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Spectral inequality for an Oseen operator in a two dimensional
channel.

Rémi Buffe! and Ludovick Gagnon'
April 9, 2021

Abstract

We prove a Lebeau-Robbiano spectral inequality for the Oseen operator in a two dimensional
channel, that is, the linearized Navier-Stokes operator around a laminar flow, with no-slip boundary
conditions. The operator being non-self-adjoint, we place ourself into the abstract setting of [12],
and prove the spectral inequaltiy through the derivation of a proper Carleman estimate. In the spirit
of [1], we handle the vorticity near the boundary by using the characteristics sets of P, or @, in
the different microlocal regions of the cotangent space. As a consequence of the spectral inequality,
we derive a new estimate of the cost of the control for the small-time null-controllability.

Keywords : Spectral inequality, Navier-Stokes equation, Null-controllability, Carleman estimate.
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1 Introduction

In this paper, we consider the spectral inequality for the Navier-Stokes equation, with no-slip condition,
in a 2-dimensional channel linearized around a Poiseuille flow. Denote Q = T x (0, L) the spatial domain,
where L > 0 and T is the one dimensional torus. For T" > 0, the incompressible Navier-Stokes equation
with no-slip boundary conditions is

Ou—Au+ (u-Vu+Vp=0, (z,y,t) €Qx(0,7T),
div (u) = 0, (2,9,) € 2 x (0,7), "
u(z,0,t) = u(z, L, t) =0, (z,t) € Tx (0,7),

(

’U/(l‘,y70) = U()(CE7y), x7y) € Q7

where the intial data uy belongs to the space H, defined in (8). It is well-known that there exists a
corresponding weak Leray solution to (1) that belongs to C°([0,T]; H) N L?((0,T); V) (see for instance
[2], Thoerem V.I.4), where V is also defined in (8) below. The Poiseuille flow is a laminar velocity field
satisfying the no-slip condition,

v = (V). no-uim o ®)

with U € (C*(0, L))?. The linearized Navier-Stokes equation around the 2-dimensional Poiseuille flow
writes

Oru — Au+ Uy (y)0pu + (uﬁﬁh(y)) +Vp=0, (x,y,t) € Qx(0,T),

div (u) =0, (x,y,t) € 2 x (0,T), (3)
u(z,0,t) = u(z, L, t) =0, (z,t) € T x (0,7),
u(z,y,0) = uo(z,y), (z,y) € Q,

with ug € H. The spatial operator of (3) is the Oseen operator [18]. Note that up to changing u by

e~ "y, for k > 0, one may write

0,U
Oru — Au+ Uy (y)0u + <u2 yO 1(y)> +Vp+ru=0, (z,y,t) €Qx(0,T),

div (u) =0, (x,y,t) € 2 x (0,T), (4)
uw(x,0,t) = u(x,L,t) =0, (z,t) € T x (0,7),
u(,y,0) = uo(z,y), (z,y) € Q.

From now on, we refer to (4) as the Oseen equation. The shift by « of the Oseen operator is introduced
so as to gain the monotonicity of the Oseen operator (see Section 1.2), and has no consequences on the
nature of our control results. Indeed, let us first introduce the null-controllability of the Oseen equation.
Let w be an open subset of 2, and consider

Oru — Au+ Uy (y)0u + <u28y§1(y)> +Vp+ku=xuf, (z,y,t) €Qx(0,T),

div (u) =0, (z,y,t) € 2 x(0,T), (5)
u(x,0,t) = u(z, L, t) =0, (z,t) € T x (0,7),
u(x,y,O) = uo(:c,y), (xvy) €,

where X, denotes the characteristic function of the open set Q2. The small-time null-controllability can
be stated as follows: for any control time 7" > 0 and any initial data ug € H, does there exist a control
function f € L2((0,T); L?(w)) such that the solution u of (5) satisfies u(T) = 0 ? In the affirmative



case, one is generally led to study the cost of the control, that is the estimation of the constant Cp > 0
(depending on T' > 0 and w) of the continuity map between the control and the initial data,

| f1lL2 (0,702 (w)) < Crlluol|a-

Following the Lebeau-Robbiano strategy [13] (see also [10, 15, 17]) for the controllability of parabolic
operators using the spectral inequality, we shall prove,

Theorem 1.1 Let € > 0. Then, there exists C > 0 such that for all T > 0, for all initial data vg € H,
there exists f € L?((0,T); L?(w)) such that the solution u of (5) satisfies

u(T) =0,
and such that the following estimate holds

C
||f||2L2((O,T);L2(w)) < Certse ||u0||2L2(Q)' (6)

The null-controllability result stated in Theorem 1.1 is not new as it falls within the framework of
Ferndndez-Cara, Guerrero, Yu, Imanuvilov and Puel [7]. Indeed, considering the linearization of the
Navier-Stokes equation (1) around smooth solutions U satisfying U € L*°((0,T) x ©))™ and 0;U €
L?((0,T); L7 (Q))™ for some o > 1, they proved notably, using the strategy of Fursikov and Imanuvilov
[8], the small-time null-controllability of the linearized equation. The optimal control cost was however
not reached for small time in [7].

Recently, Chaves-Silva and Lebeau have obtained in [4] the optimal cost of controllability Cp = CeT
for the Stokes system in dimension greater or equal to 2, that is the Navier-Stokes equation linearized
around zero, improving the cost of control of [7] in this specific case. The control cost obtained of [1] is
a consequence of the spectral inequality for the Stokes system in combination of the Lebeau-Robbiano
strategy [13, 17].

Concerning small-time global controllability to trajectories of the nonlinear Navier-Stokes equation
with no-slip boundary condition (1), we refer to the work of Coron, Marbach, Sueur and Zhang [6] (see
also the references therein). In [6], the return method [5] was used, with a little help of a phantom
force, to drive the solution to zero in arbitrarly small time, by using a trajectory with good transport
properties and by analyzing the solution around this trajectory. One of the principal difficulties of [0] is
to deal with the boundary layers. One way of removing this little phantom force is to understand the
stability (or instability) of such as Poiseuille (or even Couette), and having a precise knowledge of the
cost of control. The present paper can be seen as a first step in this direction, although the present work
does not allow us to track the dependency of C with respect to the size of the potentials.

Our main result is to derive a spectral inequality for the Oseen equation (4) in the spirit of [4]. We
refer to Section 1.3 for a precise statement and Section 1.4 for insights on the nature of the result. We
begin by considering the equation on the vorticity v = dyus — dyu; for (4),

Orv — Av + Uy (y)0v + (3§U1)u2 + kv =0, (z,y,t) € 2 x (0,T),

div (u) =0, (z,y,t) € 2 x (0,T), ™
v(z,0,t) = —0yui(x,0,t), v(z, L,t) = —0yui(z, L,t), (z,t) €T x(0,T),

v(x,y,0) =rot ug(x,y), (z,y) € .

At first sight, the Oseen equation (4) can be thought to be a perturbation of the Stokes equation (or
equivalently (7) a perturbation of the equation on the vorticity for the Stokes system), and classical
arguments could allow one to absord these lower terms in the Carleman estimates established in [4].
However, the divergence free condition on the velocity field u reveals a strong non-local term linking the
vorticity to the velocity for (7) of the form us = A~'9,v. Furthermore, this internal coupling does not
allow us to prove unique continuation property for the augmented elliptic operator on the vorticity in
the s direction as opposed to [4] (see Section 1.4 for the definition of the augmented elliptic operator and
Remark 5.6 for the lack of propagation of smallness in the s direction). This lead us to place ourselves in
the original framework of [13], where the obtained spectral inequality is expressed with a local integral in
the s-variable, as it is the case here (see Theorem 1.8). Since the works of [10, 15] for the heat operator,
using propagation of smallness in the s direction, spectral inequalities has been reformulated with an
observation from {s = 0} X w, which would yield, in the present setting

[ull72 0y < CerA/ lu]®dz, Yu e TI\H.



The lack of unique continuation in the s-direction forces us to prove only Theorem 1.8. Finally, the Oseen
operator is non self-adjoint, and therefore we shall use the work of [12], where the Lebeau-Robbiano
strategy is generalized for a class of non self-adjoint operators. Before stating the spectral inequality, let
us introduce the functional framework as well as some spectral properties of the Oseen operator.

1.1 Functional framework

Let us recast equation (4) into a semi-group formalism. First we introduce the following Hilbert spaces,
Vi={ue Hy(Q)? divu=0}, H:={ueLl*Q)? divu=0, u-v,, =0}, (8)

endowed by their usual norms, and where v denotes the outward normal vector at the boundary. We
define the Stokes operator,

Aou := —PAu, Ay:D(Ay) C H— H,

where P : L?(Q)? — H stands for the standard Leray projection (the orthogonal projection of L?(£2) on
H), with domain D(Ap) := V N H?(2)?. We moreover define,

Avu = U, (y)0pu + (“25@/31@)) + Ku,

and the operator A; : D(A;) € H — H defined by Aju := PA;, of domain, D(Ay) =V N HY D)2
Finally, the Oseen operator is defined by A : D(A) = D(Ay) C H — H,

A= Ao + Al, (9)

and one can write (4) with the semi-group formalism,

d
{ 7 + Au =0,
Uj,—og = U0-

1.2 Spectral properties of the Oseen operator

We recall the Weyl asymptotic formula for the two dimensional Stokes operator, obtained in [16]. The
operator Ay being positive, self-adjoint and with compact resolvent, there exists a sequence of positive
eigenvalues (uy)ren going to 400, and a sequence of eigenfunctions ¢y € H satisfying Agpr = ur ok

Theorem 1.2 Let N(u) = t{ur < p}. Then, there exists C > 0 such that,

N(p) ~ Cp.

k—4o00

We recall here [12, Proposition 2.1], in the particular case A; is g-subordinate to Ay, with ¢ = 1/2, that
we shall use in what follows.

