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(including full derivations)
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Abstract
We solve the St.Venant torsion problem for an infinite cylindrical rod whose behaviour is described by
a family of isotropic generalized continua, including the relaxed micromorphic and classical micromorphic
model. The results can be used to determine the material parameters of these models. Special attention
is given to the possible nonphysical stiffness singularity for a vanishing rod diameter, since slender
specimens are in general described as stiffer.

Keywords: generalized continua, torsion, torsional stiffness, characteristic length, size-effect, micromorphic
continuum, Cosserat continuum, couple stress model, gradient elasticity, micropolar, relaxed micromorphic
model, micro-stretch model, micro-strain model, micro-void model, bounded stiffness.

1 Introduction

In this paper we continue our endeavour to find analytical solutions to simple boundary value problems for
families of generalized continua [3, 60, 61]. The focus is on non-homogeneous solutions that on one side
activate the additional deformations modes offered by generalized continua (curvature terms) and which
may be used, on the other side, in calibrating the additional (many) material parameters. The renewed
interest in models of generalized continua comes in part from the fact that for small specimens one may
observe size-effects, not accounted for by linear Cauchy elasticity. On the other hand, the description of
man-made architecture materials/meta-materials need generalized continua to capture frequency band-gaps
in the dynamic range, a prominent example being given by the relaxed micromorphic model [1, 2, 40, 59, 62].

Here, we consider the static St. Venant torsion problem. Since we aim at identifying material parameters,
let us first review what can be said for isotropic linear elasticity.

1.1 Material parameters in linear elasticity vs. generalized continua

The determination of the two constitutive material parameters in isotropic linear elasticity can be achieved
in several different ways. For example the Young’s modulus and Poisson’s ratio

> ~ 9Rmacro macro y ~ 3Bmacro — 2Hmacro (1)
macro I macro I
3himacro T Himacro 2(3Kmacro T Humacro)
A _ 3"<‘jmacro - 2/’Lmacro — 2/'[/macro + 3)\macx'o
macro ~ 3 9’ K/macro - 3 bl (2)

can be uniquely determined from a homogeneous macroscopic tension-compression test. Moreover, the shear
modulus fi,.c.o and the Young’s modulus E,,..., can also be identified from the inhomogeneous torsion and
bending test, respectively. Indeed, the classical torsional stiffness (per unit length) of a circular rod is given
by

TR
Tracro = Hmacro Ip = Mmacro T , (3)
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and the bending stiffness (per unit length and per unit thickness) in cylindrical bending [61] is equivalent to
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Figure 1: Geometry of the torsion problem: according to the St.Venant principle, we do not consider how
the resultant end torque is applied. Furthermore, we assume that each cross-section (orthogonal to x3)
rotates as a rigid body with a constant rate of twist % = 1. Since there is no warping, every cross-section
remains in the same plane before and after the deformation. Note that the final solution for linear elasticity
satisfies this ansatz only to within first order in the rate of twist 1, see Fig. 2.

A third independent identification can be achieved with dynamic measurements, determining the shear
wave speed (cs) and the pressure wave speed (c;)

2 A
Cs = Hmacro , Cp — Hmacro + macro ] (5)
V' p

In reality, all these three methods may lead to slightly different values when used to fit real experi-
ments due to the experimental set up. Nevertheless, they all are useful in complementing the identification
procedure. We note that all mentioned tests convey a precise physical meaning to the appearing material
parameters and this greatly helps in the mechanical application of linear elasticity to real world structures.

The situation is much more involved when trying to determine material parameters for generalized
continua. Even when restricting the attention to linear and isotropic response, the number of additional
parameters increase significantly and it is also not clear a priori what the physical meaning of the additional
parameters really is. Lakes [34, 35] has prominently investigated the fitting procedure for isotropic Cosserat
solids. In the linear isotropic Cosserat model (Section 6) there appear already six independent parameters
and a series of experiments with differently sized materials allows to determine the Cosserat constants. A
decisive tool for that purpose is the analytical solution for torsion and bending, which is already available
in the literature [33, 39, 61]. The Cosserat model allows to describe size-effects in the sense that more
slender specimen have an increased apparent stiffness’ in bending and torsion. However, it is observed
that the Cosserat model does have an unphysical stiffness singularity in bending [61] for a zero slenderness
limit, the same appears in general in torsion (Section 6) but can be avoided upon setting to zero some
curvature parameters (Sec 6.1). The mentioned stiffness singularity is not only an academic issue, but it
concerns the stable identification of the material parameters [53]. Yet, in the Cosserat theory, the Young’s
modulus FE.,,..., and the Poisson’s ratio v,,..., can still be determined in a size-independent manner with a
homogeneous tension-compression test. In question are the so-called Cosserat couple modulus p. > 0 and
the three curvature parameters.

A first extension of the Cosserat model is the so-called micro-stretch model, which allows for infinitesimal
rotation and volume stretch as independent kinematic fields. For the micro-stretch model we show that the
additional kinematic degree of freedom is not activated in the torsion problem.

Another extension of the Cosserat model is given by the recently introduced relaxed micromorphic model
[44, 47, 67] (Section 4). In its static isotropic version it features only 8 independent material parameters
comparing favourably to the large number of constitutive parameters in the classical micromorphic model.
While the kinematics of the relaxed micromorphic model coincides with the classical micromorphic model



(9 additional degrees of freedom: stretch, shrink, shear, rotations) the curvature term is a direct extension
of the Cosserat curvature written in terms of Curl P. An important advantage of the model compared to
the Cosserat model is that there is no stiffness singularity in whatsoever situation and four of the eight
constants (Lmacros Amacros fe, and Ae) can be determined ab initio from size-independent homogeneous tests
[46]. There remains to fit three curvature parameters and the Cosserat couple modulus . > 0 (which in
some situations may be chosen to be zero since the model remains well-posed) [6, 36, 37, 38, 56].

Another advantage of the isotropic relaxed micromorphic model is given by the fact that it can replace
the isotropic Cosserat model in a straightforward manner without additional costs. Indeed, the Cosserat
curvature parameters can be taken as such as well as the Cosserat couple modulus p.. The only new
parameter Set iS flmicros Amicro; all estimate of which can be inferred from the small-scale response [46].
Regularity and continuous dependence results for the relaxed micromorphic model have been obtained in
[15, 20, 47, 57] and first FEM-implementations in H (Curl)-space are presented in [46].

Next, the micro-strain model [13] is in a sense complementary to the Cosserat model: it assumes an
additional strain like symmetric field S as extra degree of freedom. Here, we recover a simplified micro-
strain model without mixed terms and a choice for the curvature parameters, see also [66] who considers
a degenerate micro-strain model in disguise. We recover the analytical solution given by Hiitter [24] for
the micro-strain torsion problem. It turns out that for bending [61], simple shear [60] and torsion (Section
10) the micro-strain solution does not show a stiffness singularity either. However, this is not a general
feature of the micro-strain model, but only related to the restricted kinematic possibilities: bending and
torsion activate prominently rotations, but these are “filtered out” in the micro-strain model. Therefore,
bounded stiffness in bending and torsion should come as no surprise. Next, we combine the Cosserat and
the micro-strain ansatz in a novel ad-hoc model whose response is nevertheless governed by the Cosserat
kinematics.

Lastly, we have the full micromorphic model [12, 42]. The kinematics is augmented with a non-symmetric
micro-distortion tensor P (as for the relaxed micromorphic model, too) but the curvature energy depends
on the full gradient DP of the micro-distortion. For simplicity and for comparison, we consider a subclass
without mixed terms and simplified curvature expression. In general, the bending and torsion responses
show a stiffness singularity, which can be avoided in torsion by a very special ansatz for the curvature
energy. However, nonphysical stiffness singularities cannot, in general, be avoided. Our investigation is
complemented by considering the strain-gradient models and its couple-stress subclass. The reason for the
singular stiffening behaviour in the other generalized continuum models (except the relaxed micromorphic
one) can be connected to their non-redundant formulation of the curvature measure [63].

An alternative method to study the deformation of (finite) elastic cylinders is the semi-inverse method
introduced by Iegan in [26, 27], see also [18]. This method was also successfully used to study the deformation
of elastic cylinders with microstructures, see [7, 16, 17] and the book [28], in which many of Iesan’s results
were unified. Regarding the semi-inverse method, all the results obtained in the classical micromorphic
theory and all its subclasses (Cosserat, micro-stretch, micro-voids) are obtained by assuming that the
internal energy is positive definite in terms of DP. To the contrary, in the framework of the relaxed
micromorphic model, the present results are valid also for internal energies which are not positive definite
in terms of DP, but rather in terms of Curl P. We recall that an internal energy which is positive definite
in terms of Curl P is only semi-positive definite in terms of DP.

The paper is now structured as follows. After fixing our notation in Section 1.2 we shortly dwell on
the formulation of the torsion problem in adapted variables, making it clear that we do mot revert to
express stresses and moments in cylindrical coordinate but we always use a Cartesian expression written in
suitable variables. To set the stage we recall the linear isotropic torsion problem, which will then be suitably
generalized.

1.2 Notation

For vectors a,b € R", we define the scalar product (a,b) := >""" , a; b; € R, the euclidean norm la|® =
(a,a) and the dyadic product a®b := (a; b;), j=1,..n € R"". In the same way, for tensors P, Q € R™*", we
define the scalar product (P, Q) = szzl Pi; Q;; € R and the Frobenius-norm | P||? := (P, P). Moreover,
PT = (Pj;)i,j=1,....n denotes the transposition of the matrix P = (P;;); j=1,....n, which decomposes orthog-
onally into the skew-symmetric part skew P := %(P — PT) and the symmetric part sym P = %(P + PT).

The identity matrix is denoted by 1, so that the trace of a matrix P is given by tr P = (P, 1), while

the deviatoric component of a matrix is given by dev P := P — @ 1. Given this, the orthogonal decom-
position possible for a matrix is P = devsym P + skew P + @ 1. The Lie-Algebra of skew-symmetric

matrices is denoted by so(3) = {A € R®*3 | AT = — A}, while the vector space of symmetric matrices



Sym(3) := {S € R?*3 | 87 = §}. Using the one-to-one map axl : s0(3) — R* we have
Ab=axl(A)xb YAcso(3), beR3. (6)

where x denotes the cross product in R3. The inverse of axl is denoted by Anti: R® — s0(3). The Jacobian
matrix Du and the curl for a vector field u are defined as

Uyl U2 U3 Uz 2 — U2,3
Du=| ug1 uz2 uas , curlu =V xu=| wui3—us ) (7)
u3z1 U322 U333 U1 — U1,2

We also introduce the Curl and the Div operators of the 3 x 3 matrix field P as

(curl (Py1, Pia, Pi3)")7T div (Pyy, Pig, Pi3)"
Curl P =| (curl (P21, Pso, P23)T)T , DivP =| div(Ps, Py, P23)T . (8)
(curl (P31, Psa, P33)T)T div (P31, Pso, P33)T

The cross product between a second order tensor and a vector is also needed and is defined row-wise as
follow

(b x (m11,miz,miz)")"

mx b= (b X (mgl,mgg,mgg)T)T

(b x (ma1, M3z, m33)")"

=m-€-b=myeinbn, (9)

where m € R3*3, b € R3, and € is the Levi-Civita tensor. The two indices contraction : is intended as
B:Vm:Bipmijk)p:Njk, B:m:Bijmijk:bk, (10)

where B and IN are second order tensors, m is a third order tensor, and b is a vector.

