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MULTIGRADED SYLVESTER FORMS, DUALITY AND ELIMINATION
MATRICES

LAURENT BUSE, MARC CHARDIN, AND NAVID NEMATI

ABSTRACT. In this paper we study the equations of the elimination ideal associated with
n + 1 generic multihomogeneous polynomials defined over a product of projective spaces
of dimension n. We first prove a duality property and then make this duality explicit by
introducing multigraded Sylvester forms. These results provide a partial generalization
of similar properties that are known in the setting of homogeneous polynomial systems
defined over a single projective space. As an important consequence, we derive a new
family of elimination matrices that can be used for solving zero-dimensional multipro-
jective polynomial systems by means of linear algebra methods.

1. INTRODUCTION

The elimination of several variables from a system of homogeneous polynomial equa-
tions is a fundamental operation that is involved in many computational methods in al-
gebraic geometry. It has received a lot of interest in the existing literature, from the very
beginning of elimination theory with contributions by Cayley, Sylvester, Macaulay, and
many others, to its more recent developments deeply rooted in modern algebraic geometry
(e.g. [GKZ94]). The geometric interpretation of elimination is in terms of projection maps,
as illustrated by the famous Main Theorem of elimination theory [EH00, Chapter V]. On
the algebraic side, the elimination of variables from homogeneous equations relies on the
saturation of the ideal generated by these equations with respect to the ideal generated
by the variables. The importance of this saturated ideal was already noticed from the
classical literature on elimination theory; polynomials in this ideal are called inertia forms
after Hurwitz. The case of generic complete intersections has been extensively studied
and structural results are known, especially in the case of n + 1 generic homogeneous
polynomials in n + 1 variables, as it corresponds to the setting of the Macaulay resultant,
which is of particular interest. To be more precise, let us introduce some notation.

Let Fpy,...,F, be the n + 1 homogeneous polynomials in the variables xg,...,z, with
indeterminate coefficients. We denote by d; the degree of F; which is a homogeneous
polynomial in the graded polynomial ring C' = Alzg,...,x,]|, where A stands for the
universal ring of coefficients. The saturation of the ideal I = (Fp,..., F,) with respect
to the ideal m = (=zg,...,,) is the ideal I* := (I : m*™). It is well known that the
graded component of degree 0 of I (I3%%)y = 5" N A, is a principal and prime ideal
of A generated by the Macaulay resultant of Fp,...,F,. Setting ¢ := Y " ((d; — 1), we
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also have that I3?* = [, for all v > §, a property that is often summarized by saying
that all inertia forms of degree v > § are trivial inertia forms, as they can be obtained as
polynomial combinations of the F;’s. Actually, there exists a duality that provides many
structural properties of the quotient 1% /I. This duality can be made explicit by means
of Bezoutian determinants, also called Morley forms; see [Jou91, Jou97, SSO01] (where
this duality is actually proved in the more general context of anisotropic graded rings).
In particular, one gets that the graded components (I52/I), are free A-modules for all
v > 6 — min; d; and explicit bases are known. More precisely, the graded component
of degree ¢ is an A-module of rank one which is generated by the (twisted) Jacobian
determinant of the polynomials Fy,..., F;,. Basis for the other graded components are
obtained by means of Sylvester forms associated with Fp,..., F),, as proved in [Jou97]
(see Section 2.10 for a review of this construction). For lower degree v, to the best of
our knowledge, their is no known explicit sets of generators in general; except for very
particular settings as the case n =1 [Jou97, Bus09].

An important application of the above results is solving zero-dimensional polynomial
systems, with coefficients in a field K, by means of linear algebra techniques. The main
ingredient is to build matrices whose columns are filled with the coefficients of some inertia
forms of a given degree v with respect to a given basis of homogeneous polynomials of
degree v (e.g. the canonical monomial basis). Typical examples, in the generic setting,
are matrices of the maps (of free A-modules)

(1'1) @zn:ocu—di M) CV
(Go, ..., Gr) > ZGiFi,
=0

which correspond to the graded components of the presentation matrix of /. The columns
of these matrices are filled with the coefficients of trivial inertia forms of degree v. When
the coefficients of the F;’s are specialized to a field K, which corresponds to a polynomial
system over Pi that we denote by fo = --- = f, = 0, it turns out that for all v > 4 the
matrices (1.1) are not surjective after specialization if and only if the f;’s have a common
root in Pg, K denoting the algebraic closure of K. More importantly, if the number
of common roots of the f;’s is finite, then the corank of these matrices is precisely this
number; we will quote this property as the drop-of-rank property. This was first noticed
and proved by Lazard in his foundational paper [Laz81]. He also showed that linear
algebra techniques, such as Gaussian elimination, can be performed on the cokernel of these
matrices to extract (approximate values of) the roots of the polynomial system considered.
Another close approach relies on the computation of eigenvalues and eigenvectors from
the cokernel of these matrices. It is based on the famous Eigenvalue Theorem that goes
back to Stickelberger (see [Cox20] for more details). In this paper we will focus on the
construction of elimination matrices and we refer the readers to [CLO98] and [Tel20] for
more details on the solving of polynomial systems from elimination matrices having the
drop-of-rank property. We retain that from a computational efficiency perspective it is
useful to build as small as possible such matrices. Sylvester forms can be used for that
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purpose, by completing the matrices (1.1) in degree v such that § — min;d; < v < 9,
so that the drop-of-rank property is preserved. We will review this construction and its
related results with more details in Section 2.

The main objective of this paper is the extension of the above results from the single
graded case to the multigraded case. Thus, instead of considering homogeneous polynomi-
als in a single set of variables, we consider multihomogeneous polynomials. In geometric
terms, such multihomogeneous equations define hypersurfaces in a product of projective

spaces P" x ... x P". We will consider multiprojective polynomial systems of n + 1
hypersurfaces where n = Y ;_, n;. Let Fpy,...,F, € C be the n + 1 generic multihomo-
geneous polynomials of degrees dy, . ..,d,, where C = Alxy,...,x,] with A the universal

ring of coefficients. Such systems arise in many contexts and applications and there is a
rich literature on their study. In particular, the theory of multiprojective resultant has
been extensively covered, for instance by Gelfand, Kapranov and Zelevinsky in [GKZ94]
from a geometric perspective, and by Rémond in [Rém01] and Jouanolou and his students
in [Chk88, Cha88] from more algebraic and computational points of view. However, to
the best of our knowledge, structural results on the corresponding saturated ideal are not
available, as well as compact elimination matrices built from non trivial inertia forms and
having the drop-of-rank property. The main contribution of this paper is to provide new
results in this direction.

In the multigraded setting, the saturation of ideals is done with respect to the product
b = [, m; where m; is the irrelevant ideal associated with the projective space P™:.
Similarly to the single graded case, one can define a critical degree § := > (d; — (n1 +
1,...,n,+1). In Section 3, we prove a duality property for the ideal I generated by n+ 1
generic multihomogeneous polynomials (Theorem 3.9) and derive some consequences:

Theorem A. Let Fy,..., F, be the n+ 1 generic multihomogeneous polynomials. There
exists © C  — N", such that
(/1) = (CH)5_

for every p € ©.

The region © is explicitly described in Theorem 3.9. In particular, we recover the known
fact that (1% /1) is a free A-module of rank 1 (Corollary 3.10) and more generally we show
that there is a region of degrees for which graded components of the quotient I%3'/I are
free A-modules. In Section 4 we provide some explicit basis for these graded components.
The graded component of degree d is generated by a multigraded twisted Jacobian; this
result already appeared in the existing literature, for instance in [CDS98] (in the more
general context of toric geometry) and in [Chk88]. After reviewing this construction in
Section 4.1, we introduce multigraded Sylvester forms (Definition 4.6) and prove that they
provide the expected basis for some multigraded components of 152/ (Theorem 4.8):

Theorem B. Let Fy, ..., F, be the n+1 generic multihomogeneous polynomials of degrees
di:=(di1,...,d;,)for 0 <i <n. Forevery p:= (p1,..., 1) such that 0 < p; < min, d; j,
the set of multigraded Sylvester forms yield an A-basis of the free A-module (%% /I)s5_,,.

From all this, in Section 5 we construct new elimination matrices that are built using
non trivial inertia forms and having the drop-of-rank property. We conclude with some
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illustrative examples, including some matrices due to Dixon [Dix1909] that we recover and
that are associated with the resultant of three generic bihomogeneous polynomials of the
same bidegree.