Proposition 1.3 Assume that
° %(Au,u) >0;
e Ag is a positive self-adjoint with compact resolvent and densely defined operator;

o There exists C > 0 such that for every u € D(A(l)/Q) we have,

C
| (v, w)| < 511452l [l (10)

Then
e D(A) = D(Ap) C D(A1) C H and has a compact resolvent;
e Sp(A) C {z €C, |3z| < C|z|'/?}.



The Oseen operator falls within the hypothesis of Proposition 1.3, provided x > 0 large enough to ensure
the positivity.

Proposition 1.4 Let U € (C*(0, L))? defined by (2). Then, there exists k > 0 sufficiently large such
that the operator A defined by (9) satisfies Sp(A*) C {z € C, |3z| < C|z|'/?}.

From Proposition 1.4, we have that there exists Cy > 0 such that Sp(A) C {z € C, |Jz| < Cp(R2)"/?}.

We fix such Cy > 0 here and below.
We are now ready to define the spectral projectors on the eigenspaces of A*, following [12].

Definition 1.5 Let Ay < Ay < -+ < Ag < ... a sequence of real numbers going to infinity and such that
Ay ¢ RSp(A) for all k € N*. We define the following contours in the complex plane v := {z € C, Rz =

Ak, |S2] < CoAtU{z€C, Rz < A,lc/2, ISz| = Co(R2)/2}. We also define the spectral projectors,

My :H — H
1

U — —/ (A* — 2) tudz.
2 Jqy,

We finally recall the following estimate of the resolvent along the contours v (see [12, Theorem 2.5] with
p=1, ¢ =1/2). Note that we can take p = 1, because of the Weyl formula of Theorem 1.2.

Theorem 1.6 There exists C > 0 such that for all k € N, for all z € 4,
(A" = 2) Yl egaran < CeOVRx
As a corollary, we shall use the following result, at several places.
Corollary 1.7 For every holomorphic function f, for all w € Ilx, H, there exists C > 0 such that,

1F(A)ullz2) < sup 1£(2)|Ce™Y ¥ ul| 12 0.
2E&7k

Proof. We follow here [12]. One has, by holomorphic functional calculus,

i/ f2) g,
2im )., A* — z

1F (A% )ull L2 ) = [[F (A" s ull L2 0) = ‘

L2()

< sup | f(z)[meas(yx) sup [[(A* = 2) 7| com.m|[ullz2 @)
Z€Vk ZEVK

< sup £ (2)|CeY A4 Jul| L2 (-
2CVk

1.3 Main result

Our main result is to establish the following spectral inequality for the Oseen operator.

Theorem 1.8 Let Sy > 0. Let w C Q be a nonempty open set. Then, there exists C, K > 0, and
p € C§°(0,Sp) such that, for every A > 1, we have

2
0 gceWK//(OS) [ (s)(A%) /2 sinb(s(A") )| s,
,00) XWw

for allu € TIpH.

Remark 1.9 As we believe that Lebeau-Robbiano spectral inequalities are interesting on their own, inde-
pendently on applications, it is important to note that Theorem 1.8 also hold for the operator A. Indeed
this spectral inequality is obtained through a direct application of the Carleman estimates proved below,
and a careful inspection of the proofs show that it is also valid for the operator A. Indeed, A* and A only
differs by their lower order terms, that is Ay and A} respectively. Proofs are written with A having in
mind applications to control, but also work with A;.



1.4 The augmented operator

The proof of Theorem 1.8 is an adaptation of the work of Chaves-Silva and Lebeau [1] to our frame-
work. First it is now classical to prove such spectral inequality by deriving a Carleman estimate for an
augmented elliptic operator. More precisely, we introduce,

Xy = {(A*)—1/2 sinh(s(A*)/2)a, @ € HAH} . (11)
Then, the augmented operator corresponds to, for any u € Xy,

(=02 4+ Au=0, (s,x,y)€Z,

up,_, =0, (z,y) € Q, (12)
8Su|s:0 = 117 (a?,y) € Qv
where,
Z = (07 SO) X Qa
for some Sy > 0. However, as pointed out in [4], unique continuation property does not hold for system
(12), mainly due to the pressure. One of the main ideas of [1], that we shall follow here, is to remove

the pressure term by considering instead the equation on the vorticity. But that approach has two
major difficulties. The first one is the lack of information of the trace of the vorticity at the boundary.
This difficulty is handled, as in [4], with techniques coming from the microlocal analysis for boundary
value problems. More specifically, we exploit crucially the fact that the conjugation of the augmented
elliptic operator by two different weights yields two different characteristic sets. Hence, we are able to
recover the desired estimates using the appropriate conjugated operator in each microlocal region (see
Section 3.3). This requires to make sure that these estimates with different weights can be patched
together, which is accomplished in Section 4.2.4. The second one is the coupling between the vorticity
and the velocity in the interior of the domain due to the low order terms. To overcome this difficulty,
we apply successively two Carleman estimates. The drawback however is that we lose the propagation
of smallness in the s-direction (as opposed to [4]). That is precisely the reason for using the original
strategy of Lebeau-Robbiano [13], developped for non-self-adjoint operators in [12], as it is the case here.
We conclude this section with some results on the regularity of the augmented elliptic operator. First,
note that by elliptic regularity, one has the following lemma.

Lemma 1.10 Let u € X. Then, Vk € N, one have u € H*(Z).

Proof. Let u = (A*)~/2sinh(s(A*)Y/?)i, for some @ € Iy H. By the classical elliptic regularity and
the resolvent estimate of Corollary 1.7, there exist C; > 0, and C2 > 0 (that depends on A) such that,

[u(s, )|z < CllA™ul|p2) < Collt]|L2()-

From Definition 1.5 and by holomorphic functionnal calculus, for all k¥ € N, one has (A*)*u € D(A*).
and consequently, by elliptic regularity, one has

ull grze ) S 1A ull -2y S (A" ullL20) S 11al| L2 @)-

from the resolvent estimate of Corollary 1.7. Derivatives in s of u can also be estimated in L2((0, Sp); H*())
by again using the definition of u and the resolvent estimate.
O

We shall also use a different formulation of (12) in the core of the proof of the Carleman estimate, by
introducing the pressure term.

Lemma 1.11 For all u € X, there exists g € C*°(Z) such that,

—8§u—AU+A){U+Vq:07 (s,x,y)€Z7
div u =0, (s,2,9) € Z.

Proof. We follow [2]. Let ¢ € V be a test function. One has, for s € (0,.S)),

0=((=02 + A", 9) ; = (=02, 9) 1, + (A"u, 0)y
d2u, ¢) 2 + (—PAw, D)y y + (Alu, @)y v
du, ), + (—Au, ) -1,y + (Alu, @)y y
0*u — Au + Alu, ¢)

S

H-1,H}"



As a result, using Theorem IV.2.3 in [2], there exists ¢ € L? such that,
—0%u — Au+ Aju+ Vg =0.

Moreover, the regularity of ¢ follows from Lemma 1.10.

1.5 Notations and semi-classical norms

We conclude the introduction by introducing notations that shall be used throughout the article. We
also recall the standard definitions for semi-classical operators as well as semi-classical norms. We also
introduce the definition of a particular class of tangential semi-classical operators that shall be used in
Section 4.2.2.

1.5.1 Notations

We recall that,
Z =(0,50) x £,

for some Sy > 0. Let us also define for later conveniences,
Y = (§0sz - §0) x Q,

for So < S, /2. Since Y denote > a localization in the s variable, we will use the abuse of notation aY to
denote {{y =0}U{y=L}}NY.
Now let u € Xp (hence, u solves (12)), and define here and below,

v = rot(u), (14)
which satisfies in 2,
— 02v — Av + ot (Aju) = 0. (15)

In what follows,
w(s,z,y) = e?V My(s, 2, y).

where the weight function ¢ is defined below in (24). We also define the localized functions we shall
work with throughout the article, with ¢ defined by Lemma 1.11,

W(s,z,y) = x(s,z,y)w(s,z,y), V(s,z,y) =x(s,2,y)v(s,z,y),

U(S,ZL‘7y) zx(s,m,y)u(s,m,y)7 Q(S,l‘,y) :X(S7x7y>Q(S7x7y) (16)
L[(S,.%‘,y) = Xl(s)u(s’ x,y), %(S“’E,y) = Xl(s)v(s’xa y)7

Qﬂ(s,x,y) = x1(s)w(s, x,y), D(S7x7y) = Xl(s)q(sa x,y),

where x(s,z,y) = x1(s)x2(2)x3(y) and where x1(s), x2(x), x3(y) are smooth cut-offs in each variable
satisfying near a point (sg,zo,y = 0) € (0,50) x T x {y =0} :

1 if |s — so| < S, 1 ify<Yy,
xa(s) {0 s s> 25 YW TV0 ity s, (7

for some 0 < 251 < Sy (that is, supp x C Y) and some ¥; < L/4. The localization (s, ,y) is defined
likewise near a point (sg,zo,y = L) € (0,S9) x T x {y = L}.
Finally, C' > 0 is a generic constant which may change from one line to another.

