us denote for simplicity A := Bﬁ/ Of course, [, Audm = 0because [, Audm =
[y 1Audm = [, uA*1dm and the stationarity implies that A*1 = 0. Therefore,

/X TP (u,v) dm = /X {A(uv) — uAv — vAu} dm

=— / {uAv +vAu} dm = — / {uA™v +vA*u} dm
x x

= —2/ wAv dm
X

with A := (A + A*)/2. We conclude with Lemma 3.35. O

Finite entropy. Up to now the entropy did not play any role. Let us write some words
about it in preparation to forthcoming time reversal formulas.

Comparing statements (a) and (b) of Theorem 3.17, we see that (b) is easier to verify than
(a), because (a) requires that u is in the domain of the backward generator: a property
which is not known a priori. On the other hand, the assumption (3.20) in (b) is too
much demanding for some applications we have in mind, where a finite entropy condition
destroys this regularity in presence of jumps, see [5].

We are going to investigate time reversal of Markov measures P verifying the finite
entropy condition (1.5): H(P|R) < oo, where the time reversal R* of a reference Markov
measure R is accessible via Theorem 3.17-(b). Then, taking advantage of the elementary
identity H(P*|R*) = H(P|R) < oo, a deep insight of F6llmer already encountered at (1.1),
we shall be in position to build a large enough class U* and to verify the assumptions of
Theorem 3.17-(a) for P.

4. TIME REVERSAL OF A DIFFUSION PROCESS IN R"

In this section, the IbP formula of Theorem 3.17 is used to obtain at Theorem 4.9 a
time reversal formula for diffusion measures.

Reference diffusion measure. The path space is the set Q = C([0,7],R") of all con-
tinuous trajectories from [0, 7] to R™. The main reference measure we have in mind is the
reversible Kolmogorov diffusion R defined at (1.9).
Finite entropy in a diffusion setting. Take @) € P(Q) such that

H(Q|R) < oc. (4.1)

We know by the Girsanov theory under a finite entropy condition [25], that when R fulfils
the uniqueness condition:

VR € M(Q), [R' € MP(Ry,a,b") and R' < R] = R =R, (4.2)

there exists some R™-valued predictable process S9! which is defined Q-a.e. such that Q
solves the martingale problem

Q € MP(Qo,v>™ + aBolE, a). (4.3)
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Recall Remark 1.16 for a setting where the uniqueness condition (4.2) is satisfied.
Furthermore, because of the uniqueness of the solution to MP(m,v®»™ a), we know that

d@) dQo QIR ;1 /R / QIR|2
-~ -1 —— (X -dM;T — 2 dt
IR {dP/dR>0} dRO ( 0) exXp ( 017 /Bt t 0.7] |ﬁt ’a(Xt)/
d
= 1{ap/ar>0} d;gz(Xo)exp ( o BEE.aME + /[OT] |61€Q‘R|§(Xt)/2 dt) ;

where
AME = dX, —v*™(X,)dt and dMP =dX, — (vV™(X,) + a(X,)B%") dt,
and we denote

|B]3 = B-ap.

Moreover,

H(QIR) = H(QolRo) + Eg / AR /2 dt. (4.4)

|
0,71

Of course, in view of this identity, H(Q|R) < oo implies that Eq [, , | B |R|§(Xt) dt is
finite.

Claim 4.5. If in addition Q is Markov, then the process B2 turns out to be a vector
field:

B = BUR(X,), Q-ace.
Proof. Indeed, we see with (4.3) that
V" (X0) +a(X0) 87 dt = Eq(dX: | Xipn) = Eql(dX: | X)
= v*™(X,) + a(X,) Eo(BF | X)) dt,  Q-a.
QR |

Remark that all the above conditional expectations are well-defined; in particular Eg (3,
X:) is meaningful because of (4.4) and the finite entropy assumption (4.1). It follows that

forall 0 <t < T, a(X,)8%" = a(X,))Eq(89" | X,), Q-a.c. O

Moreover, we observe that

H(QIR) ~ H(@QulRy) = H(QIR™) = Eq [

1 —
S[VORR(X,) dt
j0.7] 2
is an average kinetic action, where V@ := aB@IR and
g= al.
Nelson’s velocities. The forward stochastic velocity VQis
— Xirn — X
t.x):= r) = lim - - L=
VOt,x) = LRNA)(x) = lim Eo( =51 X, =),
h—0t h
and similarly, we define the backward velocity
— Xin— X
Tt 2) .= LOId](z) = lim EQ(M | X, = 1:)
h—0t h

whenever these expressions are meaningful. These velocities might not be well defined
because of a lack of integrability. However, under a finite entropy condition, Proposition
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4.6 below tells us that they are well defined in the setting we are interested in.
The current velocity is

= (V-T2
and the osmotic velocity is
vs@ = (VO 4+ ¥ 9)/2.

We immediately observe that

{ 7 _ veU o8 { CU QY _VCU Q@
- ) t - T—t»
and .
—  _cu oS 0s,Q . 0s,Q
\% vel + v vy = vrY.

Entropy under time reversal. Next result is a central observation in Follmer’s ap-
proach to time reversal.

Proposition 4.6. Under the Hypotheses 1.8, let P be a Markov probability measure such
that H(P|R) < oc.

