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1 Introduction

Information logics are modal formalisms for representation of and reasoning about con-
cepts derived from data that describe an application domain. Traditionally, concepts are
determined by defining their extension or denotation and intension or connotation. The
extension of a concept consists of the objects that are instances of this concept and the
intension of a concept consists of the properties that are characteristic for the objects
to which this concept applies. For example, to define the concept ’organism’ we should
list the earmarks of organism and the typical species of organisms [Bun67]. Let a set
OB of objects be given, and suppose that properties of those objects are articulated in
terms of attributes from a set AT and values of these attributes. For example, property
of 'being green’ is represented as a pair (colour, green), where ’colour’ is an attribute, and
‘green’ is one of its values. Nondeterministic information about an object is of the form
(attribute, a subset of values). For instance, if the age of a person is known approximately,
say between 20 and 25, then this information is represented as a pair (age, {20, ...,25}).
By an information system S we understand a pair (OB, AT') where OB is a non-empty
set of objects and AT is a non-empty set of attributes. Each attribute a is a mapping
a:0B — P(Val,) \ {0}. For each a € AT, the non-empty set Val, is the set of values of
the attribute a [Paw83, OP84]. We write ZS to denote the class of information systems.
An information system S’ = (OB’, AT") is said to be a subsystem of the information sys-
tem S = (OB, AT) ifft OB’ C OB and {app : a € AT} = AT’ where app denotes the
restriction of a to OB’.

In various application areas acquisition of concepts is carried on in the situation when
the complete information about objects that are supposed to be their instances is not
available. There are two major types of incompleteness of information which is given in
the form of an information system: indiscernibility and orthogonality. The indiscernibility
paradigm emerged from the observation that characterization of objects in terms of their
properties might result in indistinguishability: some objects are 'the same’ as far as the
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admitted properties are concerned. Hence, instead of crisp entities we rather grasp classes
of objects such that each class contains those objects that cannot be distinguished one
from another in terms of the given properties. It also follows that membership of an object
in a set can only be defined modulo the properties of objects, and we might not be able to
determine a sharp boundary between a set and its complement. As a consequence we might
not be able to assert membership of objects in the extensions of concepts in a two-valued
(yes or no) manner. The objects from the classes that are included in a boundary region
of the concept can be classified neither as its positive nor negative instances. It follows
that we need at least three valued means of reasoning in the presence of indiscernibility-
type incompleteness of information. To model types of incompleteness of information
of this kind we introduce a family of relations that reflect impossibility of discerning
all the individual objects. The information relations from this group model degrees of
indistinguishability in a nonnumerical way and they enable us to define a hierarchy of
definability classes of sets [Orto88b, Orto89, Paw91].

However, in many situations it might be more suitable to ask not for indistinguisha-
bility but for its opposite. To model in a nonnumerical way degrees of distinguishability
we consider a family of orthogonality type relations. The concept of orthogonality plays a
crucial role in quantum logic and various classes of logical and algebraic systems have been
introduced in this connection [CN89, CDCG93, Gol91]. In those systems orthogonality is
a semantic counterpart of negation or complement. In this paper we consider modeling of
orthogonality that is related to representation of incomplete information [Orto94]. Both
the information relations from the indiscernibility group and the orthogonality group are
relative to subsets of attributes. In general, both indiscernibility-type and orthogonality-
type incompleteness of information lead to non-numerical many-valuedness of assertions
about objects. The truth value of each assertion depends on a subset of properties of
objects that are involved in expressing that assertion. Thus we can view the subsets of
properties as non-numerical measures of degrees of truth.

Information logics enable us to represent both extensions and intensions of concepts,
and moreover, they exhibit a relevant type of incompleteness of information from which the
extensions and the intensions are derived. There are two kinds of semantic structures for
information logics: general (or abstract) models and standard models. General models are
based on Kripke frames that, however, differ from the usual ones in that their accessibility
relations are relative to subsets of a set. This set is intuitively interpreted as the set
of attributes that are relevant for the objects from the universe of the frame [Orlo88a,
Bal97]. The relations are assumed to satisfy various properties, for example indiscernibility
relations are equivalence relations, (right) orthogonality relations are the relations whose
complements are tolerances, etc. Standard models are based on frames derived from
information systems. In these frames the accessibility relations are defined explicitly in
terms of the attributes from these systems. Hence, the standard frames are the ’concrete’
structures derived directly from data that describe an application domain. A broad family
of abstract and standard information frames is presented in [Vak89, Vak91lb, Vak9la,
Vak97, Orto85, Orlo95].