2. PRELIMINARIES: THE SINGLE GRADED CASE

In this section we review some results on elimination matrices associated with zero-
dimensional polynomial systems defined by n + 1 equations over a single projective P,
where K is field. More precisely, we consider n 4+ 1 homogeneous polynomials fy,..., f, in
the polynomial ring R = K|z, ..., x,] of positive degrees dy, . .., d,. We describe a family
of matrices that only depend on the coefficients of the f;’s and that can be used to solve
this polynomial system by means of linear algebra techniques.

Our strategy to study elimination ideals of homogeneous polynomial systems has two
steps. We first consider the generic setting, i.e. the coefficients of the f;’s are seen as
variables. Subsequently, we proceed by analyzing specializations of these coefficients to a
field K. We will denote by K the algebraic closure of K.

2.1. Macaulay-type elimination matrices. We consider the generic polynomial sys-

tem of n 4 1 homogeneous polynomials in n+ 1 variables of positive degrees dy,d1, ..., dy,
over a commutative ring k. Thus, for all i = 0,...,n we will denote by

Fi(zg,...,xn) = Z Ui ax®
the generic polynomial of degree d; > 1, where « is a multi-index (o, ..., q,) € N*tL
x® is the monomial zg° ... 20" and |a] := ) ;" ;. The universal ring of coefficients of

Foy, ..., F, over k is the ring
Ak = k[ULaZZ‘:O,...,n, \a\ :di]

and we set C = Ag[xg,...,z,]. To not overload the notation, we will only display the
base ring k when it plays an important role.

The polynomial ring C' is canonically graded by setting deg(z;) = 1. We denote by I, re-
spectively m, the homogeneous ideal of C' generated by Fy, ..., F),, respectively xg, ..., Zy.
We also define the graded quotient ring B = C/I and set ¢ := > " ,(d; — 1).

From a geometric point of view, the ideal I defines a subscheme in P’y whose canonical
projection on the affine (coefficient) space Spec(A) is defined by the elimination ideal
A = (I : m*®) N A. Although this property is not needed for what follows, we notice
that in our setting the ideal 2 is a prime and principal ideal which is generated by the
Macaulay resultant of Fy,..., F, [Jou91l]. The following classical result is important as it
allows to compute 2 as the annihilator of some graded components of B (see e.g. [Jou97]).

Lemma 2.2. For any integer v > §, A = anny(B,).

By classical properties of Fitting ideals, both ideals Fitt%(B,) and anna(B,) of A have
the same radical (for all v € N) and hence Lemma 2.2 suggests to consider presentation
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matrices of A-modules B,. Consider the graded map

& el,C(—d) T

(Go,...,Gn) — GoFy+ G1Fy + -+ G Fy.

For any integer v we denote by M, the matrix of the graded component map ®, of ®. It
is a map of A-modules which provides a presentation of B,. Thus, as a consequence of
Lemma 2.2, the ideal generated by the maximal minors of M, has the same radical as 2
for all v > 4.

Now, let us consider a zero-dimensional polynomial system with coeflicients in a field K:
foy---, fn are n + 1 homogeneous polynomials of degrees dy,...,d, in R = K]z, ..., z,].
This polynomial system can be seen as a specialization of the generic polynomial system
Fy,...,F, via a ring map p : Az — K. In other words, setting f := {fo,..., fn}, f can
be seen as a point in Spec(Ak). Thus, we use the notation I(f) for the ideal generated
by fo,-..,fn in R and similarly we will use the notation B(f) and M, (f).

The graded components of B(f) are K-vector spaces whose dimensions are defining the
Hilbert function of B(f), HF g(#)(v) := dimg B(f),. It is known since Hilbert that for
sufficiently high values of v, the Hilbert function is a polynomial function which is called
the Hilbert polynomial and denoted by HP g(f)(v). In the case where I(f) defines finitely
many points in PPy, the Hilbert polynomial is a constant polynomial which is equal to the
number of points defined by I(f), counted with multiplicity.

Lemma 2.3. For any integer v > § we have HF g(¢)(v) = HPg(4)(v).
Proof. This is a classical result; see for instance [Laz81, Theorem 3.3] and [Jou96, §1.5]. O

All the above considerations lead to the following result that we will refer to as the
drop-of-rank property in the rest of this paper.

Proposition 2.4. Suppose that the polynomial system f = {fo,..., fn} defines a finite
subscheme in Py and let k be its degree. Then, for allv > 0, the dimension of the cokernel
of M, (f) is equal to k.

Proof. This is a immediate consequence of the right exactness of the tensor product and
Lemma 2.3. O

Recall that the degree of a finite subscheme is the sum of the length of the local rings
of the points. In particular, it is equal to zero if the subscheme is empty.

This proposition is the key property to use the matrix M, (f) to solve the polynomial
system f = 0 by means of linear algebra techniques, in particular singular value decom-
positions and eigenvalue computations. We notice that in general the matrices M, (f) are
not square, except for rare exceptions, as the following one.

Example 2.5. If n = 1, then the matrix of M, (f) is nothing but the classical Sylvester
matrix of the two polynomials fy and fi. Thus, Proposition 2.4 is the well known property
that the corank of My, 1(f) is equal to the degree of the greatest common divisor of fj
and f1.
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2.6. Saturation and duality. To construct smaller matrices having the drop-of-rank
property, one possibility is to add new equations to our polynomial system. As we do not
want to change its geometry, we consider the ideal I8 which is obtained by saturation of
the ideal I with respect to the irrelevant ideal m in C, i.e.

= (I:m®)={peC:3kecZmfpcI}ccC.

We set B%' = C/I*® and we adopt the following notation for specialized polynomial
systems over a field K. Let f be a polynomial system with coefficients in K, we denote
by B(f)%* the quotient ring R/I(f)5*, where the saturation is taken after specialization,
and by B%3'(f) the quotient ring R/I%(f), where the saturation is taken in the generic
setting and then specialized. The following result is an improvement of Lemma 2.3.

Lemma 2.7. Assume that I(f) defines finitely many points in P?, say k € N, then for
any integer v>d46— mini di, HFB(f)sat (l/) = HFBsat(f)(V) = HPB(f) (l/) = K.

Proof. A first observation is that the three ideals I(f) C IS?(f) C I(f)%* of R have the
same saturation so B(f)%*, B%'(f) and B(f) have the same Hilbert polynomial.

By the Grothendieck-Serre formula [BH93, Theorem 4.3.5], since H{ (B(f)%) = 0 for
all i > 1 by our assumption, we have HF g(fysat (v) = HPp(g)sat (v) for all v such that
HY(B(f)¥), = 0 (observe that H)(B(f)**) = 0). The fact that this latter condition is
satisfied for all v > § — min; d; follows classically from the analysis of the two Cech-Koszul
spectral sequences associated with I(f); see for instance [Jou80, §2.11].

Similarly, we have HF puat(g)(v) = HP puat(£)(v) for all v such that HY(B*(f)), = 0
and H}(B%(f)), = 0. The vanishing of these two local cohomology modules can be
controlled as fibers of projective morphisms. More precisely, by [Chal3, Proposition 6.3]
we deduce that H2 (B3 (f)), = 0 and HL(B**(f)), = 0 for all v such that H2(B%%), = 0
and HL(B%%), = 0. But H2(B*) = 0 and HL(B*"), = 0 for all v > § — min; d; by
the analysis of the two Cech-Koszul spectral sequences associated with I, as we already
mentioned, which concludes the proof. O

Remark 2.8. As a consequence of Lemma 2.7, we notice that the canonical map from
I52% to I( )52, which is induced by the specialization C' — R sending F; to f;, is surjective

for all v > § — min; d;.

To take advantage of Lemma, 2.7, we need to understand the graded components of B53t,

equivalently %2, for all degree v > § — min; d;. Since I C I, it is sufficient to analyze
the quotient 1% /I. The following classical duality property is a key point [Jou96, SS01].

Proposition 2.9. For any integer v > 4, (Isat/I)V = 0. In addition, for any integer
0 < v < there is a duality of Aj-modules

Homy(B,, k) = (I™/1)_, .

The duality maps in this proposition can described in terms of Morley forms, as proved
by Jouanolou in [Jou97, §3.11]. In particular, for all 0 < v < min; d; the graded com-
ponents (I sat /T ) s_, are isomorphic to C, and A-bases of these graded components are
provided by Sylvester forms.
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2.10. Sylvester forms. We suppose given a multi-index v := (y9,...,7), v € N such
that |y| = >°1 ;v < min;d;. Under this assumption, one can decompose any polynomial
F; under the form

(2.1) F=a) ' Fo+ 2] Fa 4+ 2t E,,

where the polynomials F; j, are homogeneous of degree d; — v, —1 in C. Following [Jou97,
§3.10], we define the Sylvester form of the polynomials Fp,...,F), in degree = as the
determinant

Foo -+ Fnp
Sylv,, := det : :
Fon - Fun

By construction, the Sylvester form Sylv,, belongs to the ideal I sat and is of degree § — |7y|.
It depends on the choice of decompositions (2.1), but its class in 1%/ = H2(B), which
we denote by sylv,, does not depend on these choices; see [Jou97, §3.10.1]. We have the
following property which is of particular interest for our purposes.