1.5.2 Pseudo-differential operators and semi-classical norms

We introduce the variable z = (s,z,y) € R x T x R and the tangential variable 2z’ to be defined as
z' = (s,2) € R x T, as well as their Fourier counterparts ¢ = (¢,£,7) € R x N x R and ¢’ = (0,&). Note
that (2,{) ERXTXxRXxRXxNxXxR:=T*(RxTxR)and (2/,{') e Rx TXxRXxN:=T*RxT). We
emphasize that the differential operators V, A and rot only act on the physical variables x,y. We shall
also use the notation V, := t(ﬁs, Oz, 0y), as well as A, = V2 when needed.



Semi-classical operators

Here we recall some facts on semi-classical pseudo-differential operators with a small parameter h,
say 0 < h < hg. We shall denote by S the space of smooth functions a(z,(, h), with 0 < h < hg as
a small parameter, that satisfy the following behavior at infinity: for all multi-indices «, 8 there exists
Ca,5 > 0 such that,

aga%(z,g,h)‘ < Cp(1+ [¢]2)m=18D72,

for all (z,{) € T*(Rx T x R). For a € 827,
A = Op(a):

T 22 o Jor

&6 Praa
One says that a is the symbol of A. We shall denote by VI the set of pseudo-differential operators
of order m and denote by o(A) (resp. o(a)) the principal symbol of the operator A (resp. the symbol
a). We refer to [9] to precise definitions of pseudo-differential operators. Thus, define D = hd/i, then
o(D) = £. We shall also denote by D7 the space of semi-classical differential operators, i.e the case when
the symbol a(x,&, h) is a polynomial function of order m in £&. We recall here the composition formula

of pseudo-differential operators. Let a € SI and b € SSC ,m,m’ € R, we have

Op(a) o Op(b) = Op(c),

we define pseudo-differential operator of order m, denoted by

Au(z) : : a(z, ¢, h)u(z)dzdodn,

’
for some ¢ € STH™ .
Tangential semi-classical operators

In the section we consider pseudo-differential operators which only acts in the tangential direction 2/,
viewing the variable y as a parameter. We define S7' . as the set of smooth functions b(z, (', k) deﬁned
for h a small parameter, say 0 < h < hy, satisfying the following behavior at infinity: for all multi-indices
a € N", 3 € N""! there exists a constant C,, 5 > 0 such that,

DROLb(=, ¢, )| < Ca1 4 [¢2)m=180/2,

for all (z,¢’,h) € T*(R x T)x]0,1[. For b € S,
B := Opy(b) of order m by,

Bu(z) := 2h7r Z //RXT i b(z, (', hyu(Z')dz

Eeh—

we define a tangential pseudo-differential operator

As in the previous section, we define W/ _ as the set of tangential pseudo-differential operators of order
m, and D7’ the set of tangential dlfferentlal operators of order m. We shall use this class of pseudo-
differential operators in Section 4.2.1, that is the region where |£] is small.

Semi-classical norms

We first define the following semi-classical Sobolev tangential norms, for traces of functions on R x T
at {y=0}or {y =L}
[l se = [OPr((L+ [¢'*) % )ul p2mxr)-
For m € N, this semi-classical norm is equivalent to E|a‘<m hle ‘|82/ u|2(RxT), uniformly for h € (0,1).
We also define the following semi-classical norms, in the interior of the domain R x Q,

m—k
ull?, o == Z \|a§ Opr((1+[¢']?) = )U||2L2(RxTx[o,L])-
k=0

As above, if m € N, this semi-classical norm is equivalent to Z\a|§m h'o“||(’9‘ZO‘|u||L2(RxTX[()7L])7 uniformly
for h € (0,1).

Below, we shall the following semi-classical trace lemma, that can be found in [14, Section 5 (eq. 44)].

Lemma 1.12 There ezists C > 0 such that for allu € H' (R x T x [0, L]), for h € (0, 1),
|u‘y:L‘O,SC + |u\y:o|0,sc < Ch71/2||u||17sc- (18)



2 From the spectral inequality to the cost of control

In this section, using the works of [12], we show that the spectral inequality of Theorem 1.8 allows one
to prove an observability inequality for the Oseen equation, with optimal cost of control. We consider
the following controlled system :

(19)

%u—i—Au =Px.f, (z,y,t) € Qx(0,7),
U|t:0:U0€H, (x,y)GQ.

where x is the characteristic function of an open subset w C 2, and f is the control function.

Theorem 2.1 Let € > 0.There exists C > 0 such that for all T > 0, for all initial data ug € H, there
exists f € L?(0,T;Q) such that the solution u of (19) satisfies

uw(T) =0,
and such that the following estimate holds

_C
1 F12200,7,22(0)) < Ce™ = ||uo|[72(0 (20)

The constant appearing in (20) is referred as the cost of controllability. Controllability of linearized
Navier-Stokes equations is already known (see for instance [7], where the author used a global Carleman
estimate for the parabolic operator) but the cost of control is not optimal. The work of [4] exhibited for
the first time the optimal behavior of this constant as T" — 0 for the Stokes equation. The above spectral
inequality of Theorem 1.8 allows us to obtain almost the same result for the Oseen operator, using
an adaptation of the arguments of [13, 12, 17]. The proof relies on the well-known Lebeau-Robbiano
strategy. In [12], in a abstract setting, the author showed that spectral inequality of the form of Theorem
1.8 for non-self-adjoint operators satisfying the properties of Proposition 1.4 implies null-controllability
for the parabolic problem (19). However, cost of controllability was not derived in this article. Here, we
then adopt the strategy of [17] in Lemma 2.7 and Theorem 2.6 to obtain the cost of control (20). Note
that there is a little loss in the power of T' in (20), as we may expect to have e = 0 as in [1].

2.1 Controllability of the low frequencies

We first recast Theorem 1.8 into the formalism of [12].

Corollary 2.2 Let Sy > 0 and w C Q be a nonempty open set. Then, there exists C, K > 0, and
© € C§°(0,Sp) such that, for every A > 1, we have

2
HUHQLQ(Q) < CeKVA //(0 . ’go(s) sinh(s(A*)Y?)u| dxds,
»00) Xw

for allu e Ty H.

Proof. Note that v/ A* is an isomorphism on ITyH. Using the resolvent estimate of Corollary 1.7, we
obtain

< CeYMul| 12 @)
L2(Q)

VA ull ey = VA Ll = ]

L/ (A* — 2) "W A*udz
2im

Tk

Hence, applying Theorem 1.8 to v = v/ A*u proves Corollary 2.2. O
Now we consider the parabolic control problem for the low frenquencies,
%u + Au=Px.f, (z,y,t) € Q2x(0,T), (21)
Uj,_, = U c I\ H.

The controllability of parabolic equations (21) of the lower frequencies for non-self-adjoint operators has
been already developed in [12] in an abstract setting. From Proposition 1.4 and Corollary 2.2, we obtain
Theorem 2.3, as they fall into the hypothesis of [12]. More precisely, Theorem 2.3 is [12, Theorems 4.9
and 4.10] in our setting, with ¢ = 1/2.



Theorem 2.3 Let v > 1 and let T* > 0. There exists C' > 0 such that for all 0 < T < T*, for all
up € UpH, there exists f € L?((0,T); L%(Q)) such that the solution of (21) satisfies Upu(T) = 0, with

control cost
C(VA+y) |

1122 (0.7):22(02)) < Ce luo||72(q)-

Let us consider the dual counterpart of (21) (along with the change of variables t — (T — t)).

d *
{dtu—i—A u=20 (22)

Uj,_g = U € I\ H.

The following observability inequality then holds, coming from the duality between controllability and
observability, noting that the adjoint of the control operator Px,, satisfies (Px.)*u = uj,.

Corollary 2.4 Let v > 1 and let T* > 0. There exists C > 0 such that for oll 0 <T < T*, and for all
A >0,

T
[u(T)|% §0e0<”+%>/0 /\u(t,x)|2dtdx,

for all u solution of (22).

2.2 Decay of the semigroup

Following the idea of the Lebeau-Robbiano strategy, one shall need the following estimate of the natural
dissipation of the higher frequencies (see [12], Proposition 4.12 with § = 1/2 for a proof : note that one
can take 6§ = 1/2 since in our case, ¢ = 1/2 from Proposition 1.4, and p = 1 from Theorem 1.2).

Proposition 2.5 There exists C > 0, Ag > 0, such that for all A > Ay and for all t > ﬁ,

1Sa() (I = TIx) |[2gg) < CeCVATHA,

2.3 Derivation of an observability inequality

Let u be solution of the following Oseen equation

d *
{dtu—i—A u =0, (23)

uj,_, =ug € H.

Theorem 2.6 Let v > 1 and T* > 0. There exists C > 0 such that for every 0 < T < T,

T
u(T)[72 0 gce%/o /\u(t,:ﬂ)|2dtdm,

with w solution of (23).