The purpose of this paper is to elaborate a formal framework for expressing and prov-
ing informational representability of abstract frames. Let a similarity relation > in a
class C' of frames be given, for example relation of 'being isomorphic’ or ’being modally
equivalent’. Intuitively, a frame K from the class C is informationally t>-representable if
there is an information system and a frame K’ derived from this system such that K’ is
in class C and, moreover, K is t>-related to K'. The first theorem of this kind has been



proved in [Vak87, Vak89]. In [Orlo93] it has been observed that a property of informa-
tional representability might be meaningful in investigations of nonclassical logics, and a
notion of informational representability has been proposed. In the present paper we intro-
duce a general notion of informational representability, we develop a method of proving
informational representability and we give examples of informational representability and
non-representability of frames.

An extended version of this paper will appear in [Orto98].

2 Frames with parameterized accessibility relations

In this section we introduce a general notion of frame that captures all the types of frames
considered in connection with information logics. This notion is an extension of the notion
of frame used in the theory of modal logics (see e.g. [Kri63, Che80, vB84, HC84, Gol92]).
We shall consider frames with several (finitely many) families of accessibility relations of
different arities, and moreover each of these families will be indexed with subsets (and not
individual elements) of a set, referred to as the set of parameters. Parameters are intended
to be abstract counterparts of entities that determine relations. For example, if we are
interested in information relations of an information system, then we should take the
attributes of the system as the parameters. If we deal with a logic of knowledge, then the
parameters are knowledge agents. Instead of ordinary frames of multimodal logics that
contain just several relations, we will be dealing with frames with families of relations.
Intuitively, each family consists of relations of the same type, that is all the relations in
a family satisfy the same conditions e.g. they are equivalence relations, and in general
there are several relations in every such family, each of which is determined by a subset of
parameters. For example, the family of indiscernibility relations of an information system
consists of relations that reflect indiscernibility of objects with respect to any subset of
attributes in that information system. Each of these relations is an equivalence relation.

A signature ¥ is a pair (P, (ny,...,nk)) where P is a non-empty set of parameters and
(n1,...,ng) is a non-empty sequence of natural numbers greater than 2. Classes of frames
indexing the relations by sets of parameters have been intensively studied in the past (see
e.g. [Orto88b, HM92, Bal97]). Let ¥ = (P, (n1,...,nk)) be a signature. By a X-frame we
understand a structure (U, {Ry(P): P CP, l € {1,...,k}}) where U is a non-empty set
and for all P C P, for all l € {1,...,k}, R;(P) is a ns-ary relation on U.

We write Fx, to denote the class of Y-frames. We also write = (resp. =) to denote
the isomorphism relation (resp. the modal equivalence relation) between two frames. It is
clear that =C=C=,,.

EXAMPLE 2.1. Let S = (OB, AT) be an information system. Consider the signature
Yo = (AT, (2)). Two objects 01 and oy are said to be indiscernible with respect to A C AT
(in short 01 ind(A) o9) iff for all a € A, a(o1) = a(02). In the Xo-frame (OB, {ind(A) : A C
AT'}), ind(A) is an equivalence relation on OB for every A C AT and for any A, A’ C AT,
ind(AU A") =ind(A) Nind(A").

A Y-frame K' = (U, {R)(P): P CP, l € {1,...,k}}) is said to be a subframe of the
Y-frame K = (U,{Ry(P) : P C P, l € {l,...,k}}) iff U CU and for all I € {1,...,k},
P CP, RY(P)N (U x U') = R,(P).



3 Frames derived from information systems

In order to derive ¥-frames from information systems, a first task consists in relating the
set of parameters with a given set of attributes. That is why any derivation of frames
shall be defined modulo a contribution function.