Proposition 2.11. For any multi-indexes v, such that |y| = || < min; d; we have

, sylvig,.o)  ifv=7
2.2 Vsylv., = e
(2:2) Ty {0 otherwise.

In addition, the set of Sylvester forms {sylv., :|y| =& — v} yields an Ag-basis of the
graded component (Isat/I)V for allv > § — min,; d;.

The form sylv(, o) plays a particular role: it is a generator of (I sat /T ) s» Which is a
free A-module of rank one, and it is actually proportional to the more classical Jacobian
determinant of the polynomials Fp, ..., F,.

We notice that Sylvester forms are, by construction, universal in the coefficients of each
generic polynomial F; and are actually linear in each of these sets of coefficients. For any
polynomial system f with coefficients over a field K, we denote by Sylv. (f) and sylv., (f)
the corresponding specialized Sylvester forms.

2.12. Hybrid elimination matrices. From the previous results one can extend the
family of elimination matrices M, and get some more compact ones. For that purpose,
for any integer v > § — min; d; consider the A-modules morphism

(2.3) U, @ oCyq, @»y:h\:é—uA — C,
(Goy o s Gy lyy ) = Y GiFi+ > £ySylv,.
i=0 ly|=6—v

We denote by H, the matrix of (2.3) in canonical bases. This matrix is made of two
column blocks; the matrix M, defined in Section (2.1) and the coefficient matrix of the
Sylvester forms of degree § — v. In particular, if v > § then the second block vanishes and
H, = M,,. Therefore, the family of matrices H, can be seen as an extension of the family
of matrices M, that is valid for integers v such that § — min; d; < v < 4.
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As a consequence of Proposition 2.11, H, is a presentation matrix of B$' = C, /I5*.
Hence, the ideal generated by the maximal minors of H, has the same radical as the
elimination ideal 2. Moreover, the matrices H, have the expected drop-of-rank property.
To be more precise, observe that, by the construction, the matrices H, are universal in
the coefficients of Fy, ..., F,. Hence, given a polynomial system f = {fo,..., fn} with
coefficients in a field K we denote by H, (f) the matrix H, specialized to the system f.
We did not find the following result in the existing literature, with the exception of the
case v = 0 (see [CDS98, Proposition 2.1]), although all the necessary ingredients to prove
it are known.

Proposition 2.13. Assume that the polynomial system f defines a finite subscheme in
PR of degree k. Then, for all v > 6 —min; d;, the corank of H,(f) is equal to k.

Proof. By construction, the cokernel of H(f), is isomorphic to B%(f), and hence the
claimed result follows from Lemma 2.7. O

We notice that the matrix Hs_nin, 4,41 is of smaller size than the matrix Msy; = Hsiq
and it can be used in a similar way to solve the polynomial system fy = --- = f,, =0
without changing its geometric structure. More precisely, assuming dy > d; > ... > d,,

n—1 ;.
the number of rows of 51 1—min; 4, i equal to (Zijlo dl) whereas the number of rows of the

more commonly used matrix ¢sy1 is equal to (Z%O di). We also mention that for v < § we
call the matrices H,, “hybrid elimination matrices” because of the following example.

Example 2.14. If n = 1 we have § = dy+d; —2 and the matrix My, 4,1 is the Sylvester
matrix whose determinant is the Sylvester resultant of fy and fi. The matrices H,,, with
max; d; < v < 4, corresponds to the well known hybrid Bézout matrices; see for instance
[SGD97, DTGV02].

In the rest of this paper, we will generalize the above results to the multigraded case,
i.e. in the case where the polynomials F; are multihomogeneous polynomials. For that
purpose we will prove a (partial) duality property and introduce multigraded Sylvester
forms.

3. MULTIGRADED SATURATION AND DUALITY

In the previous section we considered homogeneous polynomial equations defining hy-
persurfaces in the projective space P”. From now on we will consider multihomogeneous
polynomial equations in a product of projective spaces. Our main goal in this section is
to provide generalizations of Lemma 2.7 and Proposition 2.9 to this context. We will use
the following notation for the rest of the article.

Notation 3.1. Fix positive integers ny,...,n, andset n = ni+---+n,. Forallj =1,... r
we denote by x; the set of variables z;0,...,2;,, and for all : =0,...,n, we consider the
generic multihomogeneous polynomial of degree d; = (d;1,...,d;r)

Fi(mlw"vm?“) = Z Ui,al,...,armllll m?lr

la1|=di 1, |or|=di
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We define the universal ring of coefficients over the commutative ring &k as
Ay =k[Uiay,..ant=0,....n, 1| =d;1,...,|o| = d;,]
which is multigraded by setting
deg(Uiay,...ar) = (0,...,0,1,0,...,0) =: ¢;

(the “1” is at the ith place). Thus, the polynomials F; are multihomogeneous polynomials
in the polynomial ring C' := Ag[x1,...,x.|:

degy F; = dij > 1 and degy [ = ej,

where U denotes the set of all coefficients of all the polynomials Fy, ..., F;,,. We define the
ideals b = [];_; m; where m; := (a;) for all 4, m:=>""_,m; C C and I := (Fp,...,F,) C
C, as well as the quotient ring B := C/I. For all j = 1,...,r we define §; := (31" 1 d; ;) —
(n; +1) and we set

n
(3.1) §=(61,....0,) =Y di—(mi+1ny+1,...n.+1).

i=0

Geometrically, the multigraded ring C' can be interpreted as the coordinate ring of the

product of projective schemes Py, = IP’Zlk X ... X Pzrk. Thus, b is the irrelevant ideal of
P4,. The ideal I defines a subscheme in P4, whose canonical projection on the affine
space Spec(Ay) is defined by the elimination ideal 2 = (I : b>°) N Ag. Notice that, as
expected, this elimination ideal is equal to 0 if the number of generators of I is less than
or equal n (see Corollary 3.12). Therefore, having n + 1 polynomials as the generators of
I is the first interesting case of study for .

We begin with two technical lemmas that are taken from [Chk88, Chapter I, Proposition
3.1.2]. We reproduce their proofs for the sake of completeness and accessibility. These
lemmas are extensions of well-known results in the single graded case, see for instance
[Jou91, §4.2 and §4.7], to the multigraded case.

Lemma 3.2. For any sequence of r integers (ii,...,i,) such that 0 < i; < n; for all
j=1,...,r, there exists an isomorphism of Al [xz1,...,x,]-algebras
Bxl,il---xr,ir = A?c [wlv s 7w7”]1‘1,i1“‘xr,i7-

where Al = k[Us ar,...ar | Uian,.oar 7 Uiy,.ie 0 <0 < .

Proof. For simplicity, we consider the case (i1,...,%,) = (ni1,...,n,) and we set o :=
Tipy - Trp,. Foralli=0,...,n we also set € := U; ... n, and we define the monomial
T = x‘lilnll . --:L"f«lf;; and the polynomial H; := F; — ¢;7;. Notice that Ay = Ajfer,..., €]
Now, consider the morphism ¢ of A} [z, ...z, |- algebras

¢ Aplxy, ..., x] = Az, ... 2o
€ +— —H;/7

which leaves invariant all variables and all coefficients except the ¢;’s. Since ¢(F;) = 0 for
all i, ¢ induces the claimed isomorphism of Aj[x1,...x,]- algebras. O
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Lemma 3.3. The generic multihomogeneous polynomials Fy, ..., F, form a reqular se-

quence in Cxl,il---rr,ir for any sequence (i1, ...,i,) of r integers such that 0 < i; < n; for
allj=1,...,r.
Proof. As in the proof of Lemma 3.2, we treat the case (i1,...,3,) = (n1,...,n,) for

simplicity and we set 0 := 215, ... Trp,.-

To begin with, we claim that Fjy is a nonzero divisor in C'. To see it we use the following
corollary of Dedekind-Mertens Lemma (see [BJ14, Corollary 2.8]): a polynomial F is a
nonzero divisor in C' if and only if its content ideal (i.e. the ideal in Ay generated by
the coefficients of F') does not divide zero in Aj. Thus, as any coefficient U; ... «, is a
nonzero divisor in A, we dedude that Fj is a nonzero divisor in C, hence in C,.