1.3 Cartesian variables expressed through cylindrical variables

To address the torsional problem in its natural environment but with the comfort of the classical Cartesian
coordinate system, we introduce the cylindrical set of coordinates which allows us to express the classic
Cartesian orthogonal set of coordinates @ = {x1, x2, z3} through a more suitable set of variables r = {r, p, z},
without switching completely to a cylindrical coordinate system, i.e., without expressing all the quantities
(strains, stresses etc.) in the basis corresponding to the cylindrical coordinates

Cos —sinp 0
e.=| sing |, e, = cos @ , e.=1| 0 ]. (11)
0 0 1

The relations for the coordinates are
Ty =T COS, Tog =T siny, T3 =z, (12)
while the relations between the first and the second derivative of a generic vector field f are

6fi(7"7%z) _ 8fi(r7@az) 8xk 9? fi(ra<pvz) _ 0? fi(’rv(paz)gxmaxn afi(rv<p7z) 82337”
ar; o Oxk or;’ orj0ry  Odxzmdx, Or; Ory 0z Orj0T)

(13)

The quantities we want to obtain are 2L ig;’f’z) and 62’; ii%’,ﬁ’:), which are obtainable thanks to (13) (see
Appendix A for full calculations).

It is emphasized again that we will not represent the torsional problem in cylindrical coordi-
nates (namely all the differential operators, the equilibrium equation, and the kinematic fields), but we will
use the classical Cartesian coordinates {1, 2,3} parameterized in cylindrical variables {r, ¢, z}.

1.4 Structure of the higher-order ansatz

The ansatz for the displacement field for the cylindrical torsion problem, regardless of the treated model, is
always given by

2 3
’U/(’I“,(,O,Z) =4 5171(7"790 363(2) . (14)



Here, 9 is the rate of twist per unit length. It is highlighted that the displacement field has the third
component equal to zero since we are studying a cylindrical rod, whose cross-section is not subjected to
warping. The most general ansatz for the micro-distortion tensor, which will be used for the full and the
relaxed micromorphic model, is

0 —13(2) —g2(r) z2(1, )
P(r,p,2) =79 z3(2) 0 g2(r)zi(r,e) | (15)
gi(r)za(r,p)  —gi(r) z1(r, ) 0

where ¢1,92 : [0,00) — R. Starting from the form (15) of the ansatz for P, it is possible to obtain the
ansatz for the micro-stretch model (A = skew P and wl = tr(P)1), the Cosserat model (A = skew P), the
micro-void model (wl = tr(P)1), and the micro-strain model (S = sym P), by taking the skew-symmetric
part, the trace of P, or the symmetric part depending on what is needed. Here are reported the symmetric
part, the skew-symmetric part and the trace of P

0 0 gm(T) xQ(T’ 30)

S(r,0,2) = sym P(r,2) = 5 0 0 —g)nle) | 06)
Im(r) 22(1,0)  —gm(r) 21(7, ) 0
9 0 —23(2) —gp(r) z2(r, )
A(r, @, z) = skew P(r,¢,2) = 5 2x3(2) 0 gp(r) 21 (7, @) , (17)
gp(r)2(r,0)  —gp(r) z1(r, ¢) 0

were g,(r) = g1(r) + g2(7), gm(r) = g1(r) — g2(r), and w is not reported since the ansatz (15) has a zero
trace.

It is highlighted that each section remains “rigid” is not really correct, since the deformation of a cylinder
section due to the displacement field (14) (which is a linear approximation of a rigid rotation) looks like

T 0 —’19333 0 T Tr1 — T2 $3’l9
ctulx)=| zo |+ daz3 0 0 o | = | a2+ x1230 . (18)
0 0 0 0 0 0

(a) (b)

Figure 2: In the linear approximation, sections of the cylindrical rod are not only rotated, but also expanded

radially for non zero rate of twist 9. With (b) we see that the change of radius R = —f5 — R = 1=cos9 p —

cos 9 cos 9

(%2 + %194 + h.o.t.) R, being of second order in ©¥. Thus, the linear kinematics is correct to within first

order in 9, as is well-known.

Of course this radial expansion does not contribute energetically under the small displacement hypothesis,
and this can be seen from (23), in which it is clear that the symmetric strain tensor ¢ = sym Du does not
depend on x3 = 2.



2 Overview of some generalized continuum models and their in-
terconnections

Considering the following notations for the involved quantities:

u:QCR =R, displacement ,
P:QCR3 5 R, micro-distortion ,
A:QCR® = s0(3), micro-rotation ,
S:QCcR®— Sym(3), micro-strain ,
w:QCR* SR, micro-dilatation

and the orthogonal decomposition
1
P:devsymP—i—skewP—i—gtr(P)]l:deVS+A+w]l (19)
we give the following genealogy tree of the generalized continuum models:

classical micromorphic

min [W (Du, P,DP) ]

u7

- T

micro-strain (P = S) relaxed micromorphic second gradient (P = Du)
min {W (Du, S, DS)] min {W (Du, P, CurlP) } min {W (Du, Du) }
strain gradient (S = sym Du) micro-stretch (P = A 4+ wl)
min [W (Du, D (sym Du))} mjin {W (Du, A,wl, Curl (A + w]l))]
Cosserat (P = A) micro-void (P = wl)
min [W (Du, A,Curl A) } min [W (Du,w, Curl (wl)) }
u,A u,w
couple stress (A = skew Du) ad-hoc model
min [W (Du, Curl (skew Du))] min [W (Du, A, S,Curl A, DS)}
u u,A,S
skew symmetric couple stress modified couple stress

min [W (Du, skew Curl (skew Du))} min {W (Du, sym Curl (skew Du))}

The strain gradient theory and second gradient theory are equivalent [3, 42], and contain additionally
the couple stress theory as a special case. Using the Curl as primary differential operator for the curvature
terms allows a neat unification of concepts.

3 Torsional problem for the isotropic Cauchy continuum

In order to set up a comparison with the models we will present in the next sections, we start by presenting
the solution of the classical cylindrical torsional problem. The strain energy for a linear elastic isotropic

Cauchy continuum is

A

W (D) = fhero [|lsym Du||* + %uz’ (Du) , (20)

where A, .co a0d flya00 are the macroscopic Lamé constants.
In terms of the symmetric Cauchy stress tensor o = 2 fyae0 SYmDu + Auero tr (Du) 1, where € =
sym Du denotes the classical symmetric strain tensor, the equilibrium equation (in the absence of body

forces) and the Neumann lateral boundary conditions (at the free surface) are
Dive =0 tr=R)=o0(r=R)-e,=0. (21)

)



Our aim is to study a state of uniform torsion ¥ for an infinitely extended cylindrical rod. According
to the cylindrical reference system shown in Fig. 1, the ansatz for the displacement is

—xo(r, o) x3(2) —z7 sing
u(zy, w2, 3) = u(r,p,2) =9 [ z1(r,p)x3(2) | =9 z2rcosp |, (22)
0 0

where 9 is the angle of twist per unit length. It is underlined that the third component of the displacement
is chosen equal to zero since the cross-section is circular and therefore no warping is expected. The gradient
of the displacement and its symmetric part are (the gradient is always taken with respect to the Cartesian
coordinate system and then rewritten in the variables {r, ¢, z})

0 —z -—rsing 9 0 0 —r sing
Du=9| 2z 0 rcosyp , e =symDu=— 0 0 7 COS @ . (23)
2 .
0 0 0 —rsing 1 cose 0

Substituting the ansatz (23) in the equilibrium equation (21), it is easy to verify that they are identically
satisfied.

In order to help the geometric interpretation of the torque, see Fig. 3, we present its expression in
Cartesian coordinates along with its representation in the cylindrical variables

twisting force per unit area length of
lever arm
traction — 29 )
Mc(9) = // [< oes 1 — ) m } dey day o)
. 0 2+ 23

27 R
- // [1‘1 093 — T 013] dxy dze = / / [(o- e, eg,}r}rdr dy, (25)
r o Jo

where ez = ez = (0,0, 1) is the unit vector aligned with the mid-axis of the cylindrical rod.

X1

;)

—x, ,
x1 | —T/—
0 NEZR

X2

Figure 3: Calculation of the classical torque.

The torque (or moment of torsion) about the zz-axis and energy (per unit length dx3) expressions are

27 R 7TR4
Mc(9) 1=/ / [(a’ e, e@r]rdr dp = fmacro - U = fhnaero Ip ¥ = Thaera U, (26)
o Jo
2m R 4
1 R 1 1
Wtot (19) = / / W(Du) r dr dgp = 3 Mmacro L 192 = 3 Mmacro Ip 192 =3 Tmacro 192 )
o Jo 2 2 2 2
where ft,,..., is the macroscopic shear modulus, I, = ”TR4 is the polar moment of inertia, and T, .o =
Hmacro Ip 1S the torsional stiffness. It is also highlighted that
d d?
@Wtot (19> = MC (1,9) = 7—‘man:ro "9a WWtOt (19) = Tmacro . (27)

Here and in the remainder of this work, the elastic coefficients p;, \;, k; are expressed in [MPal, the
coefficients a; are dimensionless, the characteristic lengths L. and the radius R in meter [m], the rate of
twist ¥ in [1/m)].



4 Torsional problem for the isotropic relaxed micromorphic model

The relaxed micromorphic model, contrary to all the other proposals for generalized continua in the liter-
ature, lives on two well-defined and separated scales, each describing linear elastic response: the classical
macroscopic response (characteristic length L. — 0, available for experiments with large specimens) is
described as usual by

9 3 -2
By = 5 e e s = e e (28)
3"<‘jmacro + /’l’n\acro 2(3"<‘jmacro + /'l’n\acro)
3 -2 2 3\
An)acro — K/macro 3 /‘Lmacro , K“]acro — /’Lmacro ;_ macro . (29)

The macroscopic parameters can be uniquely determined from a homogeneous macroscopic tension-compression
test. However, the shear modulus ..., and the Young’s modulus F,,.., can also be identified from the
inhomogeneous torsion and bending test, respectively. Indeed, the classical torsional stiffness of a circular
rod is given by
TR*
Tmacro = HMmacro Ip = HMmacro T . (3())

The microscopic scale (appearing for L. — o00), representing a surrogate stiffness connected to the

smallest meaningful scale of the material is described by the parameters

9K i ror 3Kk — 20
En‘icro — Kmlcro Mnllclo , l/lllicro — Hlnlcro Mn)lcro , (31)
3K micro + Hmicro 2(3Hmicro + Hmicro)
3hmicro = Zhmicro 2hmicro T 3Amicro
)\micro = % 9 Rmicro = Mf ) (32)

The macroscopic parameters fi,.c.o and A,... do not directly intervene in the formulation of the relaxed
micromorphic model (34), but the connection is necessarily given by the Reuss-like homogenization formula
[58]

lu’e /’l’micro Mmacro Mmicro

Pomacro = —————— — fre = —————, (33)
He + Hmicro Mmicro = Mmacro
KJE K/micro K;macro K/micro
K/macro = @ KJE = .
Ke + Kmicro Rmicro = Kmacro
,umacro Kmacro

Mmicro HMe Kmicro Ke

Figure 4: Macro and micro-scale stiffness governed by two springs in series. If pi.;,, — 00, this implies
that fimaco = e In all suitable cases for our family of considered generalized continua (depending on the
kinematics), we use the same/similar lower order energy expression (the energy without curvature).

Note that the Cosserat couple modulus p. > 0 is not appearing in the homogenization formulas (33).
As a consequence, both parameter sets (29)-(33) can be identified independently of the scale consideration
(being particularly careful with the techniques for the micro-parameters identification) and they uniquely
determine the meso-scale parameter set p,, A, appearing in (33)a.