DEFINITION 3.1. Let S = (OB, AT) € ZS and ¥ be a signature (P, (nj,...,ng)). A
contribution function for S is a mapping I : AT — P(P) such that J,cqp I(a) =P. V

For any P C P, we write I~!(P) to denote the set {a € AT : I(a) N P # ()}. The
intended meaning of I is the following: every attribute a contributes to the construction
of relations involving some parameters in (a). Moreover, every parameter p has at least
one attribute that contributes to p.

3.1 A language for information systems

The language LS is determined by seven sets which are supposed to be pairwise disjoint:
the set of constants CONS = {0,1}, the non-empty countable set of variables VAR, the
non-empty set of unary function symbols FUN, the set of constructors OR = {N,U, —} (of
respective arity 2,2,1), the set of predicate symbols PRE = {=,C}, the set of quantifiers
{V,3} and the set of propositional logical operators OP = {—, A}. Function symbols are
intended to represent the attributes and variables will range over the set of objects of
an information system. The set T of terms is the smallest set that satisfies the following
conditions: (1) CONS C T; (2) if f € FUN and x € VAR then f(z), —f(z) € T and (3) for all
@ €0R\{—}if t1,ta € T then ®(t1,t2) € T. The set Fy of atomic formulae is the set of
expressions {®(t1,t2) : t1,t2 € T, & € PRE}. The set F of formulae is the smallest set that
satisfies the following conditions: Fg C F and if ¢ is any n-ary propositional operator and
Fi,...,F, €F then c(Fy,...,F,) € F. An extended formula is an expression of the form
Q1 fi ... gnfnF (also written Q F') with F' € F, {q1,...,¢,} C{3,V}and {f1,..., fn} C FUN.
The set of extended formulae is written F€. The extended formula q1 fi . .. gn fo F' is said to
be weak (resp. strong) iff {q1,...,q¢.} = {3} (resp. {aq1,...,qn} = {V}). For any syntactic
set X, and for any syntactic object 0, we write X(0) to denote the set consisting of those
elements of X that occur in 0. An extended formula Q F' is said to be well-closed iff for
all f € FUN(F'), f occurs exactly once in Q. We shall adopt the convention F C F¢ by
considering that a formula is an extended formula with an empty string of quantifications.

Let S = (OB, AT) be an information system. A function interpretation in S is a
mapping m : FUN — AT. An object interpretation in S is a mapping v : VAR — OB. The
interpretation of terms generated by m and v is the mapping I » : T — P(U,car Vala)
such that:

o Inmo(f(x)) = m(f)(v(x)), Imo(—f(@)) = Valyp) \ Imo(f(2)), Im,w(0) =0,
° Imﬂ,(l) = UaeAT Valg,, Im’v(@(tl,tgn = @(Im’v(tl),fmﬂ,(tz)) when @ € OR\ {—}
By abusing our notation, as usual N, U, — denote the Boolean operations on sets.

It follows that terms represent sets of values of attributes. Let S = (OB, AT) be an
information system, m be a function interpretation and v be an object interpretation. We
say that an extended formula F' is satisfied in S under the interpretation I, (written
S, Im» = F) when the following conditions are satisfied.

o S, Iy | ®(t1,t) iff ®(Lno(t1), Imo(tz)) when @ € PRE



o S, Imy = —F iff not S, Iy = F, S, Ino = FAGff S, Iy = F and S, I E G,

o S, Iy = Vf Fiff for all a € AT, S, I, = F where m[, is defined as follows:
wl(f) = a and for all £/ f, m, (') = m(f)

o S, I, |= 3f F iff there exists a € AT such that S, I, , = F where m, is defined
as above.