Proof. We only provide a sketch of the proof, as it is classical, and sufficient to apply Lemma 2.7 in
combination with Lemmata 4.1 and 4.2 in [1]. The main idea is to consider of proper partition of the
interval [0,T] = U2 ,[a;, a;+1], and apply Lemma 2.7 between ¢t = a; and ¢ = a;41 and sum over j. As
the left hand side provides a telescopic sum, one obtains the result. We refer to [17, 4] for more details.
O

Lemma 2.7 There exist T* >0 and m € (0,1) such that,
t
POy~ Fnt)fuolly < [ [ futt.o)Para,
w

holds for all u solution of (23), for allt € [0,T*], with F of the form F(t) = Kle’%, with v > 1.
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Proof. One shall denote by u = v + w where v = IIy and w = (1 — IIp)u. Note that Corollary 2.4
applies for v and Proposition 2.5 applies for w. To this end, one sets,

F(t) = Cre@ VAT (1) = CpeC2VA,

Hence, applying Corollary 2.4 and Proposition 2.5, up to translating time 0 — T3, for 0 < Ty < T < T™,
1
for every A > Ag, with Ag > 0 sufficiently large, and 7™ < A, 2,

(D)7 < € (llv( )IIH+|Iw( Iz)

(f (T —1T1) /\v t, x)|?dtdx + ||w(T )|H>

T
f(T —Ty) Tl/ut x)|2dtdx + 2f (T — T1) /T /Q|w(t,x)2dtdx+||w(T)|iI>
(T = T1 g /\utw )Pdtdz +2f(T = Ti)(T — Ty)g(T — Th) | [w(T0)|[7 + [[w(T )||H>

gC(fT T1 ; /\utz )[Pdtdx + (2f (T — T1)(T — Ty)g(T — Th)g(Ty) + g(T)) | |w(T )||H>

Let us set T1 = (1 — )T, which implies,

T
(CHET) (D) = (CFET) ™ 2f(EDET + 1) g(T)|[w (DI < / / [ut, ) *dtda.
1-e)T Jw

Setting (¢T)*7A = 1 (note that it is in accordance with hypothesis of Proposition 2.5) yields,

C 1 C 1 c 1
— 2 e 1 EaNI N _Cl(( - #;1 + =)
=

(CHET) ™ @FED)T + 1) (1) = 2 2 (eT)ern T et

1

Hence, there exists g9 > 0 and C3, Cy, C5, Cs > 0 such that for every € < g, one has,

(CHET)) ™ (2f (£T)T + 1) g(T) < Cye T,

and o
(CF(eT))™ > Cre @17 .

Taking again g¢ sufficiently small, there exist K7, Ko > 0 such that for all 0 < & < &y,

PO~ F (5 ) Il < [ [ o,

with F(t) = Kie~ 7% . This ends the proof. m|

3 Conjugated operators and weight function properties

In this section, we begin by introducing the different weight functions that shall be used in the Carleman
estimates, as well as the conjugated operators. We then set the ground for the analysis of the boundary
terms arising in the Carleman estimates (dealt in Section 4.2) by splitting the cotangent space of Y in
different regions and by analyzing the roots of the principal symbols of Q,, and P,.

3.1 Augmented operator conjugated by the weight function

Near the boundaries {y = 0} and {y = L}, we shall work with the following weight function,

p(s,y) = eVl (24)
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where ¢ (s,y) is smooth and satisfies,

—e(s—s0)? in a neighborhood of {y = 0},
ulog) = {y (s = s0) g {y =0} (25)

(L —y) —e(s—s0)? in a neighborhood of {y = L}.

where € > 0 shall be fixed small and v > 0 shall be fixed large in what follows. In order to prove a proper
Carleman estimate in Section 4, one shall work with three slightly different conjugated operators.
We shall denote by,

P, = th“"/h(faf — A)eﬂ"/h
= — h207 — h*A — ((9y)? + (959)°) + 2h(0y Dy + DspDs) + h* (D0 + D),
with semiclassical principal symbol given by,
Pe(s,9.61,0) = 0% + 0% + 6 = ((9y9)* + (059)*) + 2i(Dyon + Dsp0), (26)

where (0, &, n) denotes the Fourier variables of the space variables (s, z,y). Defining the weight function

©0,
@o(s) =@y =0,s) =y = L,s), (27)

we shall also use the following conjugated operator,
Quy = h2e?/M (=02 — A)e=¥0/h
= — 1?07 — B*A — (8500)* + 20(Ds4p0)ds + h* D30, (28)
with semiclassical principal symbol given by,
Gpo(5,6,1,0) = 0% + 0 + & — (9s00)” + 2i(Dsp0) 0.
Finally, we introduce a third conjugated operator that shall be needed in Section 5,
—A, = h2e?/M(—A)em?/h
=—h*A — |Vo* + 20V - V + h2Ap, (29)

with a semiclassical principal symbol,

Su(s,2,y,6m) =n° + & — |Vop|* +2iVe - (g) '

3.2 Sub-ellipticity condition

Under the action of the conjugaison, elliptic operators such as P, Q) or —A defined in the previous section
are not elliptic. To handle characteristics sets, one shall use the sub-ellipticity property, defined in what
follows.

Definition 3.1 Let U be an open set of R3. We say that (P, p) satisfies the Hormander’s sub-ellipticity
condition in U if |V | = [(0s¢, V)| > C >0 on U and if

1
Pe(s,2,9,0,6,n) = 0= -{Dy, P} > 0. (30)

In what follows, one shall also need a slightly different sub-ellipticity definition, with the same weight
function but for the (not-augmented) - Laplace operator given by (29). Indeed, when considering (15),
one observes that the vorticity v is coupled with the velocity u due to the lower-order terms. One shall
pay attention that, for the same weight function ¢, the Carleman estimates given below applies both for
v (associated with the operator P,) and for u (associated with the operator —A).

Definition 3.2 We say that (—A, @) satisfies the sub-ellipticity condition in U if [V| > C > 0 on U
and if,

1 —
5@(8,%3/75’77) =0= Z{éa,méép} > 0. (31)

It is now well-known (see [11] for instance) that the convexified weight given by (24) satisfies the sub-
ellipticity conditions of definitions 3.1 and 3.2, for v > 0 chosen sufficiently large, in a neighbohood of
the boundary {y = 0} or {y = L}, since one has |0,¢| # 0. The sub-ellipticity condition is a necessary
condition for the derivation of a Carleman estimate with loss of a power h!/2 in the inequality of Theorem
4.1 and Theorem 4.2.

12
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Figure 1: Representation of the microlocal regions of the cotangent space of Y and illustration of the
characteristic sets Char Q,, C U and Char P, C V.

3.3 Microlocal regions

Following the ideas of [1], we introduce three different microlocal regions in the cotangent space of 9Y.
First we define,

£ ={(0,€) € R, [¢] > 25up(s0)®}, €7 :={(0,€) € R?, [¢]* < 3sup(9s0)*},
and we shall also split £~ = £ U &, where,
& ={(0,8) € £7, |o| <26}, & :={(0,§) €&, |o| >4},

for a small § > 0 that shall be fixed in what follows. This microlocal decomposition of the phase space
are represented in Figure 1, and are motivated by the position of the roots of Q,, and P, obtained in
Section 3.4 and the strategy of the proof detailed in the beginning of Section 4.2.

3.4 Roots properties

It is classical when dealing with boundary value problems to consider the principal symbols of the
operators P, and Q),, as polynomials in the conormal variable 7. We first analyse the behavior of the
roots of the principal symbol gy, .

3.4.1 Analysis of @),

As the weight function ¢ does not depend on the z,y variables, the symbol ¢,, can be decomposed as
follows,

9o (S, g, 57 77) = (77 - 7"+(S, g, f))(ﬂ - T_(Sv g, 5)) (32)
Lemma 3.3 We have in £T,

i _(Ti(sﬂ g, 5))2 = 02 + 52 - (85¢0)2 + 2i8890007 ’ri € 3%,

sc’

o rt=—r7,

e [Imr*|>C >0,
From the last point, we make the following convention +Imr* > C > 0.

Proof. The first two points come from the definition of g,,. For the last point, notice that, in £*, we
have, Re((r*(s,0,¢))?) = (0s¢0)? — 02 — €2 < —¢ < 0, which is sufficient to conclude that 4 Imr* >
C>0. O

Note in particular from the third point that in the region £, the operator @, is elliptic, since there
is no real characteristic set (characteristics sets are represented in Figure 1).
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3.4.2 Analysis of P,
Second, we analyze the roots of P,. As above, we write,
Po(s,y,0.6,m) = (1= p*(s,4,0,8)(n = p~ (5,9,0,%)), (33)

where p*(s,y,0,£) = —id,p £ m(s,y,0,§) € S% with —m? = €2 + 02 — (95¢)? + 2i(dsp)o, and by
convention Re(m) > 0. We shall use this polynomial form in the region & . Hence, we shall need the
following lemma, that describes the position of the roots in the complex plane in that microlocal region.

sc?

Lemma 3.4 In &, we have,
e fory € (0,L) in a neighborhood of {y = 0}, we have Im p* < —¢ < 0,
e fory € (0,L) in a neighborhood of {y = L}, we have Im p* > ¢ > 0.

Proof. On &, we have |o| < 26 and, using the definition of ¢, |£|* < 3ce?. Hence, |m?| < (62 + €2).
Therefore, for § and e chosen sufficiently small, we have that Im p* has the same sign than —3d,¢. Yet,
Oy > 0 near y = 0, and dyp < 0 (see (25) for an explicit expression of ¢ in a neighborhood of the
boundaries.) O

One note that in fact, 8V<p|y cory <0, where v is the unit outward normal vector of the boundary
{y =0} U{y = L}. From now on, ¢ is fixed in what follows such that Lemma 3.4 holds true. Note that
Lemma 3.4 shows that the operator P, is elliptic in the microlocal region £ (a projection on (£, o) of
characteristic set of P, is represented in Figure 1).