Now, set €; := U;pn,,...n, for alli =0,...,n, let ¢ be an integer such that 0 < ¢ < n and
define

A](:) = k[Ui,al,...,ar ‘ Ui,al,...,ar 7é €, 0<: < t]7

so that Ay = A,(f) [€1,...,€]. According to Lemma 3.2 (applied with ¢ + 1 polynomials
instead of n + 1),

(Aplzr,. . 2,/ (Fo, ... F))y ~ AV [y, . )],

and since Fyy1 is a nonzero divisor in A,(f) [€1, ..., 2] by the above corollary of Dedekind-
Mertens Lemma, we deduce that F} is a nonzero divisor in (Ag[x1, ... ]/ (Fo,... F})), ~
A,(f) [®1,... %o O

After these preliminaries, our next task is to provide the precise statement and proof
of Theorem A. As our strategy relies on the analysis of some local cohomology modules,
we first introduce additional notation in order to describe the local cohomologies of the
polynomial ring C' with respect to b.

Definition 3.4. For all j =1,...,r, set C; = Ai[z;] and define the Cj-module

< . pynitl N 1 -1 -1
C] = Hm; (C]) = mAk[$j70,...,xj7nj],
which is canonically Z-graded. For any subset o := {iy,...,4:} C {1,...,r} such that
1<y < <4 <r we define the C-module

C, =D ®a, - - ®a, Dy with D;j:=Cjif j ¢ o and Dj := C'j else,

which is canonically Z"-graded (recall C' = C; ®4, --- ®4, C;). Finally, for every a # ()
we define

Qo = Supp(Co) = {p € Z" : (Co)p #0} C Z",
with the convention Qg := 0.

Proposition 3.5. With the above notation, the following properties hold:

(1) BUC) = @acqr,. sy Cas where n(a) = 0y
n(a)+1=~
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(2) Let o = {i,..., 0t} such that 1 < iy <--- <i; <7, then

Qo= @ (1) UN—sgn,(j)(n; +1)) - ¢; C Z',

1<j<r
where sgn,(j) =1 if j € a and sgn,(j) =0 if j ¢ a.
Proof. See Lemma 6.5 and Lemma 6.7 in [Bot11]. O
Example 3.6. With the above notation, Hb""'l(C') = C, where a = {1,...,7}. In
addition,

Supp(H{TH(C)) = Qu,.;y=—(1+1,...,n+1) =N =46+ Zdi - N".
=0

We will analyze the support of the local cohomology modules of the terms of the multi-
graded Koszul complex associated with the sequence of multihomogeneous polynomials
Fy,...,F, in C. We denote this complex by Ke(F,C). Recall that for subsets A, B C Z"
and ¢ € Z,

A+B:={a+blac Aandbe B} and c- A:={c-ala € A}.
Additionally, given a finite set of integers o C N we denote by f« its number of elements.
Corollary 3.7. Fori=0,1,2, the following equality of subsets in Z" hold:

L= U Supp <H§+l (Kpti (F,C’))) = U Zdj + Qo |,

—1<p<n—1 acC{l,...,r}, 1<ga<r—1 JEX
ACH0.n} gA=n(a) i

where n(a) =3 e, 1.

Proof. We prove this formula in the case r = 2 as the case r > 2 goes along the same
lines. From Proposition 3.5 we deduce

Qq1y = Supp(Cyyy) = Supp(H' 7(C)), Qqzy = Supp(Cay) = Supp(H*1(C)).

Then, by Mayer-Vietoris exact sequence we obtain the isomorphisms H 1+l (C) = HQ}H (@)
and H>T(C) = H72t1(C), unless ny = ny in which case

Hy* " H(0) = Hyy™H(0) @ Hyz ™ (0).
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Therefore,

Pz’ = SuPp(Hgi+1(Kn1+i(fa C))) U Supp(H$§+1(Kn2+i(f7 C)))

= Z d;j + Supp(Hp () U Z d; + Supp(Hp2 T (0))
JE, JEA,
ALy 1 Aot
= X d+a|U|l X 4+
]e)\v ]e)‘v
fA=ni1+1 fA=no+1

0

Example 3.8. We illustrate graphically Corollary 3.7 in the case r = 2 and dy =
(2,1),d; = (1,1) and dy = (1,1) with the two sets of variables &1 = (x1,,21,1) and
T2 = (x2,0,22,1) (geometrically we are over P! x P!). In the following picture the red
(resp. yellow, resp. green) region represents the set I'g (resp.  , resp. ['5). The grey
region is § — N” that will appear in Corollary 3.10.

o

o

1. o 1. 4. i 4

1.4+
I

We are now ready to prove the main result of this section.

Theorem 3.9. Let Fy, ..., F, be the n+1 generic multihomogeneous polynomials of degree
do,...,dy, respectively. If uw ¢ ToUTy CZ", then

(= /I)u ~ (C/D)_,.

Proof. We proceed by analyzing the spectral sequences associated with the Cech-Koszul
double complex C¢ (Ko (F, C)). If we start taking homologies vertically, in the second page
we get

v g2 H,(H{(K,(F,C))) if0<p<n+land0<g<n-+1,
Pl 0 otherwise.
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If p=n+1and g =n+ 1, then by Mayer-Vietoris exact sequence,
Bt = Hopt (H (KW(F,0)))

= Hop1 (Hy'" (Ko(F, C)))

= Hy1(Ko(F,C) (8))

=~ B*(d).
By definition, if u ¢ Ty then for 0 < p < n, (HEH(KP(F,C’))) = 0, which means

"

(UE:?H-L:D
and no nonzero map points to *E* +1n41 for £ > 2. Tt follows that

(UE72L+1,n+1) = (UE?LC-)l-l,n—l—l) .
Iz Iz
If p ¢ I'y then (H[’]’(KP(F,C’)))H =0 for 0 < p < n. Hence, (”ng’p)“ =0forp#n+1

and (vEg?i—l,n—i-l)li = Bg—u'
If we start taking homology horizontally, the second page of the spectral sequence is:

)u = 0. The maps from UEr2L+1,n+1 in the next pages are to inle-L:D for0<p<n

x o x Hi(K4(F,C)) IP/I

o --- 0 0 *

0O --- 0 0 *.
Notice that vanishing of H} (H1(K.(F,C))) follows from Lemma 3.3. Finally, the claimed
assertion follows from comparing the two spectral sequences. O

We now derive some consequences of the above duality result.
Corollary 3.10. (I**'/I); ~ Ay and (I***/I) =0 for allv ¢ (6§ —N")UToUT}.
Proof. This is a direct consequence of Theorem 3.9 as § ¢ T'; for any i. O

Corollary 3.11. Let Fy,...,F, be the n + 1 generic multihomogeneous polynomials. If
p & Ty then Hi(Ko(F,C)), = 0. In other words, any syzygy of Fo, ..., F, of degree p is
a Koszul syzygy.

Proof. We follow the same lines of the proof of Theorem 3.9. Considering the two spectral
sequences associated with the Cech-Koszul double complex Cf (K, (F,C)). As the length
of the Koszul complex is equal to n + 1, the vanishing of H,, 12 (Hg‘H(K.(F, ())) implies
that
Supp (1 (Ku(F,C) € ) Supp (B} (Kopi2 (F,C))) =T
~1<p<n-1
O

Corollary 3.12. Let 0 <m <n—1, Gg,...,Gy, be the m+ 1 generic multihomogeneous
polynomials and I be the ideal generated by the G;’s. If p ¢ T'y then Iff“t =1, In
particular, the elimination ideal A = (I : b>°) N Ay is equal to 0.
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Proof. Let G = {Gy,...,G,} and consider the two spectral sequences associated with
the Cech-Koszul double complex Cg(K4(G,C)). Since "E} ., = 0 we deduce that

Supp (1°*/1) € | Supp (B} (K (£.0))) =T,
—1<p<n-1

From here, the conclusion follows as 0 ¢ I'y, £ = 0,1, 2, since d; ; > 1 for all 4, j and one
coordinate of a nonzero element in any I'y is at least equal to one of the d; ;’s. O

In the case r = 2 the combinatorial complexity in the control of the vanishing of the
local cohomology modules of the Koszul homology stays reasonable and a more precise
result than Theorem 3.9 can be stated.

Proposition 3.13. With the same assumption as in Theorem 3.9, assume that r = 2. If
pely \ (PO U Fg) then

(1°/1),, = (C/ D)y ® (HE " (K1 (F,C))) & (HE2H (K (F.C)),.