Let S = (OB, AT) be an information system and F € F¢ such that the variables
occurring in F' are z1, ..., x, (in the order of enumeration). For all function interpretations
m for S, we write mg(F') to denote the set

ms(F) = {{(v(z1),...,v(zy)) : Jv: VAR - OB, S, I, = F}

If F has the form Vf G (resp. 3f G) then mg(F) = (N car(my)s(G) (resp. mg(F) =
Uaear (ma)s(G))-

ExampPLE 3.1.  (follows Example 2.1) Consider the formula f(x1) = f(x2), say Fy. Let
S = (OB, AT) € ZS. It is easy to show that for all A C AT, 01,02 € OB, 01 ind(A) o2
iff for all @ € A, (01,02) € moB {a})(Fo) where m is the unique function interpretation in

(OB, {a}).

3.2 Y-specification

The language LS enables us to express definitions of relations derived from information
systems. These definitions will be referred to as specifications. Let ¥ be the signature
(P, (n1,...,ng)). A X-specification S is a sequence of k well-closed extended formulas, say
(F1,..., Fy) such that for all [ € {1,...,k}, card(VAR(F})) = n;. A X-specification S is
said to be strong (resp. weak) iff S is a sequence of strong extended formulae (resp. S
is a sequence of either strong or weak extended formulae). Since every extended formula
occurring in a Y-specification (Q1F},..., QxF)) is closed with respect to the function
symbols, for all [ € {1,...,k}, for all information systems S = (OB, AT) and for all
function interpretations m, m’ in S, mg(Q;F;) = mg(QFy).

Observe also that when card(FUN(F)) = 1, for all P,P’ € P(P) \ {0}, if @ foF is
strong (resp. weak) then mop 1-1(pupy) (@1 /1F) = Noegpry MoB,1-1(Q) (@1 f1F) (vesp.
mop,1-1(pur)) (@1F) = Ugeqp.py MoB.1-1(Q)) (q1./1F)). Moreover, for any information
system S = (OB, AT) and for any contribution function I for S, if card(AT) = 1 then
for all extended formulae Q1F and QoF and for all §) # P C P, mop -1(p)(Q1F) =
mop,1-1(p) (L) = mop,1-1(p))(F). In the sequel, we write specy, to denote the set of
Y-specifications (F1,..., Fj) such that for all [ € {1,...,k}, card(FUN(F})) = 1.

3.3 A frame derived from an information system

We are now in position to define a family of derivation functions parametrized by signatures
and specifications.

DEFINITION 3.2. Let ¥ = (P, (n1,...,ng)) be a signature, S = (OB, AT) € ZS, I be a
contribution function for S and S = (F1, ..., Fi) be a ¥-specification. We write Dy, g(5, 1)
to denote the X-frame (OB,{R;(P): P CP, l € {1,...,k}}) such that

vie{l,... k}, Vi #£ P CP, Ry(P) = m(OBJ—l(P))(F‘l)



By convention, for all [ € {1,...k}, if F} is weak then R;(#) = 0 otherwise R;(0) =
OB x OB \Y

It is important to remember that the correctness of Definition 3.2 rests on the fact
that each Fj is closed with respect to the function symbols.

4 Informational representability of >-frames

In this section we present a notion of informational representability of a class of frames
and a general method of proving representability. Next, the method will be applied to
some particular classes of frames.

DEFINITION 4.1. Let 3 be a signature, X C Fx, Y C ZS, and S = (Fi,..., F}) be a
Y-specification. The class of X-frames X is said to be (>, S)-inf-representable (> € {=,=
y=m}) in Y iff

1. (soundness) for all S € Y and for all contribution functions I for S, Dy, g(S, 1) € X,

2. (completeness) for all £ € X, there is S € Y and a contribution function I for S
such that Dy, g(S,1) > K.

\%

4.1 Nice pair proof technique

This technique has been originally introduced in [Vak87] for the logic NIL. For all non-
empty sets X, for all (p,Y) € P x P(P(X)), we write atPY) to denote the mapping
X — P({p} x Y) such that for all z € X, atPY)(2) = {(p,Z) : x € Z € Y'}. Hence for
al ZeY, v e X,z e Ziff (p,Z) € at’PY)(z).