4 A Carleman estimate near the boundary

4.1 Estimates for the volume terms

We shall use the following result in [4] as a black box. It is worth noticing that their result applies
with the weight function defined in (27) since the weight function satisfies the sub-ellipticity condition
of Definition 3.1 and moreover satisfies 9, < —c¢ < 0 on the support of W (defined in (16)). We recall
that we denoted by dY the boundaries {y = 0} and {y = L}.

Theorem 4.1 There exist hg > 0, C > 0 such that,
e MV |22y + 12"V .V [Fayy < C<h4||6“"/h(<9§ + AV L2y
+ h|€@0/hV8Y |%2(8Y) + h3|e¢/hv2'V8Y ‘QLQ(BY))7

for all 0 < h < hg, for all V of the form (16).

Using the particular form of the function V' and the divergence free condition, one may recover an
estimate on the velocity U.

Theorem 4.2 There exist hg > 0, C > 0 such that,
h||ewhv||2L2(Y) + h3||6whvzv||2L2(y) + ||€WhU||2L2(Y) + h2||6thUH%2(Y)
< C(WH1e?/™(@2 + A2y + B e/ 1A, Xullf )
+ B3]V, XJvl[ 2y + hle?/"V,, 220y + e/ "V .V, |2L2(8Y)>7 (34)
for all 0 < h < hg, for all U,V of the form (16).
Proof. Using commutation with cut-off functions, and the divergence free condition on u, we obtain,
B[P AU T2y S B2/ xDul |22y + 02D, Xul[F2y)
S B2 XV 0l 2a ) + B2 1€ A, Xull v
S BV LV oy + B M A Xul [y + P [Va X0l oy (35)

Now observe that classical the Carleman estimate holds for A, U, near the boundary 0Y, as U satisfies
homogeneous Dirichlet boundary condition, and falls into the scope of Definition 3.2. We recall it here,
adapted to our setting (see for instance [1, 13]).
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Theorem 4.3 Let 29 € 9Y and let p € C™(Y) such that the pair (—=A, @) satisfies Definition 3.2 in a
neighborhood of zg in Y. Then, there exists hg > 0 such that,

HethH%z(y) + h2||€thU||2L2(y) S h3|\€whAU||%2(y)» (36)
for all U defined in (16).

Using (36) to the right-hand side of (35) (up to shrink the cut-off function x if necessary), we obtain the
sought result. O

4.2 Estimates of the boundary terms

The main difficulty in using estimate (34) lies in the estimation of the trace terms in the right-hand side,
since we do not have any straightforward information on the traces of v (or equivalently V). To overcome
this difficulty, we shall perform several microlocalizations and use the splitting of the cotangent space of
oY : E1 & and &; . Each region shall have a different treatment.

e & is the low-frequency region. It is now well-known (see [141]) that one can estimate the two
boundary traces of the solution by the source term, without any prescribed boundary conditions,
since from Lemma 3.4, near {y = 0}, both roots have negative imaginary part and the domain is
on the side {y > 0}, and near {y = L} both roots have positive imaginary parts and the domain
is on the side {y < L}. For such discussion, one also refers to [1, 3].

e £7T is a high-frequency region in the & variable. There, we shall perform an elliptic estimate on u
(recall the relation rot u = v) using the ellipticity of Q, in that region (see Lemma 3.3) and the
knowledge of a Dirichlet boundary condition on the vector field u.

e & is the remaining region. Using the arguments of [1], we shall prove an analytic estimate in the
(s,0) variable by a Paley-Wiener type theorem.

This section deals with this program. Before doing so, we first recall that, due to the homogeneous
boundary condition U,,, = 0, we have W|,, = 9,U;, where U = t(Ul,Ug) denote the tangential and
perpendicular component of U respectively.

4.2.1 Estimates in &

We start with the low frequency region. Let 07 (§,0) = a1(€)51(0), with «, 5 bounded smooth functions
of order zero such that supp6; C £ . From classical elliptic boundary value problems methods (see for
instance [3], Proposition 6.1-8), we have the following result.

Proposition 4.4 There exists hg > 0 and C > 0 such that,

B OD(OT )W 2oy + BV OB(BTIW B oy < C(RHIP W32y +
PV W ) + B2IW ey (37)
for all 0 < h < hg and for oll W of the form (16).

4.2.2 Estimates in &1

We continue with the high frenquency region in the variable £. Let 07 (£) be a bounded smooth function
such that supp 0T C £T. In the present section, we shall work globally with respect to the (z,y) variables,
but locally with respect to the s variable, in order to avoid truncation coming from Vyp to appear. To
do this, we recall (16)

U=xi(s)u, 2=xig,

and we shall consider the following system,

—02U — AU+ VQ =3, (s,z,y) €ERx Q,
div 4 =0, (s,z,y) €E R xQ,
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and obtain estimates on i, since u satisfies (13). Introduce the following functions U := e?°/"$( F :=
h2e#o/mF Q := he¥o/hQ). As a result, we shall work with the operator Q,, (defined in (28)). Hence, U
satisfies the following conjugated system,

Qe +hVQ = F, (s,z,y) ERxQ,
div U =0, (s,z,y) € R x Q.

We emphasize that the weight function ¢y only depends on the variable s. A key point of this section is
that Q, is elliptic on £ (see Lemma 3.3). Note also that we have homogeneous boundary condition.

Proposition 4.5 There exists hg > 0 and C > 0 such that,
1O (U5 5 + B[P/ Opp(67F)(Dyun) |y [T s < CR*{[e?/M[02, xa]ul|F e (39)
for all 0 < h < hgy and for allU of the form (16).

Remark that the estimate of the boundary term e#°/" Op(87F) (Oyu1)),, is precisely the boundary terms
appearing in the right-hand side of (34), microlocalized in the £ region.

Proof. The proof is based on integration by parts, noting that the computations are valid because of
the regularity of the function u (see Lemma 1.10). We recall that Q., = —h?A, —(95p0)*+2h(dsp0)0s +
h(92¢g). Let us denote by U = Op, (07U, Q1 = Op,(0T)Q and F; = Op,(6F)F. As 0T is a Fourier
multiplier in the z direction, it commutes with all the involved operators and we have the following
system,

Qp Ui + hV Q1 = Fr, (s,z,y) ERx Q,
div U; =0, (s,z,y) ERxQ, (40)
Uy,_, =Uy,_, =0, (s,z) ERXT,

Multiplying the first line of (40) by U; and integration by parts yields,

2 /Z V. - /Z (Oup0)* U > < 1 F |20,

Note that on the support of 87, we have h|D,| > 2sup |9spo|?, and consequently, there exists C' > 0
such that,
U]} e < CllFL72(2)- (41)

Denoting Gy 1= F1 + (9s¢0)*Us — 2h(0sp0)0sUs — h(0%¢0)U1, (40) reads

~A U +hVQ; =G,  (s,7,y) ERxQ,

div U; =0, (s,z,y) € R x Q, (42)
U1|y:0 = I/{HFL =0, (S,ZL’) ERXT,
and G; satisfies, using (41),
19111222y < ClI AN (). (43)

Differentiating the second line of (42), we have div 9?U; = 0, and consequently, multiplying the first
line by 92U, and integrating by parts, we have

|02t [22(z) < Ol |2z 2)- (44)
Setting H1 := G1 + h20%U,, we have,

_AU1+th1 :Hlv (S,(E,y) ERXQ7
div Uy =0, (s,z,y) ER X Q, (45)
ul‘y=0 = Z/{1|y:L =0, (S,Qf) eERXT,

with the estimate
[ H1l[72(2) < ClIFAI7
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Note that we reduce the problem to the derivation of an elliptic estimate of a semi-classical Stokes system.
Hence, it is well-known by ellipticity, that there exists C' > 0 such that

12413 e < ClIFlIZ2(2)- (46)
Hence, by the trace formula (18), we deduce that
210U 0y [12((0,50)x1) S WO s S 14115 5c S P11 (2)-

It remains to estimate h5|vs,w(ayul)lay|2L2((0,so)><T)- To do this, we differentiate (40) in the tangential
(s,z) direction, and then

QWOUQ + hVQy = Fo, (s,x7y) cR x Q’
div Uy = 0, (s,z,y) ER x Q, (47)
Usj,_o = Uz, =0, (s,7) eERx T,

where Uy := vs,xuh Fa = vs,a:]:l + [(85@0)27 vs,z]UQ + Zh[as@m vs,w}asul + h[anga Vs,a:]u2 and Qy =
Vs.2Q1. From (46), we can estimate,

1 FellZ22) S IFl12202) + [ VsaFill2(z)-
Yet, arguing as above, one can obtain an elliptic estimate on Us given by,
1113 sc S F2ll2e(z) S 1Fill72cz) + I VsaFillizcz)s
which yields, using again (18),
W2\ Vs 2 (Byl1) oy [72((0,50) xT) = P 1Oyle) oy [ 20,50 x1) < W10 U} oo S PP |Ihe][3sc S R2(|F2llTs(2)
S PF G20z + B2V s 2Pl 22

Summing up, we have proved that there exists C' > 0 such that,
||u1||g,sc + h2‘|v87$ul||§,sc + h3|<ayu1)\ay |%,sc < C (||]:1||%2(Z) + h2||v8’$‘7:1||%2(2)) :

We end the proof by noting that F; := h2AjU; + h?[0%, x1)U, and the sought result follows by taking
h > 0 sufficiently small. o

4.2.3 Estimates in &

In this section, we shall use the particular form of the function U, mainly the analyticity in the s variable,
to estimate the boundary traces in the remaining region & . Analyticity allow us to gain exponential
decay as h — 0 here. Let 6, (0,§) := aa(§)fa(0) € Sp . such that suppby C &, .