<_
Then, there exist two measurable vector fields FP“% and B such that

zp O+ VPV +A,/2, where 7P—vam+a?P‘R
Lr = —8t+VPV+A/2 where Vp—vam—i-aﬂp‘R

with
— —
Be [ (BRI di < o
[0,T]

and

1
H(PIR) = H(Ry|Ro) + Ep | S[BPR(x
0,17 2
—Bp [ SIFECK) dt+ H(PrlRr),
011 2
Proof. Since P is Markov, so is P* := (X*)xP. As the time reversal mapping X* is
one-one, we have H(P|R) = (P*|R*) Hence,
H(P|R) = H(P*|R") = H(P"|R) < o0,
where last equality comes from the reversibility of R which implies R* = R. Again, by Gir-
sanov theory we know that there is some previsible vector ﬁeld P*IR such that P* solves

the martingale problem MP(Pr, v® m—i—aﬁp % a). Denoting 5P|R(t z) = FP*‘R(T—t, z),
we see that

1 . ~
H(P'|R) = H(F§|Ro) + Er- | S[HPINA(X,) d

(0,7

1« —
— H(PrlRe) + Ep | TP

[0,7]

as announced. ]
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Continuity equation. Proposition 4.8 below, which is the object of this subsection is
not directly linked to time reversal (it is rather complementary). Nevertheless, we present
its easy short proof because all the preliminary notions which are needed to its statement
and proof appear in the last previous pages.

Lemma 4.7. Under the Hypotheses 1.8, let P € P(§2) be Markov and such that H(P|R) <
oo. Then, any compactly supported function u € CY%([0,T] x R™) stands in the domain

of both LF and L, and Ex| L ( )|2 < 00, | LPu(X)? < .
Moreover u(X,;) — u(Xo) — fo ? Jds and u(X,) — u(Xr) — ft EP (X ds are re-
spectively genuine (mther than local) forward and backward P- martmgales

<_
Proof. The proofs of the statements concerning ?P and LT being similar, we focus on
P, Take u in C}2([0,T] x R™). All we have to show is

B £ Pu(X))?

By Proposition 4.6,

1
Bpu:8m+N“WVu+§Am+aFHRVu

and Ef(|FP|R]§(7)) < 00. Since a and v*™ are locally bounded, Lhy = Ou+v¥™-Vu+
%Aau is bounded. The last term is controlled by

Ep(ja B 710-Vu(X)P) < Ep(|B7R(X) [Vu2(X)) < sup | Vul2Ex(| 5 HE(X)) < co.
[

For any measure m and vector field w on R”, we define div,,(w) by:
/ wdiv,,(w)dm = — [ Vu-wdm, u€CHR"),
n R’VL
whenever the second integral is meaningful.

As a consequence of Proposition 4.6, we obtain

Proposition 4.8 (Continuity equation). Under the Hypotheses 1.8, let P € P(Q) be
Markov and such that H(P|R) < co. Then for any t, P, < m and
dP,

Pt ::d_m

solves, in the sense of distributions, the continuity equation
Op + dive (pvF) = 0.
Similarly the density

dP;
dLeb
solves, in the sense of distributions, the continuity equation

Ot + div(pv™F) = 0.

Mt 2=

Proof. By Lemma 4.7, for any 0 < s < t, and any u € C1?((0,7) x R"), we have

Epfu(X) — u(X.)] = / Ep2Pu(X
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and similarly, with the definition (2.3) of TP

Ep[u(X,) — u(X,)] = Ep[u”(Xr-1) — v (Xr-,)]
= Ep- - ?P*u*(yr) dr = Ep /t (ZPU(YT) dr.

With the expressions of ?P and <ZP stated at Proposition 4.6, this leads us to
t 1 _ t —
0=Ep / 5[2“3 ~LPW(X,)dr = Ep / 6, + v V]u(X,) dr

:/[ - [0, + v V) (r, ) pp(z) m(dz)dr
s,t| X R™

which is the first announced continuity equation. The second one follows replacing
pr(x) m(dz) by p,.(z)dz. O

Time reversal formula. The main result of this section is the following

Theorem 4.9 (Time reversal formula). Under the Hypotheses 1.8 on R given at (1.9),
let P € P(Q2) be Markov and such that H(P|R) < oco.

Then, the time reversal P* of P s a solution of the martingale problem
P* e MP(V""a)
with
V= NVT(@) = =Vi(@) + V-(ura) (@) /uri(x),  dtP(dr)-ae. (4.10)
where the divergence is in the sense of distributions, u, = dP;/dLeb and Vf 15 defined
at almost all t.
Furthermore, P* is the unique solution of MP(VP*,a) among the set of all Q € P(Q)

such that H(Q|R) < 0.
Denoting p, := dP,/dm and o>/ .= posP — posift (4.10) is equivalent to

osPIR (1) = Viog /pe(x),  dtPi(dz)-ae. (4.11)
where the derivative is distributional and
/ |V log p|2 dP,dt < . (4.12)
[0,T]xR™

Remarks 4.13 (about Theorem 4.9).

(a) As H(P|R) < 0o, P, < m < Leb for all t. Hence p and p are well defined.
1th v = v — v this immediately implies that F;-a.e., for almost all ¢,
b) With vosFIE os,P o R this i diately implies that P, for al 1l

VPR — aVlog /i, (4.14)
e vt =V (12) /2, (4.15)
pv I = avp, /2, (4.16)

in the sense of distributions.
(c) Of course, (4.10) or (4.15) are equivalent to

VP=_VP4+vVa+aViogu, Prae. (4.17)
or

VtOS7P _ V,a/Q + aVlog \/E, Pi-a.e., (418>
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(d) The restriction “P-a.e.” in (4.10), (4.14), (4.17) and (4.18) prevents p; and pu; from
vanishing, so that the log is well defined.
(e) The reference measure
R° € MP(Leb, V-a/2,a)

is the law of a stationary diffusion process with Lebesgue measure as stationary mea-
sure (U = 0). Its forward generator is

O+ (V-a)-Vu/2 + Au/2 = Ou+V-(aVu) /2,  ue CH*([0,T] x R").

