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April 14, 2022

Abstract

Explicit formulas expressing the solution to non-autonomous differential equations are of
great importance in many application domains such as control theory or numerical operator
splitting. In particular, intrinsic formulas allowing to decouple time-dependent features from
geometry-dependent features of the solution have been extensively studied.

First, we give a didactic review of classical expansions for formal linear differential equa-
tions, including the celebrated Magnus expansion (associated with coordinates of the first
kind) and Sussmann’s infinite product expansion (associated with coordinates of the second
kind). Inspired by quantum mechanics, we introduce a new mixed expansion, designed to
isolate the role of a time-invariant drift from the role of a time-varying perturbation.

Second, in the context of nonlinear ordinary differential equations driven by regular vector
fields, we give rigorous proofs of error estimates between the exact solution and finite approx-
imations of the formal expansions. In particular, we derive new estimates focusing on the role
of time-varying perturbations. For scalar-input systems, we derive new estimates involving
only a weak Sobolev norm of the input.

Third, we investigate the local convergence of these expansions. We recall known positive
results for nilpotent dynamics and for linear dynamics. Nevertheless, we also exhibit arbitrarily
small analytic vector fields for which the convergence of the Magnus expansion fails, even in
very weak senses. We state an open problem concerning the convergence of Sussmann’s infinite
product expansion.

Eventually, we derive approximate direct intrinsic representations for the state and discuss
their link with the choice of an appropriate change of coordinates.
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1 Introduction

1.1 DMotivations

There are multiple situations in which one desires to compute the solution to a differential equation
whose dynamics depend on time. One often looks for explicit formulas, depending preferentially on
intrinsic quantities, which describe the composition of flows, or even the continuous composition
of flows. Some important applications are listed below.



e Control theory. Here, the dynamics depend on time mostly through the choice of time-
varying controls. One looks for explicit formulas of the continuous product of flows in order
to be able to construct controls for which this resulting flow drives a given initial state to a de-
sired target state. In order to establish necessary and sufficient conditions for controllability,
one is interested in intrinsic formulas. It is our main motivation.

e Numerical splitting methods. Here, the splitting algorithm applies sequentially a suc-
cession of basic flows, composed with appropriate time steps. One is interested in choosing
correctly the base flows and the time steps in order to approximate the most precisely possi-
ble the solution to the true complex flow. Formulas concerning the composition of flows are
essential to compute the order of the resulting numerical scheme. We refer to the survey [20]
and the introduction books [19, 58]. Composition of flows formulas are also very useful in
particular settings like Hamiltonian systems [22] or in the presence of a small perturbation of
a reference flow [81]. Concerning numerical methods, more generally, we refer to [82] (respec-
tively [37]) for a survey on Butcher series (resp. post-Lie algebras), algebraic tools related to
the algebras manipulated in the sequel.

e Stochastic differential equations. Here, the dynamics depend on time through the
sources of randomness, say Brownian motions. One wishes to investigate the influence of
the randomness on the final state and thus looks for explicit formulas involving iterated
Stratanovich integrals to construct a representation of the flow, see e.g. [12, 15, 28, 32].

¢ Differential equations on Lie groups. Sometimes, the state itself of the differential
equation belongs to a Lie group, as in [64]. Then, looking for an intrinsic approximation of
the state helps to preserve structure which would be lost otherwise. In particular, writing the
product of multiple flows as a single flow is important. There are also control problems for
differential equations set on Lie groups, as in [67]. Some works, e.g. [30], also tackle the hard
question of obtaining Magnus-type expansions, which are intrinsically linear, for nonlinear
equations within matrix Lie groups.

e Analysis of time-periodic systems. When investigating the behavior of time-periodic
systems, some authors borrow tools from “chronological calculus” or expressions of the “log-
arithm of the flow” (described below). For example, such techniques are used to study
stability and asymptotic stability of time-periodic systems of ODEs; see the non linear Flo-
quet Theorem 3.2 and the high-order averaging procedure Theorem 7.1 in [93], or the recent
higher-order averaging results of [79].

1.2 Short historical survey

We start with a short survey of some of the many approaches related with the computation of
solutions to formal linear differential equations, say

#(t) = X (t)z(t), (1.1)

together with some initial condition x(0). We recall in Section 1.2.4 the consequences of such
results for nonlinear ordinary differential equations.

1.2.1 Iterated integration and Chen-Fliess expansion

A straightforward approach to solving (1.1) consists in what can be seen as a Picard itera-
tion. For small times, starting from the initial approximation z(¢) =~ x(0), one then enhances
the approximation iteratively by substituting it in the equation and obtains successively z(t) =~
)+ fo 0)ds, then z(t )+ fo 0)ds + fo (s) J3 X 0)ds’ds and so on.
In the context of control theory, th1s expansmn 1s known as the Chen Fhess expansion, after
being popularized by the works [33, 45]. Its main advantages are its simplicity and nice convergence



properties (see Section 5.1). However, it also has some strong drawbacks, which we detail in
Remark 2.17 and Remark 8.8 and motivate the investigation of other expansions.

1.2.2 Magnus expansion

When X (¢) is piecewise constant, for example with values X; for ¢ € [0,1] and X» for ¢ € [1,2],
one has formally, #(2) = eX2¢X12(0). Hence, the computation of solutions to (1.1) has a deep link
with the famous Campbell [29], Baker [11], Hausdorff [61], Dynkin [40] formula (“CBHD formula”
in the sequel).

This formula has a long and rich history which involves forgotten contributions of other authors
such as Schur, Poincaré, Pascal or Yosida. As noted by Bourbaki in [25], “chacun considére
que les démonstrations de ses prédécesseurs ne sont pas convaincantes” (each one considers that
the proofs of his predecessors are not convincing). We therefore encourage the reader to dive
into the fascinating retrospectives [2] and [23] to understand the progressive construction of its
proof throughout the decades. This formula is a formal identity expressing the product of the
exponentials of two (non-commutative) indeterminates X; and X, as the single exponential of a
series of Lie brackets (i.e. nested commutators) of these indeterminates, of which the first terms
are well-known:

1
€X2@X1 = exp <X1+X2+2[X2,X1]+) . (12)

When more than two exponentials are multiplied, say eX* through eX", one can of course iterate the
formula (1.2) with itself to formally express the product of n exponentials as the single exponential
of a complicated series. Letting n — +o00, one is lead to computing a continuous product of
exponentials, which corresponds, heuristically, to solving (1.1).

Magnus performed a breakthrough by deriving in [80] the first formal representation of the
solution to (1.1) as the exponential of a series, of which the first terms are

2(t) = exp (/OtX(ﬁ)dn + ;/Ot /On [X (1), X (r2)] dradrs + - ) 2(0). (1.3)

This formula can be seen as the continuous counterpart of the CBHD formula and highlights
important structural properties of the solutions to (1.1) (see Section 2.3).

1.2.3 Infinite products

The CBHD formula and the Magnus formula share the goal of expressing the desired quantity
as the exponential of a single, although complicated, object. Other approaches go the other way
around and try to express the desired quantity as a long (infinite) product of exponentials of very
simple objects.

A well-known example is the Lie-Trotter product formula (see e.g. [101]), often used for numer-
ical splitting methods which attempts to give a meaning to the equality

X1t X2 = im (e%e%)n, (1.4)
n—-+oo
the interest relying on the fact that the exponentials of X; and X5 are assumed to be easier to
compute in some sense than the direct exponential of X7 + Xo.
Another related formula is the Zassenhaus expansion, described by Magnus in [80], which
allows to decompose the same quantity eX'*X2 as an infinite product of exponentials of linear
combinations of nested commutators of strictly increasing lengths, whose first terms are

1 1 1
6X1+X2 — eX16X2 exp <—2[X1,X2]> exp (3[X2, [X17X2]] + 6[X1, [XI,XQ]]> c.. (]_5)



In the context of differential equations such as (1.1), a nice formula is Sussmann’s infinite
product expansion, introduced in [100]. When X (¢) is given as a linear combination of elementary
generators, e.g. X (t) = a1(t)X1 + a2(t) X2, Sussmann’s infinite product expansion is given by a
product of exponentials of Lie monomials, such as

2(t) = e81X1 o2 X2 (€12[ X1, Xo] €112[ X1, [X1, Xo]] €212 [Xo, [X1,X0]] z(0), (1.6)

where the ; are scalar functions of time given by explicit formulas from the functions a; and as.
Compared to other expansions, this formula is both intrinsic (such as the Magnus expansion) and
involves coefficients which are easily computed by induction (such as the Chen-Fliess expansion).

1.2.4 Consequences for nonlinear ordinary differential equations

Although the expansions mentioned above concern linear formal differential equations, they can
be adapted to ordinary nonlinear differential equations on smooth manifolds governed by smooth
vector fields. Indeed, one can identify vector fields with linear operators acting on smooth functions,
and points of the manifold with the linear operator on smooth functions corresponding to evaluation
at this point. This method allows to recast the nonlinear equation into a linear equation set on a
larger space, for which the formal linear expansions can be used (see Section 4.1).

This linearization technique has been used by Sussmann in [99, Proposition 4.3] to prove the
convergence of the Chen-Fliess expansion for nonlinear ordinary differential equations driven by
analytic vector fields, by Agrachev and Gamkrelidze in the context of control theory (see [3, 4, 49]
in which they derive an exponential representation of flows, very similar to Magnus’ expansion,
using the chronological calculus framework) and by Strichartz (see [97] and his derivation of the
generalized CBHD formula, with applications related to sub-Riemannian geometry).

At a formal level, all identities mentioned above (almost) always make sense. However, if
the indeterminates are replaced by objects coming from analysis (say vector fields, matrices or
differential operators), convergence issues arise. Generally speaking, convergence often requires
that one either assumes that the objects are small enough or that the generated Lie algebra has
additional structure, like nilpotence.

1.3 Main goals and organization of this article

This article is both a survey on some classical expansions for nonlinear systems, a research article
containing new results and counter-examples and a toolbox for future works. In particular, we aim
at the following goals.

e In Section 2 we give a didactic review of classical expansions for formal linear differ-
ential equations. Our introduction to this algebraic topic is written with a view to making
it understandable by readers with minimal algebraic background. We review the following
classical expansions:

1. the Chen-Fliess formula,
2. the Magnus or generalized CBHD formula (associated with coordinates of the first kind),
3. Sussmann’s infinite product formula (associated with coordinates of the second kind).
e We introduce a new formal mixed expansion, inspired by quantum mechanics, designed
to isolate the role of a time-invariant drift from the role of a time-varying perturbation (see

Theorem 2.41), which we name Magnus expansion in the interaction picture and for which we
define coordinates of the pseudo-first kind by analogy with first and second kind coordinates.

e We recall in Section 3 classical well-posedness results and estimates for products and
Lie brackets of analytic vector fields, which are used throughout the article.



2

In the context of nonlinear ordinary differential equations driven by regular vector fields,
we give in Section 4 rigorous proofs of error estimates between the exact solution and
finite approximations of each of these four formal expansions. These estimates are part of
the mathematical folklore for the Chen-Fliess and Magnus expansions, but are new for our
mixed expansion (see Proposition 4.8) and for Sussmann’s infinite product expansion (see
Proposition 4.13). We strive towards providing estimates with similar structures for the four
expansions and which are valid under parsimonious regularity assumptions.

We investigate the convergence of these expansions in Section 5. We recall known positive
convergence results for smooth vector fields generating nilpotent Lie algebras and for small
linear dynamics (matrices). For our new expansion, we investigate the subtle convergence
under a natural partial nilpotency assumption (see Corollary 5.18). In this case, convergence
requires analyticity, contrary to the proofs we give for the other expansions under a full
nilpotency assumption.

For analytic vector fields, only the Chen-Fliess expansion is known to converge. We give
in Section 5.2 new strong counter examples to the convergence of CBHD and Magnus
expansions, which disprove the convergence of these expansions even for analytic vector
fields and in very weak senses (see Proposition 5.10). We state an open problem concerning
the convergence of Sussmann’s infinite product for analytic vector fields (see Open prob-
lem 5.31).

When the system involves a time-invariant drift and a time-varying perturbation, we show
in Section 6 that only the Magnus expansion fails to provide well-behaved estimates
with respect to the perturbation size. For the three other expansions, it turns out to
be possible to obtain such estimates by summing well-defined infinite partial series which
converge for analytical vector fields (see mostly Propositions 6.4 and 6.8).

In the particular case of scalar-input systems, we prove in Section 7 new errors estimates
involving a negative Sobolev norm of the time-varying input (see mostly Propo-
sitions 7.6 and 7.14). Such estimates are the best compatible with the regularity of the
input-to-state map and can be helpful for specific applications.

Eventually, we derive in Section 8 approximate direct intrinsic representations of
the state for nonlinear systems, which don’t require the computation of flows (see Propo-
sition 8.2). Our formulas can be viewed as almost-diffeomorphisms and might be useful
for applications in control theory. Unfortunately, we also study a counter-example which
demonstrates that one cannot obtain an exact representation through a diffeomorphism.

Formal expansions for linear dynamics

In this section, we consider formal linear differential equations, recall classical expansions valid in
this formal setting (for which there is no convergence issue; see nevertheless Remark 2.12) and
introduce a new mixed expansion which isolates the role of a perturbation in the dynamics. Here
and in the sequel, the adjective formal denotes situations in which we work within the realm of
formal power series (see Definition 2.11).

2.1

Notations

We recall classical definitions and notations for usual algebraic objects. In the sequel, K denotes
the field R or C. All statements and proofs hold for both base fields. It will be implicit that all
vector spaces and algebras are constructed from the base field K.



2.1.1 Free algebras
We refer to the books [65, 90] for thorough introductions to Lie algebras and free Lie algebras.

Definition 2.1 (Indeterminates). Let I be a finite set. At the formal level, we consider a set
X = {X;; ¢ € I} of indeterminates, indexed by I. For applications, we will substitute in their
place matrices or vector fields. Most often, we will write I = [1,q] for some ¢ € N*, or I = [0, q]
when we want to isolate the role of the indeterminate Xg.

Definition 2.2 (Free monoid). For I as above, we denote by I* the free monoid over I, i.e. the
set of finite sequences of elements of I endowed with the concatenation operation. More precisely,
if 0 = (0i)1<i<e and 0’ = (0})1<i<er are elements of I*, then the concatenation of o and o’ is the
sequence 0 -0’ = (0! )i<i<ere where o =o0; if 1 <i<lando! =o,_, if C+1<i<{(+/{. Itis
common to write the elements of I* as words whose letters are elements of I, by juztaposition of the
elements of the sequence. With this point of view, the concatenation operation is the juxtaposition
of words. For a more detailed exposition, see [26, §7.2].

For 0 = (01,...01) € I*, where k is the length of o also denoted by |o|, we let X, :=
Xo, -+ X, This operation defines an homomorphism from I* to X*, the free monoid over X
(monomials over X ).

Definition 2.3 (Free algebra). For X as above, we consider A(X) the free associative algebra
generated by X over the field K, i.e. the unital associative algebra of polynomials of the non com-
mutative indeterminates X (see also [26, Chapter 3, Section 2.7, Definition 2/). A(X) can be seen
as a graded algebra:

AX) = PALX), (2.1)

neN

where A, (X) is the finite-dimensional K-vector space spanned by monomials of degree n over X.
In particular Ag(X) =K and A;(X) = spang(X).

Definition 2.4 (Free Lie algebra). For X as above, A(X) is endowed with a natural structure
of Lie algebra, the Lie bracket operation being defined by [a,b] = ab — ba. This operation satisfies
[a,a] = 0 and the Jacobi identity [a,[b,c]] + [c, [a,b]] + [b, [¢,a]] = 0. We also write [a,b] as ad,(b)
(respectively ady(a)) which allows for iterated left (resp. right) bracketing. We consider £(X), the
free Lie algebra generated by X over the field K, which is defined as the Lie subalgebra generated
by X in A(X). It can be seen as the smallest linear subspace of A(X) containing all elements of
X and stable by the Lie bracket (see also [90, Theorem 0.4]). L(X) is a graded Lie algebra:

L(X) = @ﬁn(X)a (L1 (X), L(X)] C Lintn(X) (2:2)

neN
where, for each n € N, we define L,(X) := L(X) N A, (X).

Definition 2.5 (Nilpotent Lie algebra). Let L be a Lie algebra. We define recursively the following
two-sided Lie ideals: L' := L and, for k > 1, L**1 := [L, L*] i.e. L¥*1 is the linear subspace of
L generated by brackets of the form [a,b] with a € L and b € L*. Let m € N*. We say that L is
a nilpotent Lie algebra of index m when L™ = {0} and m is the smallest integer for which this
property holds.

Definition 2.6 (Free nilpotent Lie algebra). Let m € N*. The free m-nilpotent Lie algebra over X
is the quotient Ny (X) := L(X)/L(X)™ (with the notation of Definition 2.5). Then the canonical
surjection o, : L(X) — Ny (X) is an homomorphism of Lie algebras.

The universal properties of the various free algebras constructed above allow to transport on
algebras relations proved at the free level.

Lemma 2.7. The following universal properties hold.



e For each unital associative algebra A and map A : X — A, there exists a unique homomor-
phism of algebras A(X) — A that extends A.

e For each Lie algebra L and map A : X — L, there exists a unique homomorphism of Lie
algebras L(X) — L that extends A.

o Let m € N*. For each nilpotent Lie algebra L of index m and map A : X — L, there exists
a unique homomorphism of Lie algebras N,,,(X) — L that extends A.

2.1.2 Iterated brackets and evaluation

Definition 2.8 (Tterated brackets). For X as above, we consider Br(X) the set of iterated brackets
of elements of X. This set can be defined by induction: for X; € X, X; € Br(X) and if by,bs €
Br(X), then the ordered pair (b1, bs) belongs to Br(X). More rigorously, one can define Br(X) as
the free magma over X or as the set of rooted full binary trees, with leaves labeled by X .

For b € Br(X), we will use the following notations:
e |b| will denote the length of b (i.e. the number of leaves of the tree).

o If |b| > 1, there exists a unique pair b; € Br(X) and by € Br(X) such that b = (b1, b2) (left
and right factors) which are denoted as A(b) = by and p(b) = be. We also write (b1, b2) as
ady, (b2) (respectively ad,, (b1)) which allows iterated left (resp. right) bracketing.

e For i € I, n;(b) denotes the number of occurrences of the indeterminate X; in b. When
I =0, q] we will also write n(b) = ny(b) + - - - + ngy(b) = |b| — no(b).

Remark 2.9. There is a natural evaluation mapping E from Br(X) to L(X) defined by induction
by B(X;) = X; for X; € X and E((b1,b2)) := [E(b1),E(b2)]. Through this mapping, Br(X) spans
L(X) over K, i.e. L(X) = spang E(Br(X)). This mapping is however not injective: for example,
(X1, X1) and (X3, (X1,X1)) are two different elements of Br(X), both evaluated to zero in L(X).

More precisely, the E map extends to a surjective homomorphism of algebras from the nonasso-
ciative free algebra over X (which is the free vector space over Br(X), whose elements are (finite)
linear combinations of elements of Br(X), endowed with the natural product map induced by the
product in Br(X)). Moreover the kernel of the extended E is precisely the ideal generated by the
relations that define anticommutativity and the Jacobi identity in L(X). This gives an alternative
description of L(X) as a quotient of the free vector space over Br(X).

Definition 2.10 (Subspaces of brackets). When I = [0,q] and M € N, Sy denotes the vector
subspace L(X) defined by

S = spang {E(b); b€ Br(X),n(b) < M}. (2.3)

2.1.3 Formal power series, exponential and logarithms

Definition 2.11 (Formal power series). We consider the (unital associative) algebra ./I(X) of
formal power series generated by A(X). An element a € A(X) is a sequence a = (an)nen written
a =, cnn, where a, € An(X) with, in particular, agp € K being its constant term. We also
define the Lie algebra of formal Lie series CA(X) as the Lie algebra of formal power series a € .X(X)
for which a, € L(X) for each n € N. For a € A(X) and o € I*, (a, X,) denotes the coefficient of

Xoina:a=73 cr.(a,Xo)Xo.

Remark 2.12. The definition of ./Zl\(X) can be made more rigorous by considering val : A(X) —
N U {oo} defined by val(a) := inf{n € N;a € @, Ar(X)}. Then d(a,d) := e~ vallb=a) s g
distance on A(X), that induces the discrete topology on each A,(X), and A(X) is defined as



the completion of the metric space A(X), to which the operations on A(X) naturally extend as
continuous operations, endowing it with a structure of topological algebra. This distance verifies a
stronger triangular inequality: 0(a,b) < max{d(a,c),d(b,c)} (usually referred to as the ultrametric
inequality ). This construction allows to write, for a € .Z(X) with components a,, € A,(X),

a= lim Zan, (24)

N—+o00
n<N

where the convergence holds with respect to the topology described above. This justifies the notation
a =7y, cnan used in Definition 2.11. To avoid confusion with convergence issues associated with
the evaluation of formal power series when substituting the indeterminates by objects coming from
analysis we shall however not use the term convergence in this context.

If a € A(X) has zero constant term, we define exp(a) € A(X) and log(1 + a) € A(X) as

m

exp(a) := Z %, (2.5)
m>0 ’
log(1+a) := Z Plgnimilam. (2.6)
m>1

Since a has zero constant term, one checks that the right-hand sides of (2.5) and (2.6) indeed define
formal power series of A(X) (and the sums converge in the sense of the topology constructed in
Remark 2.12). In particular, log(exp(a)) = a and exp(log(l 4+ a)) =1 +a.

Lemma 2.13. Leta,b € /T(X) with zero constant term. Then a = b if and only if exp(a) = exp(b).

Proof. The forward implication is obvious. Conversely, if exp(a) = exp(b) in ﬁ(X ), then, for every
r > 1, their components in A, are equal. Moreover, from (2.5), one has:

(exp(@), =>. Y % =4, + 0, (a1, .. ar_1), (2.7)

k=1ri+..rpg=71

for some function ©, depending only on the a,. for v’ < r. Hence, we obtain by induction on r» > 1
that a, = b, from the equalities (exp(a)), = (exp(b));. O

2.2 Formal differential equations and iterated integrals
Using the notations of Section 2.1, for i € I, let a; € L'(R,;K) and define a by
at) = a;(t)X;. (2.8)
el

In this section, we consider the following formal ordinary differential equation set on E(X ), driven
by a and associated with some initial data x*,

{fb(t) = x(t)a(t),

*
9

(2.9)

whose solutions are precisely defined in the following way.

Definition 2.14 (Solution to a formal differential equation). Let a; € L*(R,;K) fori € I and
define a by (2.8). Let x* € A(X) with homogeneous components z}, € A,(X). The solution to
the formal differential equation (2.9) is the formal-series valued function x : Ry — A(X), whose



homogeneous components x,, : Ry — A, (X) are the unique continuous functions that satisfy, for
every t > 0, xo(t) = xf and, for every n € N*,

t
xn(t) =) + / Tn—1(T)a(r)dr. (2.10)
0
Definition 2.15 (Ordered simplex). For r € N* and t > 0, we introduce
A"(t) ={(r1,...,77) € (0,t)"; 0< T <+ <7 <t} (2.11)

Iterating this integral formula yields the following power series expansion, which is the most
direct way to compute the solution to (2.9) and was introduced in [33, 34] and popularized in control
theory by [45]. In the “chronological calculus” terminology (not used in the present article), it is
called “(right) formal Volterra chronological series” [3, Section 1.5].

Lemma 2.16 (Chen series). In the context of Definition 2.14, the solution to (2.9) with initial

data x* =1 can be expanded as
t
z(t) =) (/ aa> X, (2.12)
0

oel*

where fot ap =1 by convention and, for o € I* with |o| > 1, we introduce the notation

/ot o= /n(t) g, (11) +++ g, (Tn) AT (2.13)

Proof. Expansion (2.12) is a direct consequence of the iterated application of (2.10) and of the
definition of X, in Definition 2.2 and can be proved by induction on the length of o. O

Remark 2.17. Despite its simplicity, the Chen series suffers from a major drawback: it involves
non intrinsic quantities and is redundant. As an illustration, this has the following consequences:

o The functionals fot as for o € I* are not algebraically independent. For example, for every
solution to (2.9) and every t > 0, one has the identity

(2(t), X1 X2) + (@(t), XoX1) — (x(t), X1)(z(t), X2) =0 (2.14)

e In the context of nonlinear ordinary differential equations, the representation (2.12) can fail
to converge for smooth vector fields despite strong structural assumptions (see Section 5.1.1).

e In the context of nonlinear ordinary differential equations, the representation (2.12) will not
be invariant by diffeomorphism (see Remark 8.8), which would be a desirable invariance.

This drawback motivates the search for more intrinsic representations of the solutions, which will
turn out to involve Lie algebras.

The Chen series give rise to Fliess operators (stemming from [45, 46]) which can be defined,
given some ¢ € A(X), as a Y ooer e Xo) fot a,. Such operators are well-defined (converge)
provided that the coefficients (¢, X,,) satisfy an appropriate asymptotic behavior. Fliess operators
can be used to model input-output systems and feedback groups. For manipulations of such
operators thanks to an underlying Hopf algebra structure, we refer to [53, 54, 55, 56], which
investigate the question of whether an interconnection of such operators remains a Fliess operator,
and its convergence, both in scalar and multivariate settings. See also [57] for the investigation of
global convergence issues, and realization of such formal operators on concrete systems.

10



2.3 Logarithm of flows, coordinates of the first kind

In the particular case where a(t) is a constant element a € A; (X), evaluating the iterated integrals
in (2.13) yields the elegant formula z(t) = * exp(ta), with the notation of (2.5). Of course, it is
no longer valid for a time-varying dynamic (because the indeterminates do not commute), but one
can wish to find an object of which the flow is the exponential, the logarithm of the flow.

In this section, we recall and prove Theorem 2.27, which states that the logarithm of flows
of formal linear differential equations is given by explicit Lie brackets. The key argument is the
structure result Theorem 2.20, which states that the logarithm of the flow is a Lie series, and of
which we give an elementary proof based on the differential equation satisfied by the logarithm
of the flow. We rely on well-known algebraic results, which we recall, for the sake of giving a
self-contained presentation.

2.3.1 A differential equation for the logarithm of the flow

We start by deriving the formal differential equation (2.17) satisfied by the logarithm of the flow.
This equation is well-known (see e.g. [80, Theorem III], [34, Theorem 4.1] or [3, formula (5.2)]).
We provide an elementary derivation (see Remark 2.19).

Proposition 2.18. The following statements hold.
1. Let T > 0 and z € CY([0,T); A(X)). Then, for everyt € [0,T),

d — (_1)n n :
5 D(=(t) = exp(=(1) D g 1 o (0. (2.15)
n=0

2. Let a be given by (2.8) and x denote the solution to (2.9) with initial data x* = 1. Then
z :=logx satisfies, for almost every t € Ry,

= (=D
Z (Tl I 1)! a‘dz(t)(z(t)) = a(t)a (2.16)
n=0
+oo n
LUEDS (712}71371 adz ) (al?)), (2.17)

n=0
where the Bernoulli numbers (Bp)nen are defined in (B.1).

Proof. We prove the two claims successively.
1. The regularity assumption z € C*([0,T]; A(X)) is to be understood component by compo-
nent, i.e. means that for each o € I*, t — (z(t), X,;) belongs to C1([0,7]; K). We have

“+o00 Zk “+o0 k ' 4
OPC0) = (Z k(!t)> LG : i 22 000

k=0

(2.18)

B +o00 (71)1 . +o00 1 k ; . -
= exp(=(0) { 320 ) | 3 gy o P 02057

1=0
Letting n:= k + 1 and i := [ + j, we obtain that

+oo

£ exp(=(1)) = exp(=(1) Y (n%l), S (1) 3 (-1 (” ; 1) (2.19)
n=0 T i=0 =0



The following formulas, which can be proved by induction using Pascal’s rule,

%

S (") = cu(l). (220)

=0

ﬁ:(—l)i (n) 2y = (-1)" adl(y) (2.21)

give the conclusion. Of course, if 2 € W11((0,T); A(X)) (i.e. absolutely continuous), equa-

tions (2.15) remains true as an equality in L'((0,7);A(X)), i-e. holding for almost every
te(0,7).

2. Since z = logx and & = za, (2.16) is an immediate consequence of (2.15), using the preceding
comment since both  and z have W! regularity in time when a has L! regularity in time.

Starting from (2.16) and applying Y, (—1)* By /k! adlj(t) to both sides yields (2.17) because

+oo Nk too o 1yp
> Y o e ) = 200 (229
k= =0

o

This follows from the change of index n := k + ¢ and the combinatorial relation (B.3). O

Remark 2.19. The historical proofs of Proposition 2.18 are written using the Poisson bracket
notation {-, 2"} := (—1)* ad® () which allows to write (2.17) as the nice equality

i = {a, ezz_ 1}7 (2.23)

using the generating series (B.1) of the Bernoulli numbers. This approach allows elegant compu-
tations, but requires some setup (see [80, Section III] or [34, Section 1]), which is why we prefer
here the elementary computations used in the preceding proof.

2.3.2 The logarithm of the flow is a Lie series

The fundamental result concerning the logarithm of the flow is that it is a Lie series. We repeat here
the proof given in [34, Theorem 4.2] for the sake of completeness. At least two other approaches
can be used: one relying on shuffle relations and Ree’s theorem (see Appendix A.1) and another
one relying on Friedrich’s criterion (see Appendix A.2).

Theorem 2.20. Let a be given by (2.8) and x be the solution to (2.9) with initial data z* = 1.
Then, for every t > 0, logz(t) € L(X).

Proof. The proof relies on an iterated integration of (2.17), where z = logz. More precisely,
writing z = > z, where z, € A, (X), we prove by induction on n that, for every t, z,(t) € L(X).
First, for every ¢ > 0, since zo(¢) = 1, one has z¢(t) = 0 so z(¢t) € L(X). Then, for every n > 1,
by (2.17),

n—1 _1\k
A= C0PE S L 0., @a®] ] (229

k=0 ’ ni+-+np=n—1

where the sum ranges over indexes n; > 1. Moreover, for every T > 0 and y € L*((0,7T); £L(X))
one checks that, for every ¢ € [0,T], fgy € L£(X). By the induction assumption, z,,(t) € L(X)
for each n; < n — 1 and every t. By the previous comment, this property is preserved by the
time-integration of (2.24), so z,(t) € L(X) for every t. O
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2.3.3 Notations

We start with an abstract definition of the truncated logarithm of a time-dependent dynamic.

Definition 2.21. For m,r € N*, we define the set of ordered positive partitions of size m of r,
N i={r=(r1,...,t;m) € (N r1 4+ +r, =1}, (2.25)

where NI = () when r < m. For each r € N™ and t > 0, we also define the product of simplexes
AT(t) == ATH(E) x -+ X AT (). (2.26)

Example 2.22. The sets A"(t) will be used as integration domains. As easy examples, one has

A® ) = {1 = (r,72,73) € (0,1)% 0< 7 <7 <73 <t}, (2.27)
AGID (@) = {7 = (11,79, 73) € (0,1)3}. (2.28)

A more complex example forr =4, m =2 and r = (2,2) € N3 is
AR () = {7 = (11, 72,73,74) € (0,1)"; 0<T <Tp<tand 0<75<7y<t} (2.29)

We now give a notation for the (truncated or complete) logarithm of a time-dependent dynamic.
We will see in the sequel why this quantity indeed corresponds to a logarithm.

Definition 2.23 (Abstract logarithm of a time-varying field). Let M € N or M = +oo, t > 0 and
F be a map from [0,t] with values in some algebra. We introduce the notation

T

M m—1
Logu (FH0 =Y 1 S 5L S [ @) P P (230)

m=1 rEN;" (t)

Remark 2.24. In such an abstract setting, the right-hand side of (2.30) does not make sense since
we are not able to define an integral over an abstract algebra (without topology on the algebra and
without time-regularity on F). At this stage, we see (2.30) as an abstract formula or notation. We
will check, each time we use it, that we can give a meaning to the integrals.

2.3.4 A preliminary algebraic result

Since the monomials form a basis of A(X), one can define the following linear map g from A(X)
to L(X) by setting its values on the monomials by (1) := 0, 8(X;) := X, for 1 < < ¢, and, for
1 <iy,...,0 < q with £ € N*,

B(XilXiz e Xik) = [ . [Xil,XiQ], ey sz} (2.31)

This process defines a standard way, the “left to right” or “left normed” bracketing, to associate a
Lie bracket to each monomial. The following important result, proved successively by Dynkin [39],
Specht [95] and Wever [104] states that, if a polynomial is a Lie element, then it is equal to its left
normed bracketing.