The general expression of the strain energy for the isotropic relaxed micromorphic continuum is

Ae
W (Du, P, Curl P) = ji. ||sym (Du — P)||* + ?tr2 (Du — P) + p. ||skew (Du — P)||?

>\micro
F b [sym P + 222 () (34)
pL? 2 2, 43 9
= (a1 |[dev sym Curl P||” + ag ||skew Curl P||” + 3 tr* (Curl P)) ,

where (fiesAe)s (HmicrorAmicre)s Hey Le > 0, and (aq,a2,a3) are the parameters related to the meso-scale, the
parameters related to the micro-scale, the Cosserat couple modulus, the characteristic length, and the three
general isotropic curvature parameters, respectively. This energy expression represents the most general



isotropic form possible for the relaxed micromorphic model. It is important to underline that, given the
subsequent ansatz (38), it holds that skew Curl P = 0. This reduces immediately the number of curvature
parameters appearing in the torsion solution. In the absence of body forces, the equilibrium equations are
then

o=
Div [2ue sym (Du — P) + Aotr (Du— P) 1 + 2uc skew (Du — P)] = 0,

T — 2fbmicro SYM P — A\orotr (P) 1 — g L? Curl (al dev sym Curl P + ? tr (Curl P) ]l) 0. (35)

The boundary conditions at the lateral free surface are

tir=R)=0o(r) e, = Ops, (traction free), (36)
n(r=R)=m(r) e -e. =m(r) X e, = Ogsxs , (moment free) ,
where a
m = puL? (a1 dev sym Curl P + 33 tr (Curl P) ]l) (37)

is a generalized non-symmetric second order moment tensor, the (non-symmetric) force-stress tensor & is
given in (35), e, is the radial unit vector, and € is the Levi-Civita tensor. The vector t(r) € R? is the
generalised traction and the tensor n(r) € R3*3 is called the generalized double traction tensor. According
to the cylindrical reference system shown in Fig. 1, the ansatz for the displacement and for the micro-
distortion P is

—x2(r, ) 23(2)
u(xy, e, x3) = u(r,p,z) =9 21 (r, goo) x3(2) ,
0 —r3(2) —ga(r) z2(7, )
P(x1,23,23) = P(r,¢,2) =9 r3(2) 0 ga(r) z1(r, @) ) (38)
g1(r)z2(r,9)  —g1(r) z1(r, ) 0

where x1(r, ) = r cosg, x2(r,¢) = r sing, and z3(z) = z. The Cartesian Du and the Cartesian Curl P
expressed in the cylindrical variables (r, ¢, z) are

0 —z —rsingp

Du(r,p,z)=9| =z 0 rcosp , (39)
0 O 0
1 — go(r) — 7 gh(r) sin® o 7 gh(r) sing cos ¢ 0
Curl P(r,p,2) =9 rgh(r) sing cose 1—ga(r) —rgh(r) cos? ¢ 0
0 0 —(29:(r) +791(r))

It can be remarked that Curl P is symmetric.
Inserting the ansatz (38)-(39) in (35), the 12 equilibrium equations are reduced to the following 4 ordinary
differential equilibrium equations

%19 sing (r (1 L2 (a1 — a3) g7 (r) = (201 + a3) g5 (1) + 3pte (91(r) + g2(r) — 1)
=3 (e + Huiero) (91(r) = g2(r)) = 3pae) + 3 Lg (a1 — ag) g1 (r) — (2a1 + a3) g5(r))) =0,
% 9 cos g (r (uLZ (a3 — a1) g7 (r) + (201 + a3) g5 (1)) — 3 pe(g1(r) + g2(r) — 1)
+3 (e + fhniero) (91(7) = g2 (r)) + 3pe) + 3 LZ (a3 — a1) g1 (r) + (201 + a3) g5(r))) =0, (40)
%19 sing (r (0 LZ ((2a1 + as) g7/ (r) + (a3 — a1) g5 (r)) = 3 (pe (91.(r) + g2(r) = 1)
+ (pe + um.cro) (91(r) = 92(r))) = 3pre) + 31 L2 (201 + a3) g1 (r) + (as — a1) g5(r))) =0,
%19 cosp (r (uLe (a1 — as) g5 (r) — (201 + a3) 67 (1)) + 3 (e (91(r) + g2(r) — 1)
+ (e + um.m) (91(r) = g2(r))) + 3pe) + 3 L2 (a1 — a3) ga(r) — (201 + a3) g1(r))) = 0.

It is important to underline that (35); is identically satisfied, and that from the entire set of four equilibrium
equations (40) only two are not redundant since (40); = tan¢ (40)2 and (40)3 = tan ¢ (40)4.



It is also pointed out that the two remaining linearly independent equations (40); 3 can be uncoupled
and are of the Bessel ODE type (see Appendix B). Indeed, if we take their sum and difference, while being
careful of substituting g,(r) = ¢1(r) + g2(r) and g (r) = g1(r) — g2(r) along with their derivatives, we
deduce

O sing (a1 pLZ (395, (r) + 79 (1) = 27 pe(gn (1) + 1) = 27 g (7) frmicrs) = 0, (41)
1.
3 9 sin (61"/,LC (gp(r) — 1) — p L2(ay + 2a3) (39;)(7’) + rg;’(r))) =0.
Since g1 (r) = g”(THg’"(T) and go(r) = M7 the solution in terms of g1 (r) and ga(r) of (41) is
zAlfl (52) = A2y (i) +iBi b (52) = Bavi (-2 "
r - /’l/e + /’(‘micro ’
ZA1]1 ) A2Y1 ( Lc ) —131[1 ( ) +BQY1 ( %) Lbe "
+ )
r ,LLe + l’l’micro ( )

_ Gpe [ 2(fe F Himicro)
(a1 + 2a3) p aift ’

where I, (+) is the modified Bessel function of the first kind, Y, (-) is the Bessel function of the second kind
(see appendlx B for the formal definitions), and Ay, By, As, By are integration constants.

The values of A;, By are determined from the boundary conditions (36), while, due to the divergent
behaviour of the Bessel function of the second kind at r = 0, we have to set A, = 0 and Bs = 0 in order to
have a continuous solution. The fulfilment of the boundary conditions (36) allows us to find the expressions
of the integration constants

4 L. (3f1 Rz Iy (Rfl) —2L. I (M)) e
f2LcIO<RLJ:2)Il( >+f121-70(L )(ch1 L<)—2f2RIO( )) He T Hmicro

.- L (o (82) 2.1 (32)) .
foLelo (B2) 1y (’?Lfl) +frodo (B2) (Leh (BR) =2, RIg (L)) He o Hues

- a1+2a3.

3(11

The classical torque, the higher-order torque, and energy (per unit length dz) expressions are

Mc(9) = /O27r /OR [(5’ ez,e¢>r}rdrdgo
B 4Mcf212< )12( . )(%)2
- te f1 <f12110< )(QfQIo (Rfr“)*fl( )%)*ﬁ—ro(i?)h (RLCI)%)
o (B0) (00 (55) G)” 1200 (155) )" = 730 () % + 20810 (12))
0 (52) (o1 ) 1 (5] £] 5 () () 2
C () (on (152) Go) e o (852) ()" e 80 (52) %)\ o |,
13 (fl 21 Iy (RLJ:I) (szfo ( ) -5 (RL’:Z) L%) — fo Iy (I?sz) I (RLfl) L%) et Humicro
—Te 0,
Mm(9) 1/27T/ [((m X e,) e, e)— ((mx ez)er,e@} rdrdy (44)
_ B (52) (o (52) ()"~ (52) o)) Wi |
f1z1 1o (B}J{l) (2f2 Iy (RL{Z) -1 (RLCQ) %) — fa Iy (RLJ:Q) I <RL—{1) % 3 (pte +Mnﬂcr0) P
T D,



27
Wiot (9) ::/0 / W (Du, P,CurlP) rdrdp

1 Apie f2 1o (RLfl
21\ e fr (f1 z1 1o (RLfl) (2f210 (Rh) -5 (
fado (B0) (240 (B2) (%) - 12800 (52) (%
(e (32 (o0 (32 (5] £) (5} () £)

B () (1on () ()" = st ho () ()" + 0 (1) )
fzz(flzlfo(}iil)(QfQIo(RL{z z )

2 3
1) o) et (1) () e e
1

+ 1,9°
3“6 (fl 21 IO (RLil) (2f2I0 (Iz?) - I1 (RL?) %) — f2[0 (Iziz) 1 (RL—JS) %) He +/"Llnicro
1 2
= Tw
2 w 9
q1 =3ay f1 f2 21, q2 = 2f2(a1 — a3) .

Again it holds

d2
d9?
Both quantities M¢ and Wit are immediately accessible in any higher order generalized continuum model.
However, the precise form of My, is difficult to guess. The latter identity can, therefore, also be seen as an
implicit definition of the higher order moment Myy,. In the Appendix we will provide an independent way
of obtaining the notation for Mm starting form considerations done on the Cosserat model (see Appendix

C). We provide again the homogenization relations between the macro-parameters, the meso- (with index
(\)e), and the micro-parameters [11, 46, 49]

< Wit (9) = Mc(9) + M (9) Wit (8) = Te + Tin = Tiv. (45)

K. — 2pi+3N\i
_ _Me Mmicro — _Ke Kmicro 3 i 3 ?
= = with 4
lJ“macro He~+pmicro Kmacro KetRmicro t Z = {ey micro, macro} 9 ( 6)
which can be used to define the following torsional stiffnesses
[hrmicro fhe
Tnlacro = Wmacro Ip - - Ip ) Tmicro = Hmicro Ip , Te = Ue Ip . (47)
Hmicro 1 He

The plots of the torsional stiffness for the classical torque (light blue), the higher-order torque (red), and
the torque energy (green) for u. = {0,1/2, 00} while varying L. is shown in Fig. 5.

g

Figure 5: (Relaxed micromorphic model) Torsional stiffness for the classical torque T¢, the higher-order
torque Ty, and the torque energy Tyw while varying L. for (a) g, — 0, (b) g = 1/2, and (¢) g — oo. The
torsional stiffness remains bounded as L. — oo (R — 0). The values of the parameters used are: p = 1,
te = 1/10, fimicro = 1/4, a1 = 1/5, a2 = 1/6, a3 =1/7, R =

It is here highlighted that the torsional stiffness obtainable from the energy Ty is the only stiffness
available experimentally.
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4.1 Limits

4.1.1 The relaxed micromorphic model with symmetric force stresses (u. — 0)

27 rR
Wiot (9) ::/0 /0 W (Du, P,CurlP) rdrdp

2
1 | folo (%) (vz fmiero 5 + e (e + umicm))

T2 R Rfs\ L (48)
f2Io (sz) —2uihy (sz) 53
2
24 (RTfQ) (v2 s 5+ V1t (e + ”‘“‘“")) L Pomicro 7 92
_ 1,97,
faIo (%) —2v1h (%) Le (He + Hiero)
! + 2a3 - 24a; as i
Y4+ 8as 2 a1 + 8as
Tmicro |

Oll

Tmacro

R/L,

Figure 6: (Relaxed micromorphic model) Torsional stiffness for the torque energy while varying L,
for different values of u. = {0,1/30,1/10,1/5,1,00}. The torsional stiffness remains bounded as L. — oo
(R — 0) and the model does not collapse into a linear elastic one. The values of the other parameters used
are: =1, e = 1/3, fimiero = 1/4, a1 = 10, a3 = 1/50, R = 1. Here, varying u. does not intervene with
Tmacro and Tmicro-

Note that the torsional stiffness at the micro-scale T, is here independent of the Cosserat couple
modulus fi., see (47).