DEFINITION 4.2. Let K = (U, {Ry(P): PCP,le{l,...,k}}) € FyandS = (F1,...,F}) €
speci.. A nice pair with respect to K and 8, say N'= (p, X), is a member of P x P(P(U))
such that (1) | {Y : Y € X} =Uand (2) foralll € {1,...,k}, Ri({p}) C m(U{at<p’X>})(‘Fl)

where m is the unique function interpretation in (U, {at®*)}). \Y
Definition 4.3 below presents different kinds of nice pairs and sets of nice pairs.

DEFINITION 4.3. With the notations of Definition 4.2, a nice pair N is (K, S)-complete
with respect to the parameter p iff the inclusion in Definition 4.2(2) is replaced by an
equality. A set of nice pairs X is said to be (K,S)-complete iff for all p € P, there is
(p,Y) € X such that (p,Y) is (K, S)-complete with respect to p. A set of nice pairs X
is said to be P-full iff for all p € P, {(p/,Y) € X : p = p'} # 0. A set of nice pairs
X is minimally (IC,8)-complete iff X is (K,S)-complete and for all Y C X, Y is not
(K, S)-complete. \Y

Definition 4.4 shall be mainly needed in Section 4.2.

DEFINITION 4.4. Let ¥ be a signature, S = (F, ..., F}) € spect and X C Fx. A (resp.
minimal) nice pair function with respect to S and X is a mapping truc such that for all
K € X, truc(K) is a (resp. minimally) (IC, S)-complete set of nice pairs \Y



ExampLE 4.1.  (Example 3.1 continued) Consider the g-specification Sy = (Vf Fp)
with ¥ = (P, (2)) for some set of parameters P = {p}. Let K = (U, {Ri(P) : P C {p}, l €
{1}}) be a ¥yp-frame such that Rq1(0) = U x U and R1({p}) is an equivalence relation.
Consider the pair (p,{Ri1({p})(u) : v € U}) = (p,X). Since R1({p}) is reflexive, then
Uyex Y = U. Moreover, for all u,v € U

(u,v) € Ra({p}) if Ri({p})(v) = R1({p})(v)
iff{Y:ueYeX}={Y:veYeX}
it {{p,Y):ueYeX}={p,Y):veYeX}
iff at<p7X>(u) = at<p’X>(v)
iff (u,v) S m(U,{at<p’X>}) (Fo)

So (p, X) is (K, Sp)-complete with respect to p and {(p, X) } is a minimally (X, Sp)-complete
set of nice pairs.

PROPOSITION 4.1. With the notations of Definition 4.2, let X be a P-full set of nice
pairs. Then, (1) Sx = (U,{at®Y) : (p,Y) € X}) is an information system and (2)
Ix : {atPY) : (p,Y) € X} — P(P) with Iy(atPY?) = {p}, is a contribution function for
Sx.

Observe that for any (p,Y),(p/,Y’) € X with p # p/, at®Y) £ atP¥Y) Sy is
a set-theoretical information system following Vakarelov’s terminology (see e.g. [Vak95,
Vak97]). Lemma 4.2 below can be seen as the main technical result of the paper since
it establishes correspondences between Y-frames and set-theoretical information systems
obtained from complete set of nice pairs (using the language LS). Proposition 4.3 states
some consequences for the informational representability.

LEMMA 4.2. Let ¥ be a signature, K = (U, {Ry(P) : P C P, | € {1,...,k}}) € Fx,
S = (F1,...,F}) be a weak Y-specification in specl, and X be a set of nice pairs with
respect to K and S. Moreover, assume that for all [ € {1,...,k}, for all ) # P C P, if F;
is strong then R;(P) = ﬂpeP Ri({p}) otherwise R;(P) = UpeP Ri({p}).

1. If S is strong and X is (K, S)-complete then
2. If X is minimally (/C, S)-complete then (x).

Proposition 4.3 below states sufficient conditions to establish informational repre-
sentability.