Choosing this reference measure, we see that (4.18) writes as v = VR 4 yosPIR
with V = V-a/2, and vo>P1% = aV log /I which is (4.14) with p = p since
m? = Leb for each t.

Proof of Theorem /.9. Again, remark that the class of functions U = C1?([0,T] x R")
for which It6’s formula is valid is an algebra, as required by the hypotheses of the IbP
formula (Theorem 3.17).

By Proposition 4.6, we know that there ex1st two vector fields ?P L] L such that
fy =0, + (v am—i-aFP‘R) V + A,/2 and TP = —0 + (v am—i-aBP'R) V + A,/2 with

Ep/ |8 PIR12(X,) dt < oo, (4.19)
[0,7]

where -
= (F +B)/2
Then, for any test function w € C*(R™) and almost all ¢, we have
Ep (w(X)v™" (X)) +a'(X)-Vw(X,)/2) =0, 1<i<n, (4.20)
where VOSP is the i-th component of v°*¥, and a’ is the i-th column of a. This follows

from an application of Theorem 3.17 with w(t,z) = proj,(z) x(z), 1 < i < n, (where
proj;(z) := z; and xy € C*(R") has a compact support and is equal to 1 on suppw) and

is allowed by Lemma 4.7 which ensures that V7 := ?P(proji) = (v®™M 4 aFP‘R)i is in
L2 (p). Similar estimates hold for V.

Integrating by parts in (4.20), we see that for any compactly supported test function w
on R™ and almost every ¢,

1 - 1 A
0= / wv™" i dLeb + 5/ a"-Vw pdLeb = / wv?™" 1 dLeb — 5 wV-(pa’) dLeb,

R

where we drop the time dependence. This proves (4.15).
Let us look at (4.16). Apply (4.15) to P = R to obtain

m vt = V. (ma)/2, (4.21)

where m := dm/dLeb = e~U. Although R, unlike P, might not be a probability measure,
it is easy to see that the proof of (4.15) directly works with R instead of P (in particular
BRIE = 0). Because u = pm, we obtain V- (ua) = V-(pma) = maVp + pV-(ma).
It is important to note that both V-(ua) and V-(ma) are well defined in the sense of
distributions (as divergence terms) and are functions by (4.15) and (4.21) (the existence
of vo>¥ is a direct consequence of the assumption that H(P|R) < o). It follows that

maVp = V-(ua) — pV-(ma)
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is also well defined in the sense of distributions and a function. Putting everything
together,

p(vo " — v ) = T (v — ) = mTH (V- (pa) — pV-(ma)) /2 = aVp/2,

which is (4.16), and implies (4.11).
Finally, the estimate (4.12) is a rewriting of (4.19), and (4.10) follows directly from (4.11).
UJ

5. TIME REVERSAL OF A DIFFUSION PROCESS. ABSTRACT SETTING

We use the IbP formula (Theorem 3.17) again, to extend at Theorem 5.7 the time
reversal formula of Theorem 4.9 to an abstract diffusion setting where the configuration
space X is a non-specified Polish space. To our opinion, the main interest of this result
is not the extension to an abstract space, but its set of assumptions which sheds light on
the close to minimal hypotheses that are necessary for the time reversal formula to hold
in a diffusion setting.

Stationary diffusion reference measure. Assume that the Markov measure R €
M(Q) is stationary (see page 21) and in addition that is a diffusion path measure with
a Polish space X as its configuration space. In this abstract setting, being a diffusion
means that the derivation identity

I'(u, vw) = vI'(u, w) + wl'(u,v) (5.1)
is valid, and that for any P € P(Q2) such that P < R, we have

TP-TP_TR_TE_T (5.2)

These identities fail in presence of jumps.

Lemma 5.3. Let R € M(Q) be an m-stationary diffusion path measure with osmotic
generator L%, For any functions p,u,v € ¥V such that pu,uv € V, we have

Af(p, u)vdm = — /X {T(u,v) + 20L>%u} pdm. (5.4)

Proof. The integration by parts formulais [, I'(u,v) dm = =2 [, v£L*%u dm. With T'(u, v)+
2Ly = L5 (uv) — ulo Py — v LBy + 0Ly = LB (uv) — ulo> v +vLoFy, and
the derivation identity (5.1), we obtain

— / {D(u,v) + 20L%Fu} pdm = / {=pLF(w) + upL>"v — vpL>Fu} dm
x x

= %/X{F(p, wv) — I(up,v) +T'(vp,u)} dm = /XF(P’ u)vdm,

as announced. O

Time reversal formula. The left hand side of (5.4) requires that for any u € V), the
couple (p,u) stands in the domain of definition of I, while no regularity of p is needed for
having a meaningful right hand side. This suggests the following notion, in the spirit of
the definition of a distribution.

Hypothesis 5.5. We assume that there exists some algebra U C V which is total in
L*(m). This means that for all u,v € U we have uwv € U and that for any w € L*(m),
fx uwdm =0, Yu € U implies that w = 0.

In addition we suppose that for any u,v € V, I'(u,v) m and uL°>Fvm are bounded mea-
sures.
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Recall Remark 3.4 for the relevance of this hypothesis.