Lemma 2.25 (Dynkin’s theorem). For a € A,(X), a € L(X) if and only if B(a) = na.
Proof. This statement is contained in the equivalence between (i) and (v) of [90, Theorem 1.4]. O

Example 2.26. The element X1 Xo does not belong to L(X). And indeed, 3(X1X2) = X1Xo —
XoX1 # 2X1X3. On the contrary, the element [ X1, Xo] = X1 X5 — X5 X5 belongs to L(X). And
indeed, /B([Xl,XQ]) = (X1X2 — XQXl) — (XQXl — X1X2) = 2[X1,X2].

13



2.3.5 An explicit formula for the logarithm of the flow

We now state an explicit expansion of the state as the exponential of the logarithm of the flow. It
is the continuous analogue of the well-known CBHD formula (which we recall in Section 2.3.7 as a
corollary). It was originally derived by Magnus in [80, Theorem III| and is thus often referred to
as the “Magnus expansion”.

Theorem 2.27. Fort € R, and z* € A(X), the solution x to (2.9) satisfies

z(t) = x" exp (Log{a}(t)) , (2.32)
with the notation of Definition 2.23.

Proof. First, by linearity, it suffices to prove (2.32) for z* = 1. Repeated integration of (2.10)
yields the following formula (which is a slightly different form of the Chen series of Lemma 2.16),

o) =1+ Z/Mt) a(m) - - a(r) dr. (2.33)

r>1

Hence, recalling the definitions (2.25) of NI and (2.26) of A*(¢), one has

log(x ZZ Z /Ar(t) a(t)a(rs) - -~ a(r,) dr. (2.34)

r=1m=1reNmn

By Theorem 2.20, for each ¢t > 0, log(z(t)) € Z(X) Hence, applying Lemma 2.25 to each of its
homogeneous components in A, proves that

log(w Z PP P /A o[l el almldn (239

= m=1reNm
Recalling the notation (2.23) and taking the exponential concludes the proof of (2.32). O

Magnus expansions (also called BCH expansions) have been extended to more general structures
than Lie algebras, for instance to pre-Lie (another name for “chronological algebras”) and post-Lie
algebras [47], Rota-Baxter algebras [6, 43] and dendriform algebras [41, 42].

2.3.6 Coordinates of the first kind

Although the expansion (2.35) already has some interest by itself, it is not written on a basis of
L(X), which has some drawbacks. In this paragraph, we define canonical representations for this
expansion, in appropriate bases of £(X).

Definition 2.28 (Monomial basis). Let B C L(X). We say that B is a basis of L(X) when each
element a € L(X) can be written as a unique finite linear combination of elements of B.  We
say that B is a monomial basis of L(X) when moreover B C E(Br(X)). In particular, for such
bases, if b € B, one can define |b|, n;(b) for i € I and n(b) as in Section 2.1.2 by importing these
notions from Br(X). In particular, for n € N*, we use the notations B,, := {b € B;|b| = n} and
Bi,np :={b € B; [b] < n}.

Proposition 2.29. Let B be a monomial basis of L(X). There ezists a unique set of functionals
(Co)ven, with ¢, € CO (R+ X LI(R+;K)|I|;K), such that, for every a; € L*(R;K), 2* € A(X) and
t > 0, the solution to (2.9) satisfies

x(t) = x* exp (Z Go(t, a)b> . (2.36)

beB

Moreover, the functionals ¢, are “causal” in the sense that, for every t > 0, (y(t,a) only depends
on the restrictions of the functions a; to [0,t].
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Proof. For each b € B, since B is monomial, only a finite number of summands of the right-
hand side of (2.35) have a non vanishing component along b (indeed, only terms sharing the same
homogeneity can be involved). Hence, it is clear that the functionals thereby defined are continuous
on R, x L'(Ry;K)%, due to their explicit expression. The sum in (2.36) is understood in the sense
of a well-defined formal power series. Indeed, for each word o € I'*, only a finite number of elements
b € B have a non-vanishing component (b, X,,). O

Definition 2.30 (Coordinates of the first kind). The functionals (, are usually called coordinates
of the first kind associated to the (monomial) basis B of L(X).

The terminology coordinates of the first kind or first species and the opposition with coordinates
of the second kind (see Section 2.5.3) is classical, see e.g. [24, II1.4.3]. See also Section 2.3.8 for
references concerning the computation of such coordinates in the context of control theory.

Remark 2.31. Thanks to the monomial nature of the basis, one does not need to specify the full
basis in order to define a given functional. For example, if A\ € N! is a given homogeneity, let

Bry(X) :={b € Br(X); Viel,nb)=A\} (2.37)
Then the coordinates of the first kind ¢, for b € BN Bry(X) only depend on BN Bry(X).

Remark 2.32. An important particular case for applications to control theory is the case X =
{Xo0, X1}, with ap(t) =1 and a1(t) = u(t). This corresponds to formal scalar-input control-affine
systems ©(t) = x(t)(Xo + u(t)X1). One often writes (p(t,u) (omitting the dependency on ag =1)
to denote the coordinates of the first kind in this particular context.

2.3.7 Campbell Baker Hausdorff Dynkin formula

As a corollary, we obtain the classical finite CBHD formula.

Corollary 2.33. Let X be a finite set, n € N* and y1,...,y, € E(X) without constant term.
There exists a unique w € L(X) such that

evr.. e =", (2.38)

We will use the notation w = CBHDy(y1,...,yn). Moreover, for each monomial basis B of
L{Y1,...,Y,}), there exists a unique sequence (cw)pe C KB such that, for every finite set X and

Yis---3Yn € E(X)
CBHD oo (y1,---,Yn) = Z Yy (2.39)
beB
where yp := A(b) and A : L{Y1,...,Yn}) — E(X) is the homomorphism of Lie algebras such that
A(Y;) =y; for j € [1,n].

Proof. We prove that (2.38) holds with

w := Log Zyjl[j—ld] (n) (2.40)
j=1

in the sense of Definition 2.23.

Step 1: Proof when X = {X1,...,X,} and y; = X; for j € [1,n]. The solution to (2.9) with
a(t) = Z;'L=1 X;1pj1,4(t) is a(t) = a*eX1--.eXn. By Theorem 2.27, w satisfies (2.38). By
injectivity of the exponential (see Lemma 2.13), it is the unique solution. By Proposition 2.29, the
equality (2.39) holds with ay := Cb(m 1[0’1]7 ey 1[n71,n])-
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Step 2: Proof in the general case. Let X be a finite set, n € N* y1,...,y, € E(X) Let
Y :={Y1,...,Y,} be another set of indeterminates.

The map A : Y — L£(X) defined by A(Y;) =y, for j € [1,n] extends into an homomorphism
of algebras VZ(Y) — ,Z(X), which is also an homomorphism of Lie algebras E(Y) — E(X), that
we still denote A. Indeed Lemma 2.7 ensures the extension as an homomorphism of algebras
A(Y) — A(X) (resp. an homomorphism of Lie algebras £(Y) — £(X)). The extension can be
done on A(Y) (resp. £(Y)) because y1,...,yn do not have constant terms and the target space
.Z(X) (resp. E(X)) is a space of formal power series.

Let W := Log {3 _7_, Yj1—1}(n) € L(Y). Then A(W) = w. By applying the homomor-

phism of algebras A to the relation e¥1 - .- e¥» = " we get (2.38). By applying the homomorphism
of Lie algebras A to the relation W =}, s b we get (2.39). O

Despite the fact that the product e¥! - - - e¥» is of course non-commutative, there is some struc-
ture and symmetry inside its logarithm, which we highlight for future use in the following result.

Proposition 2.34. There ezists a family of elements F, (Y1, ...,Y,) € L({Y1,...,Y,}) forq e N*
and h = (hq,...,hq) € (N*)9, such that

o for each i € [1,q], Fyn(Y1,...,Y,) is of homogeneity h; with respect to Y;,

o for everyn > 2, y1,...,Yn € E(X) with zero constant term,

CBHD o (41, -, Yn) = > Fon(jn,---95,) (2.41)
g€[1,n],he(N")
J1<<jq€[1l,n]

where Fy (Y, ---,yj,) denotes the image of Fy(Y1,...,Yy) by the homomorphism of alge-
bras from L({Y1,...,Y,}) to L(X) which sends Y; to yj, for each i € [1,q].

For q=1, I 1)(Y) =Y1 and Fy 3,y = 0 for hy > 2. For q =2 and hy + hy < 4,

1 1

Fyqan(Y)= §[Y1,Y2] By (2,9)(Y) = *Q[YQ, [Y1, Y1, Y]]
1

Fr oY) = 5, 1, Yo Fin(Y)=0 (2.42)
1

Fy ()= E[YQ’ [Y2,Y1]] Fy 13 (Y)=0.

For higher order terms, we state below a recursive formula.

Proof. Using the same Lie algebra homomorphism arguments as in the proof of Corollary 2.33, it
is sufficient to consider the case where y; = Y; is an indeterminate.

For n = 2, the statement is merely a rewriting of (2.39) where the terms are grouped by their
homogeneity with respect to y; and y. This defines the elements F; (1)(Y1) = Y1 and Fy (,)(Y1) = 0
for h > 2 and F ;,(Y1,Ys) for h € (N*)? according to the usual two-variables formula, of which the
well-known low-order terms are recalled in (2.42).

We define by induction on n > 3 the functions F}, ;, by the relations

Fon(Y1, .. Yn) = Y ng(mhn)(Fn_L(hlw hn_l)(yl,...,yn,l),yn). (2.43)

m|hy,..hn 1

We now prove the result by induction on n. Let n > 3. By associativity of the product, the formula
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for two indeterminates and the induction hypothesis at step n — 1, we obtain
CBHD(Y1,...,Y,)
= CBHD(CBHD (Y1, ..., Y,—1),Ys)

= CBHDo(Y1,..., Y1) + Y+ Y Fay(CBHD(Yh,..., Y, 1),Yn)
ge(n*)? (2.44)

=Y, + Z Fflﬁ'(y}la""}/jq)+ Z F279(FQ7h/(le’"'7}/jq)7}/71)
g€[1,n—1],h" e(N")* ge(N*)?
J1<--<jq€[l,n—1]

We now check that the right-hand side of (2.44) is the same as the right-hand side of (2.41). Since
we are working in the free Lie algebra over Y7,...Y,,, we can proceed by homogeneity.

e The terms not involving Y;, are equal, since they have the same expression.
e The term involving only Y,, on both sides is Y,, itself, so they are equal.

e Now, let ¢ € [Ln—1], j1 < --- < j, € [I,n—1] and h € (N*)?"1. We look for the
term involving h; times Y}, for i € [1,¢] and hgq 1 times Y,,, which is Fyyq n (Y, ..., Y;,,Y5)
in (2.41). In (2.44), it is

S0 Y Bay(Faw (Y, Y5,),Ya), (2.45)
h'e(N*)9 ge(N*)2

where the sum is restricted to g1h; = h; and g2 = hy+1. Hence, both terms are equal thanks
to the definition (2.43).

This concludes the proof and gives a way to compute the elements F; ; iteratively. O

Remark 2.35. In particular, the component of CBHD(y1,-..,yn) homogeneous with degree
h = (hi,...,hq) with respect to (y;,,---,Y5,) 8 Fon(Yj---,Y5,)- It depends neither on the total
number n of arguments in the initial product, nor on the selection of indexes (ji,...,jq). This is
the natural symmetry that we wish to highlight.

Algorithms to compute iteratively the terms in the CBHD formula are investigated for instance
in [85, Section 4.a] or in [18, 31] within Hall bases, or in [10] for an expansion on right-nested
brackets, which uses fewer terms.

2.3.8 Computation of some coordinates of the first kind

In this paragraph, we focus on the case X = {Xo, X1}. Computing the coordinates of the first
kind is of paramount interest for applications (see e.g. [70] where the first 14 such coordinates
are computed, and [31, 86] for efficient algorithms and explicit formulas obtained by an approach
relying on rooted binary labeled trees).

Here, we calculate as an illustration (and because they will be used later) all coordinates of the
first kind on a basis of

Sy := spang {E(b); be Br(X),ni(b) =1} C L(X), (2.46)
where this notation is chosen so that S; = KX, @ S; (see Definition 2.10). We define moreover
S = spang {E(b); b€ Br(X),ni(b) > 2} C L(X), (2.47)

thanks to which we can write the direct sum decomposition £(X) = KX, ® S; @ S .
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Lemma 2.36. The family (ad&o (X1))ken is a (monomial) basis of Sy .

Proof. From (2.46), S is spanned by the evaluations in £(X) of the iterated brackets b € Br(X)
involving X exactly once. Let b € Br(X) be such an iterated bracket. We assume E(b) # 0
in £(X) and b # X;. Then E(b) = [E(A(D)),E(u(d))] thus E(A(b)) and E(u(b)) are non null in
L(X). Moreover, either A(b) or p(b) does not involve X; and is thus equal to Xy. Therefore
B(b) = £[Xo, E(b)] where b € Br(X) involves X exactly once and E(b) # 0. Working by induction
on the number k of occurrences of Xy in b, we obtain E(b) = + ad’j(o (X1).

The previous argument proves that the given family spans Sy Moreover, this family is linearly
independent in £(X) because two different elements have different lengths. O

We now compute the coordinates of the first kind associated with these elements. Up to our
knowledge, the following explicit expression is new.

Proposition 2.37. Let B a monomial basis of L(X) containing Xy and the family (adlj(o (X1))ken.
The associated coordinates of the first kind satisfy, for each t >0, ag,a; € L*((0,t);K) and k € N,

k
By_
Gaa 0 (0 0,01) = (=D 3~ o)~ 25 /A gy @) () dr (248)
=0 . 041

where Ag(t) := fg ag and the Bernoulli numbers (By,)nen are defined in (B.1).

Proof. First, the considered coordinates are well-defined independently on the exact choice of B

(see Remark 2.31). Let x be the solution to (2.9) starting from 2* = 1. To simplify the notations

in this proof, we write z(t), (x(t) and Z(t) instead of x(t,a), Cuax (x,)(t, a0, a1) and Log {a}(t).
0

From (2.36),

Z(t) =Y G(t,a)b = Cx,(t,a)Xo + Zi(t) + Za(t), (2.49)
beB
where Z,(t) € S5 and
+oo
Zy(t) =Y G(t)adk, (Xy). (2.50)
k=0

First, a straightforward identification in (2.30) yields (x, = Ao and (x, (t) = f(f a1. Let k € N*.
The proof consists in computing (x(t), X; X¥) in two ways: first by the differential equation (2.9),
then by the formula z(t) = e?(®). By definition of the solution to (2.9), we have, for every word
cel*andt>0

t
(@ (t), X Xo) = / (2(r), X, )ao(r) dr. (2.51)
0
Taking into account that (x(t), X;) = fot a1, we obtain
(2 (t), Xo XE) = / a1 (m)ao(s) - -~ ap(7es1) A (2.52)

On the other hand, we deduce from the expansion of z(t) = eZ(*) that

k+1
(x(t), X1 X¢) = (Z(1), X1 X§) + ) % (Z(t)", X1 XF) (2.53)
=2

because, for £ > (k +2), Z(t)¢ is a sum of words with length at least (k + 2). For £ € [2,k + 1],

~
[

Z(t)" = (Ao (t)X0)? Z1 () (Ao (t) Xo) ™17 + Zau(t), where Zo(t) € Sy . (2.54)

<.
I
o
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Thus
(Z(), X1 X§) = (Z1(t)(Ao(t) Xo) 1, X1 X3) = Ao(t) (=) “F 1 gy (8), (2.55)

because the word X; XY~ appears in the decomposition of ad’y, (X1) iff K —£+41 =n and then
it appears with coefficient (—1)". We deduce from (2.53) and (2.55) that

k+1 (_1)k+17€

(), X1X5) = (—=1)"Ci(t) + ZTAO(t)ZfleH—Z(t) (2.56)

Using (2.52) and the index change j =k +1— ¢ € [0,k — 1], we obtain

k— 1 jA
dr — )+ of (1), 2.57
R R S g L (2:57)

When Ag(t) = 0, this formula yields (2.48) immediately. When Aq(t) # 0, let, for j € N,
<£L'(t), X1X8>

= —————" and M

g Ap(t)i+t by = Ap(t)it+l (2.58)

we deduce from (2.57) that
k
Bi
= Z — (2.59)
= (k+1-j)
We have

> gz ZZ@ k+1 =D B2 | ("= 1) (2.60)

k>0 k>0 5=0 §>0

or equivalently

Zﬁjzj = ezz_ T Zakzk = ZZBH%T;O%ZIC. (2.61)

>0 k>0 n>0k>0

Thus, for every j € N*

J
=Y Bj-k (2.62)
el U
Finally (2.58) and (2.52) give (2.48). O

Remark 2.38. Formula (2.48) bears a strong similarity with the differential equation (2.17) sat-
isfied by z(t), which also involves the Bernoulli numbers. Unfortunately, we have not been able to
obtain a shorter proof using this equation.

In particular, using Proposition 2.37, we recover the following very classical formula for the
partial coefficients of the CBHD formula (see e.g. [103, equation (2)] or [90, Corollary 3.24]).

Corollary 2.39. One has eX1eX0 = eZ where Z = Xo + Z1 + Z2, Z2 € Sy (see (2.47)) and

z~—+f&a”(X)—X_1[X X]++§ﬁad2“()() (2.63)
1-— n! Xo 1) — 1 2 05 1 (2”)! Xo 1) -
n=0 n=1
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Proof. We apply the previous result to the controls aqg(t) = 11 2)(t) and ay(t) = 1(0,1)(t), for which
the solution to (2.9) with 2* = 1 satisfies z(2) = eX1eX0. For f € N* and 0 < 7y < --- < Tp41 < 2,
the real number a;(71)ao(71) - - - ag(7e4+1) does not vanish iff 0 < 73 < land 1 < 79 < -+ < Tpq1 < 2
and then it equals 1. Thus, for every k > 2, using (2.48) and (B.2),

k k
Br_s 1 B; By,
CDEC(2) = R o A 2.64
(=1)7(2) Z(k—z)m Zj!(k:—j)! k! (2:64)
{=0 7=0
We conclude by noticing, thanks to (2.48), that (y(2) =1 = By and (;(2) = —3 = By. O

Example 2.40. As an example and for later use in the sequel, we compute the coordinates of the
first kind for the particular choice ag(t) := 1 and a1(t) :=t. Let k € N. Using formula (2.48) of
Proposition 2.37 and the identity (B.4) we obtain

k

— k kot Broe 72

Gadly, (x0) (1 @) = (1) ;)t (k=0 (¢+2)!
— (—1)kght? zk: B (2.65)
= (k=0 +2)!

B
o \k+lgk+2 Dkt
= (DT (k+ 1)1
2.4 Interaction picture, coordinates of the pseudo-first kind

In quantum mechanics, the interaction picture is an intermediate representation between the
Schrédinger picture (in which the state vectors are time-dependent and the operators are time-
independent) and the Heisenberg picture (in which the state vectors are time-independent and the
operators are time-dependent). The interaction picture is particularly useful when the dynam-
ics can be written as the sum of a time-independent part, which can be solved exactly, and a
time-dependent perturbation. In this section, we introduce and study a formal counterpart of this
situation, that can be useful for applications.

2.4.1 A new formal expansion

In this paragraph, we therefore consider I = [0,¢] to isolate the role of Xy. For some given
a; € LY(Ry;K) for i € [1,q], we assume that a takes the form

a(t) = X0+ Xq: ai(t)Xi. (266)

Theorem 2.41. Fort € R, 2* € A(X) and a of the form (2.66), the solution x to (2.9) satisfies
z(t) = a* exp(tXo) exp (Z(t, X, a)) (2.67)
where Zoo(t, X, a) := Log.{b:}(t) with the notation of Definition 2.23 and

—(t—s)X. . (t—s)X. L (- k k
bi(s) := e (i78)%0 Zai(s)Xi e(t=5)Xo — Z = (t —s)"ai(s) ad, (X;) (2.68)
i=1 i=1 k=0 )
R e e
Zu(t Xoa) =) S / v Rl gy () (m)dr (2.69)

[ [ad¥, (Xi,), adR, (X)), - ad, (X5,
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where the sum is taken over r € [1,00], m € [1,7], r € N, ky,..., k. € N and iy,...,i, € [1,4].

Proof. First, note that the second equality in (2.68) stems from the fact that both functions g1 (1) :=
e X0 X e™X0 and go(7) = ',::5 (7,:!))6 ad’§<0 (X;) solve the Cauchy problem ¢(7) = [g(7), Xo] and
9(0) = X, so they are equal.

Let t > 0. A key point is to remark that all the definitions and results from the previous
paragraphs which are stated for a finite set I of indeterminates are still valid if I is an infinite
set. For mathematicians with a background in analysis, all equalities can be understood “in the
weak sense” as equalities holding along each monomial. Therefore, for a set of indeterminates
{Yk,ifren,ie[1,q)> the solution to

\k
Hs) = (s)uls) where ()= 30 (- ) an(o) Vi (2.70)

ki

with initial data z(0) = 1 satisfies, thanks to Theorem 2.27,
2(t) = exp (Logoo {7:}(t)) - (2.71)
Let © be the unique homomorphism of algebras from A\({Yk,i}keN,ie[[l,q]]) to A(X) defined by
O(Yi) = ad’, (X,). (2.72)
Then zg(s) = O(z(s)) satisfies on the one hand 2¢(0) = 1 and Zo(s) = ze(s)b:(s), and on the

other hand zg(t) = exp (Log,,{b:}(t)).
We introduce the change of variables y(s) := z(s)e*=)X0_ Then,

y(s) = @(s)et=9%¥0 — z(5) Xpelt=5) X0 = x(s) (Z ai(s)Xi> et=9)Xo — 4 (5)b(s). (2.73)
i=1
Hence
x(t) = y(t) = y(0)ze(t) = 2"e'** exp (Logo {be} (1)) , (2.74)
which concludes the proof of (2.67). O

Remark 2.42. In the above proof, Z..(t, X,a) is defined by the logarithm of the product of two
flows: the one associated with —X, and the one associated with a(t). It is a particular case of
the construction of the chronological logarithm of the product of two flows associated with two
non-autonomous vector fields, see [4, Section 2.2] or [72, p. 92].

Remark 2.43. In expansion (2.67), the choice to write exp(tXo) to the left of the formal logarithm
is arbitrary. One could obtain a similar formula with exp(tXoy) to the right. Depending on the
application one has in mind, both choices can be helpful.

2.4.2 Coordinates of the pseudo-first kind

Proposition 2.44. Let ¢ € N*, X = {X, X1,...,X,} and B be a monomial basis of L(X). There
exists a unique set of functionals (my)sep, with my, € C° (R x L' (R4;K)%K), such that, for every
a; € LY Ry;K) and t >0

w(t, X, a) an (t,a)b in  L(X). (2.75)
beB

Moreover, nx, = 0 and the functionals n, are “causal” in the sense that, for every t > 0, ny(t,a)
only depends on the restrictions of the functions a; to [0,t].
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Proof. For every r € N* and v € N we introduce the finite sum of brackets

U ot e
ZV(t, X, a) = AN ai, (11) - -a;, (7,) dr
FhXa =3 = ary k! R () () (2.76)

[+ [ad¥, (Xi,), adR, (X)), - ady, (X, )],

where the sum is taken over m € [1,7], r € N, kq,..., k. € N such that ky +---+ k. = v and
i1,...,ir € [1,¢]. For each term in this sum, the bracket

[+ [ad¥, (Xi,), adR, (X)), . ad, (X, )] (2.77)

has a unique expansion on the basis B,, = {b € B; n(b) = r and ng(b) = v}. By summing
these expansions we obtain causal functions (75)pep,, in C° (Ry x L*(Ry;K)%; K) such that the
following equality holds in £(X)

ZhV(t, X, a) = Z (¢, a)b. (2.78)
beBr,u
By summing these relations, we get (2.75). O

Definition 2.45 (Coordinates of the pseudo-first kind). We call the functionals 1, coordinates of
the pseudo-first kind associated to the (monomial) basis B of L(X), by analogy with coordinates of
the first kind.

2.4.3 Structure constants and estimates for the coordinates

At the formal level, series such as (2.75) make sense. However, in the sequel, we will need to
give a meaning to such series where the indeterminates are replaced by true objects. To make
sure that the resulting series converge, it will be necessary to have estimates on the coordinates of
the pseudo-first kind. In this paragraph, we suggest a criterion based on the structure constants
of L(X) relative to the underlying monomial basis to obtain such estimates.

Definition 2.46 (Structure constants). Let B be a basis of L(X). For every a,b € B, since
[a,b] € L(X), it can be written as a finite linear combination of basis elements, say

[a,0] =) A5 4c, (2.79)

ceB

where the coefficients v; , € K and only a finite number of them are non-zero. The set of these
coefficients are called the structure constants of L(X) relative to the basis B.

Definition 2.47 (Geometric growth). Let X be a finite set and B be a monomial basis of L(X).
We say that B has geometric growth when there exists I' > 1 such that, for every by,by € B,

> g, b, | S TIIHIEL (2.80)
ceB

Definition 2.48 (Asymmetric geometric growth). Let ¢ € N*, X = {Xo, X1,...,X,} and B be a
monomial basis of L(X). We say that B has geometric growth with respect to Xy when, for every
k € N, there exists T'(k) > 1 such that, for every by,ba € B with n(by) + n(b2) <k,

> 18 gl S T(k)P IR (2.81)
ceB

Asymmetric geometric growth is a weaker notion than geometric growth (which can be seen
as asymmetric geometric growth with a constant I" independent of k). These definitions therefore
lead to the following algebraic open problem:.
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Open problem 2.49. Which monomial bases B of L(X) have (asymmetric) geometric growth?

Remark 2.50. A family of examples of monomial bases of L(X) is given by Hall bases (see
Section 2.5.1, and in particular Definition 2.56). In the paper [13] dedicated to studying the growth
of structure constants for Hall bases of L(X), we provide examples of Hall bases of L(X) that
have geometric growth (in particular, the classical examples of length-compatible Hall bases and the
Lyndon basis have geometric growth, see Theorem 1.5 and Theorem 1.6 in the cited work). More
importantly, we show that every Hall basis has asymmetric geometric growth (see Theorem 1.9 in
the cited work).

For such bases, we can prove nice estimates for the coordinates of the pseudo-first kind. We
start with an estimate concerning the decomposition of the Lie brackets involved in (2.76).

Lemma 2.51. Let ¢ € N*, X = {Xo, X1,...,X,}, B be a monomial basis of L(X) with geometric
growth with respect to Xo. For every r > 1, there exists C(r) > 1 such that, for every { > 2,
bi,...,bp € B\ {Xo} with n(bi)+---+n(be) <r and b € B,

|<["'[blvbQ}v"'b£]7b>B| < C(T)lb‘v (2'82)
where the bra-ket denotes the component of the Lie bracket along b in its decomposition on B.

Proof. Any a € L(X) can be written as a linear combination of basis elements, say a = 3 .z adc,
where the coefficients a? € K and only a finite number of them are non-zero. We endow £(X)
with the norm |[la|s := > .z |ad|. Then, Definition 2.48 gives, for every by, by € B, ||[b1,b2]]|s <
T'(n(by) + n(by))!P11*1%21, We prove by induction on £ > 2 that, for every by, ..., b, € B\ {Xo},

[+~ [br, b2l - . be]lls < T (n(by) + -+ + n(w))(@—l)ﬂbl|+~»-+|bz|) (2.83)

which implies Lemma 2.51 with C(r) = T'(r)"~!. The result for £ = 2 is already known. Let
¢>2and by,...,bep1 € B\{Xo}. Then [---[by,bs],...b¢] = >, 3 @ad where the sum is finite and
e lal < T(n(by) + -+ + (b)) DD, Then

[ -~ [b1,b2],--.be], bes1] = Z agld, beyq] = Z Qq Z Vdbsr € = Z (Z ad,yinl) c, (2.84)

deB deB ceB ceB \deB

where the sums are finite and indexed by d € B such that n(d) + n(ber1) = n(b1) + - - - + n(be+1)
and |d| + |bey1| = |bi| + - - + |bes1] thus

[+ +[b1,b2], - - - be], besa]lls = Z Zaﬂdb“l = Z|ad|2|7db[+1

ceB |deB deB  ceB (2.85)
F(n(bl) 4 n(bg))“_l)(‘bl|+"'+‘bf‘)1“(n(b1) et n(bz+1))|b1\+"'+|bz+1\

which gives the conclusion. O

Proposition 2.52. Let ¢ € N*, X = {Xo,X1,...,X,}, B be a monomial basis of L(X) with
geometric growth with respect to Xy. Then, for every M € N*, there exists Cpy > 0 such that, for
every T >0, u € L1((0,T);K9), b € B with n(b) < M and t € [0,T],

5]

c n n(b)
ot )] < el G o (2.86)

Proof. We may assume that (C(r)),en+ given by Lemma 2.51 is non-decreasing. Then, for every
i1,...,0r € [1,¢] and kq,...,k, € N, for every b € B,

(1 [, (5,), ad, (X, ad, (X)) b) | < O, (2.87)
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Indeed, for each j € [1,r], there exists b; € B with n(b;) = 1 and |b;| = k; + 1 such that
ad’;(j0 (Xi;) = £b; in L(X). Indeed, the homogeneous part of £(X) containing k; times X, and
X;; once is of dimension one.

‘Let M € N* and b € B be such that n(b) < M. We deduce from (2.69) that

_1\ym—1 T — k1 T — kr
nb(t’U):Z(l)/Ar(t)( =)™ (1) wi, (1) -+ - ug (1) dr

mr ky! ky! (2.88)
(I fad, (Xi,),adig (X3,)], - ad, (X)) 0)
where the sum is taken over r € [1,00], m € [1,r], r € N, ky,..., k. € Nand i1,...,i, € [1,4].

If the summand bra-ket in (2.88) does not vanish, then r = n(b) and ky + - - - + k. = ng(b). Thus
the sum in (2.88) is taken over the finite set r = n(b), m € [1,n(b)], k1,...,k € N such that
ki + -+ k. = no(b) and iy,...,%, € [1,q], whose cardinal is bounded by M2/*/¢™. Moreover,

for every r,m, k1,...,kp,i1,...,4, in this set, the associated term in (2.88) is bounded, thanks to
(2.87), by

th thr r n r r b TL(b)'

kfﬂ"'HHU”Ll(o,t)O(r)lb‘ < O3, (27C(r)) lw (2.89)
thanks to (3.2). Thus

1 b n
Iy (,w)| < WM!MqM (2M+10(M)) T gmo®) gy 2P (2.90)

which gives the conclusion with, for instance, Cp; := M!MqM2M+1C(M). O

2.5 Infinite product, coordinates of the second kind

In this section, we present an expansion for the formal power series xz(t) solution to (2.9) as a
product of exponentials of the members of a Hall basis of £(X), multiplied by coefficients that
have simple expressions as iterated integrals, called coordinates of the second kind. This infinite
product is an extension, suggested in [69], of Sussmann’s infinite product on length-compatible Hall
bases [100] to all Hall bases (understood in the generalized sense of Viennot [102, Theorem 1.2] or
Shirshov [94, Definition 1]).

2.5.1 Lazard sets, Hall sets and Hall bases

We start by defining Lazard sets and Hall sets, which are two equivalent notions, as proved by
Viennot in [102, Corollary 1.1]. They lead to the essential notion of Hall bases (see Definition 2.56).

Definition 2.53 (Lazard set). A Lazard set is a subset B of Br(X), totally ordered by a relation
< and such that, for every M € N*, the set By npp of elements of B with length at most M, labeled
as By = {b1,. .., bpy1} with k € N and by < --- < byy1 satisfies

b €Yy = X,
by € V1 := {ad] (v);j € N,v € Yo \ {b1}},

(2.91)
brs1 € Vi == {ad) (v);j € N,v € Vi1 \ {br}}
and
By N Ye = {brga}, (2.92)
where condition (2.92) can equivalently be written
Bpi,vg N Yeg =0, (2.93)

where Vi1 := {ad] (v);5 € N,v € Vi \ {bp11}}.

bk41
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The elements adie (v) for £€{0,....,k+1},j € Nand v € Yy_1 \ {bs} are all different in Br(X)
(identify their left and right factors iteratively) and all belong to B.

Definition 2.54 (Hall set). A Hall set is a subset B of Br(X), totally ordered by a relation < and
such that

e X CB,

e for b= (b1,bs) € Br(X), b€ B iff by,bs € B, by < by and either bs € X or \(b2) < by,
o for every by, by € B such that (by,b2) € B then by < (b1, b2).

When b = (b, (b3, b4)) € B then b; is “sandwiched” in between b3 and b, since by < by < b.