4.1.2 The relaxed micromorphic model with conformal curvature energy (a3 = 0) while vary-
ing the Cosserat couple modulus g,

In the particular case for which the parameter a3 is equal to zero the elastic energy turns into

W (Du, P, Curl P) = pi, ||lsym (Du — P)|* + %tr2 (Du — P) + pi. ||skew (Du — P)]? (49)

2 Amicro 2 /JLE 2
|sym P||” + 5 tr* (P) + 5 @ |[dev sym Curl P||” .

+ Umicro
In this case, the torsional stiffness at the micro scale, namely for L. — oo (R — 0) * , depends also on .

Tie lim T, = e Otte T h1e) (50)

L.—o00 w (9,“5 + //[/e) + Mmicro b

For p. — 0 we obtain a linear elastic model with stiffness T, ..., for p. — oo it is recovered a model that
has T, at the micro-scale, while for intermediate values of 0 < p. < oo a torsional stiffness between T,,,...
and T,.,.., appears.

1Looking at the analytical solution obtained in (40) we see that the expression TRC solely determines the response. Therefore, we can

either fix R > 0 and send L. — oo, or fix L. and send R — 0, having the same effect.

12



Tmicro [

Oll

Tmacro

R/L,

Figure 7: (Relaxed micromorphic model with conformal curvature energy) Torsional stiffness for
the torque energy while varying L., for different values of u. = {0,1/30,1/10,1/5,1,00}. The torsional
stiffness remains bounded as L. — oo (R — 0) and the model does not collapse in a linear elastic one beside
the case p, = 0. The values of the other parameters used are: p =1, ie = 1/3, fmiero = 1/4, a1 =2, R = 1.
In this case, varying u. influences the torsional stiffness also for small specimen size.

We may consider a further limit in (50). It holds

T= lim T=(9uc+pe)ly= (9c+ fmer) Iy, (51)

Hmicro—>0Q

where the last relation for which we have pio = fiaero 1S Obtained from (33)s taking piic. — 00.

4.1.3 The Cosserat model as a limit of the relaxed micromorphic model (fmiero — )

The Cosserat model can be obtained from the relaxed micromorphic model by formally letting ti,;c.o — 00
and K, — 00. 2 From the homogenization formula (46) it is possible to see that for fmico — Mmaco WE
have pe — 0o, while piyuce = ple O fipieo — 00, Which is the stiffness at the macro-scale for the Cosserat
model.

m .I,
m .I,

Tmacro [ ! [ Tmacro

Figure 8: (a) (Relaxed micromorphic model with full curvature) Torsional stiffness for the torque
energy while varying L., for different values of o = {0,1/20,1/7,1/4,1/2,00}. The torsional stiffness
becomes unbounded as L. — oo (R — 0) when fi,,,o — 00. The values of the other parameters used
are: (b = 1, fhyaero = 1/10, pe = 1/2, a3 = 1/5, a3 = 1/7, R = 1. The Cosserat solution appears for
tiero — 00. (b) (Cosserat model and relaxed micromorphic model with conformal curvature).
Torsional stiffness for the torque energy while varying L.. The torsional stiffness is bounded as L. — oo
(R — 0). For the Cosserat model we chose p. = 1/9 while for the relaxed micromorphic model p. = 1/2
and f,ieo = 3 in order to have the same upper bound T = T. The values of the other parameters used are:
/’L:17 /"Lmacro:l’ a1:5’R:1-

2For the torsion problem, Kmicro does not intervene.
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4.1.4 Sensitivity of the relaxed micromorphic model with respect to the curvature parameters
a; and as.

Sensitivity study for the relaxed micromorphic model while varying a; and as independently.

Tnicro [

Ticro [

m
L

Tmacro [~ Timacro

R/L R/Lc
(a) (b)

Figure 9: (Relaxed micromorphic model) Response of the relaxed micromorphic model while varying
(a) the curvature parameter a; having az = 20 and (b) the curvature parameter as having a; = 20. The
values of the other parameters are =1, g = 1/5, pte = 1, fmicro = 1/9, R = 1.

The parametric study represented in Fig. 9 has not been carried out for the limit a; — 0 and az — 0
since we would have had an indeterminate form for L. — oo, and that is why we used the symbol ~ 0. The
solution of the problem while having as = 0 a priori is analyzed carefully in Section 4.1.2, and the solution
of the problem while having a; = 0 a priori make the relaxed model collapse into a classical linear elastic
model with torsional stiffness T,.....

4.2 Finite element simulations

Using finite element analysis as a tool of comparison, in this section we will
i) test the validity of the solution in terms of the hypothesis of small deformations (i.e., small twist rate);
ii) discuss the validity of the St.Venant principle for the relaxed micromorphic model.

In this analysis we take a finite-size cylindrical rod and we apply opposite and equal finite-rotation at
both of its ends (z = £L/2). Accordingly, the boundary conditions are

cos £®@ sin £ 0 T T
u(z==2L/2)=| —sind+® cos+O® 0 z2 | —| =2 |, (52)
0 0 1 L L
—Py P10 sin +0© cost® -1 0
Pz==4L/2)xeg=| =Py Py 0 | =] 1—cos+® sin +0© 0 | =Du(z==+L/2) x ey,
—P3; P31 O 0 0 0

where P(z) x e; = Du(z) x ey are the consistent boundary conditions on the tangential part for the
micro-distortion tensor P.

14



(a)

(b)

Figure 10: (a) boundary conditions scheme for a cylindrical rod of length L = 10 and radius R = 1; (b)
deformed rod from the finite-element simulation on which it is mapped how the component of the gradient
of the displacement u; 3 changes.

In Fig. 11 it is possible to see how the non identically zero components of the micro-distortion P vary
across the diameter aligned to the zj-axis (¢ = 7/2) of the cross-section placed in the middle of the
cylindrical rod (z = 0). We chose the middle section in order to study the solution far away enough from
the disturbance region on which the boundary conditions have been applied. The values of the components
of P of Fig. 11 (twist rate ¥ = m/50) are perfectly in agreement with the analytical solution, confirming
the validity of the small-deformation solution obtained in Section 4.

1.of ' ' 7] y y " "
9== 0.06F 4% ]
50 50
0.04fF ]
05} ]
0.02F ]
P 00 Piz 0.0
—-0.02f ]
05} ]
—-0.04f ]
1ol 1 —o.oe-l . . k
-1.0 -05 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
PR p/R
(a) (b)
1.0[ ' i 7 . ’ . i
9== 0.015 s,
50
0.010
05} ]
0.005
Py 0.0 P31 0.000
—0.005
05} ]
-0.010
-1.0} i —0.015-‘ ‘ ‘ Q
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
PR pIR
(c) (d)

Figure 11: Plots of the components (a) Pia, (b) P13, (¢) P, and (d) P3; of the micro-distortion tensor P
at the cross-section z = (0. The purple line corresponds to L., = 0, the gray one to L. = 1, and the green
one to L, = oo. The values of the other parameters used are p = 1, e = 1, ple = 1, fhiero = 1, a1 = 1,
a3 =1, R=1, 9 ==/50, L = 10.

Furthermore, in Fig. 12 we show how the solution obtained while applying consistent boundary conditions
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converges to the one obtained analytically in a distance from the boundary which is more or less between
one radius and one diameter. This is the pinnacle expression of the Saint Venant principle: we have applied
not only a finite-rotation instead of a linearized one, but we have also used consistent boundary conditions
for P which we know are different from the correct values that the tangential part of P should have, and
we obtained nevertheless the analytical linearized solution after a rather small boundary layer.

We describe in particular the component P3; (other than the component P;3) since, due to the consistent
boundary conditions, it is forced to start from zero at the lateral boundary. In Fig. 12 we plot this component
which are evaluated for the length of the rod on the external surface (¢ = 7/2 and r = R).

—-0.03 ¢ 0.015 2

ol

(=]
XX X

3

1

~0.04}x 0010l ;

¥ X
P13 _0.05 Par ; x
0.005 - i
-0.06 §
A— I
0.000 -

-0.07 [, p
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 12: (a) Plot of how the component Py3; (b) and Pj; vary along a line on the external boundary
(¢ = 7/2 and r = R): the solid lines are the analytical solution while the marker are the numerical values
obtained thanks to a finite-element analysis. The purple line has been obtained for L, = 0, the gray one for
L. =1, and the green one for L. = co. The values of the other parameters used are p =1, p. =1, pe = 1,
Lmiero = 1, a1 =1, a3 =1, R=1, ¢ = /2. As it can be seen, the solution does not converge stably and
not perfectly symmetrically (the mesh is not symmetric) to the analytical one, but nevertheless it converges
rapidly.

In Fig. 13 is reported how the component P35 vary on the cross section centered in the origin of the
reference system (z = 0).

107 : . ! - 1oF .
Pz P13
0.045 [ ' 0.045
0.035 r ] 0.035
05- , 05+ i
0.025 3 , 0.025
0.015 L i 0.015
0.005 4 00- | 00~ ] 0.005
~0.005 4 [ -0.005
-0.0154 r -0.015
—0.025 1 —05- B -0.025
-0.035 -0.035
-0.045 L -0.045

-1.0-, B

-1.0 -0.5 ‘ ‘ 0.0 ‘ 0.5 o 1.0 1.0

Figure 13: Plots of the component P;3 across the section placed at z = 0 obtained (a) analytically and
(b) with the finite-element analysis. The two results are in perfect agreement. The values of the other
parameters used are =1, ic =1, tie = 1, flmico =1, a1 =1, a3=1, R=1, p =7/2, L. = 1.

The implications of this results are of great value in the context of the identification of the elastic material
parameters: it is clear how to apply consistent boundary conditions on a real sample in a laboratory (Dirichlet
hard), and thanks to this results, we now know that our analytical solution is taking place far away enough
from the boundary layer.
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5 'Torsional problem for the isotropic micro-stretch model in dis-
location format

In the micro-stretch model in dislocation format [10, 31, 49, 52, 65], contrary to the relaxed micromorphic
model, the micro-distortion tensor is devoid from the deviatoric component devsym P =0 < P = A+ w1,

A € 50(3), w € R. The expression of the strain energy for this model in dislocation format can be written
as [49]:

W (Du, A,w, Curl (A —wl))
e 9
= Umacro ||d€V Sym Du||2 + %trQ (Du — wl) + p. ||skew (Du — A)H2 + 3 Foanioro W2 (53)

L2
+ % (a1 ||dev sym Curl A||® + ay [|skew Curl (A +w1)||* + % tr? (Curl A)) ,

since Curl (wl) € s0(3). The equilibrium equations, in the absence of body forces, are then
0=

Div [2macro devsym Du + ketr (Du — wl) 1 + 2p. skew (Du — A)] =0,
2u. skew (Du — A)

—p L skew Curl (al devsym Curl A + ag skew Curl (A + wl) + % tr (Curl A) 1 ) =0, (54)
1 | 2hmacro dev sym Du
FEetr (Du — wl) 1 — Kyjerotr (W) 1 — ,uLg ag Curl skew Curl (wl + A)} =0.

The boundary conditions at the free surface are

t(r=R)=0(r)- e, = Ogs,
n(r = R) = skew (m(r) - € - e,) = skew (m(r) x e,) = Ogaxs , (55)
Y(r=R)= %tr (m(r)-e-e.) = étr (m(r) xe.)=0.