PROPOSITION 4.3. Let ¥ be a signature, S = (F1,..., Fi) be a strong (resp. weak) X-
specification in specl,. Let X C Fx such that foralll € {1,...,k}, forall§ # P C P, for all
K=(UAR(P): PCP, le{l,...,k}}) € X, if Fj is strong then Ry(P) = (Npecp Ri({P})
and Ry(0) = U x U otherwise Ry(P) = Upep Ri({p}) and Ry(0) = 0. Let Y C IS and
> € {=,=,=,,} such that:

1. For all S € Y, for all contribution functions I for S, we have Dy, g(5,1) € X.

2. there is a (resp. minimal) nice pair function with respect to S and X, say truc, such
that {Strucic) : 3K € X} C Y. Sgruc(x) is defined as in Proposition 4.1.

Then X is (>, S)-inf-representable in Y.



ExamPLE 4.2.  (Example 4.1 continued) We write X to denote the set of ¥o-frames
such that R1(0) = U x U and Ri({p}) is an equivalence relation. We show that Xy is
(=, 8p)-inf-representable in ZS. For any information system S, and for any contribution
function I (actually there is a only one), it is easy to check that Dy, g (S,I) € Xo. For
each K € Xy, we build the pair truc(K) = (p, X) as in Example 4.1 From Example 4.1,
for each K € Xy, {truc(K)} is a minimally (I, Sp)-complete set of nice pairs. {Struc(k) :
K € X} CZS by Proposition 4.1 and by Proposition 4.3, Xy is (=, Sg)-inf-representable
in ZS.

4.2 Negation and reordering lemmas

In this section, we present two ways to obtain (minimal) nice pair functions from existing
ones by relating adequately the specifications and classes of frames. In that way, we
facilitate the application of Proposition 4.3.

Let F' € F° such that VAR(F') = {z1,...,2zn}, x1, ..., xy being in the order of enumera-
tion. For any permutation o of set {1,...,n} we write F'o to denote the formula obtained
from F' by substituting simultaneously in F', z; by z4(; for all ¢ € {1,...,n}. Moreover,
for any n-ary relation R and for any permutation o of set {1,...,n} we write Ro to denote
the following n-ary relation:

Ro = {(00(1)7-- . 700(n)) : (017- . 'aon) € R}

Observe that for any information system S = (OB, AT), for any function interpre-
tation m in S, mg(F)o = mg(Fo). For any Y-specification S = (F1,..., Fy), for any
set of permutations {o; : {1,...,m} — {1,...,n}, I € {1,...,k}}, for any X-frame
K= UA{Ri(P) : P CP, Il e{l,..k}}) we write Koi...0p = (U{R}(P) : P C
P, 1 €{1,...,k}}) to denote the X-frame such that for any [ € {1,...,k}, for any P C P,
R;(P) = Rl(P)O'l.

LEMMA 4.4. (Reordering) Let ¥ be a signature, S = (F1, ..., F}) be a weak X-specification
in speclx, X C Fx, and truc be a minimal nice pair function with respect to S and X. Let
o; be a permutation of the set {1,...,n;} for all l € {1,...,k}. Then truc’ is a minimal
nice pair function with respect to ' = (Fio1,..., Froy) and {Ko1...0k : K € X} where
truc' (Ko ...o0x) = truc(K) for all K € X.

The starting point of Lemma 4.5 below rests on the fact that for any S = (OB, AT) €
ZS, for any function interpretation in S, m, mg(—F) = O Beard(VAR(F)) \ mg(F) with
F € F. For any Y-specification S = (F1,..., F), for any X-frame K = (U, {Ry(P) : P C
P, l € {1,...,k}}) we write K~ = (U,{R}(P) : P C P, l € {1,...,k}}) to denote the
Y -frame such that

o if F} is weak then R;j(0)) = () otherwise Rj(0) =U x U,
o for all ) # P C P, if F} is strong then Rj(P) = Nper R;({p}) otherwise Rj(P) =
Uper Ri({p}),
o for all p € P; R;({p}) = —Ru({p})-
LEMMA 4.5. (Negation) Let ¥ be a signature, S = (q1f1 Fi,...,qufr Fr) be a weak
Y-specification in speclz, X C Fy and truc be a minimal nice pair function with re-

spect to S and X. Then truc’ is a minimal nice pair function with respect to 8’ =
(a1 fi =F1, ..., qefr —Fy) and {K7: 3K € X} where truc/(K™) = truc(K) for all £ € X.