Remark 2.55. A Hall set can be built by induction on the length. One starts with the set X as
well as an order on it. To find all Hall monomials with length n given those of smaller length,
one adds first all (by,by) with by € B, |b1] =n—1, bo € X and by < ba. Then for each bracket
by = (b4, by) € B with length |ba| < n one adds all the (by,b2) with by € B with |b1| =n — |b2| and
by, < by < by. Finally, one inserts the newly generated monomials of degree n into an ordering,
maintaining the condition that by < (by,bs).

Viennot proves in [102, Corollary 1.1] that a subset B of Br(X) is a Lazard set iff it is a Hall set.
He also proves in [102, Proposition 1.1 and Theorem 1.1] that properties (2.91) and (2.92) ensure
that E(B) is a linearly independent and generating family of £(X). This leads to the following
definition.

Definition 2.56 (Hall basis). Given B a Hall set (or equivalently o Lazard set), B := E(B) is a
basis of L(X). Such bases are call Hall bases.

Remark 2.57. Historically, such bases where introduced by Marshall Hall in [59], based on ideas of
Philip Hall in [60]. In his historical narrower definition, the third condition in Definition 2.54 was
replaced by the stronger condition: for every by, by € B, by < by = |by| < |ba|. To avoid confusion
with the generalized definition, we name them length-compatible Hall bases in the sequel.

Given a Hall set B, the evaluation mapping E is one to one from B to the associated Hall
basis B, so that the elements of the basis (belonging to £(X)) can be identified with the bracket
of b € B C Br(X) of which they are the evaluation. We will use this identification in the sequel
when no confusion is possible.

Two famous families of Hall bases of £(X) are the Chen-Fox-Lyndon basis (see [102, Chapter 1])
and the historical length-compatible Hall bases, for which b; < by = [b1| < |ba].

Example 2.58. For instance, with X = {X;, X5}, the elements with length at most 4 of each
Hall set B of L(X) with a length-compatible order < such that X1 < Xo are: X1, Xo, (X1, X2),
ady, (X2), (X2, (X1,X2)), adk, (X2) and (X2,ad%, (X2)), adk, ((X1,X2)). Note that, however,
(X1, (X2, (X1,X5))) does not belong to B because A\((Xa, (X1, X2))) = X2 is not smaller than X1,
and the following equality holds in L(X)

[Xh [X27 [leXQ]]] = [[X1, X2]7 [le XQ]] + [X27 [Xh [Xh XQH] = [X27 ad%ﬁ (XQ)] (2'94)

This illustrates how Definition 2.5/ prevents elements from Br(X), whose evaluations in L(X) are
linked by Jacobi relations, to appear simultaneously in B.

Remark 2.59. Let X := {X¢, X1} and B C Br(X) be a Hall set with an order such that Xy < X;.
The definition of a Hall set implies that, for every k € N, adl)cfo (X1) € B. Moreover, these are all

the elements of B containing X, evactly once. Since B(B) is a basis of L(X), E(B)N Sy is a basis
of S1 and this provides an alternative proof of Lemma 2.36.
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2.5.2 Infinite product on a Hall basis

Definition 2.60 (Infinite product). Let J be a totally ordered set and (S7),c; be a family of A(X)
such that

o for everyje J, (S7,1) =1
e for every o € I* with o # 0, the set {j € J;(S7, X,) # 0} is finite.

< . o~
The infinite product _gJSJ is the element of A(X) defined by
j

— .
ns =% PrPx,, 2.95
JEEDS 299

where Py =1 and P, is the finite sum

o]

_Z Z Z <Sj17X¢71>"'<Sjn7Xan>~ (296)

n=0 oy,...,0n€I%, Ji,.,jn€J,
Xoy KXoy =Xo 1>

an

The following lemma is the key point to generalize rigorously Sussmann’s infinite product on
length-compatible Hall bases, to all Hall bases.

-
Lemma 2.61. Let B be a Hall basis and (aw)pep be a family of K. The infinite product bHBe“bb 18
€

well defined in .K(X) Moreover, for every o € I*,

— —
<H&WX»:< I w%x» (2.97)
beB bEB[[l"gH]

where By 5] s ordered by the induced order of B.

Proof. B is a totally ordered set and, for every b € B, (e®’ 1) = 1. Let o € I* with |o| > 1. For
a € K and b € B, the property (e®®, X, ) # 0 requires |b| < |o|. Indeed

— " (2.98)

has non vanishing coefficients only on monomials X, with length |0/| > |b|. Thus the set {b €
B, (e®® X,) # 0} is finite. This proves that the infinite product is well defined in A(X) and, by

(2.96), the formula (2.97) holds. O
2.5.3 Coordinates of the second kind

Definition 2.62. Let B be a Hall basis of L(X). The coordinates of the second kind associated to
B is the unique family (&)pen of functwnals Ry x L (Ry;K!) — K defined by induction in the
following way: for everyt >0 and a € L (R, ;K')

loc

o (x.(ta): foal,forzel

e forb € B\ X, there exists a unique pair (by,bs) of elements of B such that by < by and a
unique mazimal integer m € N* such that b = ady} (b2) and then

&(t,a) / & (T,a §b2(7' a)dr (2.99)

26



Formula (2.99) indeed defines continuous functionals on L' and the following estimates hold.

Lemma 2.63. Let a; € L. (Ry;K) fori € I. For everyb € B and t > 0,

loc

(¢, )] < [blla(t)llall i), (2.100)
( ’ )
& (t, )] < lallfh .- (2.101)

Proof. Estimate (2.100) is valid for b € X because &x,(t) = a;(t) for i € I and propagated
by induction on b using the recursive definition (2.99). Estimate (2.101) is obtained by time-
integration of (2.100) for each b. O

2.5.4 Infinite product expansion of the solution to the formal differential equation

The following result is due to Sussmann in [100]. The proof below follows Sussmann’s argument.
It is recalled for sake of giving a self consistent presentation and also to treat the extension from
length-compatible Hall bases to all Hall bases (which were not included in Sussmann’s original
statement).

Theorem 2.64. Let B be a Hall basis of L(X). Let T > 0 and a; € L*((0,T);K) fori € I. For
every x* € A(X), the solution to the formal diff (2.9) satisfies, for every t € [0,T],

—
a(t) = a* [ Jes". (2.102)
beB

Proof. Tt is sufficient to prove the formula with * = 1. To simplify the notations in this proof, we
write &,(t) instead of &,(¢,a). By Lemma 2.61 it is sufficient to prove that, for every ¢ € [0, T] and
ocel”

X o Wb x 2.1
(a(t), ,,>_<b68[[1,lgme : (,>. (2.103)

Let 0 € I*, M :=|o|, k € Nand by,...,bg41 and Yy, ..., Y11 be asin (2.91). The equality (2.103)
can equivalently we written

(x(t), Xo) = <e5bk+1(t)bk+1 oo gl (b Xg> ) (2.104)
We define x4(t) := z(t) and, for j € [1,k+ 1],
;(t) = x(t)e S O o8, (Db (2.105)
We prove by induction on j € [0,k + 1] that
() =a;(t) | Y &t)b]| and z;(0) = 1. (2.106)
beY;

It is clear for j = 0 because zo(t) = (t), Yo = X and &x,(t) = a;(t) for i € I. Let j € [1,k+ 1].
We assume (2.106) holds at step j — 1. We deduce from the definition of z;(t) that

z(t) = 21 (t)e S b (2.107)
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Since &, (0) = 0, 2;(0) = 1. Moreover,

ai(t) =21 () | Y &b ] e D —ay (1), (t)bje s
bEY; 1

=1, (t)ess (t)b; Z E(t)b | e 8 (t)b; (2.108)
bev; 1\{b;}

™ (1)
=20y > 5l’;n(!)fb(t)adﬂj(b)

meN bey; _1\{b;}

which ends the proof by induction.
We deduce from (2.93) and (2.106) for j = (k+1) that 2541 (¢) —1 has non vanishing coefficients
only on monomials X, with |¢’| > |o|. Therefore, by (2.96),

(x(t), Xy) = <xk+1(t)6£bk+l(t)bk'+1 .. efhl(t)bl,Xa> — <65bk+1(t)bk+1 .o ey (Db , Xo'> , (2.109)

which concludes the proof. O

3 Technical tools about functions and vector fields

In this section, we state classical definitions and technical results about functions and vector fields.
For the sake of completeness, the proofs, although classical, are provided.

Throughout the whole article, d € N* denotes the dimension of the state space for the considered
ordinary differential equations. We work locally, in neighborhoods of the origin 0 € K¢. For § > 0,
Bs denotes the closed ball of center 0 and radius ¢ in the state space K.

3.1 Functional spaces for finite or analytic regularity

3.1.1 Conventions for multi-indexes

For a € N* and a multi-index o = (a!,...,a%) € N%, we use the notations |a| := a' + -+ + a®

1 a
9% := 9% ---92" and a! ;= all. -l

?

Lemma 3.1. The following estimates hold:
VneN, n"e"e<n!<(n41)"Tlem (e, (3.1)
Va € N* Vo= (a!,...,a%) e N2, 27 (@ Dlaljg)l <ol < |af! (3.2)

Proof. The first inequality can be proved using classical series-integral comparison and the second
by iterating plg! > 2= P*9) (p 4 ¢)! for every p,q € N. O

3.1.2 Finite-regularity norms

Definition 3.2 (Regular functions). Let a,b € N* and K a compact subset of K*. Let k € N. We
endow C*(K;K®), the space of functions whose real-derivatives are well-defined and continuous up
to order k on an open neighborhood of K to K® with the norm

b
1
[ fller = Z Z a”aafjHLw(K), (3.3)

j=1|a|<k

where the sum ranges over multi-indezes o € N* whose sum is at most k and f1,..., f, are the
components of the vector-valued function f. We denote by C>(K;KP®) the intersection of these
spaces over k € N.
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Lemma 3.3 (Submultiplicativity). Let a € N*, K a compact subset of K* and k € N. For every
f,g € C*(K;K), one has
1fgllee < I fllew llgllen - (3.4)

Proof. Using the multivariate Leibniz formula, one has

1
Ifgller =D 0D

la| <k

(3.5)
1 o a—
< X 3 (§)10° oo gl < |l gl
la| <k " B<a
where the sum ranges over all multi-indexes 8 € N® such that 3; < a; for each i € [1,a]. O

Lemma 3.4 (Control of gradients). Let a € N*, K a compact subset of K* and k € N. For every
f € CHYK;K) and j € [1,4],

105 Fll o < Gk + DI llers- (3.6)
Proof. By (3.3),
10 fllge = 37 = 1077 fllpeiiey = 3 2L 9ot ey < (B + DS
JJ ek = ol L>(K) = (a—i—ej)! Lo (K) S Ch+1 (3.7)
|a|<k || <k
since o < |a| < k. O

3.1.3 Analytic norms

Definition 3.5 (Analytic norms). Let a,b € N* and K a compact subset of K*. We define
C¥(K;KP) the space of real-analytic functions defined on an open neighborhood of K to K°, as
the union for r > 0 of the spaces C*"(K;K"), which are the subsets of C*°(K;K®) for which the
following norm is finite

b lex|
r [e3
AU =D Y 10 fill e aey- (3-8)
i=1 qeNd

Lemma 3.6 (Submultiplicativity). Let a € N*, K a compact subset of K*, r > 0. Then, for every
f,g € C¥T(K;K), one has

gl < LA Hlgll- - (3.9)
Proof. Using the multivariate Leibniz formula, one has
pled
7l = 32 Srl0" (o)l
T (3.10)
r « o
< > 20 3 ()10 Sllmao 0 Pl = 1AL il
a€eNe " B<a
where the sum ranges over all multi-indexes 8 € N® such that 3; < «; for each i € [1, a]. O

Lemma 3.7 (Control of gradients). Let a € N*, K a compact subset of K®. For everyro > 11 > 0,
fec(K;K) and j € [1,qa],

1 o\
10381, < = (em2) s, (3.11)

In particular, if ro < erq,
1
o5 fll,, < ——— 1Ay, - (3.12)

2 —T1
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Proof. We start with the first estimate (3.11). One has

N fll, = 3 T N s M CE) PP
. r = _— J Lo(K) — — J Lo (K
’ ' aeNe Oé! ( ) ™ aENe (Oé+€j)! a! ( )
|at-e;|
1 : )
< —If1l,, sup () (a+e)! (3.13)
r1 ZOLGNH T2 a!

< il supn (2

— supn | — | .

n 2 nZIi )

For z € (0,1), let C(z) := sup,,»; na" = sup,>; exp(lnn + nlnxr). Considering that x is a fixed
parameter and differentiating the argument with respect to n € [1,+00) yields

d 1
a(lnn—i—nlnx)zﬁ—i—lnx. (3.14)

Since x < 1, this derivative is negative for n large enough. For = > 1/e, the global maximum is for
n = —1/Inz. So its value yields the bound

C(z) < (—elnz)™". (3.15)

For x < 1/e, the supremum over n is achieved for n = 1 and its value is z. Since z < (—eln x)fl
for x € (0,1), the bound (3.15) is looser and valid for every z € (0,1).

The second inequality is a consequence of the estimate In(1+0) > o/(e—1) foroc <e—1. O

Remark 3.8. The first estimate (3.11) is classical (see e.g. [84]). The second estimate (3.11) is a
simplified version, restricted to the case when the relative radius loss is small enough. This is the
form under which we will use Lemma 3.7 in the sequel since we consider small radius losses.

3.2 Estimates for differential operators and Lie brackets
3.2.1 Vector-valued functions, vector fields and differential operators

As is usual, we will identify each smooth vector-valued function with the associated first-order
linear differential operator, and we will refer to both objects as a vector field. Let K be a compact
subset of K.

Definition 3.9 (Vector field). Given coordinates aq,...,aq € C*°(K;K), we define the associated
vector field f indifferently as the vector-valued function f = (a1, ...,aq) of C*(K;K?) (mapping
each point of the state space to a vector of K), or as the first-order linear differential operator
f=a101 + -+ aq0q (acting on smooth functions ¢ € C*°(K;K)).

Remark 3.10 (Composition of vector fields). Seen as linear operators, vector fields can be com-
posed, yielding higher-order differential operators. Let f,g € C=(K;K?) (denoting their coordinates
by ai,...,aq and by,...bg) and ¢ € C*°(K;K). We will hence write

d
fo =7 aidid (3.16)
=1
and
d d
96 =3 ai (b;0:0;6 + (9b,)(9;9)) . (3.17)
i=1 j=1

Similarly, for k € N, f*¢ will denote the composition of the linear differential operator f with itself
k times, applied to ¢. Such formulas still make sense in a finite reqularity setting, as long as all
derivatives are well-defined.
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3.2.2 Estimates for products

Lemma 3.11. Let k € N, n,b € N*, § > 0, f1,... fn € C**""1(Bs; K9) and ¢ € C*"(Bs; K?).
With the notations of Remark 3.10,

(k+n)

- frdller < =7 fallewtn—s -l fullersn-sllglleren. (3.18)

Proof. For n =1, it is a consequence of (3.3), Lemma 3.3 and Lemma 3.4. For n. > 1, the estimate
follows by induction. O

Lemma 3.12. Letry >0, 7y € [ra/e,73), n,b € N* and § > 0. Let fi,..., f, € C*"2(Bs;K?) and
¢ € C¥"2(Bs; K?). With the notations of Remark 3.10,

n! e "
oo fiolle, < 2 () Woally, - Al W, (3.19)
In particular, under the same assumptions,
5 n
1o Frdlico <! () Wl = WAL, T, (3:20)

Proof. For n = 1, estimate (3.19) is a consequence of (3.8), (3.9) and (3.12). For n > 1, one applies
the n = 1 estimate n times with a radius increment (ro — r1)/n at each step. This yields more
precisely

n
oo fioll, < () Wall W o6l

n n
n
< (1) 6l LTl 0z

which concludes the proof because the norm (3.8) is non-decreasing with respect to r, and we can
bound n" using (3.1). Estimate (3.20) is a direct consequence for the particular choice 1 = ra/e,
because /(e — 1) < 5. O

(3.21)

3.2.3 Lie brackets

Definition 3.13 (Lie bracket of vector fields). We define the Lie bracket of smooth vector fields
f and g as the usual commutator of the associated linear differential operators: [f,g] := fg — gf
(with the notations of Remark 3.10). By (3.17) and Schwarz’s theorem, one checks that [f,g]
is also a first-order differential operator, which, as a vector-valued function, can be computed as

[f,g] = (Dg)f — (Df)g.

Definition 3.14 (Evaluated Lie bracket). Let I be a finite set of indices, X = {X;;i € I} be
indeterminates and {fi;i € I} be C* wvector fields on a subset Q of K. For an iterated bracket
b € Br(X), we define f, := A(E(b)), where A : L(X) — C®(K?) is the unique homomorphism
of Lie algebras such that A(X;) = f; for every i € I (see Remark 2.9 and Lemma 2.7).

The vector field f, is obtained by replacing the indeterminates X; with the corresponding vector
fields f; in the iterated bracket b, for instance f(x, (x,.x,)) = [f1, [f2, f3]].

The notation f, will sometimes denote the same vector field, seen as a vector-valued function,
under weaker reqularity assumptions, for instance f; € CI°1=1 and then f, € C°.

Lemma 3.15 (Finite regularity estimate). Let k € N and § > 0. Let b € Br(X). Fori € I, let
fi € CFHIPI=1(Bs: K4, Then,

k +1b n; (b
ller < 2 =D Ty (3.22)
el
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Proof. This follows from (3.18) because, as can be checked by induction on [b|, f; is a sum of at
most 2/°1~1 terms of the form studied in Lemma 3.11, where ¢ is one of the vector fields f;. O

Lemma 3.16 (Analytic estimate). Let ro > 0, r; € [ro/e,r2) and 6 > 0. Let b € Br(X). For
i €1, let fi € C¥"2(Bs; K?). Then,

(ol =1t (_2e "7 na(®
< il 3.23
sll,, < === (=) TLI5I: (3.23)
el
In particular, under the same assumptions,
9\ na(b)
Il < (ol =0t (2) 7 TLHAIE®. (3.20

icl

i), (3.25)

1 9\ /=t
Iler < max {1, Lo - 0 (2) 7 T s

iel
Proof. Estimate (3.23) stems from (3.19) because, as can be checked by induction on |b], f is a
sum of at most 2/°'=1 terms of the form studied in Lemma 3.12, where ¢ is one of the vector fields

fi. Estimates (3.24) and (3.25) are direct consequences of (3.23) for the particular choice r; = ry/e
because 2e?/(e — 1) < 9 and, for every r1 > 0, || foller < max{1, =} [ folll,,- O

o
Remark 3.17. The fact that estimate (3.23) scales like the factorial of the length of the Lie bracket
is optimal, as illustrated by the following vector fields. For x € R? with |x| < 1, define

1
_17£81

fo(x):=e1 and fi(x): €a. (3.26)

Using (3.8), one checks that these vector fields belong in particular to C*"(Bs; R?) for r = i and
§ =35, with || folll, =1 and ||| f1]|,, = 2. For k € N, one has

27

adk (f1)(z) = O (1) ey = u_iiweg. (3.27)

1—$1

Moreover, since fy is constant and f, depends only on x1 but is a multiple of eo, every Lie bracket
involving f1 at least twice vanishes identically. Since these analytic vector fields “saturate” the
bounds and exhibit such a nice structure, we will use them repeatedly in our counter-examples.

3.3 Well-posedness of ordinary differential equations

The nonlinear differential equations

(t) = f(t,z(t)) and z(0)=p (3.28)
will be studied in the following classical frameworks.
Lemma 3.18. Let §,T > 0 and f € L'((0,T);C'(Bas; K?)) such that || f|| 11 ((0,7):c0) < .

1. For each p € By, there exists a unique function z(-; f,p) € C°([0,T); Bas) such that
t
Ve 0.1), altifip)=p+ [ finalrifp) dr (3.29)
0
2. If f € CO([0,T] x Bas; K?) then z(-; f,p) € CH([0,T]; Bas) and satisfies (3.28) pointwise.
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3. If f € C*([0,T] x Bas; K%), the map p € Bs + z(-; f,p) € C°([0,T]; Bas) is smooth.

4. If g satisfies the same assumptions as f, then, for each p € Bs and t € [0,T],
(t; f,p) — 2(t; 9, 0)] < |If = gllr0.6:c0) exp (1 fllLr0,07:c)) - (3.30)
Proof. We proceed step by step. Let E := C°([0,T]; Bas)-

1. Define © : E — E by O(z)(t) :==p+ fot f(r,z(7))dr for x € E. Thanks to the smallness
assumption on f, ©(z)(t) € Bzs. Let n € N* be such that || f]|7: o r).c1)/n! < 1. By the
Banach fixed-point theorem, ©™ has a unique fixed point, which is also a f‘%xed point of O.

2. If f is continuous, then t — ©(x(t; f,p)) belongs to C1 ([0, T]; Bas) and its derivative at time ¢
is f(t,z(t; f,p))-

3. If f is smooth, let p € Bs, T := «(-; f,p) and define F': Bs x E — E by

t
VeI, Fpa)t) =) -p- | fra(m)dr (331)
0
Then F is of class C*°, vanishes at (p,z) and 9, F(p, ) is a bijection on E. By the implicit
function theorem, the map p — z(-; f,p) is C*> on a neighborhood of p.
4. This follows from a standard Gronwall’s lemma argument. O

Lemma 3.19. Let 6,6, > 0, ¢ € N* and f € C¥(Bas x Bga(0,6,); K?). Let T := &/ f||co. For each
p € Bs and u € L>=((0,T); K?) with ||u||p~ < 8., there exists a unique solution x € C°([0,T]; Bas)
to

(3.32)
denoted z(t; f,u,p). Moreover, the map (u,p) — z(:; f,u,p) € C°([0,T]; Bas) is real-analytic on
Bs X Breo(0,1(0,0y).

Proof. Existence stems from Lemma 3.18. Analyticity is a consequence of the implicit function
theorem, which yields the analyticity of the implicit function when the direct function is analytic
(see e.g. [27, Theorem 4.5.4]). O

3.4 Flows, compositions and pushforwards

Here and in the sequel, when we manipulate flows of vector fields, we always make sure that an
appropriate smallness assumption ensures that the local flow is well-defined up to the time at which
we evaluate it.

3.4.1 Definitions and approximations

By applying Lemma 3.18 to a time-independent vector field we obtain the following object.

Definition 3.20 (Flow of time-independent vector fields). Let § > 0. Let f € C'(Bas; K9) such
that || fllco < 6. We denote by ef the flow at time one of the vector field f,

Bs — Bsygs,
S 20 (3.33)
p—z(1; f,p),

with the notations of Section 3.8. We write efp instead of ef(p) to allow easier composition of

flows. When moreover f € C®(Bas; K?9), ef can also be seen as the zero-order linear operator on
C>(Bas; K) defined by e/ ¢ : p— ¢(elp).
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Lemma 3.21. Let § > 0 and f € C'(Bs;K%). Assume that &' := § — || f|lco(s;) > 0. For each
p € By, efp is well-defined and e’ p € Bs. Moreover,

le/p = pl < || fllcogss), (3.34)

and
HD(ef)||C0(B5/) < e”DfHCO(B(;) < erHCI(B(;). (335)

Proof. The second estimate comes from the fact that D(ef),, = R(1) where

R(t) = Df(ep)R(t) and R(0) = Id. (3.36)
Thus, by Gronwall’s lemma,

IR()|| < |[Td]|eo 1P7 PNt < DI, (3.37)
which concludes the proof. O

The exponential notation is motivated by the possibility to approximate e/ by partial sums
of the exponential series of the linear differential operator f. It is completely legitimate in the
analytic setting, as underlined by the following result.

Lemma 3.22 (Approximation of autonomous flows). Let § > 0, f € C*(Bas; K%) with || f|co < 6.
Using the notations of Remark 3.10:

1. For each M € N, if f € CM(Bys; K?) and ¢ € CM+1(Bys; K), for each p € Bs,

;xS
(-5 ) 0w
k=0

< LA I pllear+r (3.38)

2. If f € C¥(Bas; K?) and ¢ € C¥(Bas; K), for t small enough, for each p € Bs,

+oo Lk
H(G)) = 3 i/ 0w) (339
k=0

and the sum converges absolutely in the sense of analytic functions.

Proof. First statement. By the first point of Lemma 3.18, e!/(p) is well defined for every ¢ € [0,1]
and takes values in Bas. For t € [0,1] and k € [0, M + 1], we have

d* tf k g\ (ot

< [0 )] = (£6) (e ). (3.40)

Thus, the considered sum is the Taylor expansion of order M of the map t + ¢(et/(p)) at t = 0
and

M
fk _ ! (1 — S)M 1 s
<€f - kz_ok'> (@)(p) = /0 T(JCMJr ¢) (e f(p)) ds. (3.41)

This concludes the proof of (3.38) thanks to the integration in (3.41) and Lemma 3.11.

Second statement. Let v > 0 be such that f € C¥"(Bas; K¢) and ¢ € C¥"(Bas; K). Let 1’ € [r/e, 7).
By (3.19), for each k € N,

¢k k! F
| B2 (=) mansnan,. (3.42)

, k! r—r!

tk:
Hf%
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so that the sum converges absolutely in € when [t|e || f][|, < = — '. Moreover, by (3.41) with

f <« tf and (3.19),
(-5

where, using (3.42), the right-hand side tends to zero as M — 400 under the same smallness
condition; so that the sum converges towards e/ ¢ in C* when |t|e]||f[|, < — 7. O

|t|]\/]

< arrm M el (3.43)

co

3.4.2 Pushforwards of vector fields by diffeomorphisms

Definition 3.23 (Pushforward of a vector field by a diffeomorphism). Let Q,Q" be open subsets
of K. Let 0 € C1(Q; ) be a local diffeomorphism from Q2 to Q. Let f € C°(Q;K?) be a vector
field. We define 0. f € C°(€; K9) the pushforward of f by 0 as

(0-£)(q) := (DB)jg-1(9) f (07" (@)) = (DOH) ] F(0*(a))- (3.44)

Lemma 3.24 (Chain rule for pushforwards). Let Q,Q’, Q" be open subsets of K. Let 0 € C1(2;€Y)
be a local diffeomorphism from Q to Q) and 0’ € C1(Q'; ") be a local diffeomorphism from Q' to .
Let f € C°(Q;K?) be a vector field. Then, on Q"

L0, f) = (0" 00).f. (3.45)
Proof. This is a consequence of the chain rule for differentiation, see e.g. [77, Problem 12-10]. O

Lemma 3.25 (Lie brackets of pushforwards). Let ,€) be open subsets of K. Let 6 € C?(£2;Y)
be a local diffeomorphism from Q to Q. Let f,g € C'(Q;K?) be two vector fields. Then, on ',

Proof. This is a consequence of the chain rule for differentiation, see e.g. [77, Corollary 8.31]. [

3.4.3 Composition of vector fields with flows

Lemma 3.26. Let § > 0, fo € C'(B2s;K?) and t € R such that |t|||follco < §. Denote by
®y(t,p) := etfo(p) the associated flow for p € Bs.

1. For each M € N, if fo, f1 € CM+1(B25;Kd), then, for each p € By,

Mlk

M
(0,o(t,p)) ™ f1 (®o(t,)) Z adh ()| < oo fedk ] Ga)

2. For each M € N, if fo, fi € CM*1Y(Bys; K?) and ad%(fl) =0, then, for each p € B,

Mlk

(@o(=1)«f1)(p) = (B®o(t,p)) " f1 (Do(t,p)) Z 7l adf, (f1)(p). (3.48)

This holds in particular when L({fo, f1}) is nilpotent with index at most (M + 1).
8. Ifr >0, fo, f1 € C¥"(Bas; K9), then, for |t| < m, for each p € By,

+ook

(@o(=1)f1)(p) = (@pPo(t,p) " f1 (®o(t,p)) Z i ad, (f1)(p (3.49)

where, for every r' € [r/e,r) the series converges in C¥" (Bas; K%) when |t| < 6\7\]‘0\\\

35



4. Let Hy, Hy € My(K?) and M € N*. Then

M-1

- (2([ Hol)™
eHo fe=Ho — ﬁadlﬁlo(Hl) < THHlHeQ”HO“ (3.50)
k=0
and
+oo 1 .
eHOHlefHO = Z H adHo (Hl), (351)
k=0
where ad is the commutator of matrices ada(B) := [A,B] = AB — BA and || - || a sub-

maultiplicative norm on M4(K) such that ||Id4|| = 1.
Proof. We proceed step by step.
1. First, for each 7 € [0,t], ®o(7,p) is well-defined. Taking into account that

@0t ] = ~@p0(t ) 0,20(7,p)] (3ot )

(3.52)
-1
= —(0p®0(t;p)) "D fojaq(r,p):
one obtains by induction on & € [0, M + 1] that
dk _ _
5 |@20(0)) " £ (@0, p)) | = (,0(tp)) " ad, (f1) (R0(r.p). (3.53)
The Taylor formula
M-1 tk
(@p®o(t,p)) " f1 (Po(t,p)) — 7 adl, (f1)(p)
k=0 " (3.54)
ft—s)M ! -1 M
= . m(ap%(&p)) adfo(fl) (®o(s,p)) ds
proves the first statement.
2. Equation (3.54) yields the conclusion.
3. Let r’ € [r/e,r). Thanks to (3.23),
e itk (20 \" "
|Gesm|| <5 (%) nansnan.. (3.55)

so the series converges absolutely in C*"" when 2elt| || foll, < 7 — 7/, which is the case when
6[t| || folll,, < r—r’ because 2e < 6. The weakest bound, for ' = r/eis 2elt| ||| folll,, < (1—1/e)r
and it holds when 9|¢| ||| fol|,, < r because 2e/(1 —1/e) < 9.

Moreover, thanks to (3.54) and (3.55),

3 L 0 L
(QO(_t)*fl)(p) - Eadfo(fl)(p) < WH adfo (fl)”CO sup ||(apq)0(8,-)) HCO
k=0 : s€[0,t] (3‘56)
M
< Aol <2ltll_llf) |

where Aj denotes the supremum in the right-hand side of (3.56) which is finite. So the sum
converges towards the pushforward under the same smallness assumption on time.

4. The last statement is proved similarly, by considering the function t — e*fo H e tHo, O
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3.4.4 Partial derivative of a flow with respect to a parameter

In this paragraph, we compute the partial derivative of a flow with respect to a parameter on which
the vector field depends, under a particular nilpotency assumption.

Lemma 3.27. Let J an interval of R. Let § > 0 and f € C*(J x Bus; K?) such that || f|jco < 6.
Let \g € J, M € N and assume that, for each A € J, ad%,\o)(f(/\)) = 0. Then, for each p € By,

M-1 Nk l
% (efmp)M:AO - kz:o (1(C Jrl)l)! adf(,) (O0f (M) (6““)17) : (3.57)

This holds in particular when L(f(J)) is nilpotent with index at most M + 1.

Proof. Let © € C*([0,1] x J x Bj;) defined by O(t, \,p) := /M (p). Let py € Bs and \g € J. Let
xo(t) := etfX0)(py) for t € [0,1]. Then, the desired derivative is 9,0(1, Ao, po) = 2(1) where z is
the solution to z(0) = 0 and

2(t) = 0u f (Mo, 20 (1)) 2(t) + Oxf (Ao, o (1)) (3.58)

Let R: (¢,8) € [0,1]2 = M4(K) be the resolvent associated with the linearized system at pg, which
is the solution to R(s,s) =1Id and

atR(tv 5) = 8mf(>‘07 xO(t))R(tv S)a (359)
ie. R(t,s) = 9,0(t — s, Ao, zo(s)). Then by Duhamel’s principle

Z(l):/o R(1,1)7'0xf (Ao, zo(7)) AT

1 (3.60)
:/ (0,0 — 1. 30, 20(1)) ™00 f (A0, O( — 1, Ao, 0 (1)) dr.
0
By (3.48) of Lemma 3.26 with ¢ <~ 7 — 1, fo < f(Xo,*), f1 < O f(Xo,+) and p + xo(1),
B g GR
2(1) :/O > T i (907 00) (1) dr (3.61)
which gives the conclusion. O

4 FError estimates in time for nonlinear vector fields

Using a classical linearization principle (see Section 4.1), we show that the formal expansions for
linear equations of Section 2 can yield approximate formulas in the context of nonlinear ordinary
differential equations. We derive rigorous error bounds at every fixed order with respect to time,
involving finite sums or products.