According with the reference system shown in Fig. 1, the ansatz for the displacement and micro-distortion
fields is

—xa(7, ) T3(2)

u(xy, e, x3) = u(r,p,2z) =9 xl(r,goo)mg(z) , w=0,
9 0 —ng(z) *gp(r) x2(r7 (P)
A(xy,x0,23) = Alr,p,2) = 5 2x3(z) 0 gp(r) z1(r, ) . (56)
gp(r)2(r,0)  —gp(r) z1(r, ¢) 0

Since the ansatz requires w = 0, the micro-stretch model coincides with the Cosserat model which will be
presented in the next section.

6 Torsional problem for the isotropic Cosserat continuum

The strain energy for the isotropic Cosserat continuum in dislocation tensor format (curvature expressed in

term of CurlA) can be written as [8, 29, 30, 45, 50, 60, 61, 64]

W (Du, A, Curl A) = ptracro

Amac
lsym Dul|® + “ete (Du) + pe [|skew (Du — A)|? (57)

2

L
+ MQC (a1 |devsym Curl A||> + a5 ||skew Curl A|*> + %tr2 (CurlA)) )

where A € s0(3). It is underlined that for the ansatz (61), which will be presented later in this section,
it holds that skew (Curl A) = 0 (see calculation (39)3). The equilibrium equations, in the absence of body
forces, are therefore the following
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o
Div [2macro SYM DU + Apacrott (Du) 1 4 24, skew (Du — A))

=0,
241 skew (Du — A) — pu L? skew Curl (a1 devsym Curl A + (%3 tr (Curl A) 1 ) =0. (58)
The boundary conditions at the free surface are
tr=R)=5(r) e, = Ogs, (59)
n(r = R) = skew (m(r) - € - e,) = skew (m(r) X e,) = Ogaxs ,
where the second order moment stress tensor is now given by
m = puL? <a1 devsym Curl A + % tr (Curl A) IL) , (60)

the expression of & is in (58), e, is the radial unit vector, and € is the Levi-Civita tensor.
According to the reference system shown in Fig. 1, the ansatz for the displacement field and the micro-
rotation is

—x2(r, ) x3(2)
u(zy, 22, 23) = u(r,@,z) =9 x1(r, @) x3(2) ,

0
0 —2x3(2) —gp(r) z2(r, @)
Az, w9,13) = Alrp.2) = 5 2x3(2) 0 gp(r)za(re) |, (61)
gp(r)a2(r, o)  —gp(r)zi(r, o) 0

where, in relation to the ansatz (38), we define g,(r) := ¢1(r) + g2(r), so that there is only one unknown
function to be determined. Substituting the ansatz (61) in (58) the 6 equilibrium equations are equivalent
to

éﬁ sin ¢ (61 pe(gp(r) — 1) — p L2 (a1 + 2as) (3g,,(r) + 795 (r))) =0, (62)
%19 oS (6r pe(gp(r) — 1) — wL? (a1 + 2a3) (39;,(7‘) + rg;,’(r))) =0.

It is important to underline that (58); is identically satisfied, and that between the two equilibrium equations
(62) there is only one independent equation since (62); = tan ¢ (62)2. The solution of (62) is

iAL (5E) Ay (—iph
n#) snCe) T

where I, (+) is the modified Bessel function of the first kind, Y,, (+) is the Bessel function of the second kind
(see appendix B for the formal definitions), and A;, Ay are integration constants.

The value of A; is determined from to the boundary conditions (59), where, due to the divergent
behaviour of the Bessel function of the second kind at r = 0, we have to set Ay = 0 in order to have a
continuous solution. The fulfilment of the boundary conditions (59) allows us to find the expressions of the
integration constants

gp(r) = 1—

R L 2 4as —
iRL. B RN

fiRz (Io (RLJ:l>+12 (RT’:I))—F,ZQLCA (i{l) 7 3a; 3ay

The classical torque, the higher-order torque, and energy (per unit length dz) expressions are

Ay =

2m R
Mc(9) ::/ / [(Eez,ew)r}rdrdgo
o Jo
oty (B)

h <2f1 z1 1y (RTJ?) + (20 —221) 1 <RLf1> %)

= Mmacro + IP ".9 = TC "_9 3
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2m R
Mm(9) ::/ skew (m x e;)e,, e.) — (skew(m x ez)er,eSD)} rdrde
0 0

2p 3al Jiz11o (R{I) % —2(a1 —az) I ( LJZI) =5
6f121 1o (Rf1> -3 (RT’?) %

) 1,9 =Tn?, (65)

27
Wiot (9 / / W (Du, A, CurlA) rdrde

2
4”(1 12 (RL{l> %

1
=3 HPmacro T i - TAYA
fi2fiz0do (7 + (22— 221) 1 ) &
3
nsopnho (B2) & -2a—aln (B2) &),
+ 1,9
6f12110( )—3[ (RL—{I)%
1
=_ Ty ¥>.
2 w

The validity of (65)s for Mm will be shown in the Appendix C. The plot of the torsional stiffness for the
classical torque (light blue), the higher-order torque (red), and the torque energy (green) while varying L.
is shown in Fig. 14.

Tmicro N~ ‘T _____________________________
Coss
Ty T=—
=
:;] T{Velax ;3
Tmacro
O ‘ ‘ I Tmacro ____________________________
0 2.5 5 0 2.5 5

R/L, R/Lc
(a) (b)

Figure 14: (a)(Cosserat model with full curvature) Torsional stiffness for the classical torque T¢, the
higher-order torque Tm, and the torque energy Tw while varying L.. The torsional stiffness is unbounded
as Lo — oo (R — 0). (b)(Cosserat model with full curvature vs relaxed micromorphic model)
Torsional stiffness for the torque energy (Tw) while varying L.. Observe that the torsional stiffness remains

bounded for the relaxed micromorphic model while it blows up for the Cosserat model as L. — oo (R — 0).
Lrel'mx

\/5
The values of the parameters used are: g = 1, e = 1/2, fhmaero = 1/14; fhiero = 2 (just for the relaxed

micromorphic model), a; =1/5, a3 =1/7, R = 1.

For best comparison, the characteristic length scale of the Cosserat model has been chosen L% =

6.1 Cosserat conformal curvature case - bounded stiffness in torsion

In the particular case for which the parameter a3 is equal to zero the elastic energy turns into

W (Du, A, Curl A) = finaero

Amacro
jsym D + 2222 0? (Du) + e [skew (Du — A)| (66)

plL?

+ ¢ a1 ||devsym Curl A|?

2
In terms of ¢ = axl(A), the curvature energy can be written as “2LC a1 ||[devsym D axl (A)|* which is the
conformal curvature case [51]. In this special case, the torsional stiffness remains bounded as L. — oo

(R — 0), namely T = (94ic + flmacro) Ip, Which is consistent with the results in (51).
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Tmacro
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R/L,

Figure 15: (Cosserat model with conformal curvature) Torsional stiffness for the classical torque T,
the higher-order torque Ty, and the torque energy Tw while varying L.. The torsional stiffness is bounded
as L. — oo (R — 0). The values of the parameters used are: u =1, e = 1/2, fpaero = 1/2, a1 =5, R=1.
Here, the Cosserat couple modulus g, is clearly related to the value of the stiffness for small specimen size.

6.2 Cosserat limit case p. — oo (indeterminate couple stress model)

L? L?
lim Mc(d9) = [,umam +aip C} I,9="Tc9, lim Mm(9) = 2a1 4 ==

e —00 R2 o =2 I,9=TmY, (67)

2

. _ 1 Lc 2 _ 1 2
ngrloo WtOt(ﬁ) - 5 |:l’(‘macro + 30/1/’[’ _R2:| Ip 19 - §TW '19 .

It is highlighted that there is not a one to one correspondence between the torque obtained as a limit from the
Cosserat model (67) and the one obtained using the indeterminate couple stress model from the beginning

(78), but of course the energy (or the sum of the two torques) coincides and thus the total torque stiffness
Tw coincides as well.

Te

3 Ty —— 3
& Tw &
= =

Tiacro Tmacro [ \

0 I ; I O"_"_____'_'____‘__'________'___‘_ _____

0 25 5 0 25 5
R/L. R/L,

Figure 16: (Cosserat model vs indeterminate couple stress model) Comparison of the torsional
stiffness for the classical torque T¢, the higher-order torque T, and the torque energy Tw while varying L.
for (a) the Cosserat model with . — oo and for (b) the indeterminate couple stress model. There is not a
one to one correspondence between the respective torque but the energy coincides.

6.3 Cosserat limit case p. — 0.

. . 24/1 ajas L2
1 M, = 1,9 =T 1 M = ———=19=T
u:glo 6(19) Hmacrolp ¥ c?, uclglo m(ﬁ) a1 + 8az R? PR md, (68)
. 1 24y a1a3 L2 5 1 9
1 Wiot(9) = = |fhnacro + ———— == | [, 9° = —Tw 9°.
,uclglo tot (?) 2 a + a; +8az R2| " 27V
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It is highlighted that the Cosserat model does not collapse into a classical linear elastic model for p. — 0,
but it remains proportional to (L./R)? eq.(68). In this case, the Cosserat model behaves similarly to the
indeterminate couple stress model eq.(67) or eq.(78), and it collapses into this model (both the energy and
the torques) by formally letting as — oo as it can be seen from equations (67) and (68).

Tc
T e e
Tw 3 s
Tmacr()i \
0"_______________T______________T ______ Tmacro [
0 25 5 0 2.5 5
R/L, R/Lc

Figure 17: (Cosserat model) (a) Torsional stiffness for the classical torque T¢, the higher-order torque
T, and the torque energy Tw while varying L. for the limit g, — 0. The model does not collapse into
a classical linear elastic one. The values of the material parameter used are y = 1, p. = 1/10, a; = 1/5,
a3 =1/7, R =1. (b) Sensitivity study on how the Cosserat model behaves while varying p. = {0,1/3,1,00}:
for p. — oo we recover the indeterminate couple stress model, while for p. — 0 we still have a non linear
relation between Tw and R/ L. since a classical linear elastic model is not attained (see eq.(68)). The values
of the material parameter used are p =1, po = 1/10, a1 = 12, a3 = 1/20, R = 1.

6.4 Sensitivity of the Cosserat model with respect to the curvature parameters
aq and as.

Here, we study the sensitivity for the Cosserat model while varying a; and a3 independently.

o, \
oo
a
a & 3 5
L ~0
Tmacro [~ ~0 ! 1 Tinacro fm=====m====—c—— - oo
0 2.5 5 0 2.5 5

R/L, R/L¢

(a) (b)

Figure 18: (Cosserat model) Response of the Cosserat model while varying (a) the curvature parameter
a; having ag = 20 and (b) the curvature parameter as having a; = 20. The values of the other parameters
are =1, e = 1/5, fhyaeeo = 1/10, R = 1.

The parametric study represented in Fig. 18 has not been carried out for the limit a; — 0 and az — 0
since we would have had an indeterminate form for L. — oo, and that is why we used the symbol ~ 0.
The solution of the problem while having a3 = 0 a priori is analyzed carefully in Section 6.1, and the
solution of the problem while having a; = 0 a priori makes the relaxed micromorphic model collapse into
a classical linear elastic model with torsional stiffness T,,,,.,,. It is also highlighted that the Cosserat model
collapses into the indeterminate couple stress model for ag — oo also in this more general case for which g,
is arbitrary.
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7 Torsional problem for the isotropic micro-void model in dislo-
cation tensor format

The strain energy for the isotropic micro-void continuum in dislocation tensor format can be written as

9, 60
W (Du,w, Curl (wl)) = tmacro

|dev sym Du||® + %t# (Du — wl) + %u? (wl) (69)

L2
+ “2 ¢ ay ||Curl (wl)| .