Proof. We follow again the same proof as the one of Theorem 3.9. If we start taking
homology vertically, the second page is

0 0 0 0
Viitna+1 C H[:;11+1(Kn1+n2+1) Vic H;;IIH(Kl) Vo C H;illH(KO)
Whitnat1 C H;};*l(Knﬁnm) Wi C H;};“(Kl) Wy C H,’};“(Ko)
M : 0

where M = B*(§). Since p ¢ T'g, with the same argument as in the proof of Theorem 3.9,
we deduce that

2
(v S?+n2+17n1+n2+1)“ = (vEn1+n2+17n1+n2+1)p, = My.
As p ¢ (Tg UTs), by the definition, for p = ny + 1,n2 + 1 we get
2 2
(UEp,p—l)“ = (vEp,pH)“ =0.
First, it implies that (UEz’p)u = (H;ﬂl(Kp(F,C’)))“ for p = n1 + 1,n2 + 1. Second, it

: : v 2 v 2
guaranties that there will be no non-zero map from or to "E7 .y, 4 and "E} ., .,
hence

1%

(UE7211+1,7L+1)“ = (H:11+1(Kn1+1(F70)))N
(UE7212+1,n2+1)M ~ (Hp2 M (Kpyq (F, C)))M'

Now, if we start taking homology horizontally we obtain the same conclusions as in the
proof of Theorem 3.9 and hence the claimed assertion follows from comparing these two
spectral sequences. O

(v z?-i-l,m-‘rl)u

1%

(v 324-1,712-‘:-1)“
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To conclude this section, we focus on multigraded zero-dimensional polynomial systems
with coefficients in a field K, our goal being to generalize Lemma 2.7 to the multigraded
setting. Let fo,...fn, be n + 1 multihomogeneous polynomials of degree dy,...,d, in
R = KJxyg,...,x,]. These polynomials can be considered as a specialization of the n + 1
generic polynomials Fy,...,F,. Thus, following what we did in §2.6, we define I(f)
as the ideal generated by f := {fo,...,fn}, B(f) := R/I(f), B(f)*" = R/I(f)**
and B%Y(f) := R/I®*(f). Similarly to the single graded case, the graded component
B(f)u, v € Z", is a K-vector space and the Hilbert function of B(f) is the function
HF p(y)(v) = dimg B(f),. For v sufficient large component-wise, the Hilbert function
becomes a polynomial function which is called the Hilbert polynomial and that is denoted
by HP g(#)(v) (see e.g. [BC17, Proposition 4.26]).

Proposition 3.14. Assume that I(f) defines a finite subscheme in Py' x ... x PE" of
degree k. Then, for any p € 6 — (min; d; 1 — 1,...,min; d;, — 1) + N",

HFB(f)sat (u) = HFBsat(f) (u) = HPB(f)([,L) = K.
Lemma 3.15. if p € 6 — (min; d;; — 1,... ,min; d;, — 1) + N, then p ¢ (ToUT').

Proof. We show that p ¢ 'y, proof for 'y is the same. By the definition, one can rewrite
I as 'y = Ua,\F?’)‘, where I‘?’)‘ = Y jendj + Qo Fix a,\ and assume i € a. As

A = n(a) + 1 < n — 1, the i-th entry of every element in I‘(ll’)‘ is at most § — d;; for all
Jjé& A O
Proof of Proposition 3.14 . This proof follows along the same lines as the one of Lemma
2.7. We first prove that HF g(fysat () = HPpg)(p) in the claimed region. For that

purpose, consider the spectral sequences associated with the Cech-Koszul double com-
plex Cf(Ko(f,R)). As I(f) defines finitely many points, if we start taking homologies
horizontally the second page of the spectral sequence is of the form

x coox Hy(Ke) HY(Hy(K.)) I(£)*/I(f)

0 -0 0  HI(H(K)) H(B(f)
0 --- 0 0 0
o 0 0

where K, stands for the Koszul complex K,(f, R); recall that Hy(K.) = B(f), HX(B(f)) =
I(f)5Y/I(f) and HY(B(f)) = H{(B(f)**). On the other hand, the other spectral se-
quence is the same as in the proof of Theorem 3.9. Now, by definition, if u ¢ T'g then
HY(B(£)**"), ~ H (K, (f, R)), and setting d == >_1 , d;,
Supp(Hy ™ (Ku(f, R))) = Supp(Hy ™ (&1LoR(—d + d;)))
= Supp(® o H{™ (R)(—d + d;))
= UZL:()((; - dz - NT),
where the last equality follows from Example 3.6. By Lemma 3.15, p ¢ Ty and p ¢
Supp(H{"™ (K, (f, R)), hence H}(B(f)**),, = 0. By the multigraded Grothendieck-Serre
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formula [BC17, Proposition 4.27],

HP g pyeac (1) = HE gy () + Y _(—1)" dim H{(R/I(f)) -
i>1

Since H)(B(f)*') = 0 and H}(B(f)*") = 0 for i > 1, it follows that the vanishing of
Hy (B(f)**), implies the expected equality HF p(pysa () = HP pgysat (1) = HP () ().
Now, we turn to the proof of HF gsat(f)(pt) = HP g(¢)(pt) for all p in the claimed region.
As a consequence of the Grothendieck-Serre formula again, this latter equality holds for all
p such that HY(B%*(f)), = 0 and H} (B%(f)), = 0. As in Lemma 2.7, the vanishing of
these two local cohomology modules can be controlled as fibers of projective morphisms.
It turns out that [Chal3, Proposition 6.3] is stated in the classical single graded case, but
a similar statement holds in the multigraded setting as it is a consequence of the more
general [Chal3, Lemma 6.2]. We deduce that HY(B**(f)),, = 0 and H}(B**(f)), =0
for all p such that HQ(B*), = 0 and H!(B*"), = 0. The analysis of the two Cech-
Koszul spectral sequences associated with I, as above, proves that H[?(Bsat) p = 0 and
H[}(Bsat)“ =0 for all p € § — (min; d;; — 1,...,min; d; » — 1) + N", which concludes the
proof. O

Remark 3.16. As a consequence of Proposition 3.14, the canonical map from I3?* to
I(f)32*, which is induced by the specialization C — R sending F; to f;, is surjective for

v

all p € 6 — (min;d; ; — 1,...,min; d; , — 1) + N".
4. MULTIGRADED SYLVESTER FORMS

In this section, we introduce elements in 1% that we call multigraded Sylvester forms.
In the generic setting, these forms yield an explicit duality similar to the one described in
Section 2.10. We begin with the construction of the twisted Jacobian determinant. We use
Notation 3.1 and we emphasize that in the generic setting the base ring k is an arbitrary
commutative ring.

4.1. Multigraded twisted Jacobian. As proved in Section 3, (Isat/I)é is a free Ag-
module of rank one. First natural task is to get an explicit generator of this module.
Such a generator already appeared in the literature, notably in [CDS98] under the name
of toric Jacobian in the more general setting of toric geometry, and in [Chk88], where a
more algebraic treatment is proposed in the multiprojective setting. What follows in this
section is strongly inspired by the construction given in [Chk88, Chapter I11]; we provide
proofs, with slight modifications, for the sake of accessibility and completeness.

For all = 0,...,n, we first decompose the generic polynomials F; with respect to the
variables x| as follows
1 1
(4.1) Fy=210F) + 211 B + o4 210, P

There are many choices for such a decomposition, and we take one of them. Notice that
a possible constraint to uniquely determine this decomposition is, for instance, to impose
the conditions

(4.2) FY) € Aleyg,. .z )lee,. . 2], 1=0,... 0.
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1)

Then, in a similar way, we decompose Fl(n1 with respect to xs:

1 2 2 2
(4.3) Fio, = @20Fg + a1 F) 44 2o Fi,.
Again, there are many choices for this decomposition and we take one of them, but we
can also impose, for instance, the conditions

2
(4.4) FY € Alzyn w20, w2m)@s, ... 2, [=0,... na.
We continue this process similarly until we decompose FZ(Z::) with respect to x,.. In the
end, each polynomial F;, i =0,...,n, is decomposed as follows
(4.5)
ni—1 na—1

1) (2)
Fi=> wF) 4 ain, | D w2 B + oy |+ Zrotin,_y E :$m m
g g

Now, we define D as the determinant of the following (n + 1) x (n + 1) matrix:
(4.6)
1 1 2 2 -1
Fyg -y F“ SRR 2 KAREEIND o s D &' S &1
3 K , K _:1 : :
Fyg - Fana Féﬁ o Fye o Famtio EQ - FOL

From its definition, D is multihomogeneous in the sets of variables a;. More precisely,
a straightforward counting shows that

T
(4.7) degyD=0;— > my, i=1,...,m
Jj=i+1

where we recall that § is defined by (3.1). As a matter of fact, D is a linear form with re-
spect to the coefficients of each polynomial F;, i = 0,...,n. In addition, another property
that follows directly by definition is that D belongs to the ideal I*®* C C. Notice that the
order of variables and polynomials plays an important role in the above construction, as
well as the choice of decompositions.