4.1 Linearization principle for nonlinear vector fields

We explain how, by seeing vector fields as first-order differential operators and points on the
manifold as the operator of evaluation at this point, one classically recasts a nonlinear ODE driven
by smooth vector fields to a linear equation set on a larger space of operators on smooth functions.
This approach is notably used in [3, 4] (replacing nonlinear objects by infinite-dimensional linear
ones is the foundation of the “chronological calculus”) and in [97]. More generally, the idea of
replacing the study of a space by the study of the ring of functions on that space is reminiscent of
the representation results of [50]. For readers with a background in PDE analysis, this linearization
principle can be seen as a “reversed method of characteristics™ it transforms a nonlinear ODE into
a linear transport PDE, considered at the level of evolution operators.
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4.1.1 Definition of an operator acting on smooth functions

When T > 0 and f € C([0,T] x K% K?) satisfies ||f| z1(0,7):co) < 1, we take the nonlinear
ODE (3.28) back to a linear framework by considering, for every ¢ € [0, T the linear operator L(t)
on C° (K% K) defined, for ¢ € C°(K% K), by

L(t)p:p— @ (x(t; f,p)) - (4.1)

L(t)p is of class C*™ as a composition of C*° functions, by the third statement of Lemma 3.18.
L(t)y is compactly supported in K¢ because  is and |z(¢; f,p) — p| < 1 for every p € K%, by the
first statement of Lemma 3.18 (which is of course invariant by translation of the origin). We don’t
specify the dependence of L(t) with respect to f to simplify the notations.

For every p € K%, the map ¢ € [0,T] — (L(t)9)(p) belongs to C'([0,T];K) and satisfies, for
every t € [0, 7], using the notations of Remark 3.10,

d

S (L02)0) = D (a(t: £,9)) £ (L2(t: £9)) = (LOFD) ). (4:2)

Thus, L satisfies the following linear equation

d
L(t) = L)1 (1) (4.3)

in the weak sense explicited above. For every fixed ¢ € [0, 7],
t
Yo CREEKRLERY  (LOR0) = o)+ [ (LD (1)
0

where the symbol f(f is the Lebesgue integral on L'((0,); K). We will use the following notation
to refer to this property:

L(t) = Td + /O L(r)f(r) dr. (4.5)

In the sequel, all integral equalities between operators on C°(K¢; K) should be understood in this
weak sense (after evaluation on a test function and at a point). The right-hand side refers to
the composition of two operators on C2°(K% K): L(7) and f(7), seen as a first-order differential
operator on smooth functions.

Equation (4.3) is now a linear differential equation satisfied by the object L(¢) (in a much larger
space), so one can hope to apply the linear results of the previous sections.

4.1.2 Approximating sequence

In order to approximate the operator L(t), it is natural to introduce the sequence (L,);en of
time-dependent operators on C2°(K%; K) defined, for every t € [0, T], by Lo(t) := Id and, for j € N,

t
Lialt) = [ Lif(r)r (46)

0

where this definition should be understood in the weak sense. Hence, recalling Remark 3.10,
Lty = [ fn)- (), (47)
A (t)

where the integration domain is the ordered simplex of Definition 2.15. Then, for every j € N,
L; is “of order j with respect to f”, and a differential operator of order at most j (with respect

to x) on C°(K%;KK). And this sequence indeed allows to approximate L(t) in the sense exposed in
Proposition 4.1 below, in a finite regularity setting.
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4.2 Chen-Fliess expansion

The approximating sequence for the operator L(t) yields the following straight-forward estimate
for the Chen-Fliess expansion of the state, which can also be found in [3, Proposition 2.3].

Proposition 4.1. For every M € N, 6 > 0, T > 0, f € L*((0,T);C™>*(M-1)(Bys: KY)), with
£l (0,1):c0) < 0 and ¢ € CMTY(Bys;K), for each t € [0,T], with the notations of Remark 3.10,

2(t: £,p) Z /A » F)e) ) dr| < M+ DTS o enn l@llews. (48)

In particular, for each p € Bg,

M
z(t; f,p) — Z/Af(t) (f(Tl) . -~f(Tj)Idd)(p) dr| < (M + 1)!||fH%(+(%),t);cM). (4.9)

Hence, if f € L>((0,T);CM), both estimates correspond to a bound scaling like tM+1.

Proof. Let p € Bs. Thanks to Lemma 3.18, z(7; f,p) is well-defined for 7 € [0, T] and z(-; f,p) €
CL([0,T); K?). Thus, for each 7 € [0, 7],

platrifoo) = o)+ [ (1)) ol £ d. (4.10)
By iterating this formula, we obtain for ¢ € [0, 7],
P (a(ti f.p) g IR IEE,

— / (F(r) - Fraran)e) (@(marass f.p)) dr,
AM+1(¢)

(4.11)

which concludes the proof of (4.8) using Lemma 3.11. Then (4.9) follows by applying (4.8) to
coordinate functions. O

4.3 Magnus expansion in the usual setting

In Section 4.3.1, we state a precise estimate of the difference between the exact flow and the
exponential of its truncated logarithm. In Section 4.3.2, we show that this estimate implies a
similar estimate for the CBHD formula. Section 4.3.3 is devoted to a technical result used in the
proof, which transposes to vector fields a formal integral identity.

4.3.1 Standard error estimate in time

The following estimate can be viewed as a refined version of classical time-focused estimates (see
e.g. [87, Proposition 4.3]). It bears a lot of similarity with [38, Theorem 1.32], but is both easier to
state and to prove in our flat setting since [38] is concerned with the truncated logarithm of flows
in general Riemannian manifolds. We propose a proof for sake of completeness, and because this
precise estimate is the founding principle of the new estimate, proved in the next section. It relies
on the usual arguments, used for instance in [97] and [3, Proposition 4.1] (which states a slightly
tighter estimate).
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Proposition 4.2. F'ozr every M € N, there exists dpr, Cpy > 0 such that, for every 6 >0, T > 0,
f e LN(0,T); Mo (Bys; KY)) with || £ i o rysenezy < Oar min{158}, p € Bs and t € [0,T],

#(t; £,0) = 0| < Cull fIIHL e (4.12)

where Zyi(t, ) := Log, {f}(t) is the vector field introduced in Definition 2.25.
Hence, if f € L"C’((O,T);C'M2 (Bas; K9)) this estimate corresponds to a bound scaling like tM+1,
Moreover, if f(t,x) = > ;c;ui(t) fi(z) with u; € L*((0,T);K) and f; € CM* (Bys; K%), then, for
each monomial basis B of L(X),

Zut, )= Y Gtuf (4.13)
bEB1,M]

where the functionals (, are the associated coordinates of the first kind and f, are the evaluated
Lie brackets (see Definitions 2.28, 2.80 and 3.14).

Proof. For M =0, Zy(t, f) = 0 thus (4.12) holds with Cy = 1 because |z(t; f,p) — p| < || f|lL1(co)-
From now on M € N* is fixed. By Definition 2.23, there exists C; > 0 such that, for every § > 0,
T>0, f S Ll((O7T);CM_1) with ||f||L1(CM—1) <landte [O,T],

[Loga {f}()llco < Cusll fllrerr—r). (4.14)

In particular, for every 6 > 0, T > 0, f € L'((0,T);CM~1) with | f|| 1 (ca-1) < min{1;6;6/C,},
for every p € Bs and t € [0,T],

e x(t; f,p) is well defined and belongs to Bas,
e for every s € [0,1], eso8m{/}()p is well defined belongs to Bas.

This happens, in particular, when || f|[11(cm-1) < dpr min{1; 6} with dps := min{1;1/C),}.

From now on, we fix 6,7 > 0 and f € L'((0,T);CM") with 1l 1 a2y < O min{1; 6}

In order to use the operators L(t) defined in Section 4.1, we assume that f € C2°([0, 7] x K% K%).
This is not restrictive because this space is dense in L((0,7T); cM? (Bas; K9)) and both sides
of (4.12) are continuous for the L*((0,T); CM") topology on f (see the fourth item of Lemma 3.18).
Moreover, this regularization procedure is merely an heuristical convenience, since all the compu-
tations performed below make perfect sense even in our finite regularity setting.

Step 1: Construction of the formal logarithm. We introduce Z;(¢, f) the finite sum of
terms “of order at most M with respect to f” in the following formal power series (recall the formal
power series for log(1 + x)):

1 m—1
log L(t) = Y % S Lity] (4.15)
meN* JEN*
with the notation of (4.6), i.e. we define
M M (=1)m-1
Zu(t, f) = Z Z E— Z Ly, (t) - L, (t), (4.16)
r=1m=1 reNm
where N7 is defined in (2.25). For instance,
1, 1 1,
Zs =L+ | Ly — §L1 + ( Lg — B (L1Lo + Lo Ly) + ng . (4.17)
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Then, by (4.7),
M M

_1\ym—1
Zu0) =Y = Y [ gt sa (1.18)

r=1m=1 reNm

A priori, Zy(t, f) is thus an inhomogeneous differential operator on C°(K% K), of order at
most M. Using Lemma 4.5 (see below in the next paragraph) and Definition 2.23, Zy/ (¢, f) =
Log{f}(t) and satisfies (4.13). Thus Z(¢, f) is a smooth vector field, i.e. both a vector-valued
function and a first-order differential operator.

Step 2: Strategy for the proof of the estimate. The key observation is that it is sufficient
to prove that there exists Cj; > 0 (independent of §, T, f) such that, for every p € Bs, t € [0,T]
and ¢ € (K% K),

|(2) = D) (@)p)| < Curl IR Il errn - (4.19)

Then, the conclusion follows by considering an appropriate C° truncation of the coordinate func-
tions p; : v € K¢+ x; € K. To prove (4.19), we will decompose the difference in three terms

Zu S S o Zh 2z
=0 =0 ' .

k=0 k=0

with the notation of (4.6). The first term is estimated in Proposition 4.1.

Step 3: Bound for ) L;—>" Zk—kﬂ By (4.16), this operator is a (finite) linear combination of
terms of the form L;, (t)--- L;, (t) where p € N*, ji,...,j, € [l, M] and M+1 < ji+...+j, < M.
Indeed, Zys(t, f) is also the finite sum of terms “of order at most M with respect to f” in the formal
power series (4.15). Thus, there exists C; > 0 (independent of §, T, f) such that, for every p € B,

t € [0,T) and ¢ € C*(K%; K),

M M .

L) — Zu(t, f)F < O | flM+1 191
St -3 AU (o)) < A e v (121)
j=0 k=0 ’

Step 4: Bound for )’ Zk—fk,” — e?M, Using Lemma 3.22 for the time-independent vector field
Zy(t, f) (where t € [0,T] has been fixed), estimate (3.38) yields for every p € Bs, ¢t € [0,T] and

p € C2(K%K),
M k
| (ezM(t’” -y Rl ) @)

k=0

<1 Zae(t N)liead Hlellearss. (4.22)

We deduce from (2.30) the existence of C}; > 0 (independent of 6, T, f) such that for every ¢ € [0, T

1Zae(t, F)llere < Carllfll e o,eyc2ne-1y- (4.23)

Hence, for every p € Bs, t € [0,T] and ¢ € C>*(K% K)

o~ Zurt, )
M\l
’(62“4(”) - kz: o ) ()P < (CaDM I T an oy lllear. (4.24)
=0
Gathering (4.8), (4.21) and (4.24) concludes the proof of (4.12). O
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4.3.2 Campbell Baker Hausdorff Dynkin formula

We deduce from Proposition 4.2 the following estimate for the classical CBHD formula with ¢
time-independent vector fields.

Corollary 4.3.2 For every M € N*, there exists 0pr, Cpr > 0 such that, for every 6 > 0, ¢ € N*,
fiyoooy fq € CM7(Bas; KY) with i<j<q I fillere < 6p min{1; 6},

Hefq oo eft _ OBHDN (f1,..fq)

Lo < Cull M (4:25)

where CBHDyf(f1, ..., fg) = Logy{f}(q), where the time-dependent vector field f is defined by
f:(tm)e [07Q} X Bas Z?’:l 1[j71,j](t)fj(w) and ”f” = ||fHL1(cM2) = Z1§j§q ||fj||cM2-
Moreover, for each monomial basis B of L({X1,...,X,})

CBHDuy(f1,.- - fa) = Y. ol (4.26)

bEB[[LM]]
where (ay)pes C KB is given by Corollary 2.33.

Proof. Because of the particular form of f, we have z(t; f,p) = efe---efip. Thus the estimate
(4.25) is an application of Proposition 4.2. Let A : L({X1,...,X,}) = L{f1,---,[fq}) be the
homomorphism of Lie algebras such that A(X;) = f;. The map CBHD,y is defined by a finite sum
of Lie brackets, thus it commutes with A

CBHDu(f1, ..., fg) = A(CBHDp(X1,.. ., X)) =A | > apb| = > apA(h), (4.27)
beB[[l,IvIIl beB[[l,M]]

which proves (4.26). O

4.3.3 Replacing products with brackets in logarithm integrals

The goal of this section is to prove Lemma 4.5, which is a key point in the proof of Proposition 4.2,
as it allows to replace products of differential operators with Lie brackets in the integrals involved
in the computation of the logarithm of the flow.

We first state and prove a corollary of Theorem 2.27 in algebras. Indeed, Theorem 2.27 is a
statement about formal differential equations, but it has consequences for concrete realizations,
e.g. for systems governed by vector fields or matrices (this will be used in Section 5.2.2).

Corollary 4.4. Let A be a unital associative algebra over K and Ay be a finite dimensional linear
subspace of A. Then, for every r € N*, t >0 and a € L'((0,t); A1), one has

r _1\ym—1
S B [ ) alm) dr =

m=1reNm Ar(t)
' L (et (4.28)
- mZ::l %: e /Ar@) [ [a(m), a(m)], ... a(r)] dr,

where the equality should be seen as an equality between elements of a finite dimensional linear
subspace of A (generated by monomials of terms in A1 of degree ), so that one can give a meaning
to the integrals without introducing any topology on A.

Moreover, if a(t) = Y_,c; i(7)y; with a; € L*((0,t);K) and y; € A then, for each monomial
basis B, of L.(X),

r _1\ym—1
%Z > ( 17)n / [+ [a(m),a(m)], . a(rn)]dr = ) Gt a)ys, (4.29)

m=1reNm Ar(t) beB,.
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where the functionals (, are the associated coordinates of the first kind and y, = Y(b) where
Y : A(X) — A is the homomorphism of algebras such that Y(X;) = y; (see Definition 2.30 and
Lemma 2.7).

Proof. Let ¢ € N* be the dimension of A, (as alinear subspace) and y1, . . .y4 be a linear basis of A;.
Let a; € L'((0,t); K) denote the components of a(-) in the basis y1, ...yg, i.e. a(r) = a1 (7)y1+.. .+
oy (7)y, for almost every 7 € [0,¢]. Then a(t) = Y(a(t)) where a(7) := a1 (1) X1+ ... + a4(17) X, €
A1 (X). From (2.34) and (2.35), one obtains that (4.28) holds for a(-). Applying the homomorphism
T of algebras to both sides proves (4.28) for a(-). The same strategy proves (4.29). O

Lemma 4.5. For every r € N*, t > 0 and f € C>°([0,t] x K¢, K%),

r _1\ym—1
Z Z %/ fr)f(m2) - f(r)dr =

m=1reNm Ar(t)
T L (et (4.30)
- e - f(m), f(m2)], ... f(7r)] dr,
PPV AR S

which should be seen as an equality between linear operators on C°(K% K), hence only valid after

evaluation at a function ¢ at a point p, so that the integrals are integrals of scalar-valued functions.
Moreover, if f(1,2) = > ;c; ui(7) fi(z) with u; € L'((0,1); K) and f; € C°(K%KY) then

r _1\ym—1
I S B S S = 3 Gl (43D

m=1reNm Ar(t) beB,

where B, is a monomial basis of L,.(X), the functionals (, are the associated coordinates of the
first kind and f, are the evaluated Lie brackets (see Definitions 2.4, 2.30 and 3.14).

Proof. Let (fn)nen- be a sequence of functions in C2°([0,¢] x K% K9) such that f, takes values in
an at-most n-dimensional vector subspace E, of C3°(K%K?) and || fn, — fllL1(0,6),cr) — 0 when
n — oo. For example, one can choose an n-points trapezoidal approximation of f. For each
fixed n, applying Corollary 4.4 with A = Op(C°(K%;K)) and A; = E,, proves (4.30) for f,. Let
¢ € C*(K%K) and p € K¢. For each n € N*, we deduce that

Z Z (_11)7:1_/Ar(t) (fn(T1)"‘fn(7—r)90)(p)dT:

m=1reNm

) iy (4.32)

m

S| =

[ alr) a2l Sl ) 0
Ar(t)

m=1reNm

For each fixed ¢ and p, both sides converge as n — 400 towards the same quantities for f. This
proves that (4.30) holds as an equality between linear operators. Applying (4.29) gives (4.31). O

Remark 4.6. Although most algebraic results of Section 2 remain valid for infinite alphabets (sets
of indeterminates), there is a difficulty when one wishes to “evaluate” equalities in the free algebra
over an infinite alphabet towards some target algebra (one must somehow introduce compatible
topologies on both sides). Our approach to prove Lemma 4.5, where f is allowed to take values
in the infinite-dimensional space C2°, therefore relies on a discretization scheme to return to a
finite alphabet, and the convergence of the involved integrals in a weak sense. Another approach,
followed in [91, 92], consists in introducing definitions allowing an infinite (continuous) number of

generators and proving analogous algebraic results in such a setting.

43



4.4 Magnus expansion in the interaction picture

In this section, we consider the nonlinear ordinary differential equation

&(t) = fo(z) + fi(t, x) (4.33)

We show how the formal expansion introduced in Section 2.4 allows to obtain error bounds at every
order in the size of the time-varying perturbation f4, provided that the flow of fy is known. Such
estimates can be useful for example to design splitting methods in the case of a small perturbation
(see e.g. [20, Section 3.6] or [21, Section 2]).

The results of this section can be seen as quite natural, but we are not aware of references
containing the same statements. We adopt the notations specified in the following definition.

Definition 4.7. Let M € N, § >0, T > 0 and fy € CM2+1(B55;Kd) such that T|| follco < 6. Let
fi € LY((0,T);CM* (Bss; K?)) and t € [0,T]. We consider

o )€ CMZ‘H([O,T} X Bys; Bss) the flow associated with fo i.e. ®o(7;p) = e™/o(p),
o g € L'((0,T);CM* (Bus; KY)) defined by
9¢(7,y) == (Ro(t = 7). f3()(Y) = (Bp@o(7 — ;1)) " fi (7, @0 (7 — t,y)), (4.34)

o Zu(t, fo, fi) == Logy{g:}(t) € CMZ_M“(BM;Kd) in the sense of Definition 2.23.

4.4.1 Error bound

Proposition 4.8. Let M,0,T, fo, fy as in Definition 4.7. There exists v = y(M, 9, | follorr241) > 0
such that, if
Hfﬁ”Ll((QT);CM?) <~ (4.35)

then, for every p € Bs and t € [0,7],

w(t; fo + fy.p) — 2T ethop| < Corllgel 70 ) onre (4.36)

where Cpy > 0 is the constant of;Proposition 4.2.

Hence, if fy € L=((0,T);CM" (Bss; K?)), estimate (4.56) scales like tM+1.
Proof. Let nas, Cay > 0 be as in Proposition 4.2. There exists T* = T (0, || fol| car+1) € (0, T] such
that, for every fy € L'((0,T);CM" (Bss; K%)) and ¢ € [0, T*]

||9t||L1((0,t),cM2) < 2||fu||L1((o,t),cM2)- (4.37)

Let v := min{T*, 6, % min{1,d}}. Let f; € Ll((O,T);CM2 (Bss; K%)) with ”fﬂHLl(cM"’) < . Then,
for every p € Bs and 7 € [0,T], z(7; fo + fs,p) is well defined and belongs to Bss. To simplify

the notations in this proof, we write z(7) instead of z(7; fo + f4,p). Let t € [0,7]. The function
y : [0,t] — K% defined by

y(r) == ®o(t — 7;2(7)) (4.38)
takes values in Bys and satisfies, for every 7 € [0, ¢],
y(1) = g¢ (1,9(7)) - (4.39)

By (4.37), ll9¢ll 1 a2y < 21 < 0py min{1, 6} thus, by Proposition 4.2
u(t) = 2RIy 0)] < Coarllgp |25 e (1.40)

which is exactly (4.36) because y(t) = z(t) and y(0) = etfop. O
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4.4.2 Expansions of Z,;

Proposition 4.9. Let M,5,T, fo, f; as in Definition 4.7. Let v > 0. If fo € C¥"(Bss;K?) and
fi € C°([0,T);C" (Bss; K?)) then, for 0 < 1 <t < min{T; 9\Hfo||| }

+oo
gi(r,-) = elm D adso (f, Z dfo (fs(7)) (4.41)
k=0
and
ym—1 T —t)F (1, —t)kr
z 1 o
M(t7f0afﬁ) A"(t k'r' (442)

[+ [ads (£ ﬁ)),adf;(fﬁ(m))} oadiy (f(m)] ar,
where the sum is taken over r € [1,M], m € [1, r]], r e NJ#

m, and ki,...,k. € N. Moreover,
for every v’ € [r/e,r) and 0 < 7 < ¢t < min{T; & 6\Hfo||| }, the series (4.41) and (4.42) converge
absolutely in C*" (Bss; K9).

Proof. We apply the third statement of Lemma 3.26 to fo and f;(7) to get (4.41). The absolute
convergence in this series allows to interchange the sums and the integrals. O

When the perturbation f;(¢, x) is affine, i.e. of the form > ¢ u;(¢)f;(z), by analogy with Theo-
rem 2.41, we use the notation Zy (¢, f,u) instead of Zay (¢, fo, Y1y uifi), with f = (fo, f1,..., fq)
and u = (ul, ..., ug). In this context, we have the following result, that emphasizes that Z; is a
truncated version of Z,

Proposition 4.10. Let M, 5, T, fo, fy as in Definition 4.7. Let r > 0. If fo € C*"(Bss; K?) and

fi(t,x) = >0 wi(t) fi(z) where u; € LY(0,T) and f; € C¥"(Bss;KY). Then
beB
n(b)<M

where, for every 1’ € [r/e,r] the limit holds in C*" (Bss; K%) when 0 <t < min{T; 6|||f0||| }-

Proof. Let X = {X¢,X1,...X,} and A : £(X) — C¥"(Bss; K?) be the homomorphism of Lie
algebras such that A(X;) = f; for i € [0, ¢] (see Lemma 2.7). By applying A to each term in the
equality (2.78) (where Z2.7(t, X, a) is the finite sum defined in (2.76)), we obtain for every r € N*
and v € N

ZL(t fru) = Y mo(t,w) fo (4.44)
bEB;,
By Proposition 4.9
N M
where for every ' € [r/e,r] the limit holds in C*" (Bss; K%) when 0 < ¢ < min{T; 6|ﬂfom }. This
proves (4.43). O

Remark 4.11. Although the family ny(t,u)fy, for b € BN Sy = {b € B;n(b) < M} (using
Definition 2.10) is not proved to be absolutely summable, equality (4.43) gives a sense to the
expression

Zu(t, fu)= > m(t,u)fo. (4.46)

beBNS N
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Indeed, the proof above justifies the absolute summability of appropriate packages Z0:Y (¢, f,u) for
r € [1, M] and v € N of this family. The full absolute summability over BN Sy is investigated in
the next subsection.

4.4.3 Absolute convergence for coordinates of the pseudo-first kind

Continuing the discussion started in Section 2.4.3 we state a criterion on the basis I3 which entails
the absolute summability for analytic vector fields of the family n,(¢,u)f, for b € BN Sy = {b €
B;n(b) < M} (using Definition 2.10).

Proposition 4.12. Let ¢ € N*, X = {Xo,X1,...,X,} and B a Hall basis of L(X); or more
generally a monomial basis of L(X) with geometric growth with respect to X (see Definition 2.48
and Remark 2.50).

Let M, 6, T, fo, fy as in Definition 4.7. Let r > 0. We assume fo € C¥"(Bss; K9) and filt,x) =
M7 wi(t) fi(x) where u; € LY(0,T) and f; € C*"(Bss; K?).

Let ' € [r/e,r). There exists T* = T*(M,q,r,r", || folll,) > O such that, for everyt e (0,T*)
and u € L*((0,t), K9)

Zm (t7 B U) = Z nb(ta u)fb (447)

beBNSr

where the series converges absolutely in C‘“’T/(Bg; K%).

Proof. By (2.86) of Proposition 2.52 and (3.23), for every b € BN Sy and ¢ € [0, 7]

r—r! <2€CMt|||fO|”r>n0(b) (26CM

2e2 r—r r—r’

n(b)
e (& )l fo il < l[ullzr 0. |||f|||7«> (4.48)

where ||| f|l,. := max{[|[f;[ll, ;7 € [0,¢]}. In particular, if |t| < T*(M,r, ") : then

the series S, (t, a) f converges absolutely in C*™ because

— ’I"*T’
4(g+1D)eCulll folll.

M +4oo
Yo Ca+1)) P <Y N g+ )T (2(g+1) ™ < Mg+ DM, (4.49)
beBNS n=1ng=0
O
4.5 Sussmann’s infinite product expansion
Let T' > 0. In this section, we consider affine systems of the form
#(t) =Y wi(t)fiz(t)) and x(0) =p, (4.50)

iel

where, for i € I, f; is a vector field and u; € L'((0,7);K). When well-defined, its solution is
denoted x(t; f,u, p). For every norm || - || on vector fields, || f| denotes >, || fi|-

Proposition 4.13. Let B be a Hall basis of L(X) and (§)pep be the associated coordinates of the
second kind. For every M € N*, there exist Cpy,mp > 0 such that the following property holds.
Let T,§ > 0, f; € C*M(Bss; K?) and u; € LY((0,T);K) fori € I. Assume that

lullzr ol fller < mar min{1, 6} (4.51)

Then, for each t € [0,T] and p € Bg,

.
ot foup) = JU 00| < Oulll L IS (L 1A (452)
1,
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where the arrow above the product symbol designates the order for the product, i.e. with the notations
of Definition 2.53

—

O S twWfe — oo (bu)for ., o8bpps (W fopyy (4.53)
bEBHl’M]]

Proof. Let M € N*. We adopt the notations b1, ...,bx+1 and Yp,...,Ye41 of Definition 2.53.
For j € [1,k + 1], we denote by ®; the flow associated with fy,, i.e. ®;(t,p) := eth; (p). To
simplify the notations in this proof, we write x(¢) and &,(t) instead of x(¢; f, u, p) and &, (¢, u). Let
na = 1/(4|1|M!). For brevity, we use the shorthand notation F' := || f||cea-1.

Step 1: Well-definition of the flows. Using (4.51),

Zuifi

iel

< ny min{l,d} < 0. (4.54)
L((0,T);C°)

Thus, for ¢t € [0,T], (t) is well-defined and z(t) € Bas. For b € B, using (2.101) and Lemma 3.15,
we obtain, for each t € [0,T7,

1€ (8) foller < €2 Hlull T 0,01 Fl1Ges (4.55)

where £ := |b|. Hence, using the crude estimate |B;| < |I|*, we obtain, for each ¢ € [0, 7],

M
ST olla® foller <7 1Bele2 = ullfi | 11l
=1

bGB[[l‘M]]

+oo
' 4.56
<MY @ llulza ] fllee) 20
{=1
2MA I [Jull o2 [ fllea
= =2z [ fllea

< min{1,0}.

Thus, for every j € [1,k + 1],
j(t) = e S Doy e =8 oy (g(1)) (4.57)

is well-defined and belongs to Bss.

Step 2: Estimates along a Lazard elimination. We prove by induction on j € [0, k+1] the existence
of a numerical constant C; > 0 such that

3,) {w (1) = Shesy, e, S0y (6)) + (1), (458
z;(0) = p,
where
le3(0)] < Cilu(®)l[ul LEM (1 + P, (4.59)

First, letting x(t) := z(t) by convention, (Ho) holds with g9 = 0, Cy = 0 because Ex, () = u;(t)
fori e I. Let j € [1,k+ 1] and assume that (7{,;_1) holds. We deduce from the definition of x;(¢)
that

wi(t) = e O (@54 (8) = @ (=&, (1), 251(1)) (4.60)

and, using (H,_1), that

&5(t) = =&, () o, (25(t)) + Yo G)0®; (=&, (0),x5-1(1)) folz;—1 (1) + () (4.61)

beBp, mpNYj—1
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where gj_l(t) = 8p<1>j (—fbj (t),l‘j_l(t)) Ej_l(t). By (456), ||£bj (t)fbj”Cl S 1, S0, using (335),

B-1(8)] < elejo (0. (4.62)
Moreover, for each b € B
D (=&, (1), 25-1(t)) folzj—1(t)) = (®5 (=&, (1)), fo) (25(1)), (4.63)
thus,
i (t) = > & () (5 (=&, (1), fo) () + &5(1). (4.64)

beB, myNY;-1\{b;}

For b € By ap NY; \ {b;}, we introduce the maximal integer h(b) € N* such that
] + ((b) = Dby | < M. (4.65)
Then, by the first statement of Lemma 3.26 and Definition 2.62

- h(b)—1 Em( )
(1) (@5 (—&, (1), fo) (z;(8) = Y
hy1

= Z fadg;(b)(t)fadg}(b)(ﬂfj(t))+§g(t)
m=1

Eb( ) Fady v (25 (2)) + g(t)
(4.66)

where

&, ()
B30 < (0~

By definition of h(b) we have M + 1 < |b| + h(b)|b;| < M + |b;| < 2M. Thus, using Lemma 3.15,
(2.100) and (2.101), we get

||fadh(b>(b)|\c0 (4.67)

. b|
)] < |u @by -1 D gonr gy qypag 4 paet
[, ()] < |u(®)|llull 2 h(o)! ( ) ( ) (4.68)
< Ju(t)||Jul| 25 M22M (20 — 1) FMAL(1 4 FM-L,
By definition of Y; in Definition 2.53, we obtain (#;) with
g;(t) :=&_1(t) + > (). (4.69)

beB1, mpNYi-1\{b;}

that satisfies (4.59) with, for instance Cj4q := eC; + [I|MT1M22M (2M — 1)L

Step 3: Conclusion. Taking into account that By aq N Y1 = {0}, we get 2p41(t) = epy1(t) thus
|21 () = pl < Cr Jul A FMH (L4 FMY), e

—
0 e lon(t) — p| < Cupa [ul ST FM (1 + FY1), (470)
bEB[[LM]]

Applying the locally Lipschitz map eéer () fer ... eforir (W oiis £ the two terms in the left-hand

side, we get another constant Cp; > 0 such that (4.52) holds. Note that (4.56) and (3.35) ensure
that Cpy < eCly1, so that Cys depends indeed only on M. O
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5 Convergence results and issues

The formal expansions of Section 2 generally exhibit poor convergence properties for smooth vector
fields without any additional assumption. Nevertheless, one can hope to obtain convergence results
in the following particular contexts:

e Nilpotent Lie algebras. Here, one assumes that the Lie algebra generated by the set of
smooth vector fields {f(¢,-); ¢ € [0,7]} is nilpotent (see Definition 2.5). This structural
assumption turns most of the involved infinite expansions into finite ones, and it is thus
reasonable to expect convergence properties.

e Banach algebras. Here, one assumes that the vector fields are actually linear in the space
variable, e.g. that f(t,z) = A(t)x for some A(t) € My(K). This assumption yields better
estimates for Lie brackets (since products of matrices behave more nicely than differentiation
of nonlinear vector fields) and it is thus reasonable to expect convergence properties. In this
section, we give statements for matrices for consistence, but similar results can be obtained
for linear operators in a Banach algebra.

e Analytic vector fields. Here, one assumes that the vector fields are locally real-analytic,
i.e. than their k-th derivative grows roughly no more that k!. This bound is compatible with
the 1/k! factors which come out of the corresponding time integrals, and it is thus reasonable
to expect convergence properties.

In the following paragraphs, we investigate the convergence properties of each expansion in each
of these three reasonable contexts and encounter some surprises. We summarize the results in the
following table.

Expansion Lie-Nilpotent Banach Analytic

Chen-Fliess No Global Yes
(Section 5.1.1) (Section 5.1.2) (Section 5.1.3)

Magnus in the Yes for C*° Small time No
usual setting (Section 5.2.1) (Section 5.2.2) (Section 5.2.3)

Magnus in the Yes for C¥ Small perturbation No
interaction picture | (Section 5.3.1) (Section 5.3.2) (Section 5.3.3)
Sussmann’s Yes for C* Small time Open problem
infinite product (Section 5.4.1) (Section 5.4.2) (Section 5.4.3)

5.1
5.1.1

Chen-Fliess expansion
Counter-example for nilpotent vector fields

As already discussed in Remark 2.17, the Chen-Fliess expansion is not an intrinsic representation
of the flow and involves quantities which are not Lie brackets of the dynamics. Therefore, this
expansion is not expected to converge under a Lie-nilpotency assumption. The following counter-
example (where the dynamic does not depend on time, thereby obviously generating a nilpotent
Lie algebra of order 2) proves that this expansion indeed relies on quantities which are not Lie
brackets.