Here, w : R? — R is the additional scalar micro-void degree of freedom [9]. The equilibrium equations, in
the absence of body forces, are3

0=

Div [2macro devsym Du + ketr (Du — wl) 1] = 0, (70)

1
gtr [5 — FomierotT (W) 1 — g L? ag Curl Curl (w]l)] =0.

The boundary conditions at the free surface are

tir=R)=o0(r) e, =0gs, (71)

n(r=R)= %tr (m(r)-e-e) = %tr (m(r) xe;)=0.

According with the reference system shown in Fig. 1, the ansatz for the displacement field and the function
w have to be

—T2X3 0 0 0
’U,(.Il,ZCQ) = T X3 3 w (172) 1= 0 0 O (72)
0 0 0 O

which clearly reduce the model to a classical linear elastic one. No further calculation will be carried on and
the reader is referred to Section 3.

8 Torsional problem for the isotropic couple stress continuum

The indeterminate couple stress model [19, 22, 32, 48, 55, 68, 69] appears by letting formally the Cosserat
couple modulus . — oco. This implies the constraint A = skew Du € s0(3). It is highlighted that for the
torsional problem, we do not have any unknown fields in this model since the displacement u is known a

. . 4
priori.
Since tr(Curlskew Du) = ||skew Curl skew Du||* = 0 in terms of the ansatz (77), the indeterminate couple
stress elastic energy for the torsion can be written as
2 Amacro 2 /J LE 2
W (Du, Curl skew Du) = piacro ||[Sym Du||” + Ttr (Du) + 5 a1 [sym Curl skew Dul|” . (73)
The equilibrium equations, in the absence of body forces, are®
Div [2umacrosym D + Apacrott (Du) 1 4 p L2 skew Curl (a; devsym Curl skew Du )] =0, (74)

while the (highly non-trivial) boundary traction conditions on the free surface are (for more details see
22, 48))

~ 1 1
tir=R)=+ { (a’ - §Ant1 (DlV’ﬂ’L)) er e X D[(e,,symm - e,)]

—%D[Anti ((]l—er®er)-m-er)~(Il—er®e,«)]:(Il—er®er)}:0, (75)
(1-e,®e) nr=R)=x(L—-e,Re,) Anti[(L—e, Re,) - m-e,;] e, =0,
w(r=R)=+ (Anti[(]lfer®er)om~er]+fAnti[(lfer®er)om~eT]_) e, =0,

3Where k. = % and Kmicro = m are the meso- and the micro-scale 3D bulk modulus.
4Since we can show that the classical torsion displacement solution satisfies the external balance equation (74) as well as the higher
order traction boundary conditions (75).

5Using Nye’s formula [19] Curl A = tr [(D axlA)T] — (Daxl1A)7T for A € s0(3) we can rewrite Curl skew Du = — (D axl (skew Du))? =

1D curlw, since tr (Curl skew Du) = 0.
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where o = 2 e sym Du + A, tr (Du) 1 is the symmetric force stress tensor, e, is the radial unit vector, and
the non-symmetric second order moment stress is

m = p L? (a; devsym Curl skew Du + ay skew Curl skew Du) . (76)

The term (Anti[(1 —e, ® e,) -m-e,]" —Anti[(1 — e, ® e,) - m - e,;]") is the measure of the discontinuity
of Anti[(1 — e, ® e,) - m - e, across the boundary.

According to the reference system shown in Fig. 1, the ansatz for the displacement field and consequently
the skew-symmetric part of the gradient of the displacement are

—T2 T3 0 —2xr3 —x9
U(J?l, 1‘2) = xr1 X3 = skew Du = 5 2x3 0 1 . (77)
0 i) —T1 0

Since the ansatz is completely known, it is possible to check that both the equilibrium equations (74) and the
boundary conditions (75) are identically satisfied®, and it is possible then to evaluate directly the classical
torque, the higher-order torque, and the energy.

The classical torque, the higher-order torque, and energy (per unit length dz) expressions are

2m R
Mc(9) ::/O /0 [(E’ ez,e@>r]rdrd¢ =pl, 9 =19,

2m R
Mm(9) ::/O /0 [((m xe) ey e)—{((mxe;)ere,) +((mxe)e,e,)—{((mxe,) ez,e(p}} rdrde
=3G1M%Ipﬁ=Tmﬂ, (78)

L? 1

27 R
1
Wiot (9) ::/O /0 W (Du, Curl skew Du) rdrde = 3 Iimacro + 301 14 R—; 1, 9 = 3 Tw 9.

The plot of the torsional stiffness for the classical torque, the higher-order torque, and the torque energy
while varying L. is shown in Fig. 19.

Te
Ty e -
Ty —— B
Tmacro \
et ol B S M
0 2.5 5

R/L.

Figure 19: (Indeterminate couple stress model) Torsional stiffness for the classical torque T¢, the
higher-order torque T, and the torque energy Tyw while varying L.. The torsional stiffness is unbounded
as L. — oo (R — 0). The values of the parameters used are: =1, y. =1/3, a1 =1/5, R =1.

8.1 Torsional problem for the modified and the “pseudo”-consistent isotropic
couple stress model

The modified couple stress model [19, 41, 43, 48, 54] consists in choosing a; > 0, az = 0 and leads to a
symmetric couple stress tensor while the (“pseudo”)-consistent couple stress model [21] appears for
a; = 0, ag > 0 and leads to a skew symmetric stress tensor m.

6In Hadjesfandiari and Dargush [22] the discussion of higher traction boundary conditions seems to be missing some terms in (75),
letting the authors erroneously conclude that the classical displacement pure torsion solution does not satisfy the higher order
boundary conditions.
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Since tr(Curl skew Du) = ||skew Curl skew Du|® = 0, the term ||dev sym Curl skew Du|? is the only non
zero component in the curvature energy, the form of the energy remains the same. This implies that, for the
torsion problem, the modified couple stress model coincides with the indeterminate couple stress
model, and that the (“pseudo”)-consistent couple stress model reduces to a classical linear elastic
model without size-effects. According to the notation [21], the constitutive law can be written as”

T = 2lyacro SYM DU + Ao tr (Du) 1, m=n(D curlu)T +n'Dcurlu. (79)
where according to the classical Cosserat notation (see Appendix C)

Lz a; — ag Lg a1 + as

n=p3= Pomaero 5 — 5 1 n == Hanacro 5

(80)

In this notation, the modified couple stress model appears for n = r’ and the “pseudo”-consistent couple

stress model appears for n = —7/'.

9 Torsional problem for the classical isotropic micromorphic con-
tinuum without mixed terms

The strain energy for the isotropic micromorphic continuum without mixed terms ({(sym P,sym (Du — P)),
etc.) and simplified isotropic curvature can be written as

W (Du, P,DP) = i, ||dev sym (Du — P)|> + %u«? (Du — P) + p, ||skew (Du — P)||> (81)

+ e [[dev sym P + 22220 (P)

L2 2
+ 5 <a1 ID (devsym P)|[* + az [|ID (skew P)|* + 5 as D (tx (P) ]1>||2)> .

The equilibrium equations, in the absence of body forces, are the following

o=
Div [2u. devsym (Du — P) + kctr (Du — P) 1 + 2u. skew (Du — P)] =0,
0 — 2fmiero devsym P — K, tr (P) 1 (82)

2
+uL? [al devsym AP + asskew AP + g s tr (AP) ]l] =0,

where AP € R3*3 is taken component-wise. The boundary conditions at the external surfaces are
tir=R)=o0(r) e, =0Ogs, n(r=R) =m(r) - e, = Ogsxs, (83)

where )
m=pul? {al D (devsym P) + ay D (skew P) + g3 D (tr (S) ]l)] (84)

is the third order moment stress tensor, the expression of & is given in (82), and e, is the radial unit
vector. According with the reference system shown in Fig. 1, the ansatz for the displacement field and the
micro-distortion is

u(y, w9, w3) = ulrp,z) =9 | zi(rp)as(z) |,

0
0 —x3(2) —g2(r) 22(7, )
P(xy,29,23) = P(r,p,2) =9 x3(2) 0 g2(r) 21 (r, ) . (85)
g1(r) za(r,0)  —g1(r) z1(r, ) 0

7Setting a1 fmacro Li = 8n we obtain the rigidity as Tw = %Wtot('ﬂ) = Umacro (1 + 24Hm"m ﬁ) I,. In (44) of Hadjesfan-

diari and Dargush [22] we have the relation 2 = L while in (55) we have the formula Tw = fmacro (1 + 24 (%)2) I, =

Hmacro
_n 1
Hmacro (1 +24 Amacro R2) Ip.
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Substituting the ansatz (85) in (82) the 12 equilibrium equations are equivalent to

5950 (p (42 (a1 — a2)g1 (p) — (a1 + 42)g(9) + 20eln(9) + 92(p) 1)
=2 (e + fmicro) (91(0) = 92(p)) = 2p1¢) + 3pLZ (a1 — az)g1(p) — (a1 + a2)ga(p))) =0,

%19 cos ¢ (p (nLZ (a2 — a1)gy (p) + (a1 + a2)g5 (p)) — 2ue(g1(p) + g2(p) — 1)

+2 (He + Humiero) (91(0) = 92(p)) + 2p1e) + 3uL? (a2 — a1)gi(p) + (a1 + a2)g5(p))) =0, (86)

%19 sing (p (nLZ (a1 + a2)gy (p) + (a2 — a1)g5 (p)) — 2 (ne(91(p) + g2(p) — 1)
+ (fte + fiero) (91(p) = 92(p))) = 2p1e) + 3L ((a1 + a2)g} (p) + (a2 — ar)gs(p))) =0,

%0608 ¢ (p (LLZ (a1 — a2)g5 (p) — (a1 + a2)g{ (p)) + 2 (ue(g1(p) + g2(p) — 1)
+ (e F Husero) (91(P) — 92(0))) + 201¢) + 3pL2 (a1 — az)gh(p) — (a1 + az)gi(p))) = 0.

It is important to underline that (82) is identically satisfied, and that between the four equilibrium equations
(86) there are only two that are linearly independent since: (86); = tan (86)2 and (86)3 = tan¢ (86)4.

It is also pointed out that the two remaining linearly independent equations (86); 3 can be uncoupled®
and have the form of the Bessel ODE if we take their sum and difference, while being careful of substituting
gp(r) = g1(r) + g2(r) and g¢,,,(r) == g1(r) — g2(r) along with their derivatives:

Ising (a1pL2 (395, (p) + p g (p)) — 201 (gm (p) + 1) = 29 G (P) frnsero) = 0, (87)
Isin @ (20 pe(gp(p) — 1) — azpL? (3g,(p) + p gy (p))) = 0.

_ gp(r)=gm(r)

Since g1 (r) = M and go(r) = #==5""= the solution in terms of g;(r) and g(r) of (87) is
1 i (52) = Apvi (=i ) +iBi L (52) - Baa (i)
. e
il r e+ Haniero |
(o () s ) o () e ()
el =5\ r T tu , (88)
e micro
— e — 2(Me + /‘l‘micro)
fl = 0,2/.1/, f2 = aL

where I, (+) is the modified Bessel function of the first kind, Y,, (-) is the Bessel function of the second kind
(see appendix B for the formal definitions), and Ay, By, A2, By are integration constants.