Proposition 4.6 There exists hg, co > 0 and C such that,

1-cg

_ 1/2 ~
[OD(85 )W,q 1 e S O 2700 [0 22 (). (48)

for all h € (0, ho] and where 4 and W are defined in (11) and (16).

Proof. The beginning of the proof mimmicks the one in [4]. First note that, one has, for all n € N,

_ 1
OpT(92 )VV\BQ = orh /6
_ L/
" 2rh €
1 isc h™e dn
= —— 0 - @O(t)/h
omh e Pa(o) (/ (—io)™ (dt)™ (Xl(t)e OPT(O‘2)”(ta$,O)) dt) do

1 iso hn 7’76 t,o
=——— [ er Ba(o) / 6, i e%(h )Mn(t,m)dt do,
2mh

(—io)”

(o) </ e (e O/ Opy(a)olt, . °>‘“) “

is0 dn hnei/;.:a
0 P wo(t)/h
" By (o) (/ @ (—io)” x1(t)e OpT(ag)v(t,x,O)dt> do

—ito
h

17



po(t) ar

where we wrote M, (t,z) =e " r COR (xa(t )eo /" Opp(ao)v(t, , 0)). In what follows, we shall focus
on,

I / eTHE oo O/MNL (1 )t = / e My (t, )dt,

with ¢(t, o) := —to — ipg(t). By definition of the weight function ¢p, we have,

o(t,o) = —to —1i ((po(so) —ey(t—s0)® + 0(62)) . (49)

Note that the integrand of I is analytic on the set where x; = 1. We thus introduce the following change
of contour in the complex plane,

tes g(t) =t —i K(t), &€ CER), (50)

<o>
with suppk C {x1 = 1}, k(t) € [0,k0] and k(t) = ko on an interval of the type (—&o + so,€0 + o) C
{x1 = 1}. We recall that < ¢ >= (1 + ¢2)'/2 stands for the Japanese bracket. We have,

2 2

K(t) — So) +ev(t —s O —
<o> (t) — vo(s0) v( 0) 7<0>2

g

Im ¢(g(t),0) = K(t)* + O(%),

and we see that for ¢ > 0 and ko > 0 chosen sufficiently small (and fixed from now on), there exists
co > 0 such that,

Im ¢(g(t), o) > co — wo(s0),

since |o| bounded from below by a strictly positive constant on the support of S2(0). Hence, we shall
perform the following change of contour in the integral of I using the analyticity,

/ei‘i’Mn(t,x)dt‘ = /ean(g(t)»w)g’(ﬂdt‘
~ R

Se(gpo(so)*co)/h/|Mn(g(t)7l‘)‘dt.
R

1| =

/ e%Mn(t7 x)dt‘ =
R

As a result, using the fact that || is uniformly bounded from above in that microlocal region, using trace
formulas, and taking n = 4 for instance, we have, by definition of the semi-classical norms,

‘OPT( )VV\BQ|1 sc ~ |OpT( )V[/\aa|0+h |OpT( )a W/‘BQ‘O

2

/ei%a_"lda dsdx + p2n—2
R

2

o0
dxds

2

< p2n—2 dsdx

~ Joo

5 hQn/
N
2
< Qg / ( / M4(t,x)dt> dads
o0

|M4|2< 2%0(90) co

/ w2 [do
R

sup ||

o

2o(sg)—co
Sern HM4H2H1(Z)7

where we used in the last line a trace formula. Note that there exist m € R and C' > 0 such that,

4 4
|Ma| < Ch™ > |0Fv(g(s), 2, y)l,  [V=Ma| < Ch™ Y |0EV.0(g(s), 2,y),
k=0 k=0
Hence,
‘Op( )Vv\agh scS/Chm 2 ™ Znak 7 o HHl(Z)'

Using the particular form of v given by (14), one obtains,

[Op(03)Wipli e leak o M2 z)-
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Note that by elliptic estimates of the Stokes operator Ay = A, one has for all k € {0,...,4},

||3§U(g(~)a > ~)||H2(Z)

S 05 A5u(g(), -5 )l L2(2)

SNOEA u(g(), - L2 z) + 105 Ajulg (), - L2 (2)

< 10k A u(g(.), -, Mrz(z) + 0% u(g(.), ., e (z)

SNOEA u(g(), - L2z + (05 Agulg(.), ), O5ulg(.), )

SN05 A u(g(), - L2 (z) + (05 A u(g(.), ), Fsulg(), ) = (OF ATulg()s ), 85 ulg(.), )
SN A (g (), 22y + 105ulg(), - 22y + 105 Ajulg(), - L2105 u(g (), - L2 (z),

which yields, using the Young inequality,

105u(g (), Mmzczy S NOEA u(g(), - lzzcz) + [105ulg(), - )lz2(z)-

Now we use the particular form of u given by (11), and the resolvent estimate of Corollary 1.7 to obtain
for j =0,1,
105 (A"u(g(), -, llgz = S]1(A7) ok (s ma(ant?)

S

| z2(z)

= N =

A1/2‘

~ ~ ~ AAL/2
Wers |u||Lz§CeCA [|a]| L2,

for some C' > 0 independent on A. Summing up, up to taking cq slightly smaller and hg sufficiently

small, one has,
AAL/2 4 1=c0

|OP(02)Wyq |15c S Ce™ o [lall 2,

~

which is the sought result. |

4.2.4 Patching boundary estimates together

In this section, we patch all the above microlocal estimates and we absorb the remainder by taking the
Carleman parameter h > 0 small enough. First, we start by patching the estimates on the boundary
trace W),

Weset Y, ={z¢€Y, d(z,0Y) > %} One shall use Y} for £ taken sufficiently large, in order to obtain
an observation inequality from the interior up to the boundary. The large parameter ¢ depends on the
small parameter ¢ > 0, and shall be fixed below. We recall that x; is defined in Section 1.5.1.

Proposition 4.7 There exists cog > 0, hg > 0, £ > 0, and C > 0 such that,
||€Whu||%2(y) + h2||€thﬂ||2Lz(y) + h||€¢/hm|\%2(y) + h3|\€whvzm|\%2(y)
<0102, xalull o + H¥1e#/ 102, xaol oy
1—cq

+ CeON 2T (1] 20 ) + Bl "D 2a ) + hP e/ VD 2oy,

e vy + A1 Ty ). (51)

for all h € (0, ho).

Note that the two last terms correspond to an observation from the interior of Z.

Proof. Let (®;);cs be a finite partition of unity of a neighborhood A of the boundary 9Y, satisfying
Yicr®i=1on N such that Theorem 4.2 holds for every ®;. Note that this partition does exist, by
compactness of A/. Applying Theorem 4.2 for such x = (x19;) yields,

Blle? " (@002 + BV (@00l 2y + 167/ (a1 @a)ullZay + 121" T 00 @uls
< O(h1e/"(02 + A) (x19:)0 ]2y + B[/ [A, Ca®i)]ul By

+ 1[IV, (a®@a)ollZa vy + Bl (R0 oy 22y + 171V (01 @i)0) 5y |2L2(8Y))7 (52)
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for all 0 < h < hg, for all u € X, and v = rot u. Now we combine propositions 4.4, 4.5 and 4.6 to
estimate the boundary terms by,

hle?o M (1 ®:)0) oy 1720y + R21e? "V o (1 @i)0) oy 720y
SCN T [ gy + 12102 xa e

+ h4||€th(X1‘I’z‘)U||%2(y) + h4||€whvz(><1‘bi)v|\iz(y) + h2|\€wh(><1‘bi)v|\%2(y)- (53)

Note that the power h? in front of [|e?0/"[92, ®]u||} . is natural since the relation between u and v given

by v = rot v is not semi-classical. Combining (52) and (53) implies,
h|e?" (1 ®i)ol[ T2y + B3N Vo (1 ®i)ol T2y + 1€ (1 @i)ul T2y + 1217V (1 @3)ul 2oy,
<C(h*1e/" (02 + 8) a®i)el iz + %1€/ A, Ca®)lul ()

l—cq | h
[l 0y + BP[le 102, xalull o

1/2
+ B3V, (@) ol |72 vy + Cet T2
+ 1Y€V (1 )0l 72 vy + h2|\€wh(X1‘I>i)U|\%2(y))~ (54)
We have,
1e277(02 + A) (x1®i)v[172(v)

S e (1) (02 + A)ol[72vy + 11€7/7[02 + A, xa®ilvll72(v)

S e (1 ®i) rot Ajul[Ze(yy + €970 + A, x1®Jvl| 72y

S e (xa®i) Aol |72 vy + 1€2/ (xa @) [rot , AfTul[72(ypy + [[e?/7[02 + A, x1®3]0[132 (v (55)