Proposition 5.1. There exists fo € C°(R;R) such that, for everyt € (0,1], the solution x(t; f,0)
to (3.28) with f(t,x) := fo(x) satisfies, with the notations of Remark 3.10,

N

. "
S x(t; f,0) — nz:%m (f6'Id1) (0)| = +oc.

(5.1)
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Proof. For every sequence (o, )nen € RY, there exists f, € C°(R;R) N L>(R;R) with f,(0) =1
such that
Vn >2, (f21d;)(0) = ap. (5.2)

This is an easy consequence of Borel’s lemma. Indeed, for n > 2 and f,(0) = 1,

(f21d1) (0) = £&0(0) + Po (fal0), -, F82(0)) (5.3)

for some polynomial P,. Thus, given a sequence (&, )nen, One can prescribe an appropriate value
for £" and recursively ensure (5.2). Let fo be a vector field constructed following this process
for o, :== n!?. On the one hand, since fy € L=(R;R), x(¢; f,0) is bounded for ¢ € [0,1]. On the

other hand, thanks to (5.2), for each ¢t > 0

N n N
> — (f1d) (0) = > nlt" = oo, (5.4)
n=0 n=0

which proves (5.1). O

Remark 5.2. In this counter-example, the local change of coordinates which transforms fo(x)eq
into the constant vector field ey allows to transform the ODE on x to a new ODE for which
the Chen-Fliess expansion is finite (and thus convergent). It would be even more interesting to
construct a counter-example, probably in dimension d > 2, for which no local change of coordinates
can restore the convergence of the Chen-Fliess expansion.

5.1.2 Global convergence for matrices
Let T > 0. In this paragraph, we study linear systems of the form
() = A(t)z(t) and x(0) = p, (5.5)
where A € L'((0,T); M4(K)). The solution is denoted z(¢; A, p).
Proposition 5.3. Let T > 0 and A € L'((0,7); M4(K)). For each t € [0,T] and p € K¢,

z(t; A, p) p—|—Z/ A(m)pdr, (5.6)

where the series converges absolutely.

Proof. To simplify the notations, we write z(t) instead of z(t; A, p). By Gronwall’s lemma, we have
lz(7)| < |p|e L@ for every T € [0,T]. By iterating the formula

T)=p —|—/ Az (r")dr’ (5.7)
0
we obtain, for every M € N*
M—1
/ < Alm)pdr| = / A(rpr) -+ A(m)x(7) dr
j=1 Y AI(®) AM(t) (5.8)
< / 4Gl 1A gt = A0 s,
AM (t)
which proves the convergence. Similar estimates prove the absolute convergence. O
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5.1.3 Local convergence for analytic vector fields

For analytic vector fields, it is well known that the Chen-Fliess series (also called “(right) chrono-
logical exponential” in [3, Section 2.1]) converges locally in time (see e.g. [3, Proposition 2.1], or
[99, Proposition 4.3] for slightly different assumptions). The analyticity assumption is necessary,
as highlighted by the counter-example of Section 5.1.1.

Proposition 5.4. Let T,0,r > 0. There exists n > 0 such that, for f € L'([0,T];C*"(Bas; K?9))
with || fllrcery <0, @ € CT(Bas; K?), t € [0,T] and p € By,

“+oo
PGt fop) =)+ Y [ () fr) ) dr, (59)
=1 AJ (t)
where the sum converges absolutely. In particular,
2t f,p) p+z / CCARSCCRIBES (5.10)

Proof. Let n := min{d/2,7/10}. By Lemma 3.18, z(¢; f,p) is well defined for ¢t € [0,T], p € Bs
and belongs to Bss. Moreover, by Lemma 3.12, we have, for every j € N*

| e (B
() - F () (@) (p)] dr < ! = Ml (5.11)
AJ(t) r J:
where || f|| := || fll1((0,¢);c+-r), Which proves the absolute convergence because the right-hand side

is bounded by 277 |||¢]|,. Eventually, we deduce from (4.11) and Lemma 3.12 that

M-1

o) = 3 [, G- @ <2 gl (5.12)
which proves (5.9). O

5.2 Magnus expansion in the usual setting
5.2.1 Equality for nilpotent systems

The goal of this section is to prove that the Magnus expansion is an exact expansion for regular
vector fields generating a nilpotent Lie algebra (see Proposition 5.6).

If the vector fields are analytic in space, a simple proof can be given (see e.g. [66, Remark A.1]
for the case of the CBHD formula), with the following steps. First, by density, one can assume that
the dynamic depends analytically on time. Then, the maps t — z(t) and ¢ — % (t) are analytic.
Because of the nilpotency assumption, Zy; = Zys for every M’ > M and estimate (4.12) proves
that both functions have the same Taylor expansion at t = 0, and are thus equal.

For non-analytic vector fields, the proof is much more intricate. A sketch of proof is briefly
suggested in [4, Proposition 2.4]. In this paragraph, we write the proof completely. The difficulty
is to formulate the question in the nilpotent Lie algebra generated by the vector fields, in order to
conclude with the universal property of free nilpotent Lie algebras (Lemma 2.7).

To that end, we start with the following statement.

Lemma 5.5. Let a be given by (2.8), M € N*, Zy(t) := Log,,{a}(t) with the notation of
Definition 2.28. Then for every t € R, the following equality holds in Npy11(X)
M-1 (1)
Z [CE] ady,, )(ZM( )) =alt), (5.13)
n=0
where Zy;(t) belongs to the space &  L(X)" which is identified with Nyrv1(X) as a vector space.
re[1,M]
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Proof. The canonical surjection op11 @ £(X) — Na1(X) is an homomorphism of Lie alge-
bras. Applying this homomorphism to (2.16), where z(¢) = Log, {a}(t) thanks to Theorem 2.27,
proves (5.13). O

Proposition 5.6. Let M € N*. There exists nyy > 0 such that, for every T,§ > 0 and every
time-varying vector field f : [0,T] — C>(Bus; K?) such that L(f([0,T])) is nilpotent with index at
most M +1 and f € L*((0,T);CM(Bys; K%)) with

£l o,myieany + IFIZ 0.y < 1, (5.14)

then, for each p € Bs and t € [0,T], one has x(t; f,p) = eZ &5 (p) where Zy(t, f) := Logy {f}(t)
is the vector field defined in Definition 2.23.

Proof. Let M € N*. By Definition 2.23 and Lemma 3.15, there exists 1y; > 0 such that,
1 M
123t F)ler < - (I ooy + W) (5.15)

In particular, for every p € By, e?Mt:1)(p) is well-defined thanks to Eq. (5.14).

Step 1: Proof for f(t,x) = >7_, a;(t) f;(x) with ¢ € N*, a; € C>([0, T};K) and f; € C (K4 K9).
By uniqueness in the Cauchy-Lipschitz theorem, it is sufficient to prove that for every ¢ € [0, T

and p € By,
d

a(eZM(t,f)(p)) =f (t7eZM(t,f) (p)) ) (5.16)

By Definition 2.23, the map (¢,p) — Za(t, f)(p) belongs to C°>°([0,T] x Bas; K?). Thanks to the
nilpotency assumption, ad]g[M(t,f) (Zn (7, f)) = 0 on Bys for every t,7 € [0,T]. Thus Lemma 3.27
yields

% (eZM(t,f) (p)) = li(l(c_—kl)lk)' ady (ZM(t,f)) (ezj\l(t,f) (p)) . (5.17)

Let A : Ny (X) — L(f1,...,f;) be the homomorphism of nilpotent Lie algebras such that
A(X;) = f;for j =1,...,¢q. By applying A to the equality (5.13), we obtain that the right-hand
side of the above equality is f(t,e% &) (p)).

Step 2: Proof for a general time-dependent vector field f. We apply Step 1 to a sequence f,, of
simple functions, taking values in f([0,77]), converging towards f in L'((0,7);CM (Bys;K?)). We
get the conclusion by passing to the limit in both sides, using the fourth item of Lemma 3.18. [

5.2.2 Convergence for linear systems

In this paragraph, we consider linear systems of the form (5.5). Since the Magnus expansion was
designed for linear systems, its convergence in this context has received much attention. Depending
on the exact convergence notion that one considers and on the way one groups terms, different
sufficient conditions for the convergence can be derived. In [97], T'||Al| o (0,7y) < 1 is shown to be
a sufficient condition for convergence on [0,7] thanks to a careful estimate of the combinatorial
terms. In [83], [[Al|z1(0,7) < 7 is shown to be a sufficient condition for convergence using complex
analysis.

We give below a short elementary proof with a sub-optimal constant, for the sake of com-
pleteness and because it will be used in the sequel. Let || - || be a sub-multiplicative norm on

Ma(K).
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Proposition 5.7. Let T > 0 and A € L'((0,T); Ma(K)) such that || Al o) < . For each
te[0,7T],

oo T m—1
= Z% > % 3 / [ [A(n), A(R)), . .. A(7)] dr (5.18)
r=1 m=1 reNm Ar(t)

is well defined in My(K) and, for every p € K¢, z(t; A, p) = e~ %~®p, where the brackets refer to
commutators of matrices, i.e. [A, Bl = AB — BA.

Proof. Step 1: Absolute convergence of Zo(t). Let r € N*. For every m € [1,7] and r € N,

/r@) [+ - [A(T), A(m2)], ... A(7)]l| dr

, . (5.19)
< [, 21amlaelar <2 [ lamiar)
Moreover, recalling the definition of (2.25), [N/"| = (;__11) and Y (;L__ll) =271, Thus,
+oo r +o00
Z Z 3 / (), A(m)], - A(r)llldr < S (ALY <00 (5.20)
T’:l m=1 I‘GN"" r(t) r—=1
Step 2: Formula for the solution L € C'([0,t]; M4(K)) of
/ —
L(0) = Idg.
By working as in the proof of Proposition 5.3, we obtain
+oo
H=1dg+> / A(r1) -+ A(r,) dr (5.22)
r=1 (t)
where the series converges absolutely. Moreover, we have
-~ HAHLl 1
> A(ry) - < Z el —1<1. (5.23)
r=17A7() !
Thus
X () (& "
log (L(1) = Y - Z/ A(ry) -+ Ay dr (5.24)
m=1 r=1 T(t)

is well defined in M4(K) and L(t) = e'°8(2() By applying Corollary 4.4 with A = A; = My(K),
we get log(L(t)) = Z(t).

Step 3: Conclusion. The resolvent R(7) associated to the linear system & = A(7)x with initial
condition at 7 = 0 is R(7) = L(7)~'. Thus z(t) = R(t)p = e Z~"p. O

Remark 5.8. For X,Y € My(K) such that | X|| + ||Y]|| < %, the previous statement implies the
convergence of the CBHD formula, yielding a matriz Zs, such that eXe¥ = e?>. Some authors
have investigated the optimal convergence domain in different contexts for the CBHD formula.
Such a domain sometimes depends on the summation process (i.e. the way terms are grouped
together) and the exact question one asks (existence of a logarithm, absolute summability of the
series, convergence of the remainder, etc.). Better sufficient conditions than ours can be found
for instance in [18], for instance, | X| + |Y|| < B2. We refer to [16] for a nice survey of the
convergence questions regarding the CBHD formula.
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Remark 5.9. The smallness assumption (on time or on the matrices) is in general necessary, both
for the CBHD formula (see [16, Example 2.3] or [103, Section II]) and for the Magnus expansion
(see [83], where the authors also prove that, although the condition || Al 110,y < 7 is not necessary
for convergence, there exists A with ||Al|p1,ry = 7 for which the Magnus series at time 7 does
not converge).

5.2.3 Divergence for arbitrarily small analytic vector fields

The convergence of Magnus expansions is deeply linked with the convergence of the CBHD series.
For analytic vector fields, it is expected that both series diverge (see e.g. [4, p.1671] or [97, p.335] for
statements without examples). Some authors nevertheless suggested that, despite the divergence
of the series, the flows could converge for analytic vector fields (see [97, p.335] and [71, p.241]).

In this paragraph, we give explicit counter-examples to the convergence, even in the weak
sense of the flows, for arbitrarily small analytic vector fields, of both the CBHD series and the
Magnus expansion. Similarly to counter-examples concerning the convergence of the CBHD series
for large matrices (see e.g. [16, Theorem 2.5]), our construction relies on the choice of generators for
which many brackets vanish thanks to their particular structure, and the remaining non-vanishing
brackets are associated with coordinates of the first kind involving Bernoulli numbers.

Proposition 5.10. There exists § > 0 and fo, fi € C¥(Bs;R?) such that,
VM € N,3Cx,e0r > 0,Ve € [0,enr],  |e5F0es/1(0) — eCBHPa(Ef1efo) ()| < CppeMFL) (5.25)

where CBHD (e f1,ef0) is defined in Corollary 4.3, but, simultaneously, for every € > 0,

M — 400
and
lim |esfoesfi(0) — eOBHPM (Ef1.2f0) ()| = 400, (5.27)
M—~+oc0o

Proof. Let fo, f1 as in Remark 3.17. For these vector fields, estimate (5.25) comes from Corol-
lary 4.3. Due to their structure, the only non vanishing brackets are those containing f; at most
once. Therefore, formula (2.63) of Corollary 2.39 yields, for M > 1,

M-—1

B
CBHDy(ef1.6f0) = efo+ Y k—fek“adko(fl). (5.28)
k=0
Hence, using (3.27),
CBHD (e f1,ef0)(x) = ee1 + €05 (x1)ea, (5.29)
where we introduce, for ¢ € R,
M—1
O%(g) == ) Bre"(1—g)" " (5.30)
k=0
In particular,
|CBHD (£ f1,f0)(0)] > [e©3,(0)]. (5.31)

Since the odd Bernoulli numbers except B; are zero, when M = 2M' + 2 with M’ > 1, ©5,,, , =
O3541- Then,
M/
1 €

Sara1(q) = - + Y Bore?k(1 — ¢) 2L 5.32
2 4+1(Q) =g 20—qp2 kz::l ( ) (5.32)
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In particular, using (B.5),

M’ M’
O (0) =1 =+ 3 By =1 Y (~1)F! 220) - (ok)e2* (5.33)
2M7H1 2~ 2~ (2m)2k

Thus, for every fixed € > 0, |©5,(0)] — 4+00 when M — +o0, because it involves a sum of the

form 224:,1 ay, where |ag+1|/|ar| — 400 when k — +oo. Using (5.31), this proves (5.26).
For p € R? close enough to the origin, one can also compute the flow ¢CBHP (f1.6f0) (1) which
is y(1) where y is the solution to the ODE y(0) = p and

n(s)=¢ and ga(s) =eO%; (y1(s)). (5.34)
Solving successively for y; then ys yields y1(s) = p1 + se and

y1(s)

y2(s) = p2 + / 05, (h) dh. (5.35)
y1(0)
Thus,
p1t+e
P ) (g er+ (ot [ O30 ) e (5.30
P1
In particular,
g
eCBHDM(efl,efo)(o) =ceq + (/ 05,(h) dh) €. (5.37)
0
When M = 2M’ + 2 with M’ > 1, using (5.32), we get
e 1 I B 1
CBHDM(Efl,Ef()) 0 — _1 1 _ _ _ _ 1 72]‘ 2k - 1 .
e (0) =eer+ { —In(l—2) = 5 { 7 +; % g es
(5.38)
Hence, for the same reason as above, the flow satisfies |eCBHPm (¢/1.2f0)(0)| — 400 when M — 400,
which proves (5.27). O

Remark 5.11. If one sees (x1,22) as (¢,p) in an Hamiltonian setting, one checks that the vector
fields defined in (3.26) and used in this counter-example are associated with the Hamiltonians
Ho(g,p) := p and Hi(q,p) := In(l — q). Therefore, assuming an Hamiltonian structure on the
considered vector fields does not provide enough structure to yield convergence.

One could wonder if assuming even more structure on the dynamics, for example assuming that
it is time-reversible, prevents the construction of such counter-examples.

Open problem 5.12. Do there exist Hamiltonians Ho and H, on R?*?, which are time-reversible
(i-e. satisfy Hi(q,p) = Hi(q, —p) for every q,p € R?), locally real-analytic near zero and for which
the convergence of the CBHD series fails as in Proposition 5.107

The counter-example of Proposition 5.10 for the convergence of the CBHD series allows to build
counter-examples to the convergence of the Magnus expansion which blow up instantly, despite
analytic regularity in both time and space.

Proposition 5.13. There exist T,6 > 0 and f € C*([0,T] x Bs;R?) such that, for every ¢ > 0
and t € (0,7,

A1 Za(t,e£)(0)] = +oo (5.39)
and
lim |z(t;ef,0) — eZvEED(0)| = o0, (5.40)
M —+oco

where x is the solution to ©(t) = ef(t,z(t)) with ©(0) =0 and Zy(t,ef) = Logy{ef}(2).
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Proof. Let T = 1. We define f(¢t,z) := fo(z)+tf1(x), where fy and f; are defined in Remark 3.17.
Similarly as for the previous construction, only Lie brackets involving f; at most once are non-
vanishing. Moreover, the coordinates of the first kind associated with the controls ag(t) = 1 and
a1(t) = t have been computed in Example 2.40. Hence, recalling (3.27), we have

(—1)k+igh+2 k!
B .
RS RN FR =

M-1
Zy(t,ef) = etey + Z gkl (5.41)
k=0

Proceeding along the same lines as in the proof of Proposition 5.10 allows to conclude that both
Zy(t,ef)(0) and e (*2)(0) diverge when M — 4-oc. O

5.3 Magnus expansion in the interaction picture
5.3.1 Nilpotent systems

For ODEs of the form (4.33), the starting point of the interaction picture is to factorize the flow
of fo. Hence, the roles of fy and f; are asymmetric. One can expect that, under the assumption
that Lie brackets of fy and f; containing at least M + 1 times f; identically vanish, the Magnus
expansion in the interaction picture should yield an equality of the form

I(t;fo + f1,p) _ eZIVI(t’nyfl)etf(]p, (5‘42)

where Z(t, fo, f1) is defined in Proposition 4.8. We prove in this paragraph that it is indeed the
case, when fy and f; are analytic. However, contrary to the case of the usual Magnus expansion
(see Section 5.2.1), we give examples highlighting the fact that the analyticity assumption cannot
be removed, which is quite surprising but stems from the mixing induced by pushforwards.

We therefore start with the following definition.

Definition 5.14 (Semi-nilpotent family of vector fields). Let Q be an open subset of K. Let
F C C®(KY), fo € C®(KY) and M € N*. We say that the family of vector fields F is
semi-nilpotent of index M with respect to fo if every bracket of elements of F U {fo} involving
M elements of F vanishes identically on Q and M is the smallest positive integer for which this
property holds.

Remark 5.15. Some authors (see e.g. [62, Section 3]) refer to this situation by saying that L£(S1)
is nilpotent of index M, where Sy := {ad’}o(f);f € F,k € N}. Both definitions are equivalent,
thanks to the Jacobi identity for Lie brackets.

Proposition 5.16. Let T,5 > 0. Let M € N. Let fo € C®(Bus; K?) with T follco < 6. There
exists 7 > 0 such that, for every fi : [0,T] — C°°(Bus; K?) with f; € LY([0,T];CM*1(Bys; K9))
and || fillL1cmy < n, the following family is well-defined

G = {®o(—t). f1(t); t€[0,T]} CC®(Bs;K?). (5.43)
and, assuming moreover that G is nilpotent of index M + 1, then, for each t € [0,T] and p € Bs,
the solution to (4.33) satisfies (5.42).

Proof. Let t > 0. As in the proof of Proposition 4.8, we introduce the new variable y(s) :=
Oo(t — s,2(s)). Then y(s) = g:(s,y(s)), where g, is defined in (4.34). Thanks to Lemma 3.24,
9:(8) = Do (t)«Po(—5)« f1(s). Thanks to the assumption and to Lemma 3.25, the family {g:(s); s €
[0,#]} is nilpotent of index M + 1. Thus, by Proposition 5.6, y(t) = eZM®:fo:f1)y(0).  Since
x(t) = y(t) and y(0) = Py(¢,p), this concludes the proof of (5.42). O

Lemma 5.17. Let T,6 > 0, F C C*®(Bus; K?), fo € C®°(Bus; K?) such that T||follco < 5. The
following family is well-defined

G :={®g(—t).f; t€[0,T],f € F}CC®(Bs;K%). (5.44)
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Assume that the family F is semi-nilpotent of index M with respect to fo and that there exists
r > 0 such that F U {fo} C C*"(Bs;K%). Then G is nilpotent of index M.

Proof. For t € [0,T] and f € F, equation (3.49) of Lemma 3.26 implies that
+o0 tk
Do(—t)uf =Y il ad}, (f) (5.45)
k=0

and that the series converges absolutely in CM (Bs; K?) (in particular). Hence, if t1, ...t € [0, 7]
and fy,... far € F, the bracket

[Po(—tar)sfars[ - [Po(—t2)« f2, Po(—t1)xf1] -]

ki km
> ﬁ [ad}2 (far), [ - [ad 2 (f2), ad ! (£1)] - ]]
k1,...kp €N : .

(5.46)

vanishes thanks to the assumption and the absolute convergence of the sums. The same is true for
every other bracket structure, which proves that G is nilpotent of index M. O

Corollary 5.18. Let T,5,7 > 0. Let fo € C*7"(Bys;K?) such that T|follco < & and f; €
LY([0,T);C* " (Bys; K?)).  Assume moreover that F := {fi(t,-); t € [0,T]} is semi-nilpotent of
index M +1 with respect to fo. Then, for each t € [0,T] and p € Bs, the solution to (4.33) satisfies
(5.42), where Zy(t, fo, f1) is defined in Proposition 4.8.

Proof. This corollary is a direct consequence of Proposition 5.16 and Lemma 5.17. O

The analyticity assumption in Lemma 5.17 is necessary, as illustrated by the following counter-
example for smooth functions.

Example 5.19. We consider smooth vector fields on R3. Let x € C*®°(R;R) with x = 0 on R_
and x(z) > 0 for x > 0. Let fy and F :={f1, fo} where

fo(z) := e, (5.47)
fi(@) == x(z2)z1€3, (5.48)
fa(z) = x(—z2)er. (5.49)

Heuristically, f1 and fo commute because they have disjoint (touching) supports, but the flow of fo
involved in (5.44) mizes these supports for every positive time. This is possible only because x is
not analytic.

First, we check that F is semi-nilpotent of order 2 with respect to fo. Indeed, for every j € N,

adjfo(fl)(fﬂ) = X(j)(mz)ﬁhes, (5.50)
adj, (f2)(x) = (=1)'xY (~an)er. (5.51)

Thus, forj,k € N, [adgCO (f1), adko (f1)] (resp. [adgcO (f2), adk0 (f2)]) vanishes because both vector fields
are multiples of es but independent of x3 (resp. multiples of ey but independent of x1). Moreover,

[ad}, (f1), ad, (f2))(@) = —(=1)" " (—22)xY (22)e5 = 0, (5.52)

because the supports of x(-) and x(—-) only touch at xo = 0 where all derivatives vanish.

Second, let us check however that the family G defined in (5.44) is not nilpotent of index 2.
Indeed, for t > 0 and x € R3, ®y(t)(x) = z + tea. Thus, for f € C°(R3R3), (®o(—t).f)(x) =
f(x +tes). Therefore, for every T > 0, G is well-defined on R3. Moreover,

[f2, (Po(=1)« f1)](z) = x(—>2)x(z2 + t)es. (5.53)

In particular, for every e > 0, [fa, (®o(—2¢).f1)](—ee2) = x(¢)%e3 # 0, which prevents the family
G from being nilpotent of index 2 (even locally in time and space).
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The analyticity assumption in Corollary 5.18 is also necessary, as illustrated by the following
counter-example for smooth functions, inspired by the previous one.

Example 5.20. We consider smooth vector fields on R3. Let x € C®°(R;R) with x = 0 on R_
and x(x) > 0 for x > 0. Let fo(x) :=eq and fi(t,z) := fi(z) (independent of time) with

fil@) = 2x W (@g)z1es + X (—22)er. (5.54)
For j € N, one has
ad’, (f1)(x) = 0 fi(x) = 2x ) (2o)mres + (—1) XU (—a2)ey. (5.55)
Thus, for every ji,j2 € N,

[ad?} (1), ad’? (F))(2) = 2(=1)7 X T (—p)x =1 (2)es

o ‘ (5.56)
—2(=1)72x U2+ (—0 ) U1 (z5)e5 = 0

because the supports of x(-) and x(—-) only touch at zo = 0, where all derivatives vanish. Hence
each bracket of fo and fi involving fi at least twice vanishes identically on R>. Thus, for every
T > 0, the family F := {f1(t,-); t € [0,T)} = {f1} is semi-nilpotent of index 2 with respect to fo.
Let us prove that, despite this property, equality (5.42) with M =1 fails.

Computation of the state. We solve & = fo(x) + f1(x) for some initial data p. Solving the
ODE successively for xo, 1 and x3, we obtain

r1(t) = p1 + x(=p2) — x(—p2 — 1), (5.57)
z9(t) = p2 + t, (5.58)
w3(t) = p3 + 2 (x(p2 + 1) — x(p2)) (P1 + X(=p2))- (5.59)

In particular, with t = 2¢ and p = —eea, x(2¢; fo + f1, —ce2) = (x(€), ¢, 2x(e)?).

Computation of the flow. We compute e (t:-fof)etho(p) for some initial data p. One has
Do(7,q) = q+ Tea. Hence, in particular (Po(7)«f1)(q) = f1(q — Te2). Moreover Z1(t, fo, f1)(q) =

Jo 9:(s.q) ds where gi(s,q) = (®o(t = 5)..f1)(a). Hence gi(s,q) = fi(q— (t = s)ez) and

amﬁjmwzéﬁm+w—mﬁm

= 2q¢1(x(q2) — x(q2 —t))es + (x(—gq2 + t) — x(—¢g2))ex.

(5.60)

Then eZ1(bfos)ethoy = eZ1(Bfof1) (p - tey) is y(1) where y is the solution to y(0) = p + tes and
y(s) = Z1(t, fo, f1)(y(s)). Solving the ODE successively for y2, y1 and y3, we obtain

y1(s) = p1 + s(x(—p2) — x(—p2 — 1)), (5.61)
y2(s) = pa2 +1t, (5.62)
ys(s) = ps + (x(p2 + 1) — x(p2)) (2p15 + 5*(x(—p2) — x(—p2 — 1))) - (5.63)

In particular, with with t = 2c and p = —cey, €212 fo.)e2fo(—cey) = (x(¢), ¢, x(€)?). Thus, for
every € > 0,

x(2e, fo + f1, —ceq) — 2125 Fo ) 280 (_gey)| = x2(e) > 0. (5.64)
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5.3.2 Convergence for linear systems

Let T' > 0. In this paragraph, we study linear systems of the form
i(t) = (Ho+ Hy(1))2(t) and 2(0) = p, (5.65)
where Hy € My(K) and H; € L'((0,7); My(K)). Let ||| be a sub-multiplicative norm on M (K).

Proposition 5.21. Let T > 0, Hy € M4(K) and H, € L*((0,T); Ma(K)) such that ||H | 1 0.1) <

200 Then, for each t € [0,T] and p € K¢ the solution to (5.65) satisfies x(t) = e~ %M etHop
where Z(t) is defined by (5.18) with

+o00 k
t—T
Ay(r) = e(tf‘r)HoHl(T)e(Tft)Ho - Z % ad’EO(Hl), (5.66)
k=0 ’

Proof. The function y : 7 € [0,t] — et~ Hog(7) satisfies y' (1) = A(7), y(0) = etfop. Thus, by
Proposition 5.7, y(t) = e~ Z=®etfop which gives the conclusion because y(t) = z(t). O

Remark 5.22. The Magnus expansion in the usual setting (Proposition 5.7), when applied di-
rectly to A(t) = Ho + Hq(t) requires a smallness assumption on T|Hyl|| (through the condition
Al 10,7y < %), even for small perturbations Hy. On the contrary, the Magnus expansion in the
interaction picture (Proposition 5.21) holds even when T||Hy|| is large, provided that the perturba-
tion Hy 1s small enough.

Remark 5.23. More generally, in [4, p. 1671], the authors consider the formal power series
expressing the chronological logarithm of two flows, associated to two non-autonomous vector fields.
They explain that, when the vector fields take values in a Banach algebra, and one of them is small
enough, then this series converges. Proposition 5.21 is an illustration.

5.3.3 Divergence for arbitrary small analytic vector fields

Generally speaking, since, as illustrated in Section 5.2.3, the Magnus expansion does not converge
for analytic vector fields, one cannot expect that the Magnus expansion in interaction picture
converges for analytic vector fields.

For instance, if fo = 0, or if, for some a € [1,d], fo(x) is a linear combination of ey, ..., e, with
coefficients depending only on z1,...,z, and fi(t,z) is a linear combination of e,41,...eq, with
coefficients depending only on z441,...24, then the vector field g:(7) = ®o(t — 7). f1(7) defined
in (4.34) and involved in the Magnus in the interaction picture formula satisfies g:(7) = f1(7).

Hence, each counter-example to the convergence of the usual Magnus expansion also yields
counter-examples to the convergence of the Magnus expansion in the interaction picture.

More generally, in [4, p. 1671], the authors consider the formal power series expressing the
chronological logarithm of two flows, associated to two non-autonomous vector fields. They claim
that, even for analytic vector fields, this series does not converge in general. The counter examples
of the present article illustrate this assertion.

5.4 Sussmann’s infinite product expansion
5.4.1 Equality for nilpotent systems

In this section, we study affine systems of the form (4.50).

Proposition 5.24. Let B be a Hall basis of L(X) and (&)ven be the associated coordinates of
the second kind. For every M € N*, there exist ny; > 0 such that the following property holds.
Let T,6 > 0, f; € C°(Bss;K?%) and u; € LY((0,7);K) for i € I. Assume that the Lie algebra
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generated by the f; for i € I is nilpotent of index at most M + 1. Then, under the smallness
assumption (4.51), for each t € [0,T) and p € Bs,

(t foup) =, JT et (5:67)
x(t; fu,p) = et Wiy, 5.6
f p bEB1, M P

Proof. The proof strategy is the same as for Proposition 4.13. We apply the second statement of
Lemma 3.26 instead of the first one, which gives €; = 0 for each j € [0,k + 1]. The smallness
assumption guarantees that all flows are well-defined. O

5.4.2 Bilinear systems

Let T > 0. In this paragraph, we study the convergence of Sussmann’s infinite product expansion
for bilinear systems of the form

x(t) = (Z ui(t)Ai> z(t) and x(0)=p (5.68)
iel

where A; € My(K) are time-invariant and u; € L'((0,7); K). When well-defined, its solution is

denoted z(t; A, u, p). Local convergence is proved in Proposition 5.27 while an example illustrating

the lack of global convergence is proposed in Proposition 5.28.

Local convergence. The main goal of this paragraph is to prove Proposition 5.27 which as-
serts that Sussmann’s infinite product expansion for system (5.68) converges locally (i.e. for small
matrices, small controls or small time).

Before proving this result, we need a definition for an ordered infinite product (given in Defi-
nition 5.25 below) and a sufficient condition for its convergence (given in Lemma 5.26 below).

Defining the ordered product of a family of matrices indexed by a length-compatible Hall basis
is straightforward, because there exists an indexation of the family by N which is compatible with
the order induced by the Hall basis (since it does not involve infinite segments). Hence, one is
brought back to the classical case of a sequence of products and usual definitions and convergence
criteria can be used.

For arbitrary Hall bases (in the generalized sense of Definition 2.54), the situation is more
intricate, due to the potential infinite segments which can prevent the order of the basis from
being compatible with the order of natural integers. For example, in the Lyndon basis of £(X) for
X = {Xo, X;} with Xy < X7, ad])“(O(Xl) < (Xo,X;) for all k > 2, so there is an infinite segment
before (Xo, X1). This problem already appears for a product which would be indexed by N? with
the lexicographic order

(0,0) < (0,1) < (0,2) < -+~ < (1,0) < (1,1) < (1,2) < -+ < (2,0) < - -- (5.69)

We therefore propose a natural definition and a basic sufficient condition for convergence based
on absolute convergence. In what follows, || - || is a submultiplicative norm on M4(K) such that
|IId|| = 1, for instance a subordinated norm.