Definition 5.6. Let U be as in Assumption 5.5 and let p be a nmonnegative measurable
function which is defined m-a.e. We define the linear operator TI'(p,s) on U in the weak
sense, by the identity (5.4), seeing (u,v) — [, T(p,u)vdm as a bilinear form.

Theorem 5.7. Let R € M(Q)) be an m-stationary diffusion measure: i.e. (5.1) and (5.2)

hold, such that the Hypothesis 5.5 is satisfied, and for any u,v € U, I’(u,v)(_is bounded.
Let P € P(Q2) be a Markov measure such that P < R, U C dom ZP A dom L? and for

%
any u €U, ?Pu, LPu € L*(P). Then, for any u € U,
r L'(y/ps
L5y = L%y + M = L%y + M, dtdP;-a.e.,
2p VP
where py = dP,/dm, the linear operators I'(p, ) and I'(\/p, ) are defined in the weak
sense of Definition 5.6, and

[o5R _ pRsym . (?R n 7}%,*)/2’
is the symmetrized extended generator of ?R, see (3.37). In other words,
P* e MP(Z",U)
where for any u € U,
?f*u = Eﬁfzmu + @, dtdP;-a.c.

Proof. The hypotheses of the IbP formula: Theorem 3.17, are fulfilled, allowing us to
write for all u,v € U and almost all ¢

oS 1
/ Utﬁt ,Put pt dm e —E / F(Ut, 'Ut) pt dm
X n

_ / Ly py + T pr, ) /2] dm
X

where last equality is (5.4). The second equality in the first displayed formula follows
with (5.1) which implies that I'(p, u) = 2,/pI'({/p, u). The identification of the osmotic
and symmetrized generators of a stationary path measure is (3.37). ([l

As a direct corollary of this result, we see that any path measure P € P() verifying
the hypotheses of Theorem 5.7 and such that P, = m for all 0 < ¢t < T (it might not
be stationary), shares its osmotic generator with the m-stationary path measure R :
L£o5F = £o5F in restriction to U, because p = 1.

6. CURRENT-OSMOSIS DECOMPOSITION

This section presents an application of the time reversal formula for a diffusion to
entropic optimal transport. The motivation for a decomposition of the relative entropy
into the sum of current and osmotic terms was put forward in the introduction of the
paper, see (1.2) and (1.3). This result is Proposition 6.2 below.

We go back to the setting of Section 4 and take the same reference path measure R
satisfying the Hypotheses 1.8. For any ug € P(R") such that py < Leb, we denote

Re(e)i= [ R(+| Xo = ) n(das),
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the Markov measure with the same forward dynamics as R, i.e. Lo _ BR, but with g
as its the initial marginal.

Definitions 6.1.
(1) (Free energy). The free energy is defined by

F(p) == H(ulm)/2,  pePR").
(2) (Fisher information). It is defined by

— [ IV log v/dufdml2/2 dy € (0.3,
Rn

for any p € P(R™) such that Vlog du/dm is well defined in the sense of distributions,
and 400 otherwise.

Proposition 6.2. Under the hypotheses of Theorem 4.9, for any 0 <t < T,

H(P[Ovt]|Rf;ft]):]-'(Pt)—]-"(PO)+/ {22, 2 + T ()} ds.

[0,¢]

Proof. Applying Proposition 4.6, we see that

H(P|R) = H(Py|m) +Ep/ FPIRE(X,) /2 dt — Ep/ (FPIRR(xX,) /2 dt + H(Pr|m)

[0,7) (0,77

= %(H(Po|m) + H(Pr|m)) + %Ep/[ (| FFIRE + BPIRR)(X,) /2t

On the other hand, with the additive decomposition of the relative entropy
H(P|R) = H(Py|Ry) +/ H(P(+|Xo = z)|R(+|Xo = z)) Po(dz),
R'n
we obtain

H(PIR™) = H(RIR) + [ H(P(\Xo =) (X0 = 2)) Py(do

= / H(P(+|Xo = z)|R(+| Xy = 2)) Py(da).
Putting everything together, since H(Py|m) < H(P|R) is finite,

H(P|R™) = H(P|R) — H(Py|m)

= (HPrim) () + 3By [ (F (570 (R 20

(d -

cu <_ 2
From pe ﬁ)/ , we derive the parallelogram identity
g = (B4 5)/2

(6.3)

<_
B12/2+ B 2/2 = |82 + |82
leading to
H(P|RP) = F(Pr) — F(Py) + Ep / (|8 P12 4 |3 PIR[2) (X,) /2 d.
(0,7

We conclude with Theorem 4.9 and H(P[07t}|R[PB‘?ﬂ) < H(P|RP) < oo, for all 0 < ¢t <
T.

O
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Heat flow. In this subsection, the reference measure R is defined with T' = oo, that is

on Q = C([0,00),R™).

Definition 6.4. The time marginal flow p; := R{°,t > 0, of RM is called the heat flow
1ssued from pig.

Next result is a direct consequence of Proposition 6.2 which tells us that the Fisher
information is proportional to the rate of consumption of free energy along the heat flow.

Corollary 6.5. If H(ug|m) < oo, the heat flow (u4)i>0 satisfies
Fpe) = Fpo) = —2/ Zs(pslm) ds, V¥t =0,
[0,]
where all these quantities are finite.