Combining (54) and (55), as A} and [rot , Af] are differential operators of order 1, one obtains, by taking
0 < h < hg sufficiently small,

hle?/ ™ (1@l |72y + 12"V (a1 ®)vl T2y + 1€ (a®i)ul 2y + P21V (a1 ®i)ul [ 2y
Sc(h4|\€wh[3§ + A, 0 ®)ollZ2 vy + B2l A, (1 ®)]ul[72 vy
+ 13|V, Ca @l + OO 2T [ g + 1l [0, xalul

+ B[V . (a1 ®a)vl 72 vy + h2||€“0/h(X1‘I’i)U||2L2(y))~

2
1,sc

Hence, by summing over ¢ € I, we obtain,

hH@WhXWH%%N) + h3||6whsz1UH%2(N) + ||6WhX1U||222(N) + h2||6thX1UH%2(N)

<Cy (’14||€“"/h[5s2 + A, O ®)ol[Fa) + M A, (a®)]ulfay)
i€l
l—cq

1/2 -
+ 12PNV, (a®@a)]ol[Fa gy + Ce“N T [l a gy + B2 (07, xalullf s

+ 1MV @il ey + B2Ie " a®i)el agy )

Remark that all commutators of of differential operator with ®; provides lower order terms, and can be
absorbed by the left-hand side when evaluated in the neighborhood A of the boundary dY', by taking
0 < h < hg sufficiently small. Thus,

h||e“’/hxlv|\2L2(N) + h3|‘6¢/thX1UH2L2(N) + |‘6¢/hxlu|‘%2(_,\[) + hQHe“’/thluH%z(N)

<Cy (h4\|€“’/h[3§7 xalollZa vy + 217 A, @xa0]Fa v py + 1P A, RilxaullZarwy
iel

1/2  gl=co || _
+ B3|V, a®)]ollF 2y + CeON T2 ) + h2 e/ 02, xaul ] o

+ h4||e“”/th(X1‘I)i)U||2L2(y\N) + h2|\ewh(xﬁbi)vﬂzw(y\/\/))-
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Now we observe that by definition 4 = y; and U = y;v, and moreover there exists ¢ > 0 sufficiently
large satisfying supp(x1) N (Y \ V) C Y;. As a result we can write,

h||e?/M D (72 n) + 131127V D72 0 + €282 ) + B2/ VL2 ()
§0<h4||€“0/h[3§7 XaJvl[Zevy + B e A, ®ilxavl T2y, + 1P1e?/ A, Bilxaul |72y,

1/2 c -
+ 121NV, (a®a)lollZegy,) + Ce“ T |7z ) + h2 e/ M 02, xaJull} o

+ BV (@)l ey + B21e " a i)l agy )

All the commutators in the right-hand side, are at maximum H' norms, and as the estimate outside A/
is immediate, we finally obtain,

1?22y + B2 MV Zagyy + Blle®/ D 22 ) + BP9V D] 2y,
<O(R e (02 xalul o + W 1?02, a0 2oy
+ CeON 2T i [F2 ) + bl €MD Fa gy, + 1€ VD o,
1 By + B2 MV gy ),

which is the sought result. |

5 Proof of the spectral inequality

The strategy to prove the spectral inequality is divided into two parts. The first one rely on the derivation
of an observation of a neighborhood of the boundary from an arbitrary large domain in the interior. The
second one is more classical, and rely on the propagation of smallness in the interior, where Carleman
estimates are known. However, due to the lack of unique continuation in the s variable, one has to be
cautious. The two subsections below are respectively devoted to each part.

5.1 An observation from an arbitrary large interior domain up to the bound-
ary

Lemma 5.1 For all ¢ > 0 there exists C > 0 such that

] 12(0) < Ce“Mlullzvyy,
for all uw € Xy of the form (11).

Proof. We recall that the cut-off functions are defined by x(s,z,y) = x1(s)x2(z)xs(y) and where
x1(8), x2(x), x3(y) are smooth cut-offs in each variable satisfying near a point (sg,xo,y = 0) € (0, Sp) X

Tx{y=0}:
1 if |s — so| < Sh, 1 ify <Yy,
xa(s) {o s —sol > 250 W TV0 ity om, (56)

for some 0 < 25, < Sy (that is, supp x C Y) and some Y; < L/4. The localization x(s,z,y) is defined
likewise near a point (sg,zo,y = L) € (0,S0) x (0,L1) x {y = L}.

We then define the following regions of the open set Z by,
Oy =supp x1,

1
0= {(s..0) € O | (3,09 < 3e(51 — 0)?}.

N

O3 :=supp x1 N {(8796,1/) € O1 | d(y,00) > 5&(51 — 80)2}'

and

WO = {(s,x,y) ey ‘ ws(svy) > _(Sl - 50)255}7
with § € (0,1) that shall be fixed in the proof of the following lemma. Note that ${ = u on W

21



Lemma 5.2 We have,
supp —info <0 and1—cy—infp <O0.
02P ¥ i 2 o — 4

for & taken sufficiently small.

Proof. We first estimate,

sup b, = sup(—e(s — s0)? + d(y, 99)) = —£(S1 — 50)? + supd(y, 9) < —(Sy — 50)”,
0, 0, 0, 2
and
inf V. > —(S1 - s0)?e5,
which proves the first inequality of Lemma 5.2. We also have

)\(51780)265

176071{/1{1/£<p<1760767 <0,
for § taken sufficiently small. |
We analyze the first two terms of the right-hand side of (51). We have on the one hand,
supo, ©0
P2l 02, xalul e S B2 7 (Il ) + 105l s 2 ) - (57)

On the other hand,
W [e?M02, xalvll72 vy = B[ =02, xaloll72 0, + H* 1l =02, xalvll72 0y
supo, ®
S (1ol + 10001 Baczy) + W1 =02 xilel oy (59)

Note that terms located in Os are interior terms, which corresponds to observation terms. Plugging
these two estimates in (51) yields,

e/ U172 vy P22 PV T2 vy + 1P 1€7/ BT vy + Bl VD) |2y
SUPO1 ®o SUPO2 ®

<c(n2e™ 7 (Ilull iz + 105l ) + e 7 (IlelBagz + 11050l 32z )
1/2 g9l—cg | _
+ e M 02, 3]0l B2 0, + CeN T [l )
+ h|‘€¢/h%||L2(y£) + hSHe@/hvzmHLz(ye)
+ 112780 1oy, + h2|\ev/hvzu||p(y[)). (59)

Remark that by definition,
sup o < sup . (60)
O O2

Now, we estimate, using the particular form of u given by (11),

||U|\%{1(z) + ||3su||%{1(z) < (Agus u) + (Agsu, dsu)
< (A'u,u) 4+ (A% 0su, Osu) — (Aju, u) — (AT0su, Osu)
< (A, ) + (40,0, 0,) + lull s (ol 227 + 10, 2 105l 22,
which finally yields, using the Young inequality,
lullz 2y + 10sullFr (z) S (A%u,w) + (A" Osu, Osu) + [ul| 2 + [|9sul| 2. (61)
From the particular form of u given by (11) and from the resolvent estimate of Corollary 1.7, one has,
[l 2y + 11053 () S CeCVM ]| 2oy (62)

Note that we also have,

011322 + 1105132 < ullFra ) + 10213,
< (Au,u) + (A" Ogu, Ogu) + [[ul 2 + [|0sul | 2
< eVl | 2(q). (63)
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From (59), (60), (62) and (63), one deduces,

suPO, ¥ 1-co

ety S (e 7 CeOVE 4 Ce 2T [l 2o
+ Bl[e/" B L2y + 1P|V D] |y
11/ Wl 2vs) + W21 M M2y + 1P =02 xalol a0y (64)

Let us obtain a lower bound for the left hand side of (64). We have,

_ infyyg @ supo, ¢
ullfzqry Se™ 7 (e

/ l1—c ~
Cec'\/K + C@CAI 262 h 0 ) ||u||L2(Q)

infy, @
e (e Dl vy + B 1MV Dll vy + 1?2y
+ B2V g2y + e =02, xalolRaoq)) - (65)

Using again the resolvent estimate of Corollary 1.7, one obtains,

infyy, ¢ supo, @

- _ /2490zc0)
22y S CeV™ (7 H (e 7 CeYR 4 0N I |

infyy @
+em TR (hl\e*”/hiflllmm) + 1?2 v,

ey + 12V 8oy + 1€ -02, ol Baoy) ) )

From Lemma 5.2, setting + = kvV/A, for k € Ry sufficiently large, yields that there exists C' > 0 such
that,

lal|72q) < Cec\/K(HSUHQL?(n) F VD720 + 10172 (v,

V82 + 1=02, )01 20 )- (6)

Remark that only observation terms remains in the right hand side of (66). Let Y; C Y, € Z and let
O € C§°(Yy) such that © =1 on Yy. Note that,

|H—837X1]U||2L2(o3) S |\U||12ql(y£)a (67)
for a sufficiently large parameter £. Let us finish the proof by writing,

192912237y S 110V01 245, + 10l 220y
S ~ @Vzv . Vz'l}dZ + ||’UH%2(Y2)
Y,

1
=-5 | Vz@-VzMde—/

v, -

@sz@dz + HU”%Z(YZ)
Ye

1
— | A®v]*dz+ [ Orot Ajuvdz + ||U||%2(n)
2 {/g Y/l

1
— | AO]Pdz+ | ©Ajvidz+ [ O[A},rot Jutdz + |\v||%2(ye)
2y, Y v

S lla ) + 11OV 20l 2w loll o gy + Nl g 1012 gy + 1011220,

which implies, using the Young inequality,

V133 < € (ol By + 1l ) < 201l g,

Using the same arguments than above, in combinaison with (67), allows us to write, up to taking Yy
slightly larger than Yy,