Definition 5.25. Let J be a totally ordered set and (A;)jec; matrices of My(K). We say that the
ordered product of the e over J converges when there exists M € My(K) such that, for every
€ > 0, there exists a finite subset Jy of J such that, for every finite subset J; of J containing Jy,
one has

+—
M— T 4

<e. 5.70
JE€J1 =¢ ( )

When such an M ezists, it is unique and we write

<+
M = 'HJeAJ'. (5.71)
Jje
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The following natural convergence criteria also appears in [68].
Lemma 5.26. Let J be a totally ordered set and (A;);jecs matrices of Mq(K) such that
D 1145 < oo (5.72)
jeJ
Then the ordered product of the e?i over J converges in the sense of Definition 5.25.
Proof. Let a be the left-hand side of (5.72).
Step 1: Basic claims. We start with straightforward claims. First, for every j € J, one has
e — T < 4l — 1< 1Ayl < )1 e (573
Second, for every finite part J’ C .J, one has

-
I e

< I el < e, (5.74)
jeJ’

~ jer

Third, for every finite parts Jy C J; C J, one has

T4 T A o
R R E SR E (5.75)

jEJl\JO

Indeed, writing J; \ Jo = {j1 > -+ > jn}, we have the following telescopic decomposition

n

— — — —
et — I et =) I e (e —1d) II e, (5.76)
JE€J1 Jj€Jo Jj€Jo Jj€

k=175>j, J<ir

which, together with the two first claims, proves estimate (5.75).

Step 2: Construction of a limit. We construct a possible limit. For each n > 2, let

. 1
si={ie s 14> 1} (5.77)
Thanks to assumption (5.72), the sets J,, are finite and, moreover,
eni= Y 4] —o. (5.78)
JEIN\JIn

Now, for each n > 2, we define the matrix

7oA
M, = l_{[] e, (5.79)
J€JIn

This defines a Cauchy sequence in the complete space My(K). Indeed, for every n < p, thanks to
estimate (5.75), one has
| M, — M,|| < &3, (5.80)

Hence, there exists M € Mg(K) towards which the sequence (A,),>2 converges. By letting
[p — oo] in the previous inequality we obtain, for every n > 2

| M, — M| < e3%,. (5.81)

Step 3: Proof of convergence. We now prove that the ordered product of the e4i over J converges
to M in the sense of Definition 5.25. Let € > 0. Let n > 2 large enough such that e*®¢, < /2.
For every finite set J; containing .J,,, condition (5.70) holds thanks to (5.81) and (5.75). O
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Proposition 5.27. Let B be a Hall basis of L(X), (& )vep be the coordinates of the second kind
associated to B. There exists n > 0 such that the following property holds. Let A; € My(K) for
i €I. Forb e B, we define the matriz Ay := A(b) where A : L(X) — M, (K) is the homomorphism
of Lie algebras such that A(X;) = A; fori € I (see Lemma 2.7). Let T > 0 and u; € L*((0,7T); K)
forie . Assume that

Jull 2 0.1y A1l < 1. (5.82)

Then, for each t € [0,T] and p € K9, the ordered product of the ot WA gyer b € B converges.
Moreover, for every p € K¢,

—
x(t; A, u,p) = ble_IBeg”(t’“)Abp. (5.83)

Proof. Let 1 :=1/(8|I|?). Let T > 0. Below, the variable ¢ implicitly belongs to [0,7]. To simplify
the notations we write &,(¢) instead of &(t, u).

Step 1: Convergence of the ordered product of the ef*®4v gver b € B. One obtains, by induction
on |b], that for every b € B, || 4| < (2]|A)!!. Thus, recalling (2.101),

|b]
1€ () Aull < (20l Allllull 2 0,0)) ™ - (5.84)
Taking into account that |B| < |I|*, we obtain, using (5.82),

+oo

Sl Al < 3 @Al o) < 1 (5.85)

beB {=1

and Lemma 5.26 gives the conclusion.

Step 2: Estimates along a Lazard elimination in By pp. Let M € N*. We adopt the notations
b1,...,bgy1 and Yo, ..., Y,41 of Definition 2.53 and we define xo(t) := x(¢) and, for j € [1,k + 1]

(1) i= e (WA L e Eo () Avy gy (5.86)

We prove by induction on j € [0,k + 1] that

() - {i‘j(t) = (Zbesﬂl,wmyj & (t)Ap + 53‘(75)) ;(t), (5.87)
z;(0) = p,
where ¢ = 0 and
le; (I < (MA@ AT Al 1 o,0)™ + llej—1(E)]]) €16 QA1 (5.88)

First, (Ho) holds with ey = 0 because zo(t) = z(t) and £x, (t) = u;(t) fori € I. Let j € [1,k+1]
and assume that (7{;_;) holds. We deduce from the definition of z; that

zj(t) = e Oz, (t) (5.89)
and from (#;_1) that

B (t) = —&b, (£) Ap, 35 (1) + e~ DA Yo &M A e (t) | e D Miay(t)
bEBﬂl,M]] nY;_1 (5 90)
= S e O 4 O L (0 | ay(0)
beBr1,vpNY;—1\{b; }
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where Z;_1(t) := ¢ %t 4% 2. ()€ DA% satisfies,
I8 -1 () < llej—a (2|1 Dol (5.91)

For b € By pp NYj-1\ {b;}, let h(b) € N* be the maximal integer such that (4.65) holds and

=i —&b, (D An; 4 &b, (DA, "D fb ()
§(t) = &(t)e 7 Apetts Z §6(t) "L Auay 1) (5.92)

m=0

Then, by definition of Y}, (#;) holds with ¢; defined by (4.69). Using the fourth statement of
Lemma 3.26, (2.100), (5.84), we obtain

; : 2||&, (t) As, )M
0] < o 2L e 011

(21| All[Jaa]| 1 )15 122)
h(b)!
< Mlu(t)| (4l Al fJull L) [1A],

(5.93)

< [blu(®) llull " - 2l

taking into account M + 1 < |b| + h(b)|b;| < 2M and || A||||lullr < 1.
We deduce from (4.69), (5.91), (5.93) and the relation By aq| < [I|M* that (5.88) holds.

Step 4: Proof of an estimate on the ordered product of the ¢4 gyer Bpi,ag- We deduce
from (5.88), (5.85) and the relation k + 1 = |Bpy arp| < [I|M T that

ler+1 ()] < eM AN [u)| AP [Allull 20,0)™ - (5.94)
Hence, using (5.82),
lersillzron < (4|I| 1Al 22 o,6) ™+ < 27 (5.95)

We deduce from (Hy11), (2.93) and Gronwall’s lemma that

+—

t
I e Sty (p) —p‘ =|zp41(t) —p| < / lek+1(T)mrgr (1) d7 < 27 Me|p| (5.96)
bEB[[l,M]] 0

—
Multiplying both sides by the finite product I St A gives

beEB1, M
s A
w(t)— I eSBWAnyl < 29 M) (5.97)
bEB[[LM]]
Passing to the limit [M — oo] in the previous estimate gives (5.83). O

Lack of global convergence. The goal of this paragraph is to illustrate that the smallness
assumption (5.82) in Proposition 5.27 is necessary because the equality does not hold globally.

Proposition 5.28. Consider the constant control u:t € Ry — (1,1) € R?.

1. There exist a Hall basis B of L({X1, X2}) and a subsequence (by)ren of B such that

[br |
Iy >0,VkeN,t >0, &, (t,u)> <7) (5.98)
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2. There exists A1, Ay € M3(C) and t >~y such that (e (t’ﬂ)Abk)keN does mot converge to 1ds
in Ms3(C). Thus, the ordered product of the e&*&™4 oper B does not converge in Ms(C).

Proof. For the first point we adapt an argument due to Sussmann in [100, pages 333-335]. We
define by induction two sequences (b;)ken and (b7)ken of Br({X1, X2}) by

b(l) = X17 b% = X?a bllc—i-l = [bia [bllc? bi]]’ bi—ﬁ-l = [bllw [bllw bi” (599)

There exists a Hall basis of £({X7, X2}), whose order, denoted <, is compatible with length and
such that, for every k € N, b}, b2 € B and b}, < b2. It suffices to choose, on the brackets with length
3¥, some order such that bj < b7. Then, automatically, [b},b7] € B and thus bj_,,b?,; € B. Such
a process indeed allows to construct a Hall basis (see Remark 2.55), provided that one chooses an
arbitrary length-compatible order on all other brackets.

To lighten the notations, we write &,(t), instead of &,(¢,%). We have Ex, (t) = Ex,(t) =t. An
easy induction shows that, for every b € B, & (t) = t“"_l/ab, where o, € N*. The constants o can
be computed recursively: ax, = ax, = 1 and, if b = ad}’ (b2) with m € N*, by < by and A(b2) < by
then o, = a3’ |b1|"mlay,. In particular, for every k € N,

abllc+1 = abiagi |bi”b]1€| = O‘b}cazi?’zk’ Oébi+1 = QCYgiabi |b,1€‘2 = 2agiabi32k' (5100)
Let 8 = max{abi7abi}. Then, 3y = 1 and, by the previous relations,

B < 32158 (5.101)

Thus 6y, := 3% In(},) satisfies o = 0 and

Op1 < O + (2k + 1)3~F+D 1n(3), (5.102)
which leads to 0, < 7 := ;S(Qj +1)3-U+D In(3) ie. B < (v/)3" where 4/ = e". Therefore, for
every k € N and j € {1,2} we have

LA

1 t k
(4 ‘ > (L ) 5.103
]2 5 (5) (5103)

Sk‘,
Let v > ' be such that, for every k € N, 2 (%) > 1. Then (5.98) holds, for instance with

3k
by = b

For the second point, let, for j € {1,2,3}, F; € M3(R) be the matrix of the linear map
z € R® — e; Aw. Then [Fy, Fy] = F3, [Fo, F3] = Fy and [Fs, Fy] = F». In particular

[Fy, [Py, F)) = Py, [Py, By Bl = —Fs. (5.104)

We consider A; = €6 Fy and Ay = €'5 I, in M3(C). One easily proves by induction on k € N*
that A, = (—=1)**1F) and Ay = —iFy. We have, for every k € Nand t € R

1 0 0

efor A — [0 cosh(&, (1)) i(—1)* sinh(&, (1)) (5.105)
0 (—=1)"*"sinh(&, (1)) cosh(&, (t))

By (5.98), this sequence of matrices diverges for every ¢ > ~. O
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5.4.3 Investigation for analytic vector fields

In this paragraph, we study affine systems (4.50). Our goal is to explain the difficulty of the
convergence question for Sussmann’s infinite product for arbitrary analytic vector fields. First, we
state a definition (Definition 5.29) and a sufficient condition for the convergence (Lemma 5.30), in
the same spirit as for matrices. Then we show that they do not provide convergence for general
analytic vector fields and we formulate an open problem.

Definition 5.29. Let J be a totally ordered set, § > 0 and (f;);es a family of C'(Bas; K?). We say
that the ordered product of the efi over J converges uniformly on Bs if there exists g € C°(Bs; K?)
such that, for every € > 0, there exists a finite subset Jy of J such that, for every finite subset Jq
of J containing Jo, and for every p € Bs one has

-
H p)— IO ef’p‘ <e. (5.106)
JjE€J
When such a g exists, it is unique and we write
11 ef 7
= i, 5.10
g= e (5.107)

Lemma 5.30. Let J be a totally ordered set, § > 0 and (f;);jes a family of C'(Bas; K?) such that
Sllfillco <6 and  a:=>_|[lfiller < oo (5.108)
jed jeJ

Then the ordered product of the efi over J converges uniformly on Bs and is e®-Lipschitz.

Proof. We proceed as in the proof of Lemma 5.26.

Step 1: Basic claims. First, for every finite subset J’ C J and p € K¢ with |p| < 2572346], | fillcos
then

jeJ’

H efip € Bys and ‘
jeJ’

{ q ef]p} H < I eMfilleo < o (5.100)
JjeJ’

because of Lemma 3.21 and the chain rule.
Second, for every finite parts Jo C J; C J and p € K¢ with |p| < 26 — > jes Ilfjllco one has

H efip— H efi
Jjeh1 P Jj€Jdo P

<t 3 Ul (5.110)

]€J1\J0
Indeed, writing J; \ Jo = {j1 > -+ > jn}, we have the following telescopic decomposition
— — — —
H fip eli IO efi | efin | II fi | 1 et I efi . (5.111
JjE Ile jG ]o p= Z j:GJoe ¢ ijJle p J:GJoe J:GJle p ( )
J>Jk J<Jk J>Jk J<Jk
+—
For k € [1,n], let z) := jg}lefjp which is a point in Bas_ 1, |j.,- By (5.109) and (3.34), the term

J<Jk
with index k in the previous sum is bounded by

— —
I i | elivay — | T i | ap| <e|efinay, — x| < e[ fillco. (5.112)
Jj€Jo Jj€Jo
J>Jk J>Jk

which, together with (5.111) proves (5.110).

65



Step 2: Construction of a limit. We construct a possible limit. For each n > 2, let

. 1
Ip = {j €J |fjller > n} (5.113)
Thanks to assumption (5.108), the sets J,, are finite and, moreover,
eni= Y |lfiller — 0. (5.114)
JEINIn

Now, for each n > 2, we define g,, € C°(Bs;K?) by

11 e 5.115

gn(p) = 11 eVp. (5.115)

This defines a Cauchy sequence in the complete space C°(Bs; K9). Indeed, for every n < n’ and
p € Bs, thanks to estimate (5.110), one has

lgn(p) — g (p)| < €%ep. (5.116)

Hence, there exists g € C°(Bs;K?) towards which the sequence (g, ),>2 uniformly converges on
Bjs. By (5.109), g, is e*-Lipschitz on Bs for every n € N, thus so is g. By letting [n’ — oo] in the
previous inequality we obtain, for every n > 2 and p € By

lgn(p) — g(p)| < e%en. (5.117)

Step 3: Proof of convergence. We now prove that the ordered product of the efi over J converges
uniformly to g on B in the sense of Definition 5.29. Let € > 0. Let n > 2 large enough such that
e“e, < /2. For every finite set J; containing .J,, condition (5.106) holds thanks to (5.117) and
(5.110). O

Now, let us emphasize that, by using estimates on &, (¢, u) and f, depending only on the length
of the Lie bracket b, it is not possible to prove the convergence of > |&, (¢, w)|||follct, where the
sum ranges over b € B, an arbitrary Hall basis of £(X).

On the one hand, one easily proves by induction on |b| that, for every b € B and v € L™
with ||Ju||z~ < 1, there holds |& (¢, u)| < tI*l. However, by the first statement of Proposition 5.28,
when X contains at least two indeterminates, there are Hall bases (even compatible with length)
for which one may not expect an upper bound, function of |b| alone, that behaves better than
geometrically. Hence, we should consider the t/°/ bound to be sharp, when one restricts to bounds
depending only on [b].

On the other hand, if the vector fields are locally analytic, there exists r,§ > 0 such that
fi €C¥"(Bs; KY) for i € I. By (3.25) with 71 < r and ry + r/e for every b € B,

iller < (1) (ol - 1) <2)|b1Fb|, (5.118)

where F' := max;er ||| fi]||,.. However, by Remark 3.17, the dependence in (|b]| —1)! is optimal (again,
if one restricts to bounds involving only |b]).
We deduce from the previous estimates that there exists C > 0 such that

&t w)ll| foller < (CH)PIpL. (5.119)

This bound does not provide the convergence of the considered series. Indeed, for every ¢ > 0,
(Ct)PI|b]! = 400 as |b| — +o0, so an argument depending on |b| alone doesn’t even prove that the
general term tends to zero.

To prove the convergence of Sussmann’s infinite product expansion, one therefore either needs
a better sufficient condition than Lemma 5.30 or one needs to prove estimates on & and f; that
take into account the structure of the bracket b, and not only its length.
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Open problem 5.31. Does Sussmann’s infinite product converge for analytic vector fields?

In Section 6.4, we prove the convergence (for analytic vector fields) of some infinite subproducts,
by applying Lemma 5.30 with estimates on &, that depend on the structure of b.

6 Error estimates for control systems

In this section, we consider control-affine systems with drift, i.e. of the form
q
B(t) = folx(t) + > _wi(t)fi(x(t)) and x(0) =p, (6.1)
i=1

where fo, ..., f, are vector fields and u = (uy, ..., u,) € L*(R; K?). When well-defined, the solution
is denoted z(t; f,u,p) where f = (fo,..., fy) and u = (uq,...,uq).

We prove error formulas at every order in ||lu||z1 for the Chen-Fliess expansion, the Magnus
expansion in the interaction picture and for Sussmann’s infinite product expansion. In each case,
the error formula involves an infinite sum or an infinite product which turns out to be well-defined.
We also propose a counter-example for the validity of such error estimates for the usual Magnus
expansion, for which the infinite sum involved is not well-defined.

6.1 Chen-Fliess expansion

The convergence of the Chen-Fliess series, for control affine systems (6.1) with analytic vector
fields, under a smallness assumption on ¢ and a uniform bound on u, is a classical result, see for
instance [36, Proposition 3.37] or [99, Proposition 4.3]. In this section we prove the convergence
of the Chen-Fliess expansion, (Proposition 6.1) under a smallness assumption on |lul|r:1. We also
generalize the Chen-Fliess expansion to nonlinear systems (not necessarily affine) with scalar input
(Proposition 6.2), because this fact will be used in Section 7.2.

In the following statement ¢ € N*, I = [[0,¢]. For a word ¢ = o1---0¢ € I*, with £ € N*,
o1,...,0¢ € I, and vector fields fo, f1,..., fy, we denote by f, the differential operator fy,, --- fs,

(with the notations of Remark 3.10). For ¢t > 0 and u = (uy, ..., u,) € L'(0,t), the quantity fot Ug
is defined in (2.13), with ug = 1.

Proposition 6.1. Let 6,7 > 0 and fo, f1,...,f; € C*7(Bas; K?). There exists n > 0 such that,
for every ¢ € C“"(Bas; K), t € [0,n] and u € L*((0,t); K9) such that ||ul|z2 <7 and p € Bs, then

olats ) = 3 (/ t ) (o) 0 (62)

where the sum converges absolutely, uniformly with respect to (t,u,p). Moreover, for every ¢ €
C¥"(Bas; K), there exists C > 0 such that, for every M € N, p € Bs, t € [0,n] andu € L*((0,t); K9)
such that ||ul|pr < n, then

ctattsfeun) = 5 ([ ue) (o) )] < (@l (63)

n(o)<M
where the sum ranges over words o € I* such that the number of non-zero letters is at most M.

Proof. For 0 = o1---04 € IT*, let n(o) be the number of non zero letters in o, i.e. n(o) = |{i €
[1,€]; 05 # 0}| and no(o) be the number of occurrences of the letter zero in o, i.e. ng(o) = [{i €
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[1,€];0; = 0}|. Then ¢ = n(o) + ng(c). One proves by induction on the length ¢ of o € I* the
following estimate, for every ¢t > 0 and u € L((0,t); K%),

n(o)

t ul|7 1 tno(o)
‘(/ ua)‘ < lull 23,0 . (6.4)

0 n(a)!  ng(o)!
Let || fIl = X0 I filll,, = r/(0If]), ¢ € C*"(B2s; K), t € [0,n] and u € L'((0,t); K?) such

that ||lullz10.e) = 27— [[uill 10,6y < m and p € Bs. Using (6.4) and (3.20), we get
t (o) 10 ¢

([ o) 00| < Il 0 (R0 el (65)

which proves the absolute convergence of the sum in (6.2), uniformly with respect to (¢, u, p)

The proof of the equality in (6.2) consists in applying (5.9) to f(t,z) = fo(z)+ > 1 wi(t) fi(x).
In particular the sum involved in (6.3) is the Taylor expansion of order M of u — p(z(¢; f,u,p))
at v = 0. By adapting Lemma 3.19 to affine systems with L' controls, we get the real-analyticity
of the map u — p(x(t; f,u,p)) on Bri(g)(0,n) uniformly with respect to (¢,p) € [0,7] x Bs which
ends the proof of (6.3). O

The last statement of this section focuses on nonlinear control systems with scalar input

i = fz,u) (6.6)

where f : K x K — K% When well-defined, the solution of this ODE, with initial condition
x(0) = p is denoted z(¢; f,u,p). We introduce the notation

/0 s / M) e (6.7)

for every t > 0, u € L'((0,t); K), and every multi-index k = (k1,...,k,) € N® with n € N*.

Proposition 6.2. Let r,6,6, > 0, f € C¥7(Bas X [~04,0.); K?) and f;, := %8’7jf(~,0) for every
k € N. There exists T*,n > 0 such that, for every ¢ € C*"(Bas;K), t € [0,T*], u € L>=((0,t); K)
with ||ul|p= < n and p € Bs, with the notations of Remark 3.10,

o (alt: frwp)) = 3 ( / u’f) oo - Fu ) (D)), (6.8)

neN
keN™

where the sum converges absolutely, uniformly with respect to (t,u,p). Moreover, for every ¢ €
C¥"(Bags; K), there exists C > 0 such that, for every M € N, t € [0,T*], u € L*>((0,t); K) with
lu|l <n and p € Bs

@t frup)— Y </0 “k> (fra == Fra) (@) ()| < (Clulpe) (6.9)

neN
keN™ [k|<M

where the sum is taken over n € N and k = (k1,...,k,) € N such that ky +--- + k, < M.
Proof. We define ' = r/e,

’I"I ) } r
T :=min{ ——, , 7N :=min <y, — ¢ . (6.10)
{10|||f|7- 1flleo { 10}
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Let ¢ € C¥"(Bas;K), t € [0,T*], u € L*((0,t);K?) with |lul]lr~ < n and p € Bs. Then
‘r(ta f7u7p) € B25-

Step 1: Uniform absolute convergence of the sum in (6.8). Using the iterated version of (3.12) and

(3.1), we get, for every k € N,
e i 5\"
<(2 . 6.1
<) < (2) s, (6.11)

k k
Al < 55 (2 ) Wl < (5

For every n € N* and ky,...,k, € N, we have, using (3.20) and (6.11)

5 n
(i - Fr) () ()] < ! (w) e llly = M s Mol
(6.12)
5 n 5 ki+-+kn "
<ot (2)(5) e,
and
/‘uk _ / w(r ¥ -y dr| < —||u||k1+ o (6.13)
0 An(t)

By definition of 7* and n we have 2 [||f|||, < 3 and 2|uf .~ < 3, which gives the conclusion.

— 27
Step 2: Equality in (6.8) and error formula (6.9). We have f(-,u) = Z+ o u f; with convergence

in e’ (Bas; K?) uniformly with respect to u € By (0,7). Thus, the equality (6.8) is a consequence
of Fubini theorem and (5.9) applied to (¢t,z) — f(z,u(t)). In particular the finite sum involved
in (6.9) is the Talyor expansion of order M of u — (x(¢t; f,u,p)) at © = 0. By Lemma 3.19
u — @(x(t; f,u,p)) is analytic on Bpee(o,7+)(0,7) uniformly with respect to (¢,p) € [0,7*] x Bs,
which ends the proof of (6.9). O

6.2 Magnus expansion in the usual setting: a counter-example

Contrary to other expansions, the usual Magnus expansion does not yield, in general, error es-
timates involving the size of the control. Indeed, the infinite segments which would need to be
summed do not converge, even for analytic vector fields, arbitrarily small times and even when the
drift vector field vanishes at the origin. The following statement illustrates that even the series
defining the terms which are linear with respect to the control does not converge.

Proposition 6.3. Let d := 2. There exists T,6 > 0, fo, f1i € C*°(Bs;K?) with fo(0) =0 and a
control u € C*([0,T1]), such that, if one defines, for t € (0,T), the sequence of vector fields

Z@d Lo (tu) ad’, (f1), (6.14)

then, for each 6* € (0,8) and t € (0,T), F,(t) € C*(Bs;K?) does not converge in C°(Bs«; K%).
Proof. We define the following vector fields for z € R? with |z| < 1,

1
1—1’1

fo(z) :=z2e1 and  fi(z):= €. (6.15)

Then,
klxh
adko (f1)(x) = 2507 <1> €2 = #62- (6.16)

].—(El

We now choose the particular control u(t) := ¢ for t € (0,7) with T" = 1 (the simpler choice,
u(t) := 1, would not produce a diverging counter-example). Using the expression (2.65) from
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Example 2.40 for the coordinates of the first kind along the brackets and])“(0 (X1) for this particular
control, we obtain, for ¢t € (0,T),

n

B xk
_ _ \k+1k+2 PE+1 2
F,(t)(z) = ,;:0( 1) ¢ Fr 12T (6.17)

Thus, for each ¢,6* > 0, the sequence of vector fields F,(t) does not converge in C°(Bs-; K%), since
for every zo # 0, the general term of the series does not tend to zero because of the asymptotic
(B.5) for Bernoulli numbers. O

6.3 Magnus expansion in the interaction picture

The following statement is an immediate consequence of Proposition 4.8. It illustrates that, con-
trary to the classical Magnus expansion, our “Magnus in the interaction picture” expansion allows
to obtain error estimates involving the size of the control, at any order.

Proposition 6.4. Let M € N, § > 0, T > 0, fo € CMHY(Bss: K with T| follco < 6 and
fi,.. fqg € CM2(B55;Kd). There exists v,C > 0 such that, for every v = (u1,...,uq) €
LY((0,7); K) with

Jullpr <y (6.18)

p € Bs and t € [0,7] then

2(t; fyu,p) — ¥ I ethop| < Clluf M. (6.19)

In (6.19), Zn(t, f,u) (where implicitly f = (fo, f1,...,fq) and u = (u1,...,u,)) is a nota-
tion for the vector field Zus (¢, fo, > i, uif;), defined in Definition 4.7 for the affine perturbation
fe(t,2) = 3% w;(t) fi(z). This notation is chosen by analogy with Theorem 2.41.

6.4 Sussmann’s infinite product expansion

The goal of this section is to prove Proposition 6.8 which states that, despite the difficulties men-
tioned in Section 5.4.3 concerning the full convergence of Sussmann’s infinite product expansion,
some (infinite) subproducts of it do converge and yield error estimates at every order in the size
of the control for control-affine systems with drift of the form (6.1).

We start with an elementary remark (Lemma 6.5) on the structure of brackets of a Hall set
which allows to prove nice asymmetric estimates on the associated coordinates of the second kind
(see Lemma 6.6). The following result proves that, when one tries to factorize the lateral X, factors
outside of a bracket of a Hall set B C Br(X) with Xy € X, these Xy factors cannot alternate sides
more than once.

Lemma 6.5. Let ¢ € N*, X = {X, X1,...,X,} and B C Br(X) be a Hall set. For each b € B,
there exist m,m € N such that o
b=ady ad¥y, (b"), (6.20)

where @?0 denotes the iterated right bracketing m times by Xg and b* € B is such that either
b*e X orb= (bl,bQ) with bl 7é XQ and b2 7é Xo.

Proof. The key point is that, by the third condition in Definition 2.54, for each b € B\ X, A(b) < b.
Let b € B. We disjunct cases.

e If b e X or (A(b) # Xo and u(b) # Xp), then (6.20) holds with m =m = 0 and b* = b.

e If \(b) = Xy, there exists a unique m € N* and b € B such that b = ad’y, (b) where b € X or
A(b) # Xo.
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— If b e X or u(b) # Xo, (6.20) holds with 77z = 0 and b* = b.

— Otherwise, there exists a unique m € N* and b* € B such that b = @?ﬂ (b*) where
b* € X or u(b*) # Xo.
x If b* € X, (6.20) holds.

x Else pu(b*) # Xo. one has A(b*) < b* as recalled. Moreover, since m > 1,
(b*, Xo) € Bsob* < Xy (by the second point of Definition 2.54). Hence \(b*) < Xj.
So we also have \(b*) # X, and (6.20) holds.

o If u(b) = Xy, there exists a unique 7 € N* and b € B such that b = aidﬁO (b) where b € X or
p(b) # Xo.
— If b e X, (6.20) holds with m = 0 and b* = b.
— Else u(b) # Xo. Since m > 1, (b, Xo) € B, so b < X,. Since A(b) < b, this proves

A(b) # Xo. So (6.20) holds with m = 0 and b* = b.
Hence, the decomposition (6.20) always holds. O

We now turn to asymmetric estimates for the coordinates of the second kind, which, contrary
to Lemma 2.63, isolate the role of X, associated with the implicit control ug = 1.

Lemma 6.6. Let g € N*, X = {X, X1,...,X,}, B C Br(X) a Hall set and (&)pep the associated
coordinates of the second kind. For every k € N*, there ewists ¢, > 1 such that, for each b € B
with n(b) =k, T >0, u € L'((0,T);K?) and t € [0,T],

(th)nﬂ(b)
1€ (t, 1, u)| < ”quzl(O,t)W (6.21)
and
k-1 B
&t 1) < klu()lullp . s when ng(b) = 0, (6.22)
B ||UHIZT(1(M) (k/‘t|u(f)| + no(b)HUHLl(o,t)) % when n¢(b) > 0

Proof. In this proof, we write &,(t) instead of &,(t, 1,u) by concision for the value at time ¢ € [0, T
of the coordinate of the second kind associated with the control ug = 1 and w; for i € [1,¢]. First,
when (6.22) holds on [0,7T], then so does (6.21) by time-integration (with the same constant).
Hence, we only need to prove the bound on the time derivative of the coordinates.

Step 1: Persistence of the estimates by right bracketing with Xo. Let k € N* and b € B such that

n(b) = k. We assume that (6.21) holds and we prove that b := (b, Xo) satisfies both estimates with

the same constant. Since {x,(t) = 1, we have

(th)no(b)
no(b)!

Hence b satisfies (6.22) (and (6.21) by integration) because ¢ > 1 and ng(b) > 0.

165(6)] = 1€(D)Exo (D] < llullEo,r) (6.23)

Step 2: Persistence of the estimates by arbitrary long left bracketing with Xo, up to ¢ + 2c. Let
k € N*and b € B with n(b) = k. We assume that (6.22) holds and we prove that, for every m € N*,
b:= ad'y, (b) satisfies both estimates with a constant cj < 2cx. If ng(b) = 0, it is straightforward
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to check that b satisfies (6.22) with ¢z < 1. If ng(b) = 1, we have

6] = — 168, (06 (o)
t’nl

< ol (tfu(t)| + no(®) el 1)

Ck(ckt)no(b)_l

N

IN

mtno(b)—1 (6.24)
- meno(v) mo) U
ul| %5 (kt|u(t)|+(m+n0(b))||u||L1>2 T T 0))!

k-1 : no(b) tro®-1
< lullzr (kt|u(t)| +”0(b)||u||L1>(20k) T

because ng(b) = m + ng(b) and ¢, > 1. So b satisfies (6.22) with a constant cj, « 2cy.
Step 8: Proof of the estimates by induction on k € N*,

Initialization for k = 1. For i € [1,q], £x,(t) = wi(t) so both estimates are satisfied with
constant 1 when b € {X3,...,X,}. By Lemma 6.5, Step 1 and Step 2, we deduce that (6.21) and
(6.22) hold for k =1 with ¢; = 2.

Induction (k — 1) — k. Let k > 2 and let us assume that the estimates are proved for every
b € B with n(b) < (k—1). Let b € B with n(b) = k. By Lemma 6.5, Step 1 and Step 2, we can
assume that b = ady’ (bz) with by,by € B, b1 # Xo and (b2 € X or A(bz) < b1) and (by # Xo or
m > 1). Assume that by # Xo. Then the induction assumption applies to both b; and b,. Let
k1 :=n(b1) and kg := n(b2). Then k = mky + ka, no(b) = mng(b1) + no(b2) > no(b2). Using the
induction assumption and (3.2) with a < (m + 1), we obtain, when ng(by) > 0,

. 1o,
‘fb(t)‘ = ‘m,fbl'(t)sz (t)‘
1 gy (Cryt)0CONT Chy (Cpy 1)) 71
< _ 1 1 2 2 2 2
= <||U||L1n0(b1)! [l 73 <k2t|u(t)| +n0(b2)||u\|L1)—no(b2)! (6.25)
— mn mng(b no (b tno(b)_l
< Nl (kthate) + mo(®) )20 O™ 0

Since m < k, we have the two desired estimates with ¢ := 2 - 2¥ max{c;;j € [1,k — 1]}, where
the first factor 2 comes from Step 2. When ng(by) = 0, the proof is similar and easier. When
by = Xj, the induction hypothesis applies because m > 1 so n(b;) < n(b) and the proof is
straightforward. O

Remark 6.7. The “persistence” of the estimates with respect to left or right bracketing by Xo, as
mentioned and derived in Steps 1 and 2 of the proof of Lemma 6.6 might be linked with sufficient
conditions for small-time local controllability which “ignore” the number of leading (or trailing) X
factors (see [17], [63, Theorem 6] or [18, Theorem 5.7]).

These estimates allow to prove the main result of this section.