Proof. We have 0 < H(u|m) = H(R}°|R;) < H(R"|R) = H(uo|m) < co. Applying (6.3)
with P = RP=#0 Jeads to

Py < pPy —
0= H(RR (R = Flo) = Fuo) + By [ (B 4 [ ) (o)t

(0,7]

= F () — F (o) +/ |V log /dps /dml; dsdp,

[0,t] xR™

e
because FRP("R = 0 implies that 8 B™°IR = 250:R0R — 7 log dy, /dm. O

7. RANDOM WALKS

In this section, the IbP formula is used to obtain at Theorem 7.11 a time reversal
formula for a random walk on a graph under a finite entropy condition. This simple
setting permits us to introduce Follmer’s guideline to derive time reversal formulas, with
minimal technicalities.

Graph. We consider continuous-time random walks on a countable graph (X, ~) where
X is the set of all vertices and the symmetric binary relation x ~ y, x,y € X states that
{z,y} is a non-oriented edge of the graph. We assume without loss of generality that
the graph is irreducible: X is the unique class of communication, and that it contains no
elementary loop: = ~ x is forbidden. We also assume that (X, ~) is a locally finite graph
meaning that each vertex x € X admits finitely many neighbours. That is

ny, =#{yeX;jy~z}<oo, VrelX. (7.1)

The countable set X is equipped with its discrete topology.

Random walk. A random walk on the graph (X, ~) is a time-continuous Markov mea-
sure @@ € M(€2) which is specified by its initial distribution @y € M(X’) and its forward
generator acting on any real function in the class

U:={u:X — R;#supp(u) < oo}
of all real functions with a finite support via the formula

??u(w) = Z [u(y) — u(x)] ?(t,x;y), reX,tel0,T], uel, (7.2)

yy~z
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%
where for any adjacent neighbours x ~ y, j (t,x;y) > 0 is the average frequency of jumps
from x to y at time ¢. The jump kernel associated with this generator is

S T (taiy)s, € M(X), z € Xt € [0,T]
Yy~
where d, stands for the Dirac measure at y. For any pair of functions w, v in ¢, the carré
du champ is
_>
T, 0)(@) = Y [uly) - u@)oly) - v(=)]

Y Y~x

(t,z;9).

Note that the class of functions U/ is an algebra. See Remark 3.4 for the significance of
this property.

A first time reversal formula. We start by applying part (b) of Theorem 3.17 as a
first step of a more general result.

Proposition 7.3. [f(_for any x ~ y the function t — ?(t,x;y) 15 continuous, then
U C dom ?Q Ndom L%, the backward generator is

< —

Lou(@) = [u(y) —u(x)] j (ta;y), z€X,te(0,T], uel,

Yiy~x

where for allt € [0,T] and all x,y € X,z # v,
_>
J (ty; ).

Proof. Let us apply Theorem 3.17-(b). Under the assumptions (7.1) and

a(@) 5 (t259) = a(y)

/ 7(t,$,y)dt<00, V%yix’\’ya
[0,7]
the processes 2Qu(X) and ?Qu(X) are in L'(Q), and

MR = 37 u(X,) = ulX,)][(X,) - o(X, T9u,v)

0<s<t [0,4]

With our notation, this means that: U9 = U.
The class U? = U determines the weak convergence of measures and our assumption

= — -
about the continuity of j implies (3.20). Denoting qj(t,z;y) := q:(z) j (t,7;y), we see
that for any w € U9,

? (u, wy)[z] q¢(dx)dt = / dt Z [u(y) — u(x)][w(y) — w(z)] ﬁ(t xy)
[0,7]xx 0.1 (zy)z~y
=[S ) ) (@) + ()
OTh (wy)any

This proves that f[o Thv ? Q(u, +) dq is a finite measure, showing that the hypotheses of
Theorem 3.17-(b) are satisfied. Hence, v € dom EQ ﬁQu is integrable and for almost
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every ¢ the IbP formula (3.19) holds, that is

S v(@) £ 2u(z) aulx)

—— Y {uly) —u@p@aj ey — Y fuly) — (@) Holy) —v@)yaj(t, 2 y)
(z,y):x~y (zy):z~y
= — j{: {u(y) — u(z)}o(y )qj (t,z;y) ji: {u(y) ) }bo(z )az(t,y;x),
(z,y):x~y (z,y):z~y

for any u,v € U.
On the other hand, with [24, Proposition 3.4] we know that for almost all ¢ and for every
m?
(—Q 1
Liu(z) = lm h™ Eg [w(Xi—p) — w(Xy) | Xi = 7]
h—0*t
=D {uy) —u(@)} lim hQ(X, =y | X, =),

yeX

(7.4)

proving that the backward generator writes as <ZQ (x) = Zyex{u( ) —u(z)} 7(t,x; Y)

for some function j Plugging this into the expression ) _, v(z) E Qu(z) qi(z), we arrive
at

S {uly) - u@)yv@)al) (¢ y) = Z {uly) — u(2)}o(x)a) (¢, y; 2),
(2,y):x~y (z,y):z~y

and conclude remarking that the family of functions (x,y) — {u(y) — u(z)}v(z) when u
and v describe U is measure-determining off the diagonal of 2. O

Reversible random walk. Saying that @ € M(€2) is reversible means that there is a (possi-
bly unbounded) positive measure m € M(X) on X such that, not only @ is m-stationary
ie. g =m, VO <t < T, but also that () is invariant with respect to time reversal i.e.: for
any subinterval [r,¢] € [0, 7],

(Xpgt—s) 57 <5 <H)aQ = (X1 <5 < 1)2Q.