Definition 4.2. After a choice of ordering for polynomials and variables, and a choice of
decompositions, one defines a twisted Jacobian A of the F;’s by

r—1
=1

where v; = Z;:Z 4 njforalli=1,...,r. The one uniquely determined by the choices as
detailed by (4.2) and (4.4), is denoted by Ay and is called the twisted Jacobian.

From the above definition, we deduce that A is a multihomogeneous polynomial of
degree & and that it is a linear form with respect to the coefficients of each polynomial F;.
Although A is not unique, the following result shows that it is essentially unique modulo
the ideal 1.
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Proposition 4.3 ([Chk88, Theorem II1.1.5]). The class of A in B = C/I, denoted A, is a
generator of (IS /T)s which is a free Aj-module of rank 1. In particular, A is independent
of the order of variables and polynomials and of the choice of the decompositions (4.5) used
for A, up to multiplication by an invertible element in k.

This implies the following. Choose any order of variables and polynomials. Make the
unique decomposition as in the definition of Ag, but following the corresponding orders in
place of the one above. Then A = £/ (the class of Ag). Indeed, any of these decompo-
sitions is defined for k = Z, in which case only 41 are invertible.

To prove Proposition 4.3 we will need the following property.

Lemma 4.4 ([Chk88, Lemma II1.1.6]). Let P be multihomogeneous polynomial in I5** of
degree & such that the class of P in B is nonzero. Then, P depends on all the coefficients
of all the polynomials Fy, ..., F,.

Proof. As I is independent on the order of polynomials Fy, ..., F,, it is sufficient to prove
the claim for the coefficients of Fj. Suppose that there exist ay, ..., o, with |o;| = dy j,
such that P does not depend on the coefficient Up q.....a, Of the polynomial Fp. In order
to emphasize this coeflicient we rewrite Fj as

r

Fo=Upay,..cr Tt xd? . xl + Fp.
As P € I8 there exist 31,..., 3, and polynomials Gy, ..., G, such that
(4.8) el aPrP = GoFy+GiFy +- 4+ GyF, €1
Now, in the localized ring Cmclxl Lo We substitute the coefficient Up ... «, by the element
—x] M, x, ¥ Fy in (4.8) and we deduce that

w?lw’gz xPrPe(F,.. . F,)C szlxl___mgr.

It follows that there exist 1, ..., such that

'z ...x) Pe(F,....,F,) CcC.

According to Corollary 3.12, this latter equality implies that P belongs to the ideal
(Fy,...,F,)™. However, the class of P in B is assumed to be nonzero, and it is of
degree §. Since

5]' = Zdid - (le + 1) > Zdid — (nj + 1)
=0 =1

for all j =1,...,r, we get a contradiction. O

Proof of Proposition 4.3. We first prove that A # 0. We proceed by induction on n =
ni + ...+ n, (recall that n; > 1 for all j).

If n =1 then r =1, n; = 1 and hence we are dealing with two single graded homoge-
neous polynomials in two variables. The claimed result hence follows from the properties
of Sylvester forms in the single graded setting; see Section 2.10.
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Assume n > 1. If A = 0 then there exist multihomogeneous polynomials Gy, ..., G, in
C such that
(4.9) A=al w2 ...x ) D=GoFy+ GiFi+ -4 GnFy.

By the construction of the determinant D, there exist multihomogeneous polynomials
Dy, ..., D, in C such that

(410) T1n1T2mg - - - ,xr,nTD = DoFy+ D1Fi +---+ D, F,.

Indeed, multiplying the last column of (4.6) by 15, %2, - - ., Zrn, gives a matrix whose
determinant is equal to (4.10). But by definition, one can add suitable multiples of the
other columns of this matrix to the last one so that this last column is composed, from
top to bottom, of Fy,...,F,. Thus, by developing this determinant with respect to the
last column we get the claimed formula; for instance D,, is nothing but the determinant
of the top left (n x n)-minor of (4.6).

Combining (4.9) and (4.10) we get that > ; H;F; = 0 where for all i = 0,...,n,

i1 ve—1 Up_1—1 o '
H; = Ty T, ”'xr—l,m,lDZ Zrn, Gi € C.

The polynomial H; is of degree

(01 —din, 00 —di2,...,0p—1 —dip—1,0, —djp+1) =6 —d; +(0,...,0,1).
We deduce that (Hy, ..., Hy,) belongs to the first syzygy module Syz(Fy,..., F,) of the
polynomials Fy,. .., Fy; taking grading into account, Syz(Fy,...,F,) C & ,C(—d;) and
(Ho, ..., H,) is a syzygy of degree d + (0,...,0,1). By Corollary 3.11, we deduce that this
syzygy is a Koszul syzygy and hence

(4.11) Hy = a2 b2l b Dy — @, G € (Fo, ..o, Fooy)

r—=1ln,_1

Consider the specialization that sends ., to 0. Introducing the notation P = P(xyp, =
0) for all P € C, from (4.11) we obtain

_ _ 1—1 = — —
(4.12) afi te b a) s " Dy € (B, .., o).

On the other hand, D, is equal to the determinant D(Fy, . o Fn_l)j which is constructed
similarly to (4.6) from the multihomogeneous polynomials Fy, ..., F,_1 in the set of vari-
ables x1,...,x,_1 and (xr,o,._..,:nnnz_l) (see the comment after (4.10)). Therefore, if
ny > 2, (4.12) shows that A(Fp,...,F,_1), which is by definition the class of

_ _ 1—1 = —
mil’}mlxg?n; . a::f_lfnrilD(Fo, ey Fuq)
in C/(Fy,...,F,_1),is equal to zero. This is in contradiction with our inductive hypothesis

and hence we conclude that A # 0 if n, > 2.

If n, = 1 then F; = xfi(’{Fib(:cl,...,wr_l) for all 4 = 0,...,n — 1, where F” are the
generic multihomogeneous7polynomials in the sets of variables @1,...,x,_1. Inspecting
the determinant D,,, we get

= nbd -1
Dy, = a0 “TID(E, L Fy),
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where D(F},...,F’_,) is the determinant similar to (4.6) built from the polynomials

F(Ij, ..., F>_,. Using (4.12), it follows that

(4.13)
na+...+npy— Ty — (Z?;l di,’!“)_l b b d ;7 1b dn— v b
) EEREY iy D(F,...,F)_y) € (ZET?O Fy,oo ozl VTR ).
But by definition 4.2, A(Fg, ..., F>_)) is the class of
no+..4n,_ Ny b b
mlfm Lo xr_anrizD(Fo, o F) )

in C/(F],..., F?

n—1

) and hence we deduce from (4.13) that
Tfl di,"“ -1 d K dp— T
xf‘,z():l_o : A(F(?”FZ—I) € ($r,00 ng"wxr,o ' FZ—I))

which, after specializing z,o to 1, shows that A(Fg, . ,FTI’L_l) = 0, in contradiction with
our inductive hypothesis. We conclude that A(Fy,...,F,) # 0 if n, = 1, hence for all
n > 1.

Now that we have proved that A # 0, we aim to show that it is a generator of H, 8(3)5 ~
Ag. As the commutative ring k& will play an important role in what follows, we use the
more precise notation Ay.

Let & be a generator of H, S(Bk)é- Thus, there exists a nonzero element P, € Ay such
that A, = Pi&, and we want to prove that P, is an invertible element in Ag. By its
definition from the determinant (4.6), Ay is a linear form in the coefficients of each Fj.
Since Ay = P&, we deduce that & is a homogeneous polynomial of degree at most 1 in
the coefficients of each F;, but in view of Lemma 4.4, it must be linear in the coefficients
of each F;. Therefore, we deduce that Py € k.

Let p be any prime integer and set Z, = Z/pZ. By definition of Aj by means of a
determinant, the class of Az in Bz, = Bz ®z Z, is equal to Az,. As we have proved that
AZP =% 0, we deduce that the class of Pz&z in Bz, is nonzero. In particular, the class of
Py in Z, is nonzero. It follows that Pz is an invertible element in Z, i.e. Pz = %1, and
hence that Az is a generator of H)(Bz)s.

Now, by Lemma 3.2 we know that

HY/(By) = ker(By — (By)s),

where ¢ is the monomial [[, ;,, and the map is the canonical localization map. We
deduce that we have the following commutative diagram of canonical maps where the two
rows are exact:

0

HY(Bi)s (Br)s ((Bk)s)s

H{(Bz)s ®z k — (Bz)s ®z k — ((Bz)s)s ®z k.