Proposition 6.8. Let ¢ € N*, X = {Xy,X1,...,X,}, B a Hall basis of L(X) and (&)seB the
associated coordinates of the second kind. Let M € N, r,§ > 0, fo,..., fq € C"(Bas; K9). There
exists n,Car > 0 such that, for every u € L*((0,T); K?) with T < n and |[u|[ 201y < 1, the ordered
product of the e& &1 oyer the infinite set BN Sy = {b € B;n(b) < M} (using Definition 2.10)
converges uniformly on Bs and, for each t € [0,T] and p € Bs,

,
wt; frup) =, H el < Curllul 31T, (6.26)
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Proof. In this proof, to simplify the notations, we write z(t), &(¢) and |lu|| instead of z(¢; f,u, p),
&(t,1,u) and [Jul|z1(0,4)- Let (cx)ren- be the increasing sequence of constants of Lemma 6.6. We
define

1= M Chy (6.27)
r ke[1,2M]
. ) min{1,d} }
= min , 6.28
! {2||f||c1 20, (q+ 1)MV(1 + 1) (6.28)
Chr = €2 (1+7)(2M)! (g + )M oM+L, (6.20)

For t € [0,T]) and u € L'((0,T); KY) with T < 7 and ||u|| < 7, using (6.28),

q
tlfollco + > luillzr ol filleo < mllflleo < 6. (6.30)
=1

Hence, for each p € By, x(¢; f,u,p) € Bas.

Strategy. Since the product involved in (6.26) is indexed by the infinite set B N Sy, the proof
strategy consists in considering the sequence of finite products By, 1) N Sy for L € N* and let
L — +00. The error between the true solution and the finite product contains both a term scaling
like ||u[™*+! which will persist in the limit and a transitory error term which vanishes as L — +oo.
Each bracket in b € B is either, not involved at all in the process, involved in the final error,
involved in the transitory error term, or involved in the finite product, depending on L, M, n(b)
and ng(b) as pictured in Fig. 1. In Steps 2, 3 and 4, L > M + 1 is fixed. In Step 5, we take the
limit L — +o0.

n(b)

Never part of the process
2M < n(b)

Part of the final error

M < n(b) < 2M

N
N
N

n(b) < M and [b| < L«
N

Finite product

i's
S
o
—
<
=

Figure 1: Decomposition of B along the Lazard elimination process for the product on 5N Sy,.

Step 0: Preliminary estimates. First, using estimate (6.22) from Lemma 6.6, for each b € B with
n(b) = k, one has in particular
(ckt)”o(b)

Taking into account that for every m € N*, |B,,| < (¢+1)™ and using the analytic estimate (3.25),

€l e < ful® (6.31)
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we obtain the following estimate for the terms which can be part of the final error

Yoo el folles

bGBﬁ(SQJM\SM)

2M k+no
< 3 S el Oy (YT

k=M+17m0=0 (6.32)
2M +oo
<(1+r)EM-1! > (@+DCuul)* > ((g+1)C.T)"™
k=M+1 no=0

< (1+r)2M) (g + 1)MHECHH fu M

because |lul| < n, T <nand (¢+1)Cin < L. For the terms which can be part of the finite product
or of the transitory error, there holds similarly

D &l flle:

beBNS s
M +oo k+n
cxt AN
< Tloller+ 32 3 Besnallal* 5= (1) (21 (k+ o — 1)
k=1 10=0 (6.33)
M +oo
< Tl foller + (L +7)(M =Dy ((a + DCullul)* Y~ (¢ +1)CT)™
k=1 7’L0:0

< Tl foller + (1 + )M g + DCullu]| < 6.

Step 1: Convergence of the ordered product of the es*Mfo over BN Sy, uniformly on Bs, towards
a Lipschitz map. Thanks to (6.33), we have

S a@®lfle < S lélulfile <o (6.34)

beBNSr beBNSnr

and Lemma 5.30 gives the conclusion of Step 1.

Step 2: Lazard structure on By jN.Sy - We use the notations of Definition 2.53 to describe By 1.
There exists m € N and an extraction ¢ such that

BHLLH NSy = {b¢(1) <--e < b¢(m+1)}. (6.35)
Let i € [1,m + 1] and n = ¢(i). By Definition 2.53, there exists a unique factorization
bo(iy = bn = ad)"~* - - ad]! (by) (6.36)

where by € X, j1,...,Jn-1 € N (one just identifies left and right factors in Br(X)). For every
Jje[l,n—=1]\ ¢([1,7 —1]), b; contains at least (L + 1) occurrences of the variables X1,..., Xg,
thus it cannot be involved in the factorization of b,. This proves that

bs1y € Yo := X,
byoy € Y1 :={ad!  (v);5 € N,ve Y\ {byny}}
¢(2) b ¢(1) (6.37)

bopmi1) € Yon :={ad]  (v); € N;v € Yooy \ {bsmy }
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Byi,y N Swm N Vi1 =0, (6.38)

where Y, 11 := {adi¢(7n+1)(”)?j e Nv e Y\ {bgimt1)}}-

Step 3: Proof of estimates along the Lazard elimination on Bpy ;N Sys. To simplify the notations,
from now on, we write Bpy 1) NSy = {b1 < -+ < b1} and we use (6.37) and (6.38) with ¢ = Id.
Let zo(t) := z(t). By (6.34), for every j € [1,m + 1],

zi(t) == e % OV fe; .. g8 (D o1 () (6.39)
is well-defined and belongs to Bss. The goal of Step 3 is to prove by induction on j € [0,m + 1]
that
30 : (310 = Toc, ynses, SO R 0) + () 6.40)
i) .
z;(0) = p,
where )
lejllns < el OMaller i |0 + > 1€l fllco, (6.41)

BEZj

where Z; C (BN Sanr) \ (Bpi,zy N Sar) is defined in (6.48).
First (Ho) holds with g9 = 0 because £x,(t) = 1 and Ex;,(t) = u;(t) for i € [1,¢]. Now, let
J € [1,m + 1] and assume that (#;_1) holds. We deduce from the definition of x; that

() = e O (251 (1) = ®; (=&, (1), 251 (1)) (6.42)
and thus that

iy (t) = > & (t) (@5 (=&, (1)), fo) (25(1) +-1(), (6.43)

bEB1, L)NSMNY;_1\{b;}

where .f’-:vj,l(t) = 8p<I>j (—fbj (t),xj,l(t)) Ejfl(t). We get (7‘[]) with

&5(t) = S 2)(6) + &1 (1) (6.44)

bEB, L)NSMNY;_1\{b;}
where, for every b € By, ,j N Sy N }7]-,1 \ {b;},

, : MO k)
g (t) = &(t) (D5 (=&, (1), fo) (x5(t) — Z fb(t>2:7!fad’gj ) (2;(t)) (6.45)

k=0
where h(b) € N* is the maximal integer such that
n(b) + (h(b) — 1) n(b;) < M and |b] + (h(b) — 1)]b,| < L. (6.46)
By (3.47),
) < (L |§bj (t)‘h(b) — & (¢ 3 6.47
B O] < [&( )IWHfad;;b)(b)llco = &Il f3llco, (6.47)
for b := adl}:j(b)(b). Hence, (6.41) holds with
Z; = {ady " (b); b€ BN Sy NYj1\ {b;}} (6.48)

This yields Z; C (BN Sar) \ (Bpy,yp N Sar) thanks to (6.46).
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Step 4: Proof of an estimate on the finite product over By 1y N Sy . By (6.41), (6.34) and (6.32),
we have

lemrillos <€ > €12 | folleo + € > €1l 21l foll o
bEBN(S20\Snr) be(BNSM)\B[1,1] (6.49)
< e Cunrllul M + 01 100 (1),

because the series in (6.33) converges. We deduce from (6.40) and (6.38) that

—

I e bl —p‘ = |21 (t) = pl < e Oumllu| ™ +0r5400(1)  (6.50)
bEB[[LL]]ﬂSM

—
By (6.34), the map II e~ ig 9 Lipschitz on Bss. Then, by (6.50),
beBﬂl,L]] NSar

—

J,‘(t) _ II e—Eb(t’lau)fbp

< Curllul ™™ +o 1 6.51
beB1,L1NSMm —= M” || + L—)-‘roo() ( )

Step 5: Infinite subproduct limit. By Step 1, the infinite product over BN Sy, is well-defined. By
letting L — 400 in estimate (6.51), we obtain the conclusion of Proposition 6.8. O

7 Refined error estimates for scalar-input affine systems

In this section, we consider scalar-input affine systems with drift, i.e. of the form

£(t) = fo(x(t)) +u(t)fi(x(t)) and z(0) =p, (7.1)

where fo, fi are vector fields on K¢ and u € L'((0,7);K). When well-defined, its solution is
denoted xz(t; f,u,p). Such systems have been extensively studied in control theory, as toy models
for more complex situations.

The goal of this section is to improve, in this particular framework, the error estimates of the
previous section: the new bound is not expressed in terms of ||u|/z: but in terms of the L® norm
of the time-primitive of the input, which heuristically corresponds to the W ~1° norm of w.

This refined estimate is somehow optimal in the scale of Sobolev spaces (as shown by the one
dimensional system #(t) = u(t)) and specific to the scalar-input case (see Section 7.5).

Lowering the Sobolev regularity required on the input is of paramount interest for applications
in control theory (see e.g. [14]) and might also be useful for applications to stochastic differential
equations where the input is a noise with low regularity (see e.g. [15]).

Definition 7.1 (Integrated input). Let T > 0 and u € L'((0,7);K). In this section, U always
denotes the time-primitive of u vanishing at zero, i.e. defined by U(t) := fof u(s)ds fort € [0,T].

7.1 Auxiliary system trick

Enhancing the estimates relies on the following trick which factorizes the dependence of the input
and introduces an auxiliary system involving the time-primitive U of the input (and not w itself).

Proposition 7.2. Let 6 > 0, fo,f1 € C¥(Bss;K?) and n* > 0 small enough so that the two
following maps are well defined and (globally) analytic

J[=n",n*] x Bas  — Bss n ) Bas x [=n*, "] — K4
o {(ﬂq) — e"1(q) o {(qﬁ) = (@1(=7)+fo)(q)-

Let T > 0 be such that T||F||co <.

(7.2)
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1. For every p € Bs and U € C°([0,T);K) with ||U||L~ < n*, there exists a unique solution
x1 € CH([0,T); K9) to

$1(0) =D

denoted x1(t; F,U,p). It takes values in Bas. Moreover, the map (p,U) — z1(-; F,U,p) is
analytic from Bs x Beojo 71(0,1*) to C*([0,T]; K?).

{:'Ul(t) = F(x1(t), U(t)), (7.3)

2. For every p € Bs, t € [0,T] and u € L'((0,T);K) such that |U|| L~ < n*,

Proof. The existence of * such that ®; and F are well defined and globally analytic results from
the third statement of Lemma 3.26. The analytic dependence of z; with respect to (p,U) is given
by Lemma 3.19. By definition of x;, the right-hand side of (7.4) satisfies the same Cauchy problem
as x thus the two functions are equal. O

7.2 A new formulation of the Chen-Fliess expansion

The goal of this section is to derive of a new formulation of the Chen-Fliess expansion for scalar-
input affine systems (7.1).

Proposition 7.3. Let 6,7 > 0 and fo, fi € C¥"(Bss; K?). There exists n > 0 such that for every
© € C¥"(Bss;K), t € [0,n], u € L'((0,t); K) such that |U| L~ <1 and p € Bs, with the notations
of Remark 3.10,

L t
platts fupy= Y I ( | Uk) (Fedh (o) (i (o)) (D) (75

with the notation (6.7), where the sum converges absolutely, uniformly with respect to (t,u,p).
Moreover, for every ¢ € C*"(Bss; K), there exists C > 0 such that, for every M € N*, ¢t € [0,7),
u € L1((0,t); K) such that |U||L~ <n and p € Bs,

4 t
ot foup) = 3 S0 ([ 0%) (st )+ e () )0

LeN,neN
L+|k|<M

t
v (jopet+ [
0

where the sum is taken over € N, n € N and k = (k1,...,k,) € N® such that {+k1+---+k, < M.

(7.6)

Proof. Let n*,T,x; be as in Proposition 7.2, || f|| == ||| folll. + [Ilf1]ll, and

1) r
:= mi T n* — . 7.7
! mm{ ’"’fn’zsnfn} .7

Let ¢ € C¥"(Bss;K), t € [0,n], u € LY((0,t);K) such that ||U|L~ < 1 and p € Bs. Then
z1(t; F,U, p) € Bys and, by (7.4) and (7.7), z(t; f,u,p) € Bss.

Step 1: Proof of the absolute convergence in (7.5) uniformly with respect to p € Bs. Let r' :=r/e.
Then, by Lemma 3.16, for every k € N, ad}, (fo) € C“" (Bs5;K?) and
K 9\"
[l < 2 (2) naee. 8)
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Thus, by (3.20),
|(FEGadf (o)) (s (16))) ()0
<o (2) st

14Nk 9\ M kol 9\ (7.9)
o (2) e (2) |f||’““-~e<r> i
14||fH n+Lt+ki+-+kn
(=) ~

‘audk1

REAR

<e "(n+O)lky!- - k!
Moreover, recalling notation (6.7),
U(t)* /t Uk
ok J

Thus it is sufficient to prove the summability over £ € N,n € N* ky,...,k, € N of the following
quantity

t" 1
L4k kn
< ”UH +ki+-+ EW

(7.10)

U@’ / Utr)™ - Ulr)*
0 Jan kil k)

e il r

ntltky++kn
< <t> 2 ( 14“f“> [l (710
€

l4+ki+ 4k
2N (280, T
er r L

Step 2: Proof of (7.5) and (7.6). Applying Lemma 3.22 and Proposition 6.2 we get

n nltki otk
(t) (TL+£)‘ <14|f||) ! ||U||Z+k1+»..+kn
LOO

IN

which is ensured by (7.7).

p(a(t; fu,p)) = ¢ (6U(”f1x1(t; F, U,p)>

+o00 ‘
=S IO gty (1 F U ))

= - (7.12)
- 5 ( * ! k adk (fo ad® (fo
= f% (/ U>(< a5 (fo) -+ (adfy (f0))) () ()

The bound proved in Step 1 allows to exchange the differential operator f{ and the second sum,
which proves (7.5). To prove (7.6), one bounds the queue of the series thanks to (7.9) and the
following consequence of Holder’s inequality, valid when ¢ + |k| > (M + 1)

U(t)é/ U(r)* - U(ry) P dr
An(n)

<o (jowre+ o). wa)

O

One of the ingredients of the above proof is the Chen-Fliess expansion of the auxiliary sys-
tem x1(¢; F,U, p), which appears in [3, Section 3] under the denomination “representation of the
perturbation flow”.
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Remark 7.4. The bound (7.6) between the exact solution and the truncated Chen-Fliess series (in
its’ original formulation) is used by Stefani in [96, Lemma 3.1 and Corollary 3.1]. Our proof is
both different and shorter.

Remark 7.5. Equality (7.5) where the sum converges absolutely proves that appropriate packages
of the Chen-Fliess expansion are absolutely summable under a smallness assumption on |U|| g,
which is weaker than the smallness assumption on ||u||p: which is used in Proposition 6.1 for
multi-input systems.

7.3 Magnus expansion in the interaction picture

In this section, we prove the following enhanced error estimate for the magnus expansion in the
interaction picture with scalar input. Our proof relies on an appropriate approximation for the
auxiliary system z; introduced in Section 7.1.

Proposition 7.6. Let § > 0 and fo, fi € C¥(Bss; K?). For every M € N, there exist nys, Cay > 0
such that, for every T € [0,nas], u € LY((0,T);K) such that |U|p~ < na, t € [0,T] and p € Bs,

w(t; f,u,p) — eZ (BT ethp

<Cu <|U(t)|M+1 + /Ot U|M+1) . (7.14)

Proof. In Section 7.3.1, we introduce a vector field Vy(t, f, U) such that e¥™(&:5U)etfo(p) is a good
approximation of the auxiliary state ; defined in (7.3). Since, by (7.4), z(t) = eV /1 (z,(t)), the
desired estimate then relies on the following decomposition

x(t; f,u,p) — eZM(tf,u)etfop = x(t; f,u,p) — UM f1 eyM(tJ,U)etfop

+ UM eyM(t»f,U)etfop _ BZM(t’f’“)etfop. (7.15)

Using Proposition 7.7 and Proposition 7.11 (see further) for the first and second lines, we get

a(t; fou,p) — 2 T Wethopl < Oy (U + U@ +[U]I175E) (7.16)
which gives the conclusion since [|U| 11(0,¢) < ¢ U Lyr+10,0)- O

In Section 7.3.1, we define Yy (¢, f,U) and prove in Proposition 7.7 that it indeed provides
a good approximation of the auxiliary state. In Section 7.3.2, we explain the link between
VX1 eYu (LXU) apd e2m(BX0) at the formal level. In Section 7.3.3, we show in Proposition 7.11
that this formal link entails that eV ®f1eYm(5£U) g close to eZM (t:f:u),

7.3.1 An approximation of the auxiliary state

We use the error formula of Proposition 4.8 for the Magnus expansion in the interaction picture
to obtain an approximation of the auxiliary state.

Proposition 7.7. Let §,p > 0, fo, f1 € C¥?(Bss;K%). For every M € N, there exist ny, Cay > 0
such that, for every p € Bs, t € [0,ma7], u € L*((0,t); K) such that |U||L~ < nar,

z(t; fou, p) — eV D1V BLU) tfor) < CMHUH]LV[lJ(ol,t) (7.17)

where Yy (t, f,U) := Log {G:}(t), and Gy : [0,t] x Bas — K is defined by

s — D U(s)
Guis) = 3 U ot k() 0) (7.18)
keN* ’ '
LeN
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and this sum converges absolutely in C*' (Bss; K) with p' = p/e. Moreover,

Yul(t, f,U) = Zﬂ /A " (-0 U™ (m -0 Um)*

m El' kl' gr' k’r|

(7.19)
|-+ [ad% (adf: (o)), ad (adf? (fo))] ., adf, (ad; (f0))]

where the sum is taken over r € [1, M], m € [1,7], r € N, £y,..., 4. € N, kq,..., k. € N* and
the sum converges absolutely in C** (Bss; K?).

Proof. Step 1: Convergence in (7.18) and (7.19). By (3.23), for every s € [0, 1],
s— 1) U(s)* k+ 0! (9" ,
[z e <ewit-SaE (3) gt a

14 k! k!
thus the sum in (7.18) converges absolutely in C**'(Bss; K?) when ¢ and ||U||~ are smaller than

adﬁc0 adk1 (fo)

p

P
8L, -

For every r € [1,M], m € [1,7], r € N™, {y,...,¢. € N, ky,..., k. € N*, using (3.2) and the
non-decreasing of ¢ € [1,00] = || - [|£a(0,¢) for t € [0,1], we get

1 PR . — r . )kr r+|0]+|k|—1
/ (n = U™ (1 = 0" U™ o g — 1)1 (9||fll)
Ar(t) p

) A k!
r4|£ k|—1
P

(7.21)
< @) o)™ (

Thus, by (3.23), the sum in (7.19) converges absolutely in C** (Bss; K%) when t and ||U| - are
p2~ M
smaller than TSI, -
Step 2: Proof of (7.17). Let T,n* and F as in Proposition 7.2. We introduce the function
Fy :]0,T] x Bos — K¢ defined by

8

s i
Ri(t) = F.U0) — foly) = 3 5 ad, (1)) (122

J

I
-

where the sum converges in C**' (Bags; K?) when ||U]| L~ < W. Let M € N. There exists C' > 0
P

such that, for every t € [0,T], U € C°([0,7);K) with ||U||L~ < n*, the function F; defined by
(7.22) satisfies

1EL 11 0,0,cm2) < ClUNL10,0) < CTU Lo 0,8)- (7.23)
Let Cps > 0 and v = v(M, 0, || fol|car2+1) > 0 be as in Proposition 4.8 and
: 27y
Ny =ming L, —— — 5. (7.24)
{ 361171, CT}

Let p € Bs, t € [0,m3] and u € L*((0,t); K) such that ||U||z~ < nas. Then, the convergences of
Step 1 hold and ||F1||L1((0 em?y < thus we can apply Proposition 4.8 and Proposition 4.9 to

the equation @1 = fo(z1) + F1(t, z1)

1 (t; F,U,p) — XM (10 ethopl < || Gyl M H (7.25)

LY((0,0);¢M?)

Moreover, there exists C’ (depending only on n*, fo, f1) such that
HGtHLl((o,t);cM% < C,”UHLl(O,ty (7.26)

Thus, we get (7.17) by applying the e’ If1ller _Lipschitz map eV to (7.25). O

80



In the next paragraphs, we will use the following technical result about Vas(t, f,U) and its
decomposition in homogeneous components with respect to U.

Lemma 7.8. Let 6,p > 0, fo, fi € C¥P(Bss; K%). For every M € N*, there exists nar,Car > 0
such that, for every j € N*, t € [0,nn], u € LY((0,t),K) such that |U|| L~ < na, the sum in
the right-hand side of (7.19) taken over r € [L,M], m € [1,r], r € N, ¢1,...,¢. € N and
ki,..., k. € N* such that k1 + ... + k. = j, converges absolutely in cwr’ (ng;Kd) and its sum,
denoted Y3, (t, f,U), satisfies

[P 0|, < o (W} (7.27)

where p' = p/e. Moreover, Y (t, f,U) = ZjeN* yzjg(t,f, U) where the sum converges absolutely
in C“* (Bss; K9).

Proof. Let ny > 0 be as in Proposition 7.7, ¢ € [0,my] and w € L'((0,); K) such that |U||p~ <
nar- The sum involved in VI, (¢, f,U) converges absolutely in C<*'(Bss; K?) because it is a sub-
family of the one considered in Proposition 7.7. By (7.21), there exists Cp; > 0 (independent of ¢
and U) such that, for every j € N*, (7.27) holds. The non-decreasing of ¢ € [1,00] = || - ||La(0,4)
(since t < 1) gives the last conclusion.

7.3.2 Identification procedure at the formal level

In this paragraph, we highlight at the formal level the link between eV () X1V (t:X.U) g g2 (t:X 1)
in £(X). We start with a new formal factorization, well adapted to estimates with respect to the
primitive of the scalar input.

Proposition 7.9. Let X = {Xo, X1} and u € L'(Ry;K). For every z* € .Z(X), the solution x
to the formal differential equation

{i% Z( )(Xo +u(t)X1), (728
satisfies, for everyt € Ry,
x(t) = 2% exp (tXo) exp (Voo (t, X, U)) exp (U (t) X1) (7.29)

where Voo (t, X,U) € L(X) is defined by Voo (t, X,U) = Log  {B:}(t) and B, : [0,t] — L(X) is
defined by

Y k
Bi(s) = e~ (t=9)%0 (eU(s)XlXOer(s)Xl B Xo) (=) X0 _ Z (s —t)" U(s) ad, adk (Xo)

Nk
keN™
eN
(7.30)
i.€.
m 1 Z k yan k.
T1—t LUy (rp — ) U(r,)"
i t’ ){7 e d
Yeolt: X,U) = /A,( k! or R
[ : [adf;;o ad;fgl (X0)),ad%, (ad%2 (Xo))] ,...,ad%, (ad’s, (Xo))
(7.31)

where the sum is taken over r e N*, m € [1,r], r e N {y,... 0, €N, ky,..., k. € N*.
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Proof. First, in the same way as Theorem 2.27 has been generalized to an infinite alphabet in the
proof of Theorem 2.41, it is possible to generalize Theorem 2.41 to an infinite alphabet.
The function z; : [0,7] — A(X) defined by z,(t) := z(t)e~V X1 satisfies x;(0) = z* and

k
i1 = 21 () eV DX Xe VOXs — 4 (1) (Xo + 3 U](f,) ad’;, (X0)> . (7.32)
keN* :

This equation is of the form @1 (t) = 1 (t)(Xo +>_ ey ar(t)Yr) for some indeterminates Y. Thus,
Theorem 2.41 (adapted to an infinite alphabet) and the homomorphism of algebras sending Y} to
ad’)“(1 (Xo) prove that

21(t) = 2% exp(tXo) exp(Voo (t, X, U)). (7.33)

which gives the conclusion. O

We now use the formal expansion (7.29) to obtain an alternative formula for Z, (¢, X, u) defined
by Theorem 2.41, in terms of the primitive of the scalar input. For r,v € N, we introduce the finite
dimensional subspace of £(X)

Ly, (X) :=span{E(b); b€ Br(X),no(b) =v,n1(b) =r} (7.34)

~

and P, : £L(X) — L, ,(X) the associated canonical projection.

Proposition 7.10. Let X = {Xo, X1}, T > 0, u € L*((0,7);K), t € [0,T], Voo(t, X,U) defined
by Proposition 7.9 and Z.(t, X,u) defined by Theorem 2.41. Then, in L(X),

Z.o(t, X,u) = CBHD o, (Voo (t, X, U), U()X1) . (7.35)
In particular, for every M € N*, r € [1, M] and v € N,
P.,Zy(t,X,u) = P., CBHDy (VY (t, X, U),U(t) X1) . (7.36)

In this statement, CBHD, is defined in Corollary 2.33, CBHD ), is its truncation used in Corol-
lary 4.3 and Zy(t, X, u) is defined in Theorem 2.41 and used in Proposition 4.8.

Proof. We deduce from Proposition 7.9 and Theorem 2.41 that
exp(Zx0(t, X, 1)) = exp(Voo (t, X, U)) exp(U (t) X1). (7.37)
Thus Corollary 2.33 proves (7.35). Let M € N*, r € [1, M], v € N. We deduce from (7.35) that
P, Z(t,X,u) =P, CBHDo (Vo (t, X, U),U(t)X1). (7.38)
By definition, Z., (¢, X,u) — Zp(¢, X, u) is a linear combination of brackets all involving at least
(M + 1) occurrences of X1, thus P, Z(t, X,u) = P, ,Zum (¢, X, u). By definition, YV (¢, X,U) is
a sum of brackets involving all at least one occurrence of X7, thus

P, CBHD o (Voo (t, X, U),U(t)X1) = P, CBHD yy (Voo (t, X, U), U(t) X1) . (7.39)

Moreover Voo (t, X, U) =Y (t, X, U) is a linear combination of brackets involving all at least (M +1)
occurrences of X; thus

P,, CBHD) (Vo (t, X,U),U(t)X1) = P, CBHDp (Vs (8, X, U), U(t) X1) s (7.40)

which ends the proof of (7.36). O
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7.3.3 Error formula for analytic vector fields

We prove in Proposition 7.11 an error bound between eV ()f1eYmt.AU) and eZm(t.fu)

Proposition 7.11. Let §,p > 0, fo, f1 € C“?(Bss; K9). For every M € N, there exist nys, Cay > 0
such that, for every t € [0,na], p € Bs and u € L'((0,t); K) such that |U| p~ < nar,

U® 1 eyzvf(t>f7U)6tf0p _ ZMm (t,f’u)etfop

< Cu <|U(t)|M+1 + /Ot U|M+1) . (7.41)

Proof. We split the difference as

QU1 Yar(t.£.0) gtfor) _ (CBHD a (Var (1.1.0),U(0) 1) gt o

p p

+ CBHD s Das (L LU)U () gty — o Zas(6f0) gt o (7.42)

p-

Taking into account that ||Vas(t, f, U)oz < Cl|U||L1(0,1), the first line is bounded by Corol-
lary 4.3. Using Gronwall’s lemma and Proposition 7.12 bounds the second line. O

Proposition 7.12. Let 6,p > 0, fo,fi € C“?(Bss;K%) and p' := p/e. For every p" € (0,p),
M € N, there exist nar,Car > 0 such that, for every t € [0,mn], u € LY((0,t); K) such that
IUllzes < nar,

Il Zas(t, f,u) = CBHD A (Var(t, £,U), U f)l v < Caar (lU(t)|M+1 +/ UIM“)- (7.43)
0

In particular, Zy(t, f,u) is the sum of the terms homogeneous with degree at most M with respect

Proof. Step 1: Finite approxzimation of Yar(t, f,U). First, by Lemma 7.8, one can write

M
Yu(t, f,U0) =D V46 £U)+ Y Vit £,U) = Yt £,U) + Rt £,U), (7.44)
j=1 i>M
where the remainder satisfies [|Ra (¢, f,U)] , < C||U||%ﬂl(0 p+ By the triangular and Young
inequalities, it is therefore sufficient to prove (7.43) with Yj; replaced by the finite truncation

yM(tv f7 U)

Step 2: Identification at the free level. Let A : £L(X) — C¥(Bas; K?) be the homomorphism of Lie
algebras such that A(X;) = f;. The relation (7.36) is made of finite linear combinations of brackets
of Xy and X;. Let M € N. By applying A to this equality, we get, for every r € [1, M], v € N

PT,VZM (t7 f7 u) = Pr,l/ CBHDM (yM (tv fa U)7 U(t)fl) . (745)
By definition
M
Zy(t, fou) =D Y PruZult, fou) (7.46)
veNr=1

where the sum converges in C‘“’p/(ng; K?) for appropriate p’ € (0, p), by Proposition 4.9. Thus,
with the notations of (2.41),

Zu(t, f,u) — CBHDy (Vs (t, f,U), U(8) f1) = Z Eyn(Vi(t, £.U),Ut) fr), (7.47)

jhi+ha>M

where the sum is taken over j, hy, he € [1, M].

83



Step 3: Proof of (7.43). From now on, ny > 0 is given by Proposition 7.7 and Lemma 7.8,
t € [0,ma], uw € LY((0,t);K) is such that |U]| L~ < nas and p” € (0, p). For each term in the finite
sum (7.47), one has, thanks to Lemma 7.8,

. . hi
[[For @it 0 0@ R)|| |, < || 20| 0@

(7.48)
ih ih _ gk
< U U@ < CIUN o " 5 [T ()]
which concludes the proof thanks to Young’s inequality since jh; + hy > M + 1. O

7.4 Sussmann’s infinite product expansion

When the input is scalar, the estimates of the coordinates obtained in Lemma 6.6 can be enhanced
to involve only the primitive of the input, at least for Hall bases where X; is minimal, which in
turn improves the estimate of Proposition 6.8 (see Proposition 7.14 below). The hypothesis that
X is the minimal element can be seen as the formal counterpart of the auxiliary system trick of
Section 7.1.

Lemma 7.13. Let X = {Xo, X1}, B be a Hall basis of L(X) for which X, is the minimal element
and (&)pep the associated coordinates of the second kind. For every k > 1, there exists ¢, > 1
such that, for each b € B\ X with n(b) =k, T >0, u € L*((0,T);KK) and t € [0,7T],

(th)no(b)fl

k
[€p(t, 1, u)| < Ck“U”Lk(O,t)m (7.49)
and
. ce|U@)|* when ng(b) =1,
[€p(t; 1, u)| < o pymo()—1 or )0 () =2 (7.50)
exlUMI* Gritm=nr + Uik 0. Castm—zr when no(b) > 2.

Proof. As for Lemma 6.6, estimate (7.49) is obtained, for each b, by time integration of (7.50).
Moreover, still as in Lemma 6.6, both estimates are invariant by right-bracketing with X, and
also by arbitrary long left-bracketing with X, up to ¢ < 2c¢;. Let us prove (7.49) and (7.50) by
induction on k.

Initialization for k = 1. We have &x, (t) = U(t) and &y, x,)(t) = U(t). Hence [X1,X,] € B
(because X; < Xo) satisfies both estimates. By Lemma 6.5, when n(b) = 1, there exist m,m € N

such that b = ad’y ad’¢ (X1). Since X is minimal, if b # X;, m > 0. Thus, by the previous
invariant properties, we get the conclusion with ¢y := 2.

Induction (k — 1) — k. Let k > 2 and let us assume that the two estimates are proved for every
be B\ X with n(b) < (k—1). Let b € B with n(b) = k. By Lemma 6.5 and the previous invariant
properties, we may assume that b = ady’ (b2) with m € N*, by < by € B, by # Xo, (b2 € X or
/\(bg) < bl) and (b2 7é Xo orm > 1)

e If by = X7, then by = X (otherwise, if bo ¢ X, A(b2) < X1, which is impossible since X is
minimal). Thus
: U)m
€6 (8)] = o] (7.51)

m!
so (7.50) with ¢ = 1 holds since ng(b) = 1 and k = m.

e If by # Xy, then by satisfies (7.50) for some ki € [1,k — 1]. Moreover, either by = Xy or
by ¢ X (because it cannot be X7). The case (bs = Xy and m > 1) is easier and left to the
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reader. Thus we are left with the case where b, satisfies (7.50) for some ks € [1,k — 1]. One
has k = mk; + ko and v := ng(b) = mng(by) + no(ba) =: mvy + vo. Thus,

CZ? HU”mkl (Cklt)mvlfm

. t)szl (Ck t)u272
1) < Lb UG ) e, @) Y
o) < B BT (oo P 1 o, S s
(7.52)
Thanks to Hélders’ inequality,
IO, < U5t (7.53)
Thanks to Holder’s inequality and Young’s inequality,
IUITEU @)= < e (U5t + U @0)]F) . (7.54)
Moreover, thanks to (3.2), for i € [1,2],
1 1 1 : 1
— < omADlv=i 7.55
m! (v = D™ (vg — i) — (v—1)! ( )
Combining these inequalities proves (7.50) with ¢, := 2¥*2max{c;;j € [1,k — 1]}
O

These enhanced estimates yield the following result.