This implies that the forward and gackvgrd transition mechanisms do not depend on the

time variable ¢ and are the same: j = j =: j. In view of Proposition 7.3, we obtain the
detailed balance condition
m(2)jz(y) = m(y)j,(z), VYe,y€e X :x~y. (7.5)

Without loss of generality, we assume that © ~ y <= j,(vy),j,(z) > 0 and that the
graph is irreducible. It follows that m(x) > 0 for all x € X. The general solution of (7.5)
is

Jo(y) = s(z,y)v/m(y)/m(x)
where s is any symmetric function such that z ~y <= s(z,y) > 0.

Counting random walk. If the waiting time at x is an exponential random variable &€(n,)
and the jump occurs uniformly onto each neighbour, we obtain the jump kernel

=>4, weX, (7.6)

Yy~
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which admits the counting measure

m’ =>4, € M(X) (7.7)

TEX

as a reversing measure. We denote R € M(€) this reversible random walk with Ry = m°
and call it the counting random walk. It will be the reference path measure for the rest
of this section.

The remainder of this section is devoted to the proof of an extension of Proposition

7.3, stated at Theorem 7.11, where the hypothesis on the continuity of j is removed and
replaced by a finite entropy assumption.

Finite entropy assumption. Let P € P(Q) be a Markov probability measure such that
H(P|R) < o0,

with R € M(Q) the counting random walk. This finite entrg;)y property implies (Gir-

sanov’s theory) that there exists some measurable function j 7 : [0,7] x X% — [0, 00)
which is defined dtP;(dxz)J?(dy)-almost everywhere such that P is the unique solution of

the martingale problem MP (P, J7) associated to the initial marginal P, and the jump
7P —'>P o :
kernel = 57 J° that is

Th=3 Thwe, ta)ebT)xx.

YYy~T
Moreover,
o _~>P o
H(PIR) = H(P|m") + h(7 7o) dip(dn)J2(dy) < 00, (7.8)
[0,T]x X2
where
aloga—a-+1, ifa >0,
h(a) :=<¢ 1, if a =0,
0, if a <0.

Lemma 7.9. Let u be any function in U and P € P(Q2) satisfy H(P|R) < oc.

(a) The function u stands in dom ?P, TPU(Y) € Llog L(P) and
Liu(e) = Y [uly) —u@)] TL ).

(b) There exists some measurable function 713 [0, 7] x X% — [(3,_00) whicl(z_z’s defined
dtp;(dx)J(dy)-almost everywhere such that u stands in dom LT with LPu(X) €

Llog L(P) and

Lru() = Y [uly) —u@)] 57, (7.10)

Moreover

H(PIR) = H(Prl) + [

“ :
_ (7 £.)) dtpy(da).J2(dy) < oc.
T x
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Proof. @ Proof of (a). Let us_) denote the right hand side of the desired identity by:
At x) =32, elu(y) —u(x)] j 1, (y). With (7.8), our assumption (7.1), the finiteness of
the support of u, and

At 2)] < 250 [ulL tresuppy D 7 b

yiy~T
we see that A(X) is in Llog L(P). This implies that f[o 1] |A(X,)| dt is finite P-a.e.,
that A(t, z) BPut p(dtdz)-a.e. and BP ) € Llog L(P).

e Proof of (b). Time reversal being a bijective mapping: H(P*|R*) = H(P|R), see
Proposition B.2. Since R is chosen to be reversible, we also have R* = R, leading to:

H(P*|R) = H(P|R) < .
Hence we are allowed to apply (a) which tells us that v € dom ?P 713 €
Llog L(ﬁ) and there is some measurable function 7 such that ?P => yw[u(y)—
u(@)] 73 (y)- We conclude taking £, (y) = J #,..(4):
Time reversal formula. The main theorem of this section is
Theorem 7.11. Let P € P(Q2) be a Markov random walk with forward generator
Liu(@) = Y [uly) —u(@)] TE),  weX, ueld,

Yry~x

O

where the forward intensity of jump 7P is measurable. If H(P|R) < oo, i.e.
. —
')+ [t Y0 b(TE0) ple) < o
[OvT] ( ): ~
zy):zy
e
then, U C dom LT and
<P

Ay -
Llu(x) =) [uly) —u(x)] ji,(y), X uel,
Yy~
where the backward intensity of jump <j_'P verifies for almost all 0 <t < T,
— —
() J 1.(y) =pey) j1,(x), Voy~zeX. (7.12)

Proof. With (7.8) we see that H(P|R) < oo, i.e. the hypothesis of Lemma 7.9 is satisfied.
This lemma tells us that the assumptions of Theorem 3.17-(a) are satisfied. Therefore,
for almost all ¢ € [0, 7], and any u,v € U, the IbP formula (3.19) holds, i.e.

0 = [ o)~ u@)o@)(T7 + T eat) puldn) 2 )
+ [ Tl = u@)l o) o)) 7 0) pilde) ()
= ) = o) TL ) + 00) T )l o) () 2.

As the counting random walk is m°-reversible, by (7.5) m°(dz).J¢(dy) is a symmetric
measure on X2 (obvious by direct inspection). It follows that

0= /2(2 [u(y) — U(x)]v(y)[Pt($)7fx(y) — Pt(y)?fy(:z:)] m°(dx)J(dy),

from which the result follows. O
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APPENDIX A. STOCHASTIC DERIVATIVES AND EXTENDED GENERATORS

After recalling the definitions of Markov measures, extended generators and stochastic
derivatives, we state a couple of technical results obtained in [24].

Definition A.1 (Markov measure). A path measure Q) such that Q; is o-finite for all t
is called a conditionable path measure. A path measure @ € M(Q) is said to be Markov if
it is conditionable and for any 0 <t < T, Q(Xpr € o | Xjog) = QX € | Xy).