The values of Ay, By are determined thanks to the boundary conditions (83), while, due to the divergent
behaviour of the Bessel function of the second kind at r = 0, we have to set Ao = 0 and Bs = 0 in order to
have a continuous solution. The fulfilment of the boundary conditions (83) allows us to find the expressions
of the integration constants

2Z.LL[L6 2Z'Lc

A= ’ By = — . (89)
folpe ) (10 (52) 22 (£2)) (o () + 1 (52))
The classical torque, the higher-order torque, and energy (per unit length dz) expressions are
2m R
Mc(9) ::/ / {(5’ e, e@r} rdrde
o Jo
s () i () g
= + Lo o _Helmicro 1,9

2
P20 (B0) 4+ 121 (B8) (e + puse) (310 (B4

=Tc9,

) + f2212 (RfZ )) R2 ,U/e + Mmicro

27 Lg
) :/0 /0 ((me;)e,, e) —((me,) er,e¢>] rdrde = 4a2,uﬁfp19 =Tm9,

8That this uncoupling takes place at all seems to be connected to the chosen form of the curvature energy. It remains unclear at
present whether this feature holds for the most general isotropic curvature expression as well.
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2m R
Wiot (9) ::/0 /0 W (Du, P,DP) rdrdy

1 8picla (RLJ:I) 8uzl (RL{2> L2
2|\ 72/ (EA AN 57 (Rf2 51 (Rb R (90)
filo (Tc) + filz (TC) (He + Hmiero) (leo ( I. ) + f31s (ﬁ))
[he omicro L2 5 1 2
— 14 — | [, 9" = =-Tw9
+ I’I‘E + Mmicro + GQMRQ P 2 W ’
————
Hmacro
and again it holds,
d d?

—Wiot (9) = Mc(9) + Mm(9) , —Wiot(9) =Te + Tm = Tw . (91)

do9 dy?

It is underlined that the boundary conditions for the micromorphic model are consistent with the relaxed
micromorphic model’s one, being careful of changing m e, with m xe,. The plot of the torsional stiffness for
the classical torque (light blue), the higher-order torque (red), and the torque energy (green) while varying
L. is shown in Fig. 20.

L?IL/ Mll ’ J._L

Tmacro

0

R/L;

Figure 20: (Micromorphic model, classical case) Torsional stiffness for the classical torque T¢, the higher-
order torque T, and the torque energy Ty while varying L.. The torsional stiffness is unbounded as
L. - oo (R — 0). The values of the parameters used are: p = 1, e = 1/3, fhmiero = 1/4, e = 1/5,
a; = 1/5, as = 1/6, R=1.
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9.1 Limits

9.1.1 The classical micromorphic model with symmetric forces stresses (u. — 0): nothing
special

My/ W 40
T YL UL

Tmacro

R/Lc

Figure 21: (Micromorphic model) Torsional stiffness for the torque energy while varying L., for different
values of p. = {0,1/30,1/10,1/5,1,00}. The torsional stiffness remains bounded as L. — oo (R — 0) and
the model does not collapse in a linear elastic one. The values of the other parameters used are: u = 1,
te = 1/3, fmicro = 1/4, a1 =2, a3 = 1/20, R = 1.

9.1.2 The classical micromorphic model with reduced curvature energy (as; = 0)

The classical micromorphic model with reduced curvature energy (az = 0) collapses into the micro-strain
model (Section 10 with symP) thus becoming independent with respect to the Cosserat couple modulus g,
(see (47) for the different stiffnesses expressions).

T,

mll ml' lDl

Tmacro

R/L.

Figure 22: (Micromorphic model) Torsional stiffness for the torque energy while varying L., for different
values of p. = {0,1/30,1/10,1/5,1,00}. The torsional stiffness remains bounded as L. — oo (R — 0) and
the model does not collapse in a linear elastic one. The values of the other parameters used are: u = 1,
te = 1/3, thmieo = 1/4, a1 = 2, a3 = 1/20, R = 1. In this case, the stiffness for arbitrary small sample size
is governed by T, and not T,,.... The reason for this is explained in Appendix D.

10 Torsional problem for the micro-strain model without mixed
terms

The micro-strain model [13, 25] is a particular case of the classical Mindlin-Eringen model, in which it is
assumed a priori that the micro-distortion remains symmetric, P = S € Sym(3). °

A torsion solution for a more general case with mixed terms has been derived in [24], but here we employ
a reduced isotropic curvature expression to make the calculations more manageable.

9Shaat [66] uses the micro-strain model with mixed terms and a degenerate curvature expression in DS, omitting S11,1, S22,2, and
S33,3-
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It is underlined that the micro-strain model cannot be obtained as a limit case of the relaxed micro-
morphic model and vice versa, although there are some similarities. The strain energy which we consider
is

W (Du, S,DS) = i ||dev (sym Du — S) | + %tr2 (Du — S) + fmicro

|dev S|% + “2 2 (S)  (92)

L? 2
+ ,u2c (a1 ||D(devS)||2 + g |D (tr (S) ]l)||2> .

The chosen 2-parameter curvature expression represents a simplified isotropic curvature (the full isotropic
curvature for the micro-strain model would still counts 8 parameters [5]). In this form, the micro-strain
model can be obtained from the classical micromorphic model (Section 9), in general, by setting . = 0 and
as = 0. For the torsion problem, the condition as = 0 alone is sufficient.

Tt is underlined that for the ansatz (96), which will be presented later in this section, it holds tr (S) = 0.
The equilibrium equations, in the absence of body forces, are therefore the following

0=

Div [2pe dev (symDu — S) + k. tr (Du — S) 1] = 0,
2uedev (symDu — S) + ke tr (Du — S) L — 21000 A€V S — Kpiero t1(S) 1 (93)

+ p L? sym Div {alD(devS) + gagD(tr(S) 1)| =0.

The boundary conditions at the external free surfaces are
tr=R)=0o(r) e, = Ops, n(r = R) =sym (m(r) - e,) = Ogsxs, (94)
where

— uL? |a; D (dev S) + %ag, D (tr (S) 1)} (95)

is the third order moment stress tensor, the expression of & is in (93), e, is the radial unit vector. According
with the reference system shown in Fig. 1, the ansatz for the displacement field and the micro-distortion is

—xa(1, ) T3(2)

U(T,(p,Z) =9 1‘1(7’,500)1’3(2’) ’ (96)
9 0 0 gm (1) T2(7, )
S(T,QP,Z) = 5 0 0 7gm(r) xl(’r? 90) )
gm(r) 22(r, ) —gm(r) 21(r, ) 0

where, in relation to the ansatz (38), g (r) = g1(r) — g2(r). Substituting the ansatz (96) in (93) the 9
equilibrium equation are equivalent to

1.
FUsing (a1 L2 39y, (1) + 1 g (1) = 27 e (g (1) + 1) = 27 g (1) fanicro) =0, (97)

1
—g¥cosy (a1 L2 (3, (r) + 7 g (1)) = 27 pie(gm (r) + 1) = 27 g (1) fhuniero) = 0.

Between the two equilibrium equations (97) there is only one independent equation since
(97)1 = —tany (97)2. The solution of (97) is
2(,“6 + ,u’micro)

AYq ( ”]:1> — AL (Tﬁ) Lhe
- : =y ——=, (%)
r He + Hmicro ap

Im () =

where I, (+) is the modified Bessel function of the first kind, Yy, () is the Bessel function of the second kind
(see appendix B for the formal definitions), and A;, Ay are integration constants.

The value of A; is determined thanks to the boundary conditions (94), while, due to the divergent
behaviour of the Bessel function of the second kind at r = 0, we have to set A = 0 in order to have a
continuous solution. The fulfilment of the boundary conditions (94) allows us to find the expressions of the
integration constants

21 L. He
I (Rf1> + 1 (Rfl) fl(,ue Jr,ufmicro) ’

A = (99)
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The classical torque, the higher-order torque, and the energy (per unit length dz) expressions are

Mc(9) = /:Tr /OR [(5’ ez,e@r}rdrdap

L in(38)
_ | _He Pmicro 4 He a1 I,9 =19,

He T Hmicro (e + Mm;cm)Q I (Rfl) + I, ( ) R?

5
&
I

/O a /O (sym(me.)e,. e;) — (sym(me.)er. ep)| rdrdg =0, (100)

2m
Wiot (9) ::/O /0 W (Du, S,DS) rdrde

R f1
_1 He Mmicro /‘zual 45 ( ) Lg 192 = 1 Ter 192
2 |l + + Ry RA\R2| P T 27V
He T Hmicro (Me + Nmicro) Iy ( 1) + I (Tcl)
Ml}lacr(}

The plot of the torsional stiffness for the classical torque, the higher-order torque, and the torque energy
while varying L. is shown in Fig. 14. Since the higher-order torque is zero and the following relation holds

d2

d,'92WtOt() Te +Tm =Tc=Tw, (101)

dﬁWtOt( ) = Mc(9) + Mm(9) = Mc(9),

only the plot of the energy (per unit length dz) while changing L. is shown in Fig. 23

T,
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L YLL
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R/Lc

Figure 23: (Micro-strain model) Torque energy Ty while varying L.. Observe that the torsional stiffness
remains bounded as L. — oo (R — 0). The values of the parameters used are: p. = 1/3, fimiere = 1/4,
w=1, a; = 1/5. In this case, the stiffness for arbitrary small sample size is governed by T, and not T,;....

The energy of the model remains bounded, as for the shear and bending problem [60, 61], since for both
problems the higher-order moments are zero, and this does not create a conflict with the boundary condition
as L. — oo (see (47) for the different stiffnesses expressions). Note that there is no simple way to a-priori
guess that the small size torsional response is given by T, since S € Sym(3) is not easily seen to be zero.
In Appendix D we show that the variational limit for L. — oo is indeed realized by S(x) = S = 0 and this
shows that the limit stiffness is given by T..

11 Torsional problem for the second gradient continuum

The expression of the most general isotropic strain energy for the second gradient continuum is [42, 54]

W (Du, D*u) = fipacre

A
|sym Dul|® + m2 tr? (Du) (102)

+ a1 Xiik Xkjj + Q2 Xij5 Xikk + @3 Xiik Xjjk T 04 Xijk Xijk T 5 Xijk Xkji »
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8%uy,

8:Ei Bacj
strain energy with three curvature parameters

where x = D?u (Xijk = ). The expression we are going to use in the following is a simplified isotropic

Auacro
W (Dtt, D*t) = iy [[sym Dul| + =52 (Dur) (103)

2

1 (o oot [+ (o) + 2 (oo 1))

The equilibrium equation, in the absence of body forces, is
Div | 20 macro SYM DU + Apperotr (Du) 1 (104)
2
—nuL? (a1 devsym A (Du) + ag skew A (Du) + g s tr (A (Du)) ]l) } =0,

where A (Du) € R?**3 is taken component-wise. The non-trivial boundary conditions at the free surface are

tir=R)=ce,+[e,®e.):Vmle, —2[(1—e,Re,): Vm] e, (105)
+ (1 -e,@e,): Ve (e, @e,) — [(1—e,@e,) (Ve,)"]) s m = 0g,
Nir=R)=(e,®e,;):m=0ps

where, since the boundary surface is smooth, one set of boundary condition is identically satisfied (see [41, 42]
for all the details). According to the reference system shown in Fig. 1, the ansatz for the displacement field
and consequently the gradient of the displacement are

7%2 xg 19 0 72‘%3 72.%2
u(l‘l,l‘g) =9 T1 T3 = Du = 5 2%3 0 2%1 . (106)
0 0 0 0

Since the ansatz is completely known, it is possible to check that the equilibrium equation (104) and the
boundary conditions (106) are identically satisfied and it is possible to evaluate directly the classical torque,
the higher-order torque, and the energy.