5 Examples of informational representability

We present examples of informational representability theorems for frames with informa-
tion relations from the indiscernibility group and the orthogonality group. The analogous
representability results for many other classes of frames can be obtained using the method
developed in the paper.

In the rest of the section, X is assumed to be a signature (P, (2)) for some non-empty
set of parameters P, unless otherwise stated. Concerning the indiscernibility relation
extensively used in the literature, the reader is invited to check the previous examples.

5.1 Complementarity

Let S = (OB, AT) € ZS. Two objects 01 and o0y are said to be in relation of complementar-
ity with respect to A C AT (in short 01 comp(A) o03) iff for all a € A, a(o1) = Val, \ a(o2).
With LS, comp(A) = mop,a)(Fo) with Fy =Vf f(z1)=— f(z2). Observe that comp(A4) is
symmetrical, irreflexive and intransitive. When o; comp(A) o3 holds, for all a € A, Val, is
uniquely determined by a(o1) and a(o2) (Val, is then the union of a(o1) and a(o2)). This
may explain why the representation of complementary relations has been an open problem
until now [Vak97]. We define a class of abstract ¥-frames related to the X-specification
So = (Fp). First, some preliminary definitions are needed. Let R be a binary relation over
the set U, R is said to be complementary iff R is symmetrical, R does not contain cycles of
odd length and for all u, v, w, z € U, if (u,v) € R, (v,w) € Rand (w, z) € R then (u,z) € R
(3-transitivity). It can be shown that comp(AT) is a complementary relation. We write
Fg, to denote the set of ¥-frames (U, {R;(P) : P C P, | € {1}}) such that, R1(0) = Ux U,
for all ) # P C P, R1(P) = (pep R1({p}) and for all p € P, R1({p}) is complementary.
The rest of the section is devoted to show that Fg  is (=, Sp)-inf-representable in ZS. For
any binary relation R over the set U, for all u € U we write Cy r to denote the largest
subset of U such that u € C,, r and for all v € C,, g\ {u}, there is a R'-path between u and
v where R’ is the symmetrical closure of R. Observe that {C, g : u € U} is a partition of
U. For all u € U, we write C’S,R (resp. CiR) to denote the largest subset of C, g such that
for all v € 037 R there is a R’-path of even (resp. odd) length between u and v where R’
is the symmetrical closure of R. Moreover, for all U’ C U, we write CZ IR to denote 037 R
ifue U, C’qi r otherwise. Observe that for all u,v,w € U, when R is complementary, if
{v,w} C Cy g then {C;,R’ CS,R} = {Ci;,m C’S),R}'

LEMMA 5.1. Let R be a complementary relation over the set U. The set {CZ,R Tu €
U,i € {0,1}} is a partition of U.

Let truc be the mapping such that for all L = (U, {Ry(P) : P CP, | € {1}}) € Fg,,

truc(K) = {(p. { | Clr,(py : U’ C U, 3¥ € Wp}) : p € P}
ueY
with Wp = {Y - U : Vu,v € ij Cuﬂh({p}) 7é Cv,Rl({P})? UueY Cu’Rl({},)}) = U} It is easy
to show that for all (p, X) € truc(K), for all Yo € Wp, X = {U, ey, CgRl({p}) :3U' C UYL

It is worth mentioning that, for allu,v € U, (VY € X, eitheru € Y andv ¢ Y oru ¢ Y and
veY)iff (u,v) € m(U,{at(p’X>})(F0)' Moreover, for all (p, X) € truc(K), UycxY =U.



LEMMA 5.2. Let K = (U,{Ry(P): P CP, l € {1}}) € Fg,. For all (p, X) € truc(K), for
all u,v € U, (u,v) € Ri({p}) iff for all Y € X, either (u € Y and v € Y) or (u ¢ Y and
vey).

LEMMA 5.3. Let K = (U, {Ry(P) : P C P, I € {1}}) € Fg,- truc(K) is a minimally
(K, 8p)-complete set of nice pairs.

COROLLARY 5.4. Fg  is (=, Sp)-inf-representable in ZS.