119011 2 v+ V 2D 2 v 180 22 vy H V8 2 v+ =02, 3110112204 S CeCYMfull 3, il 220
(68)
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Indeed, let Y, C Y, €@ Z and let © € C(‘)X’(}A/g) such that © =1 on Yy,
Hv uHL2(y) Hvu||L2(y) + ||asu||§12({/e)

= (C:)Vu,Vu) L202) + (é@su,asu)

< ‘(éu, Au)]ﬂ(z) +

< 10l 18l + |((40)u. )

L2(2)

’ (vé - Vu, u)

+ ’(é@fu,u)Lz(Z) + '((33(:))09“»“)

+ ’((:)A*u, u) L2(2)

L*(Z) L2(Z)

+ ’((83@))14, u) )

L2(2)

< Mlull sy A" ulla 2,

where we used in the last inequality the elliptic regularity of the Stokes operator. Thus, by the resolvent
estimate of Corollary 1.7, we have

1V-ul22 5, S CeCYMfull 25, 1l 200 (69)

Estimates (66) and now implies, by the Young inequality

~ CVA
]| L2y < CeCVM|ul| a5

which is the sought result. O

5.2 Observability in the interior

We construct the weight function by using the following theorem (see for instance [19]).

Theorem 5.3 There exists 1 € C®(Q) such that,
° >0, in Q
® Uppo =0,
o V)| >C >0 0nQ\.

One then defines 93(s, z,y) = Q/Z(m,y) — Bls — s0|? and ¢ = e #, where 3, \ are large parameters, that
shall be fixed in what follows. Let s1 < s9 < s3 < 84, such that sg £ s4 € (0,5p), that shall be fixed in
what follows. We define (see Figure 2 for a sketch of the different sets),

o Ay :=((so — 3,50 — 52) U (50 + 52,50 + 83)) x ,

o Ay = (sp— 82,80 + 82) X w,

. = (so — 82,50 + $2) X Az, where A3 := {(x,y) € Q, d((z,y),0Q) < 2+

. = (so — 51,50 + 51) X Ag, where Ay := {(z,y) € Q; d((z,y),0Q) > 2\ w,
o As:={(z,y) € Y d((z,y),09) > 5}

Lemma 5.4 Let 0 < 51 < 59 < s3 < S4 as above. There exist p > 0 and C > 0 such that,
lullas gy < Cllul gl ay-
for all w of the form (11).

Proof. Let v € (0,1). Let us set § = —% (Sup;‘gz/;—ian4 1[1)7 and fix f > 1 such that % >

0 + supq ¢ — inf A, 1) which is always possible by taking 8 > 1 sufficiently large. Remark that § > 0 for
£ > 0 taken sufficiently large. One now set s; and so such that,

51> = =, sl = —.



So

So + S3 IA

So + 82 !

S0 + 81+

50*A3 Ay Aq Ay A3

S0 — S1T

Spo — S2 IA

So — S3 !

0 —
Figure 2: The geometry in the interior of 2 x (0, Sp).
Note that the following inequalities hold,

sup s — inf g = sup ) — inf ¢h + 8 < 0, (70)
Asz Aa A Ay
sup g — inf 4y = supy) — inf ¢ + 6(1 — f177) < 0, (71)
A, Ay A, Ay
sup ’l,/)ﬁ — inf ¢B > 0. (72)
As Ay

Hence, one moreover can remark that s3 > 0 can be chosen as small as we want (and so it is for s;
and s3) by taking 8 > 0 sufficiently large. From now on, parameters §, 5 and 7 are fixed, and all the
constants involved in the computations below depend on them. Let us define the smooth cut-off function
O(s,x,y) = O1(s)O2(x,y) € C5°(Z) such that

(73)

o, — 1 on (sg— $2,80 + $2), 0, — 1 on{d((:c,y),aQ)Zzie}\w,
! 0 on (0,S50)\ (so — s3,50 + S3), 0 oncbu{d((:r,y),aﬁ)<ﬁ}.

Let V be the interior of supp ©. One have that there exists A such that the weight function ¢ satisfies
the two sub-ellipticity conditions of definitions 3.1 and 3.2 on the open set V. The parameter A is fixed
from now on. Thus, the following two Carleman estimates holds on V for such a weight function ¢.

Theorem 5.5 Let V' be an open set in Y. Let ¢ be a weight function satisfying the conditions of
Definition 3.1 on V. Then, there exist hyg > 0 and C > 0 such that,

hlem? flIZa vy + P lem Vo fllT2) < ChM[en? (=02 — D) flff2vy (74)
for all f € C°(V), h < hg, and such that

BlIex? fl[Za vy + B21|e oV f1[Fa) < CHYleR P Af|[Z2v), (75)
for all f € C5°(V), h < hg.
Remark 5.6 The key point here is that the two above Carleman estimates will allow us to handle the
low order terms. However, to have (74) and (75) at the same time, one needs |V | # 0 and |Vp| # 0

on V., which is satisfied only by removing (0, Sy) x & from the support of © (see (73)). This is precisely
why we will not be able here to propagate the smallness in the s direction.

Let us apply the estimate (74) to f = Ov := Orot (u), where u is of the form (11). We recall that the
function v satisfies,
—0%v — Av +rot Aju =0,

which implies that f satisfies,

—0%f — Af = —Orot Aju+ (0,9 + Alw. (76)
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Estimate (74) yields, for h sufficiently small,
hle90uv][3a ) + h3]e OV 0| 3oy S h¥len? (—O1ot Aju+ (0,02 + Alv) |32,
1 % 1
ShYlen?Orot Ajullizgyy + h[en?[0,02 + Alvl|Z2 )
S hHeR PO ATV [Fa () + W7 PO[rot , AfJul[Fa(y) + hYe79(0,02 + Alo|Faqy, (T7)
Now, remark that, using the divergence free condition,
1 1 1
"¢ A (Ou) |72y S [lem POV 0|72y + [len?[A, Olul[Z2(y- (78)
Estimate (75) for f = Ou yields, for h sufficiently small,
1 1 1
|e790ul |72y + h?[[en POV 721y S PP |[e7 P A (Ou) [Ty (79)
Combining (77), (78) and (79), we obtain,
le7?Oul[F2(1) + h[[e7 POVl T2y + hller Ou] 72y + B2 eF POV 0|32y S hHlem#OAT| 172 vy
+ h*||er?Olrot , AjJul|Za vy + h*[[e7?[0,02 + Alvl[F2(y + [le#?[A, OlulF2(y)-

Note that, taking h > 0 sufficiently small, one can absorb the low order terms in the right hand side of
the above inequality to have,

||€%“’9U||2L2(V) + h2||€%¢@VU|\2L2(V) + h||€%<p@v||%2(\/) + h3||€%¢9VzU||2L2(V)
< hH[er9[0,02 + Alvl3ayy + hP[le?[A, Olul[3a . (80)

The two remaining terms in the right hand side of the above inequality are localized in regions where ©
varies. Estimate (80) implies,

3
1 1
e ? (Jlullfs g 1ol Brcan ) S Do ek ([l cay + 1ol can ) -
k=1

which is equivalent to,

3
1g —inf
(1ellrsapy + 1101 cagy ) S D0 eFE P09 (ufiZ 4+ 1ol ) -
k=1

From (70), (71) and (72), there exist v1, 5 > 0 such that,

r2

v _
(il gy + 1ol sy ) S € (lallEr agy + 0l cany ) + €% (Il sz + ol sz ) -
Optimizing this estimate with respect to h > 0 implies that there exists C' > 0 and u € (0,1) such that
1— 1L
ul[rrra,) < CHUHH;(LZ)HuH’}{?(Ag)'

The estimate over A, being immediate this ends the proof of Lemma 5.4. O
As Lemma 5.4 only provides an estimate on domain Ay which may be arbitrary small, we use the
following lemma to recover the full estimate on Y, that we need having in mind to use Lemma 5.1.

Lemma 5.7 There exist and { > 0, >0 and C > 0 such that,
1—
||u||H1(Yg) < C||u||H2Iéz)Hu||uH2((%7SO_%)><w)7
for all uw of the form (11).

Proof. Let Ay := (s§ — 55,50 + s2) x w and A := (sk — s¥ 5o + 51) x A5, where A5 := {(z,y) €
Q; d((z,y),0Q) > 2}. Remark that there exists a finite number M, and a sequence of (s6)keq1,...m C Y,
such that,
v, c | 4k
k=1
Thus, applying Lemma 5.4 for each A5 and A%, k = 1,..., M, yields the result, by noting that A% C
(7,50 — §) x w, forall k € {1,...,M}. O
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5.3 End of the proof

Now we finish the proof of Theorem 1.8. It is sufficient to combine Lemmata 5.1 and 5.4, to obtain,

~ 1—
||UHL2(Q) < CeC\/KHuHLZ(Ye) < CeC\/K|‘u|‘H2’(2)||UH"1:(2((%7SO_%)XW)'

Assuming,

ull 12y S CeYM il L2y (81)

yields immediatly the result by taking ¢ € C§°(0,Sp) such that ¢ =1 on (%7 So — %) The estimate (81)

follows from the resolvent estimate of Corollary 1.7. |
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