The reason for requiring () to be conditionable is that it allows for defining the con-
ditional expectations Eg(e | X7) for any 7 C [0,7] even in the case where @) is an
unbounded measure, see [26, Def. 1.10].

The notion of extended generator was introduced by H. Kunita [22] and extensively
used by P. A. Meyer and his collaborators, see [8]. Here is a variant of this definition.

Definition A.2 (Extended forward generator of a Markov measure). Let Q) be a Markov
measure. A measurable function w on [0, T) X X is said to be in the domain of the extended
forward generator of @Q if there exists a measurable function v on [0,T]xXX such that
f[o,T] |v(X,)| dt < 0o, Q-a.e. and the process

M} = u(X;) — u(Xo) — / v(X,)ds, 0<t<T,

[0,2]
1s a local Q-martingale. We denote

ﬁQu(tx) = v(t, x)
and call ?Q the extended forward generator of Q. Its domain is denoted by dom BQ.
Remarks A.3.

(a) In the case where @ is the law of a Markov process associated with some semigroup
with generator G and u : [0,7]xX — R is a t-differentiable function such that for

each t, u(t, ) belongs to the domain of G, then u belongs to dom 2Q and

(b) The notation v = Lu almost rightly suggests that v is a function of u. Indeed, when u
is in dom BQ, the Doob-Meyer decomposition of the special semimartingale u(X) into
its predictable bounded variation part f vs ds and its local martingale part is unique.
But one can modify v = BQu on a small (zero-potential) set without breaking the
martingale property. As a consequence, u +—» ﬁQu is a multivalued operator and
uw— L%y is an almost linear operation.

Extended generators are connected with martingale problems which were introduced
by Stroock and Varadhan [36].

Definition A.4 (Martingale problem). Let C be a class of measurable real functions u
on [0, T|xX and for each u € C, let Lu : [0,T]xX — R be a measurable function
such that f[o,T] |Lu(t,wy)|dt < oo for all w € Q. Take also a positive o-finite measure
to € M(X). One says that Q@ € M(Q) is a solution to the martingale problem MP(L,C; o)
if Qo = po € M(X) and for all u € C, the process u(X;) — u(Xo) — f[o,t} Lsu[ X ds is a
local QQ-martingale.

Proposition A.10 below states that the extended generator can be computed by means of
a stochastic derivative. Nelson’s definition [31] of the stochastic derivative is the following.
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Definition A.5 (Stochastic forward derivative of a Markov measure). Let Q) be a Markov
measure and u be a measurable real function on [0, T]x X such that Eglu(X,)| < oo for
all0 < s <T.

(1) We say that u admits a stochastic forward derivative under @ at time t € [0,T) if
the following limit

Lt z) = lim Eg <flz[ (Xon) — ult,z)] | X = x)

h—0*+
exists in L'(R"™, Q).
In this case, LPu(t,s) is called the stochastic forward derivative of u at time t.
(2) If u admits a stochastzc forward deriwative for almost all t, we say that u belongs
to the domain dom LQ of the stochastic forward derivative fQ of Q
(3) If u does not depend on the time variable t, we denote f? (x) = LQu(t x).

Reversing time. 1f Q@ € M(Q) is Markov, so is its time reversal *, and one can consider
the extended generators and stochastic derivatives of both @) and Q*. More generally, we
introduce the following notions.

As a notation, the o-field generated by Xy 77 is o(Xp- 1) = Nps00(Xp—nm) =
O'(Xt—) V O‘(X[t’T]).
Definition A.6 (Extended backward generator). Let Q) be a conditionable path measure.
A process u adapted to the predictable backward filtration (o(Xy-11);0 <t < T) is said to
be in the domain of the extended backward generator of Q) if there exists a process v also
adapted to the predictable backward filtration such that f[o 1] [v(t, Xpp- )| dt < oo, Q-a.e.
and the process

u(t, Xp-m) — u(T, X7) — / v(s, Xjs-m)ds, 0<t<T,
[t,T]

s a local backward QQ-martingale. We denote

F
EQu =

and call %Q the extended backward generator of Q). Its domain is denoted by dom <ZQ.

Definition A.7 (Stochastic backward derivative). Let Q) be a conditionable path measure
and a measurable function u on [0,T]x X such that Eglu(s, Xs)| < oo for all0 < s <T.

(1) We say that w admits a stochastic backward derivative under Q at time t € (0,7
if the following limit
— 1. - —
LQu(t7X[t_,T]) = hll{(l)lJr EQ (h[ (thh) — U(Xt)] | X[t—,T])
if this limit exists in L'(Q).
In this case, L@u(t,s) is called the stochastic backward derivative of u at time t.
(2) If u admits a stochastzc backward derivative for almost all t, uﬁsay that u belongs
to the domain dom LQ of the stochastic backward derivative L? of Q.

Convergence results. A useful technical result for our purpose is the following convo-
lution result.

Lemma A.8. For all h > 0, let k" be a measurable nonnegative convolution kernel such
that supp k" C [—h, h] and fR kh(s)ds = 1. Let Q be a o-finite positive measure on € and

v be a process in LP(Q) with 1 < p < o0o.
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Define for all h > 0,t € [0,T] and w € Q, k" *x v(t,w) := f[OT] — 5)vs(w) ds.
Then, k" x v is in LP(Q) and lim,_o+ k" * v = v in LP(Q).

We see that k"(s)ds is a probability measure on R which converges narrowly to the
Dirac measure 9y as h tends down to zero. We shall invoke this lemma with p =1 or 2.