For any p € P the class of frames Fp (in the standard sense for modal logics) defined
by Fp = {(U,Ri({p})) : (U{Ru(P) : P C P, | € {1}}) € Fg,} is not closed by the
p-morphism construction. It follows that Fp is not modally definable (see [GT75]). The
condition of being a complementary relation can be expressed by a set I' of formulas from
the classical first-order logic.

Let S = (OB, AT) € ZS. Two objects o1 and o2 are said to be in relation of incom-
plementarity with respect to A C AT (in short o1 incomp(A) o9) iff for all a € A, (Val, \
a(o1)) # a(o2). With LS, incomp(A) = mg(Fy) with Fj = Vf —=(—f(z1)=f(x2)). Using
Lemma 4.5 and the above construction, {K™ : 3K € Fg } is (=, (Fp))-inf-representable in
IS8.

5.2 Positive and negative similarity

Let S = (OB, AT) € ZS. Two objects 01 and oy are said to be in relation of positive
similarity (resp. negative similarity) with respect to A C AT (in short o1 psim(A) o2
-resp. 01 nsim(A) oz ) iff for all a € A, a(o1) Na(o2) # 0 (resp. (Val, \ a(o1)) N (Valg \
a(oz)) # 0). With LS, psim(A) = mop,a)(Fo) (resp. nsim(A) = mop a)(Fo)) with
Fo =Vf f(z1) N f(x2) # 0 (resp. Fo = Vf — f(x1) N —f(x2) # 0). Let truc be the
mapping such that for all £ = (U,{R;(P): P CP, l € {1}}) € Fx,

truc(K) = {(p, {{w, v} : (u,v) € Ra({p})}) : p € P}

(resp. truc(K) = {(p,{U \ {u,v} : (u,v) € Ri({p})} U{U}) : p €P})

We write Fg, to denote the set of ¥-frames (U, {Ri(P): P C P, [ € {1}}) such that,
R1(0) = U x U, for all ) # P C P, Ri(P) = Npep R1({p}) and for all p € P, R1({p})
is (resp. weakly) reflexive and symmetrical. Following the lines of the previous sections,
it can be shown that truc is a minimal nice pair function with respect to Sy and Fg, .
Hence Fg, is (=,80)-inf-representable in ZS. Moreover, let S = (OB, AT) € ZS. Two
objects 01 and o9 are said to be in relation of right orthogonality (resp. left orthogonality)
with respect to A C AT (in short o1 rorth(A) oy -resp. o1 lorth(A) oq ) iff for all a € A,
a(o1) € (Valg \ a(oz2)) (resp. (Valy \ a(o1)) C a(o2)). With LS, rorth(A) = mop,a)(Fy)
(resp. lorth(A) = mop,ay(Fy)) with Fg =Vf f(x1) € —f(x2) (resp. Fy =VYf — f(x1) C
f(x2)). Using Lemma 4.5 and the above construction, {K™ : 3K € Fg } is (=, (Fy))-inf-
representable in ZS.

6 An example of non-representability

Until now, only representability results have been shown. However non representability
results are also very interesting in order to understand the relevance of the notion of
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representability we introduced. The example below provides some insight about classes
of information systems closed under subsystems and classes of Y-frames closed under
subframes. Although Proposition 6.1 might appear quite natural, it has some unexpected
consequences (see for instance Corollary 6.2).

PROPOSITION 6.1. Let ¥ be a signature, S be a X-specification, X C Fy and Y C ZS
closed under subsystems. If X is (=,S)-inf-representable in Y then X is closed under
subframes.

COROLLARY 6.2. Let X be a signature, S be a strong Y-specification and X be a set of
Y-frame such that for all [ € {1,...,k},
o Ru0)=U x U, for all 0 P C P, Ri(P) = (pep Ru({6})

e for all p € P, R;({p}) is serial (resp. atomic, weakly dense, discrete).

X is not (=, 8)-inf-representable in ZS.

Some interesting relationships might exist between subframe logics (see [Wol93]) and
the logics characterized by classes of frames informationally representable by frames de-
rived from a class of information systems closed under subsystems. However it is not in
the scope of this work.
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