Proposition 7.14. Let X = {Xy, X1}, B a Hall basis of L(X) for which X is the minimal element
and (&)pes the associated coordinates of the second kind. Let r,8 > 0, fo, f1 € C¥"(Bys; K?). For
each M € N*, there exist nyr, Cay > 0 such that, for every u € L'((0,T);K) with T < na and
Ul v+10,7) < nars the ordered product of the eSotLW o gyer the infinite set BN Sy = {b €
B;n(b) < M} (using Definition 2.10) converges uniformly on Bs and, for each t € [0,T] and
pE Bé;
= t1,u M+1

x(t; fou, p) — beBIrI]SMegb( BWfepl < Oul|U 125 (0.4 (7.56)
Proof. The proof is the same as the proof of Proposition 6.8. The only difference is that we use
estimates of Lemma 7.13 instead of those of Lemma 6.6. The fact that these enhanced estimates
are not valid for b € X doesn’t come into play. Indeed, neither Xy nor X; are involved in the final
error term (6.32). O

7.5 Failure of the primitive estimate for multiple inputs

Proposition 7.6 relying only on the primitive of the input is specific to the scalar-input case and
fails for multiple inputs. As an illustration, for § > 0 and fy, fi € C>°(Bs;K?), in the degenerate
case M = 0 and the particular case fo(0) =0, p = 0, estimate (7.14) implies that, for every T' > 0,
there exists C7p > 0 such that, for ¢ € [0,7] and u € L*(0,T) with |U||p=~ <1,

|z(t;u,0)] < Cr||U||Lee- (7.57)

As illustrated by the following example, even this very crude estimate fails for multiple inputs,
because the W~1:°° norms are not sufficient to bound the nonlinear terms arising in the dynamic.

Example 7.15. Let T > 0 and consider the following system on R?:

{5“ - (7.58)

ig = v,
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where u and v are two scalar inputs. There exists u,,v, € L*(0,T) such that
1Unlle + |VallLee = 0 and |z(t; (un,vy,),0)| A 0, (7.59)

where U, is the primitive of w, and V, the primitive of V,,. Indeed, let n € N* and define
un(t) == ncosn’t and v, (t) := nsinn?t. Then one has

2
Wnllz= + Vallz= < —. (7.60)
Moreover, x1(t) = U,(t) = (sinn?t)/n and
T T T
zo(T) = / v (U, (t) dt = / sin?(n?t) dt — 5 (7.61)
0 0

as n — +o0o. This proves (7.59).

Remark 7.16. Although Proposition 7.6 does not hold for multiple inputs, we expect that the proof
method can be adapted to obtain asymmetric estimates, involving for example |U||p~ + ||v||L= in
the two-inputs case (or the converse). Such asymmetric estimates have been used successfully to
obtain sharp results for particular control systems in [51].

8 On direct intrinsic representations of the state

The expansions studied above in this article unfortunately don’t provide a direct intrinsic repre-
sentation of the state. The Magnus and Sussmann expansions are given with intrinsic quantities
(Lie brackets of the vector fields) but they require to compute one or multiple flows in order to
recover the state. The Chen-Fliess expansion gives directly a formula for the state, but it depends
on non-intrinsic quantities (see Remark 2.17 and Remark 8.8). In this section, we investigate the
possibility of finding a direct intrinsic formula for the state. We discuss this possibility in the
context of affine systems.

8.1 Approximate direct intrinsic representations

We prove in this section approximate direct intrinsic representations which achieve the desired goal
up to a small error. We believe that the formulas we derive can be of interest for applications to
control theory as they give approximate expressions for the state in terms of the inputs and Lie
brackets of the vector fields evaluated at the origin.

We start with an elementary result, which bounds the error when replacing a flow by the value
of the vector field.

Lemma 8.1. Let § > 0 and z € C*(Bs; K?9) such that ||z||co < 6. Then
|€%(0) = 2(0)| < |2(0)|[| Dz|coe! P=leo. (8.1)
Proof. Let x(t) := e'*(0) for t € [0,1]. Then, for every ¢ € [0, 1],

o) = (0] < [ [2(a() = 20)| dr < FID:esl=0)] + [ IDzleola(r) = r=(0)]dr (52

and by Gronwall’s lemma, |x(t) — tz(0)] < %HDzHco\z(0)|et”DZ”CO. O

This elementary estimate allows to obtain approximate direct intrinsic representations from the
various Magnus expansions described above.
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Proposition 8.2. Let M € N*, § > 0 and g € N*.

1. Let I = [0,q] or I = [1,q]. Let f; € CMQ(Bg;Kd) fori € I. ForT > 0 and u €
L>((0,T);K?), if x(t; f,u,0) denotes the solution to (4.50) with p = 0 and Zp(t, f,u) de-
notes the vector field defined in Proposition 4.2 (called Zn(t,) ;o wifi) in this statement),
then, as T — 0,

z(t; f,u,0) = Zy(t, f,u)(0) + O (tMH + tlz(t; f, u, O)|) . (8.3)

in the following sense: there exist C,n > 0 such that, for every T € (0,n] and u €
L>((0,T); K9) with ||u||p~ <1, for each t € [0,T],

j(t; f,u,0) = Zar(t, f,u)(0)] < C (B + tla(t; f,u,0)]) . (8.4)
2. Let T > 0, f07...,fq S CM2+1(BQ5;Kd) with fo(O) = 0 and THfO”CO < §. Foru €

LY((0,T);K9), if x(t; f,u,0) denotes the solution to (6.1) with p = 0 and Z(t; f,u) denotes
the vector field defined in Proposition 6.4, then, as ||u]|zr — 0,

2t f,u,0) = Zur(t, £0)(0) + O (Il ¥iF3) + 2t £, 077 (8.5)

3. Let fo,fi € C¥(Bss; K% with fo(0) = 0. Let T > 0 as in Proposition 7.2. For u €
LY((0,T);K), if x(t; f,u,0) denotes the solution to (7.1) with p = 0 and Z(t, f,u) denotes
the vector field defined in Proposition 6.4 (with ¢ = 1), then, as (T,||U||r=) — 0,

2(t: £,10,0) = Zas(t, f,u)(0) + O (WU o + ot £, O ), (86)

Proof. Proof of the first statement. By Proposition 4.2, there exists C; > 0 and 7™ > 0 such that
for every uw € L°((0,7*); K9) with ||uljz~ <1 and t € [0,T*],

w(t: f,u,0) — eZm(tfw (0)‘ < Oy MHL (8.7)

By the explicit expression of Zy, (¢, f, u), there exists Cy > 0 such that for every v € L>°((0,T*); K?)
with |lu||z~ <1 and t € [0,T7],

Thus, by Lemma 8.1, there exists C5 > 0 such that, for every for every u € L>((0,7%); K?) with
|lul|L= <1 and ¢ € [0, 7],

e I1(0) = Zus (¢, fu)(0)] < Ct | Zua (2, f,u) (0)] (8.9)
Then, by triangular inequality, for every u € L>((0,7%); K?) with [Ju|p~ <1 and ¢ € [0,T%]
lz(t; f,u,0) — Zar(t, f,u)(0)] < CrtM T Cst|Zas (¢, f,u)(0)] (8.10)
and in particular, for ¢t <T < 1/(2C3)
|Zar(t, £,u)(0)] < 2|z(t; f,u,0)| 4+ 201 tM T (8.11)

This gives (8.4) with C' = max{2C7;2C3} and 7 := min{T™*,1/(2Cs)}.

Proof of the second statement. The strategy is the same: one starts from the estimate in Propo-
sition 6.4, then applies Lemma 8.1 to Z5/(¢, f,u) and concludes thanks to the following estimate,
implied by the explicit expressions of the vector field

HZM(ta fa U)HCI = @ O(”u”Ll(O,t)) ) (812)

lull g1 —
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and Young’s inequality.
Proof of the third statement. First, one can assume that f1(0) # 0. Indeed, otherwise, both
x and Zj; vanish identically, so the desired estimate is void. Using Proposition 7.12 and the
explicit expression of the vector field CBHD s (Vs (t, f,U),U(t) f1), we obtain in the asymptotics
(tU][L=) — 0

1Z0(t, f,)ller = O (UG + Ul L2 0,0)) - (8.13)
Thus, using fo(0) = 0, Proposition 7.6 and the same strategy as above, we obtain in the asymptotics
(& [Ullg=) — 0

£t f.10,0) = Zas(t, f,u)(0) + O (|U<t>|M“ + [ IO )+ W ot . u,0>|) |

(8.14)
The following proposition and Young’s inequality give the conclusion. O

Proposition 8.3. Let § > 0, fo, fi € C¥(Bs;K9) with f5(0) = 0 and f1(0) # 0. There ezists
T,n,C > 0 such that, for every u € L'((0,T),K) with |U||L~ <7 and t € [0,T],

U@®)] < C(lzt; f,u,0)] + Ul 1 0,0)) - (8.15)

Proof. With the notations of Proposition 7.2, z(t; f,u,0) = eV®f12,(t; F, U, 0) tends to zero when
|U]|z~ — 0. A Taylor expansion of order 2 in z(t; f,u,0) = Y1z (t; F,U,0) provides C; > 0
such that, for every ¢ € [0, and u € L'((0,T); K) such that |Ul|z~ < n*,

lz(t; f,u,0) — z1(t; F,U,0) — U(t) f1(0)| < CL{U®)|> + C1|{U(#)||2z1(t; F, U, 0)]. (8.16)
Moreover, by Gronwall’s lemma, there exists Co > 0 such that

|I1(t;F, U,O)‘ S CQ||U||L1(07t). (817)

Let P: K¢ — K¢ defined by P(y) = (y, f1(0))/|f1(0)|>. Applying P to the vector in the left-hand

side of (8.16) and using (8.17), we get the conclusion, when ||U||1« is small enough. O

Under additional nilpotency assumptions, one can omit the truncation errors in the represen-
tation formulas of Proposition 8.2.

Corollary 8.4. Under the same assumptions as in Proposition 8.2.
1. Assume moreover that L({f;;i € I}) is nilpotent of index at most M + 1. Then, as T — 0,
x(t; f,u,0) = Zae(t, f,u)(0) + O (tx(t; fu, 0)]) . (8.18)

2. Assume moreover that f; € C¥(Bus; K®) fori € I := [0,q] and that {fi;i € [1,q]} is semi-
nilpotent of index at most M + 1 with respect to fo. Then, as ||u| L1 — 0,

z(t; f,u,0) = Zm(t, £,u)(0) + O (lull 1o, [ (t: £,, 0)]) - (8.19)

3. Assume moreover that fo, fi € C*(Bas; K?) and that {f,} is semi-nilpotent of index at most
M + 1 with respect to fo. Then, as (T, ||U|p=) — 0,

w(t; fou,0) = Zu(t, £,u)(0) + O (Ul L2 o) + U@ (E: £,u,0)]) - (8.20)

Proof. These are straightforward consequences of Proposition 5.6 (for the first item) and Corol-
lary 5.18 (for the second and third item, thanks to the analyticity assumption), using the same
approach as in the proof of Proposition 8.2. O

Remark 8.5. Estimate (8.6) proves that, for a situation in which f; |U|M+1L s negligible, the state
is well approzimated by Zy(t, f,u)(0), which is a convergent series of iterated Lie brackets of fo
and f1 evaluated at 0. We expect that this representation can be useful for applications to control
theory, where one tries to relate controllability of the system with geometric relations on the Lie
brackets evaluated at zero.

88



8.2 Diffeomorphisms and Lie brackets

Lie brackets behave very nicely with respect to local changes of coordinates. Let f; be smooth
vector fields for 4 € I, p € K% and 6 be a smooth local diffeomorphism near p. If 2(¢) denotes the
solution to (4.50), we define y(t) := 0(x(¢)). Then, one checks that y is the solution to

g(t) =Y wi(t)gi(y(t)) and y(0) =p/, (8.21)

iel

where g; := 0, f; and p' := 0(p). By iterating Lemma 3.25, Lie brackets of the vector fields defining
the dynamics for y can be computed explicitly from those of . More precisely, for every b € Br(X),

9o = 0s fo (8.22)

with the notation of Definition 3.14. In particular, there exists a linear invertible map L, : K —
K%, L, := D0(p), such that, for every b € Br(X),

9(p") = Lfs(p). (8.23)

Conversely, if the f; and g; for ¢ € I are analytic vector fields, the existence of points p and
p’ and a linear invertible map L, such that (8.23) holds is a sufficient condition for the existence
of a local smooth diffeomorphism 6 with (p) = p’ and such that, for all controls w;, there holds
y(t) = 0(x(t)) where x and y denote the solutions to (4.50) and (8.21) for the same set of controls.
This nice property is proved in [75, Theorem 1] and was then extended with a more general
geometric viewpoint in [98] (see also [5, Theorem 5.5] for a modern presentation).

When (8.23) only holds for brackets up to some length M € N and the controls are uniformly
bounded in L, one can prove (see [76]) the existence of a local smooth diffeomorphism 6 and a
constant C' such that

ly(t) — Oz ()| < CHF1 (8.24)

Up to our knowledge, the converse, which is conjectured to be true in [76], is a nice open problem.

Open problem 8.6. Let I = [1,q] and X = {X1,...X,}. Let p,p’ € K% Assume that there
exists a smooth diffeomorphism 6 from a neighborhood of p to a neighborhood of p’ and M € N such
that, for all controls ui,...uq € L>(0,T) with ||u;|| < 1, estimate (8.24) holds for the trajectories
x and y corresponding to the same controls. Does this imply that there exists a linear invertible
map such that, for each b € Br(X) with |b| < M, (8.23) holds?

Open problem 8.7. Same question in the context of affine systems with drift, i.e. when I = [0, q],
X = {Xo,X1,... X} and the first control ug is constrained to be identically equal to 1. This
question might be harder because one gets less information from (8.24) as it is valid for less choices
of controls since uq is heavily constrained.

Remark 8.8. Property (8.23) is specific to Lie brackets and does not hold for products of differ-
ential operators. As an illustration, consider the case K =R, d =2, X ={Xo, X1}, p=p' =0
with Lo := DO(0) = Idy. Then, for every ¢ € C*(R%R), (950)(0) = (f»9)(0), but this relation
does not extend to a similar relation between products of fo and fi1 and those of go and g1. For
example, with the vector fields fo(x) := (0,21) and fi1(z) := (1,0) and the smooth diffeomorphism
0(x) = (a1, 22-+33), one has go(y) = (0,11) and g1(5) = (1,2y1). In particular, (£26)(0) = 0116(0)
but (93¢)(0) = D119(0) + 2012¢(0). This explains why we consider that the Chen-Fliess expansion
is mot an intrinsic representation of the state, as it depends on quantities which are not invariant
through local changes of coordinates.
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8.3 Replacing the Magnus flow by a diffeomorphism

Let f; for ¢ € I be smooth vector fields. We consider the solution z(¢;u) to (4.50) with p =
0. Let Zn(t,u) be the vector field defined in Proposition 4.2 (and called Zps(t,);c; uif;) in
this statement). By Proposition 4.2, for each M € N, z(¢;u) is given by the time-one flow of
the autonomous vector field Zys(t,u), up to an error scaling like t*+! when the controls u; are
uniformly bounded in L.

In this paragraph, inspired by the nice properties of Lie brackets with respect to diffeomorphisms
recalled above, we attempt to replace the computation of the time-one flow by a diffeomorphism.
This can be seen as being related with the converse of the classical question of whether a given
diffeomorphism can be represented as the time-one flow of an autonomous vector field (see e.g.
[7, 8] for positive answers in particular cases, [7, Section 2] for an elementary necessary condition,
and [52] or [88] for statements highlighting that the answer is only rarely positive).

This also corresponds to replacing the terms z(¢; u)+o(]x(¢; w)|) in Proposition 8.2 by (x(t; u)),
where 6 is a smooth local diffeomorphism of K¢.

We start with a definition.

Definition 8.9. Let T > 0 and n € N. We say that a functional 3 : [0,T] x L>=((0,7);K?) - K
is homogeneous of degree n with respect to time when, for every u € L>((0,T);K?), XA € (0,1]
and t € [0,T7,

Bt ur) = A"B(t, u) (8.25)

where u is defined by u*(\t) := u(t) for t € [0,T] and u*(\t) :=0 fort > T.

In particular, the product of two homogeneous functionals of degree n and m with respect to
time is an homogeneous functional of degree m + m. The coordinates of the first kind (p(t, u),
pseudo-first kind 7, (¢, «) and second kind & (¢, u) are all homogeneous of degree |b| with respect to
time. An interesting property of homogeneous functionals is given by the following statement.

Lemma 8.10. Let T > 0, n € N and 8 : [0,T] x L>*((0,T); K?) — K, homogeneous of degree n
with respect to time. Assume that there exists C' > 0 such that, for every u € L*°((0,T); K?) with
lu|l Lo 0,ry < 1 and each t € [0,T7,

|B(t,u)| < Ct" T (8.26)

Then 8 = 0.

Proof. Let t € [0,7] and u € L*((0,T);K) such that ||ul[ze@,r) < 1. On the one hand, for
each A € (0,1], B(\t,u*) = A"B(t,u). On the other hand, |3(At,u*)| < C nt+lgntl because
lu|| oo = ||ul|z < 1. Hence |B(t,u)| < CAt"*! for each A € (0,1] so B(t,u) = O

One could wonder if the following proposition holds.

False proposition 8.11. Let X = {X;;i € I}, B be a monomial basis of L(X). Let T > 0. There
exists a family (By)vep of functionals from [0,T) x L>=((0,T);K9) to K, with B, homogeneous
of degree |b| with respect to time, such that the following statement holds. Let § > 0 and f; €
C>®(Bs;K?) for i € I. There exists a smooth diffeomorphism 0 of K¢ near p = 0 such that, for
each M > 0, there exists Cpr, Tay > 0 such that, for every u € L*°((0,T); K?) with |ju| L~ <1, for
each t € [0,Tn],

10z (t; u)) — yar(t;u)| < Cprt™ ™, (8.27)
and
yk[(t u = 9 Z ﬂb t u gb )) (828)
[b|<M

where gy = O, fy and x(t;u) is the solution to (4.50) starting from p = 0.
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The functionals 5, would be the analog of the coordinates of the first and second kind described
earlier. A formula such as (8.28) would be ideal for applications to control theory for example, since
it is expressed on intrinsic quantities (Lie brackets) and allows to compute x(¢; u) directly without
solving for flows (one recovers z(t;u) ~ 6~ 1(y(t;u))). In some sense, it corresponds to asking if
there exists a local change of coordinates for which the Chen-Fliess expansion only involves Lie
bracket terms (and all the non-Lie bracket terms vanish).

Unfortunately, it is impossible in general, as illustrated by the following counter-example.

Proposition 8.12. Let X = {Xo, X1}. Let T > 0 and consider, in R3, fo(z) := (0,21 + 23, v122)
and fi(z) := (1,0,0), i.e. the following affine system with drift

j?l = u,
x'2 =T + I%, (829)
&g = T1%2,

together with the initial data x(0) = 0. There exists a monomial basis B of L(X), such that, for
all functionals By : [0,T] x L*((0,T);R) — R for b € B, homogeneous of degree |b| with respect
to time and for every local C® diffeomorphism 0 of R®, there exists M € [1,6] and a control
u € L*((0,T);R) with ||u|]|pe <1 such that (8.27) does not hold, even for small times.

Proof. Let B be a length-compatible Hall basis of £(X) with X < X;.
Step 1: Computation of ys(t). We define By = {b € B;ni(b) = ¢} for every £ € N. Then
B = {ad])f(o (X1); k € N}. The computation shows that the only elements b € By such that f;, # 0
are
by = Xy, by = [Xo, X1], c1 = [Xo, [Xo, X1]], (8.30)
fo, (z) = €1, Joo () = —(1 4 221)ea — zoes3, fo, (x) = 22es. (8.31)
Thus, the only elements b € By that could satisfy f, # 0 are [by, ba], [b1,c1], [b2,c1]. The compu-
tation shows that, among them, only the two first ones do satisfy the condition:
bs = [X1, [Xo, X1]], o = [X3,ad%, (X1)], (8.32)
fou () = —262, foa () = 22165, (3.33)
Thus, the only elements b € B3 with length at most 6 that could satisfy f, # 0 are [by, bs], [by, ca],
[ba, b3], [b2, 2], [c1,b3]. The computation shows that, among them, only the second and the third
ones do satisfy the condition:
by = ad%, ad%, (X1), bs = [[Xo, X1], [ X1, [Xo, X1]]], (8.34)
fb4 (.T) = 263, fb5 (CL‘) = —263. (835)
Thus the only elements b € B, with length at most 6 that could satisfy f, # 0 are [b1,bs] and
[b1,b5], but the computation shows that they satisfy f, = 0. Therefore, for every b € 54U Bs U B,

f» = 0. In conclusion, by,...,bs are the only elements b € B such that f;(0) # 0. In particular,
none of them have length 4 or 6, thus

yo(t) = 0(0) + DO(0) (B (¢, wer — Bat, w)es — 2Ba(t, wea + 2(Ba(t,w) - Bs(t,w))es ) (8.36)

is the sum of 4 homogeneous functionals of degree 1,2, 3 and 5. Here and below we write §; instead
of By, for brevity.

Step 2: Computation of homogeneous terms with degree 4 and 6 in 0(x(t)). In this step, we consider
a local C® diffeomorphism 6 of R? defined on a neighborhood of p = 0. For u € L>((0,T);R), we
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denote by U the primitive of w such that U(0) = 0 and V the primitive of U such that V(0) = 0.
Straightforward explicit integration of (8.29) yields

t t s
1
z(t;u) = U(t)er + V(t)ez +/ U?(s)dseq + 5V2(t)63 +/ U(s)/ U?(s')ds’ dses,  (8.37)
0 0 0
where the five terms are respectively functionals homogeneous of degree 1 through 5 with respect to
time in the sense of Definition 8.9. Using a Taylor expansion of § at 0, one obtains (vector-valued)
functionals v for k € [1,6], homogeneous of degree k with respect to time such that for every
M e [1,6]
M
O(z(t)) = 0(0) + Y (t,u) + O ™). (8.38)
k=1
In particular

wltu) = 3V00:00) + U0 | U0,26(0) + SV (002000

(8.39)
+ %UQ(t)V(t)amé(O) + %U‘*(t)afe(())
and
¢ ® N2 / 1 1 ! 2 ?
Yot u) = U(D) /O U(s) /0 U(s')?ds dsish(0) + 5 V3(1)6(0) + ( /0 U > D220/(0)
+ iU?(t)vm)auge(o) + %U(t)V(t) /O 1201,96(0) + %V3(t)82229(0) o

1 t 1
+ 5% / U2011126(0) + U OV (1)011206(0)
0

+ ! V(U (t)07{0:0(0) + éUG(t)afo(O).

41

Step 3: Denying (8.27). We proceed by contradiction, assuming that there exists a local C°
diffeomorphism 6 of R? such that, for each M € [1, 6], there exists Cps, Tas > 0 such that (8.27)
holds for every t € [0, Th] and uw € L®((0, Tar); R) with ||ul|p~ < 1.

By induction on M, estimate (8.27), Lemma 8.10 and (8.36) imply that vq = £10:0(0), 2 =
—62020(0), v3 = —283020(0), 74 = 0, 75 = 2(84 — B5)030(0) and v = 0.

On the one hand, by choosing u such that U(t) = 0 but V(t) # 0, the relation ~4(t,u) = 0
implies that 0226(0) = —056(0) # 0 because 6 is a local diffeomorphism. On the other hand,
by choosing u such that U(t) = V(¢) = 0 but fot U? # 0, the relation v4(¢,u) = 0 implies that
02260(0) = 0. This concludes the proof, since we have found incompatible conditions on 9226(0). O

Remark 8.13. This section is written with a focus on time-based estimates. However, a similar
“false proposition” could be stated for control-based estimates. The same counter-example also
negates this possibility.
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A Proving that the logarithm of the flow is a Lie series

A.1 Using shuffle relations and Ree’s theorem

In this paragraph, we describe a proof of Theorem 2.20 relying on Ree’s theorem and shuffle
relations satisfied by the coefficients of the Chen series. This approach is notably used in [71, 74].
We start with some definitions.

Definition A.1 (Shuffle product). The shuffle product is the map from I* x I* to the free vector
space over I* defined by induction on the length of the words by ) W o = oW () := o for every
o € I'* (where () denotes the empty word) and, for every o,0’ € I* and {,¢' € I,

(cl)yw (o'l == (o w (')l + ((of) w o)l (A1)

Intuitively, the shuffle product of two words is the sum of all the ways of riffle shuffling these
two words together, interleaving their letters (exactly as one would riffle shuffle two packets of a
card deck). For example, the shuffle product of the words ab and cd (over the Latin alphabet) is
abed + acbd + acdb 4 cabd + cadb + cdab.

The following result was introduced in [89, Theorem 2.5] to prove Theorem 2.20.

Lemma A.2 (Ree’s theorem). Let v : I* — K with vy = 1. We still denote by v its linear
extension to the free vector space over I*. Consider the formal series © := ) .7, X,. Then

logz € EA(X) iff (the linear extension of) v satisfies the so-called “shuffle relations”, i.e. iff for
every o,0’ € I*,
Yoo’ = Yo Vo' - (A2)

Proof. This statement is item (i) in [90, Theorem 3.2]. O

Therefore, to show that logx(t) is a Lie series, it suffices to check that the coefficients fg Uy
(defined in (2.13)) of the Chen series satisfy these shuffle relations. We proceed as in [89, Section 2],
by induction on |o| + |o’| in (A.2). Definition (2.13) can also be written as, for every o € I'* and
lel,

/Ot Ggp = /Ot ax(s)ae(s)ds. (A.3)

Since we set fg ag = 1 by definition for the empty word @, (A.2) holds for every o,0’ € I*
when |o| + 0| = 1. Assume now that it holds for |o| 4 |0’| < n for some n € N*. Let 0,0’ € I*
and £,¢' € I such that |of| + |0'¢'| = n+ 1. Applying successively, (A.1) and the linearity of the
extension of 7, (A.3), the induction hypothesis and eventually (A.3) again, we obtain, for every
t>0,

Yotyw(oe) (1) = Viow(oe)e(t) + V((ooyworye ()

= / ’YO’LLI(O”@')(S)G’K(S) ds + / V(UZ)UJU’ (S)af’ (5) ds
0 0
t t A4
= / 70(8)'70’5’(8)a5<8) ds + / 'YJZ(S)’VJ’(S)GE’(S) ds ( )
0 0
- / S0 (57076 (5) + Yot (5)orer (5) s,

which proves that v(or)w(orer)y = Yot Vo e
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A.2 Using Friedrich’s criterion

In this paragraph, we describe a proof of Theorem 2.20 relying on Friedrich’s criterion. This
approach is notably used in [97, Section 3]. We start with some definitions.

Let A(X)®.A(X) be the tensor product of the algebra A(X) with itself (i.e. the tensor product
of A(X) and A(X), endowed with the product rule (¢ ® b)(a’ @ V') := (aa’) @ (bV'), see [26,
Chapter 3, Section 4.1, Definition 1] for a precise construction). The algebra A(X) is the universal
enveloping algebra of the Lie algebra £(X), and as such is a Hopf algebra (see [1]). The coproduct
homomorphism A : A(X) — A(X) ® A(X) is defined by setting the values A(1) := 1 ® 1 and
A(X;) =X, ®1+1® X, for 1 <i < gq. This defines a unique homomorphism because A(X) is
freely generated by X as an algebra (see [90, Proposition 1.2] for more detail). The coproduct A
can then be used to characterize Lie elements, as in the following result, which was proposed by
Friedrichs in [48], then proved by multiple authors in the same period [35, 44, 78, 80].

Lemma A.3 (Friedrichs’ criterion). For a € A(X), a € L(X) if and only if the condition A(a) =
a®1+1®a holds.

Proof. This statement is the equivalence between (i) and (i) in [90, Theorem 1.4]. O

Example A.4. The element X1 X5 does not belong to L. And indeed,

A(X1X2) = AX)DAX2) = (X1 @1+12 X)) (Xo @1 +1® Xy)
=X1Xo®1+X10Xo+Xo® X1 +1®X1Xo (A.5)
£X1Xo®1+1® X1 Xs.

On the contrary, the element [X1, Xo] = X1 X5 — X2 X1 belongs to L. And indeed,

A([X1, X)) = A(X1X2) — A(X2 X))
=X Xo®14+4 X0 X0+ XoX) +10 X,X5)
— (X X1 ®14+X0 X1+ X1 0 X +10® XoX)
=[X1, Xo]®14+1®[X1, X3

(A.6)

The tensor product A(X) ® A(X) also has a graded structure, with (A(X) ® A(X)), =
D, Ai(X) ® A,—i(X). Since the homomorphism A is linear and degree preserving, it can

be extended as an homomorphism from A(X) to A(X@(X ), the formal power series over
A(X)® A(X). For such series with zero constant term, one can define, as in (2.5), an exponential,
say expg,, which also verifies a uniqueness property such as Lemma 2.13. One can then derive a
criterion to determine whether the logarithm of a formal power series is a Lie element.

Corollary A.5. Let a € A(X) with ag = 1. Then log(a) € L(X) if and only if A(a) = a ® a.

Proof. We follow [90, Theorem 3.2]. By linearity and degree preservation, Lemma A.3 implies
that, for a € A(X), a € L(X) if and only if A(a) =a® 1+ 1®a. For a € A(X) with constant
term 1,

loga € A(X) < A(log(a)) = log(a) ® 1 + 1 & log(a)
< expg (A(log(a))) = expg, (log(a) ® 1+ 1 ® log(a))
<= A (exp(log(a))) = expg(log(a) ® 1) expg (1 @ log(a))
<= A(a) = ((exploga) @ 1)(1 ® (exploga)) = a ® a,

(A.7)

where we used the equality A(exp(-)) = expg(A(+)), because A is an homomorphism, and the fact
that expg (b® 14+ 1®¢) = expg(b® 1) expg (1 ® ¢), because b ® 1 and 1 ® ¢ commute. O

94



Therefore, to show that log(z(t)) is a Lie series, it suffices to check that A(z(t)) = z(t) ® z(t).
This can be checked as in [97, Section 3] using the following argument. At the initial time A(z(0)) =

A(l)=1® 1 =2(0) ® (0). On the one hand
diA(x) =A(2) = A(za) = A(z)A(a) = Alz)(a® 1+ 1R a). (A.8)
On the other hand,
d —@er)=tr+zri=(ra)@rx+r® (xa)=(z@2x)(a®@1+1R®a). (A.9)

dt

Hence, both quantities satisfy the same formal differential equation with the same initial condition,
so they are equal for every ¢ > 0.

B Elementary numerical identities

B.1 Bernoulli numbers

We use the notation (B, ),en to denote the Bernoulli numbers, which are defined (using the modern
NIST sign and indexing convention) by the identity

Z f1f7+ZBgn7!. (B.1)

Lemma B.1. The Bernoulli numbers satisfy, for every n > 2

?(”)Bk =0, (B.2)
> (1)t =o ®3)

k
= n Bn 1
ZO (n—k:).(l:—i— 2~ (n ++1)!' (B4)

k=

Vz € C,|z| < 2m,

Moreover, the odd Bernoulli numbers except By vanish and, for everyn > 1,

Ban = (-1 22 o) ~ (-1 2y () (®.5)

where C is the Riemann zeta function.

Proof. The first two identities are classical and can be proved using the generating series of the
Bernoulli numbers of (B.1), respectively by identification in z = (e — 1) x (z/(e* — 1)) for (B.2)
and in 1 = ((e* —1)/z) x (z/(e* — 1)) for (B.3).

The third identity (B.4) follows from (B3) and the computation

n

k—O( k)(k+2 n+1' n—~f)/n+1—4n—0+2
= (B.6)

_# n+1 By _ Bn+1
_(n—l—l)!;( 4 >(n+1)—€—|—1_ (n+ 1)

Eventually, the relationship with the Riemann zeta function is proved in [9, equation (12.38)].
The asymptotic is a consequence of the Stirling’s approximation and ((s) — 1 as s > 1 tends to
+o0o (which is a direct consequence of the formula {(s) = > n~%). O
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