By chasing diagram, it follows that the map v is surjective. But we already proved that
the multiplication map

Yz - AZ —)HE?(Bz)g : QHQAZ
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is an isomorphism. It remains an isomorphism after tensorization by k over Z and hence
by composition with v we get a surjective map

(’pk:AkZAz®Zk,’—>H[?(Bk)5:QHQAk.

We deduce that there exists an element Qi € Ag such that QA = &,. But since A, = Ppég
we obtain that QrP, = 1 in Ay, so Py is an invertible element (in k) and hence Ay is a
generator of HY(By)s.

To conclude, observe that the above proof applies regardless the choice of order for the
variables and the polynomials, as well as the decompositions used to build the determinant
Aj. But since we proved that the class Ap of A is a generator of HE?(Bk)g, we deduce
that this class is independent of all these choices, up to multiplication by an invertible
element in k. ([l

Before closing this section, we explain why the determinant A is called a twisted Jaco-
bian determinant. Partial derivatives and the Euler formula can be used to get decom-
positions similar to the ones used to define the determinant D. Indeed, pick an integer
i € {0,...,n}, by the Euler formula

di1 Fy = $1,0ﬂ + 21,1 OF; +ooF x1,n188i,
) T1,n4

al‘l 0

8:171,1

which provides a decomposition similar to (4.1) with the difference that we need to multiply

F; by d; 1. Applying Euler formula to 851F

t— with respect to the variables a9 implies
s
OF; . 0 F; o 0 F; R 02 F;
) = T2, 215 (3 T 2ne A AL
’ al‘lml 8:171,”182172,0 al‘lmlaiﬂg,l 2 al‘lmlaiﬂg,r@

which is very similar to (4.3). Continuing this way one can build a determinant similar to
D where the entries are replaced by partial derivatives. We denote by J(Fp,..., F),) this
Jacobian determinant. Comparing the degrees, we see that 7 and D have the same degree
with respect to each set of variables x; and each set of coefficients of any polynomial F}.
Thus, denoting by J(Fy, ..., F,) the class of

r—1
<H :c”n) T (Fy, ..., Fy)
=1

in (Bg)s, J and A are expected to differ by a multiplicative element in k. Actually, one
can show that [Chk88, Proposition III.2.6]

d

J(Fo,.. . Fo) = | ] dij | Ao(Fo,..., Fo)
0<i<n
1<k<r

in (Bz)s ~ Az. So, the twisted Jacobian A( provides a generator of Hg(Bk)5 for any
commutative ring k, whereas the Jacobian J is sensitive to finite characteristic settings.



22 LAURENT BUSE, MARC CHARDIN, AND NAVID NEMATI

4.5. Multigraded Sylvester forms. In this section, we introduce multigraded Sylvester
forms which are generalizations of the twisted Jacobian determinant. These forms pro-
vide additional nonzero elements in I?* /T of degree lower than § (component-wise) and
generate some graded components under suitable assumptions.

Forall j € {1,...,r}, choose a multi-index of non negative integers a; = (aé]), ... ,a&{])
such that

n
(4) :
o = E o < min d; ;.
| J| P 1 iE{O,...,n} 1,7

Under these assumptions one can always decompose each polynomial F; as follows:

n1—1 a(1)+1 ) a(1)+1 na—1 a(2)+1 @)
L J ny J
14) Fr= oy Fj ol | D w) F

J=0 J=0
— n
Oé%)-i-l 01(1:.711)-1-1 a ay)—l—l (r)
Ty R ri Y

i=0

where FZ(lJ) are multihomogeneous polynomials. Define Dq, ... «, as the determinant of the

following matrix:

(4.15)
1 1 2 2 r—1 r r
Fd o Fom-1 Fog o Fmen o Fomoioy Fog o Fop,
: 12 : 2: T_Il IT T
F o Fi B o By e BV FW - FD,

From its definition, it is straightforward to check that Dq, . «, is a multihomogeneous

polynomial. For all ¢ =0,...,r —1,

degy (Do) = 0; — || — (@) + 1) (nigq + - +n,) = 6 — o] — (@) + 1)vy,

T

and

degy, (Da,...a,) = 0r — .
Observe that Dq, ... o, is a linear form in the coefficients of each polynomial F;. In addition,
it is immediate to verify that Da, .. a, belongs to I%* (as a consequence of Lemma 3.2, it
is sufficient to check that Dg, .., multiplied by a certain monomial is in I).

Definition 4.6. After a choice of ordering for polynomials and variables, and a choice of

decomposition, the Sylvester form of degree a, ..., a, is defined as
r—1 ( (i)+1)
QApy; )
SYVay . an = mez Dai....ar € Aglz1, ..., 2]
i=1

The class of Sylv,,, 4, in B = C/I is denoted by sylv,, , and we have

Sylval,...,ar € ([Sat/I)(61—|a1|,...,67n—|a7.|)-
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Observe that this definition generalizes Definition 4.2 since Sylv(g ¢, respectively
sylv(o,...0); is nothing but the twisted Jacobian A, respectively A. The next results aim to
generalize Proposition 4.3 that shows that sylv(g o) is a generator of the free Aj-module
(I**/I)s of rank one.

Theorem 4.7. Let aq,...op, and By,...,0B, be multi-indices of non negative integers
such that |oy| = |Bi| for alli=1,...,r. Then

(ﬁ m?z) Sylval,...7ar. — {0 Zf (a17 e 7a7‘) 7é (1817 st 7187‘)7

Py sylvg. o otherwise.

Proof. We begin with some observations about the determinant Dq, ... o, defined by (4.15).

1)+1
Multiply the first column of (4.15) by :Ei‘(z)H and add suitable multiples of the other
columns according to the decomposition (4.14), the first column would become the column
vector of Fy, ..., F,. Therefore
JCORE!
219  Day,.oar €1
With the same argument,

&Y
/41 )
215 Daya, €1, j=0,...,n1 =1,

a1 ol 41

Ty, %% Dayar €1, j=0,...,m9—1,
1) (r—2) (r=1)
ol 41 e e S .
17;111 oy ho 2y Daya, €1, 7 =000 — 1,
(1) (r—2) (r—1) (r)
any +1 an, 5+1 an [+1 ar’+1 .
(4.16) L T T % Dagar €1, =0, 0.
By Definition 4.6
(1) (r—1)
B1 B B B, (om{+1)v1 (am,_{ +D)vr—1
xSy, o, =Xy, T Dq,.....c,
where v; is a positive integer for all i+ = 1,...,r — 1. Using (4.16), we deduce that if
ﬂ](-r) > ay) from some j € {0,...,n,} then wll...wgrsylvahwar = 0. But since |3,| =

|a.| by the assumption, this condition is equivalent to 3, # a,. In addition, since the

class sylvy, 4, is independent on the order of variables chosen to build the determinant

Da,....c, (see Proposition 4.3), one can show by a similar argument that if 8; # a; for

some j € {1,...,r} ie if (aq,..., ) # (B1,...,0:), then a:'lgl . ..mr’@rsylva17...’ar =0.
To conclude the proof, it remains to show that

aq (e 75 _
]ty ’sylval,m’ar = SylV(O,...,O)-

For that purpose, starting from decompositions of the form (4.14) to build the determinant
Da,,....a,» Observe that one can multiply the polynomials Fi{j by suitable monomials to
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get decompositions of the form (4.5) that are used to build the determinant Do o). In
this way, using appropriate decompositions, we identify that

[e7 Ulagzl) o 0204512) Qpr—1 Urfloh(mrill) o
_ 1 1 2 2 r— r— r
D(O,---70) =y ‘Tl,n1 D) 2,n2 SR | xr—l,nr 1 Ly Dal, Oy
By Definition (4.2) and Definition (4.6) we deduce that

__ U1 Ur—1

sylv(07___70) =Ty, - a:r_17nT71D(07___70)
—1

I - 31 vlc‘f?(’bll)‘i"vl ar_q vr—la;TT,1)+vr71 arp

- wl ‘Tl,nl coer—1 Yr—1n,_1 r Qaq,...,0p

— (e 3] (e 75

=x'... ., ’sylvalw.’ar,
as claimed. O

Theorem 4.8. For all j = 1,...,r let p; be an integer such that 0 < p; < min; d; ; and
set = (p1,..., ). Then, the set of multigraded Sylvester forms

{SYIval"”’ar}‘aj‘:)u‘jv j:1,...,7‘
yields an Ag-basis of the free Ap-module (I5*/I)s_,,.

Proof. Since n; > 1 for every 1 <14 < r, every degree in I'¢UI'; has at least one coordinate,
namely ¢, which is greater than or equal min;d;;. Hence, in this case, p ¢ I'o UT',
therefore by Theorem 3.9,

HY(B)s—p = Homa(Cp, H¢(B)s) = Cp.
By definition,

Oy := Hom (O, A)
and the canonical A-basis of this free A-module is identified with the multihomogeneous
monomials in the sets of variables x1,...,x, of degree w:

(. 22): 0, — A

(. xd) — 1

(w?ll...:c"‘lr) = 0if (of,...,al) # (aq, ..., ap).