Corollary A.9. Assume that in addition to the hypotheses of Lemma A.8, for any 0 <
t < T, the random variable v( o) is Ai-measurable where A; is some sub-o-field. Then,
the process v" defined by vl = Eg[k" x v(t) | A, is in LP(Q) and lim, o+ 0" = v in

(@),
Proof. By Jensen’s inequality

o = ol = [ 1BQlt® + v(e) | Al — o a@ = [ |Eqli* xu(t) — v(t)| Al dQ
< [ Eolli* s ot~ o) | AJdQ = [ Eolkv(t) ~ v(0) iQ

_ |k
= K" v =l — 0
where the vanishing limit is the content of Lemma A.8. U

Next proposition states that extended generators and stochastic derivatives are essen-
tially the same.

Proposition A.10. Let Q) be a conditionable measure.
(a) If u is in dom 79 and satisfies Eg f[o 1] ‘?Qu(t, X[Oﬂ){p dt < oo for somep > 1, then

1
lim Eq / —
h—0+ [0,7—h] h

_>
In particular, this implies that v € dom L9, and the limit

P
Eq |:U(Xt+h) — u(Xt) ‘ X[O,t]] — ?Qu(zﬁ, X[O,t]) dt = 0.

£u(e, X)) = L(e, Xgu) = lim 7 B [u(Xess) — u(X.) | X

h—0+
takes place in g’(@) .
b) If u is in dom L is such that E, LOu(t, Xym)|" dt < oo for somep > 1, then
Q [0 T} [1 }

1 — — e P
lim Eq / ~FEo [u(Xt_h) —u(X,) | X[tm} — Lt X y)| dt =0.
h—0+ [h,T) h
%
In particular, this implies that w € dom L?, and the limit
— — 1
L%+, Xjeimy) = L2%(+, Xiormy) i= lim B [u(Xuo) = u(X.) | Ko

takes place in LP(Q).

Proposition A.11.

(a) Let u be a measurable real function on X, and v be a forward-adapted process such
that u(X) and v are Q-integrable, t — u(X;) is right continuous (for instance u might

be continuous) and
lim Eg / — Eo[u(Xisn) — u(Xy) | Xpog] — vi| dt = 0. (A.12)
h—0+ [0,T—h) h

Then, u belongs to dom ?Q and dom L®, and 2Qu = L% =0, Q-ae.

1
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(b) Let u be a measurable real function on X and v a backward-predictable process, such
that u(X),v are Q-integrable, t u(yr ) is right continuous (for instance w might be
continuous) and

lim Eg /
h—0+t [h,T]

“ = “ — —
Then, u belongs to dom L and dom L?, and L% = L% = v, Q-a.c.

1 — —
EEQ[U<Xt—h) - U(Xt) | X[t*,T]] - U(t,X[t—7T]) dt = 0.

APPENDIX B. RELATIVE ENTROPY WITH RESPECT TO AN UNBOUNDED MEASURE

Let r be some o-finite positive measure on some measurable space Y. The relative
entropy of the probability measure p with respect to r is loosely defined by

H@mﬁaéma@mm@e«ﬂwﬂ, peP(Y)

if p < r and H(p|r) = oo otherwise. More precisely, when r is a probability measure, we
have H(p|r) = [, h(dp/dr)dr € [0,00] with h(a) = aloga —a+1 >0 for all a > 0, (take
h(0) = 1). Hence this definition is meaningful and it follows from the strict convexity of
h that H(e|r) is also strictly convex.

If r is unbounded, one must restrict the definition of H(e|r) to some subset of P(Y) as
follows. As r is assumed to be o-finite, there exist measurable functions W : Y — [0, 00)
such that

2y = / e dr < oco. (B.1)
Y

Define the probability measure ry := z;'e ™" 7 so that log(dp/dr) = log(dp/drw) — W —
log zy. It follows that for any p € P(Y) satisfying fY W dp < oo, the formula

H@ﬂ:mwm—ﬁWWJ%mekwM

is a meaningful definition of the relative entropy which is coherent in the following sense.
If [, Wdp < oo for another measurable function W’ : Y — [0, 00) such that zy < oo,
then H(p|rw) — [, Wdp —log zw = H(p|rw:) — [, W dp —log zy» € (—00, 00].
Therefore, H(p|r) is well-defined for any p € P(Y) such that [, Wdp < oo for some
measurable non-negative function W verifying (B.1).

It is well known that the relative entropy with respect to a probability measure r is
invariant with respect to the push-forward by an injective mapping. This is still true if r
is unbounded.

Proposition B.2. Let r and H(e|r) be as above, and let f : Y — Z be a measurable
mapping. For any p € P(Y) satisfying [, W dp < oo, we have: H(fyup|fur) < H(p|r).
If in addition f is injective, then H(fup|far) = H(p|r).

Proof. 1t is a direct consequence of the variational formula

H(p|r) = sup {/udp / u ldr}
UEBW
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where By (Y) :={u:Y — R supy |u|/(1 + W) < oo} . Indeed

H(fuplfsr) = swp { [ vt - [ ev-1d<f#r>}
veByys 1 () Wper) )

= sup {/vofdp—/e”ofldr}
veB roy Uy Y

Wof*1

(
< sup {/udp—/e“_ldr}:H(MT),
ueBw (V) Uy Y

because {v o f;v € Byoy—1(f(Y))} C By (Y).
If f is injective, u = v o f describes By (Y) when v describes By o¢-1(f(Y)), leading to
an equality. O
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