T
Therefore, by Theorem 3.9
=~ Homu (C,, HY(B)s)

and an A-basis of Hom4(Cy,, H{(B)s) is given by ¢o(z{* - - - ), | =, .. laf = pr
By using Proposition 4.7, It turns out that the map ¢ o (! ... x&") is nothing but the
multiplication map by sylvy, o -

Now, by the argument using spectral sequences, we have an isomorphism of A-modules:

HY(B)s—y = Homa(Cpu, HY(B)5).

The canonical map that sends sylv,, o € H[(])(B)(s—u to the multiplication map by

$YWVq, .o, in Homy (Cy, H)(B)s) realizes the above isomorphism. O
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Remark 4.9. As a consequence of the above theorem, the classes of Sylvester forms
$YVa, .. a, are independent of the choice of decompositions (4.14), up to multiplication
by an invertible element in k, that is independent of oy, ..., a,. This element is 1 if one
restricts to the unique decompositions as in the beginning of this section, varying orders
of variables and forms (more generally to any decomposition that lifts to the base ring Z).

5. APPLICATION TO MULTIGRADED ELIMINATION MATRICES

In this section, the results obtained in Section 3 and Section 4 are applied to build a
family of elimination matrices for multihomogeneous polynomial systems.

5.1. Hybrid elimination matrices. Adopt Notation 3.1 and define a family of matrices
indexed by v € N as follows. First, for all v € N” such that

(5.1) V¢ (6—NT)UPOUF1

we define the matrix M,, as the matrix of the A-linear map

(5.2) ®i=gCv-a;, — Cu
(G07"'7Gn) = ZGZE
=0

in canonical bases. This matrix is the classical multigraded Macaulay-type matrix of
Fy, ..., F, in degree v. Second, for all v € N" such that

(5.3) v=20— (u1,...p) such that 0 < pj <mind;; forall j =1,...,7,

we define the matrix H,, as the matrix of the A-linear map

(54) GB?ZOCV—di @a:\aﬂ:&j—uj A = Gy

(Gos-. .Gy by .. Zn:GiﬂJr > laSylvg
=0

a:laj|=6;—v;

in canonical bases. This matrix in an hybrid matrix: it has a Macaulay-type block and
another block built from multigraded Sylvester forms of degree v.

We notice that the smallest matrix in the entire family made of the matrices H,, and
M, we have just defined is obtained for v = — (min; d;; — 1,...,min; d; , — 1).

Given a polynomial system f := {fo,... fn} of n+ 1 multihomogeneous polynomials of
degree dy,...,d,+1 in R = K[z, ...,x,], we recall that the notation I(f), B(f), B¥(f)
and M, (f) respectively, stand for the specialization of I, B, BS*" and M,,, respectively.

Proposition 5.2. Ifv € N satisfies (5.1), respectively (5.3), then M,,, respectively H,,, is
a presentation matrixz of the A-module (B),,. In particular, M, (f), respectively H,(f),
1s surjective if and only if f has no common zero in IP%I X e X IP’%*.

Proof. If v satisfies (5.1) this result follows from Theorem 3.9 and if v satisfies (5.3) it
follows from Theorem 4.8. O
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5.3. The drop-of-rank property. As already mentioned, a key feature of elimination
matrices for solving polynomial systems with coefficients over a field is to have the drop-
of-rank property. It turns out that the family of matrices M, defined above has this
property.

To be more precise, consider a multigraded zero-dimensional polynomial system with

coefficients in a field K: f := {fo,..., fn} are n + 1 multihomogeneous polynomials of
degree dy,...,d,+1 in R = K[xg,...,2,]. These polynomials are specialization of the
n + 1 generic polynomials Fy, ..., F,.

Proposition 5.4. Assume f defines a finite subscheme in IP% X e X IP’H%" of degree k. If
(5.5) ved— (mind;; —1,...,mind;, — 1) + N,

1 (2
the corank of M, (f), or H,(f) depending on v, is equal to k.

Proof. Let v be a multi-index satisfying (5.5), by Lemma 3.15, v satisfies (5.1) or (5.3).
Therefore, the claimed result follows straightforwardly from Proposition 3.14 as M, (f), or
H, (f) depending on v, yields a presentation matrix of the K-vector space (B%(f)),. O

To conclude, we provide two illustrative examples.
Example 5.5. Consider the case of the n 4+ 1 = 5 generic bihomogeneous polynomials of
degree d = (3,3) over P? x P? (r = 2, ny = ny = 2). Form definitions, § = (12,12) and
In this case, the determinant D introduced in Section 4.1 has degree (12 — 2,12) =

(10,12) and by Proposition 4.3, the twisted Jacobian determinant A := :13%,2 -Dis a

generator of HY(B)s. More generally, let o = (a(()l), agl),agl)) and g = (a(()2), a§2),a§2))

be multi-indices such that 0 < |e;| < 2. By Theorem 4.8, the Sylvester forms sylv
introduced in Section 4.5 yield bases of HY(B), with v = (12 — |a],12 — |a).
The matrix H; 12y is the matrix of a map of the form C(?’g 9 @ A — C(12,12) and it

1,02

is of size 15126 x 8281. It is a Macaulay-type matrix except for one column which is
filled with the coefficient of the twisted Jacobian determinant. Such a matrix already
appeared in [CDS98, Proposition 2.1]. From Proposition 5.4, the smallest elimination
matrix having the drop-of-rank property we get is Hjq 10); it is the matrix of a map of
the form 05’777) @ A3 C(10,10) and it is of size 6516 x 4356.

Example 5.6 (Dixon resultant matrices). Dixon in [Dix1909] describes three determinan-
tal formulas for computing the resultant of three generic bihomogeneous polynomials of
the same degree (m,n) over P! x PL. These determinants are of order 6mn, 4mn, and 2mn
and the entries of the corresponding matrices are respectively homogeneous of degree 1,2,
and 3 in the coefficients. It turns out that the elimination matrices M,, we have defined
include the Dixon determinants of order 6mn and 4mn, as well as some other intermediate
matrices that already appeared in [ZCG98, Section 5].
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To be more precise, we consider the case the n + 1 = 3 generic bihomogeneous poly-
nomials over P! x P! (r = 2, ny = no = 1). From definition, § = (3m — 2,3n — 2),
and

To=(m—2,n)+ (-N,N)U (m,n —2) + (N, -N),
'y =(2m—2,2n) + (-N,N) U (2m,2n — 2) + (N, —N),
'y =(3m—2,3n) + (-N,N) U (3m, 3n — 2) + (N, —N).

AsTy C (6§ —N")UTy, Corollary 3.10 implies that (I3 /I)v = 0 for any v ¢ (6 —N")UT;.
In the following picture we plot the regions (6§ — N”) in grey and I'; in yellow.

M,

(2m —1,3n—1)
6=Bm—2,3n—-2)

By Proposition 5.4, the matrices H,, and M,, such that v = (v1,1,) with v; > 2m — 1 and
V9 > 2n — 1 are all elimination matrices that have the drop-of-rank property. Those in the
white area are purely of Macaulay type whereas those in the pink area involve Sylvester
forms. Among these matrices, we can identify the following Dixon determinants that are
located on the red dotted segments in the above picture:

® M2,,—1,3n—1) and M2, _1 3,_1) are square matrices associated to maps of the form
C’g’m_l’%_l) — Cam-1,3n—1)- They both correspond to the Dixon determinants of
order 6mn.

o Hy,—1,2,—1 is a square matrix associated with a map of the form C(?’m_l’n_l) @
A™ — Clom—1,2n—1)- It corresponds to the Dixon determinant of order 4mn.

e Let ¢ be an integer such that 0 < i < m. The matrix Hg,,_1442,-1) is associated
with the map

C?m—l-}—i,n—l) @ AT - Clom—1+i2n—1)

where Z is the set of Sylvester forms of degree (2m — 1+ 4,2n — 1). By Theorem
3.9, |Z| = (m —i)n as it is equal to the number of monomials of degree § —
(2m —1+4,2n — 1). Therefore, Hs,,—1442,—1) IS a square matrix. Similarly, the
same conclusion holds for the matrices Hg,,—1,2,—14) With 0 < j <n. Thus, the



28

LAURENT BUSE, MARC CHARDIN, AND NAVID NEMATI

formalism we introduced recovers this extended family of Dixon determinants that
already appeared in [ZCG98, Section 5].
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