The classical torque, the higher-order torque, and energy (per unit length dz) expressions are

27 R
Mec(9) 3:/0 /0 [(5‘ e., e@r}rdr d¢ = tmaero[p 9 =Tc 9,

M () = /0% /OR [((mez) ere,) — (me.) ey e) + (me,) e, e,) — (me,) ez,er>} rdrdy

L
:2,u(a1 +3a2)—clp19 =TmdY,

R2
ok 2 1 L? , 1 )
Wiot (D) ::/0 /0 w (Du, D u) rdrde = 5 Hnacro + 206(a1 + 3a2)R;} 1,9° = 3 Tw9°. (107)

The plot of the torsional stiffness for the classical torque (light blue), the higher-order torque (red), and the
torque energy (green) while varying L. is shown in Fig. 24.

1011 index notation (1 — e, @ e,.) : Vim = (8;p — NiNp) Mk p-
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Figure 24: (Second gradient model) Torsional stiffness for the classical torque T¢, the higher-order torque
Tm, and the torque energy Tw while varying L.. The torsional stiffness is unbounded as L. — oo (R — 0).
The values of the parameters used are: g =1, fpaeo = 1/4, a1 =1/5,a3 =1/6, R=1.

11.1 The strain gradient continuum as a limit of the micro-strain model

If we let e, ke — 00 in the micro-strain model, we obtain in the limit a strain gradient model with elastic
energy

W (Du, D sym Du) = fiacmo

A
|sym Dul|® + %tr2 (Du) (108)

+ /‘QL?J <a1 HD(devsymDu)Herag HD(tr (Du) ]l)”2> .

Since tr (Du) = 0 for our ansatz (14), the equilibrium equations, in the absence of body forces, are
Div | 2ftmaero SYM DU 4 Apocrotrt (Du) 1 — pL? aq devsym A (Du)} =0, (109)

where A (Du) € R3*3 is taken component-wise.

HZ.LI llll ’ Sl

Tm acro |

R/L.

Figure 25: The purplish curves show how the micro-strain model particularises to the strain gradient
model for p, — oo (the following set has been used p. = {1/3,1/2,2/3,00}). The greenish curves show
how the choice of ay = 0 guarantees the formal equivalence (which is however always substantially true)
between the second gradient model and the strain gradient model [42] (the following set has been used
as ={1/4,1/10,0}). The values of the other parameters used are: p =1, fhyaeeo = 1/7, a1 = 1/5, R = 1.
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12 Ad-hoc model containing Cosserat and micro-strain effects
Given S € Sym(3) and A € so(3), the strain energy which we consider now is

W (Du, A, S,Curl A,DS) = i, |[sym Du — S|* + %tr2 (Du — 8) + pic ||skew (Du — A)|°

+ fniers ||dev S||* + r“2‘°‘°tr2 (S) (110)

+ “52 (al Idevsym Curl A[[* + = tx? (Curl A) + a4 D (dev S)| )
since [|skew Curl A||> = ||D (skew 8)||> = ||D (tr (S) 1)||*> = 0 in terms of the ansatz (114).
The equilibrium equations, in the absence of body forces, are the following
o=
Div [2ge (symDu — S) + Ao tr (Du — S) 1 + 2, (skewDu — A)] =0,
24 skew (Du — A) — p L? skew Curl (al devsym Curl A + a—; tr (Curl A) 1 ) =0 (111)
2te (symDu — 8) + Ao tr (Du — 8) 1 — 2ftnice S — Amiero t1 (S) 1 + p L2 aysym A (devS) = 0.
The boundary conditions at the external free surfaces are
t(r=R)=5(r) e, = Ogs, (112)
n,(r = R) = skew (m(r) - € - e,) = skew (m(r) X e,) = Ogsxs ,

N,(r = R) = sym (m(r) - e,) = Ogsxs ,
where
m = puL? <a1 devsym Curl A + % tr (Curl A) IL) , (113)
m=pulLl?asD(devS),

is the second and third order moment stress tensor respectively, the expression of & is in (111), e, is the
radial unit vector. According with the reference system shown in Fig. 1, the ansatz for the displacement
field and the micro-distortion is

—xo(r, ) x3(2)

u(r,p,z) =9 x1(r, <pO) x3(2) ,
9 0 —2x3(2) —gp(r) xz2(r, @)
A(T‘, 2 ) 5 23 (Z) 0 gp<r) l‘l(T, 90) ) (114)
gp(r) z2(r,0)  —Ggp(r) 21 (1, ) 0
9 0 gm () 22(r, )
S(T, 5072) = 5 0 0 _gm(r) 331(7“, 90) )
gm(r) T2 (T’ 90) _gm(r) Z1 (T’ 90) 0

where, in relation to the ansatz (38), gm(r) == g1(r) — g2(r) and ¢,(r) == g1(r) + g2(r). Substituting the
ansatz (114) in (111) the 15 equilibrium equation are equivalent to

1 .
G 9 sin g (67 p1c(gp(r) — 1) — p L2 (a1 + 2a3) (3g,,(r) + 79, (1))

(115)

)
é'& Cos (GTNc(gp(r) - 1) - FLLE (al + 20'3) (39;0 + rgp ))
)

1.
5195111(10 (a’4 /,LL? (39’:71(70) + rg’xl(/r)) - 2T He (gm( ) + 1) - 270 gm :umlcro

1
—5¥cosy (ag W LZ (3gp, (1) + 1 gim(r) = 27 pe(gm (r) + 1) = 27 g (1) fasiero) = 0.

Between the two equilibrium equations (115) there are only two independent equation since (115); =
—tan (115)2 and (115)3 = tan (115)4. The solution of (115) is

zAlfl(Tfl) AQY( f)

6tc
1 , S P 116
gp(r) ; + r h (a1 + 2a3) (H6)
AYp ( Wf2) —iA L (TLﬁ)
c c Me 2 /er + ,umicro
gon(r) = - , fo i g 2 ¥ i) (117)
T e + Mmicro agft
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where I, (-) is the modified Bessel function of the first kind, Y, (-) is the Bessel function of the second kind
(see appendix B for the formal definitions), and Ay, As, A3, A4 are integration constants.

The values of A; and As are determined thanks to the boundary conditions (112), while, due to the
divergent behaviour of the Bessel function of the second kind at » = 0, we have to set As = A4 = 0 in
order to have a continuous solution. The fulfilment of the boundary conditions (112) allows us to find the
expressions of the integration constants

A, — ZRL o ay + 2@3

1= — 5 11— )
JiRz (Io (RLil)ﬁsz (Rfl)>+221l 11( ) 3ay

A3 = 22 Lc He 29 = 74@3 — % (118)
IO (sz) + I (%f?) f2(u€ + :umicro) ’ 3a1 ’

The classical torque, the higher-order torque, and the energy (per unit length dz) expressions are

27 R
Mc(9) ::/ / [<5ez,e¢>r}rdrdgp
o Jo
4Mc I2 (szl> %
fi <2f1 z1 Iy (12{1> + (22 —221) [ (Rfl) %)
. 2 4]2 ( ) L2
e Piero 2 04 Ll o=,
He + Mmicro (ﬂe —|—'umicro) I (sz) + 1 ( L ) R
) R micro-strain component
Mm (9) ::/ / [(sym(m e.)eg,e.) — (sym(me.)e,, e,)
o Jo

+ (skew(m x e.)e,, e,) — (skew(m X e.)e,, e@} rdrde

Cosserat component
2 3
(3ar frza o (M) o — 2 —ea) 1 (452) )
6f1 21 1o (Rfl) -3 (Rf1> Le

Tm9, (119)

Wiot (9) ::/ / (Du, A, S,Curl A,DS) rdrdy

4/’1’6 IQ (Rfl) R%

2 f1<2f121fo<Lcl)+ (22 — 221) -71( )%)
R f>

He Hmieso pi2 pag 40 | 7E; ) L?

fe + Hanicro  (fe + famiers)” ]0( fo ) s (ng) R2?

Lc

2u (3“1 frzdo (RTf) L —2(a1—ay) Ty (RLJ?
0 () 0 () &

It is highlighted that, like for the micro-strain model (Section 10), the higher order torque contribution

((me;)e,, e, is equal to zero. The plot of the torsional stiffness for the classical torque, the higher-order
torque, and the torque energy while varying L. is shown in Fig. 26. Again, it holds

o
~——
%‘o%

+

) .
Ip192:§TW192.

d d?

d,ﬁWtOt(,ﬁ) = Mc(9) + Mm(9), Wtot(’g) =Te+Tm =Tw. (120)
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Figure 26: (Ad-hoc model) Torsional stiffness for the classical torque T¢, the higher-order torque Tm, and
the torque energy Tw while varying L.. The torsional stiffness is unbounded as L. — oo (R — 0) due to the
Cosserat effects. The values of the parameters used are: =1, . =1/2, pie = 1/3, thniero = 1/4, a1 = 1/5,
as = 1/6, a4 = 1/77 R=1.

13 Summary and conclusions

We have derived the analytical expressions of the torsional rigidity for a family of generalized continua
capable of modelling size-dependence in the sense that more slender specimens are comparatively stiffer. We
only consider (simplified) isotropic expressions so as to better compare the different models with each other.
For example, a strain gradient continuum, by construction, does not have mixed energy terms. Therefore,
we omitted these terms in all models. Excluding the mixed terms like (sym Du,sym Du — P) also simplifies
considerably the investigation of positive definiteness. Indeed, all presented models are positive definite if
the usual relations

Panaero > 0y Funaero = 3 >0,
2fbmiero + 3Amic
Homiero > 0 Rmicro = % >0, (121)
24te + 3¢
Humicro > Pmacro — fe > 0, Ke = ZHhe T 92 > 0.

3

are satisfied together with individual positivity of all curvature parameters. In all cases, the displacement
follows the classical pure torsion solution. Despite the conceptual simplicity of the models, we observe
already a delicate interplay between the used kinematics and the assumed curvature energy expression.
For example, let us compare the relaxed micromorphic model with the micro-strain model (Section 10).
Both models have a similar looking lower order energy term (if the Cosserat couple modulus p. = 0), but
different kinematics and different curvature energy. For arbitrary slender specimens, the torsional stiffness
of the micro-strain model is governed by p., whereas the torsional stiffness of the relaxed micromorphic
model is determined by fi,;.0- Thus, the physical interpretation of the material parameters in both models
is completely different. This is surprising at first glance but the reason for this response is finally explained
in Appendix D.

In the end, the more restricted the used kinematics, the less viable a model may become. In this
respect, only the full micromorphic kinematics degree of freedom (12 DOFS) can be advised. In addition,
the curvature energy should not intervene too strongly. For example, penalizing a full gradient DP in the
curvature energy of the classical micromorphic model leads to a stiffness singularity for arbitrary slender
specimens, while penalizing only Curl P in the relaxed micromorphic model does not show the same singular
response. Moreover, in the relaxed micromorphic model the interpretation of the lower order material
parameters (fe, fmicros Mmicros €tC.) does not in principle change when different curvature energies are
considered. In the end, it is therefore the relaxed micromorphic model that produces sensible and consistent
response in all considered cases. It remains to be investigated if, together with the previously developed
solution for bending and shear [60, 61], the present analytical solution allows to identify the complete set
of micromorphic parameters of a material from bending, shear and torsion experiments at specimens with
different diameters.
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Cylindrical coordinates

The relation between the derivatives for a vector field u(x), @(r) and a second order tensor P(z), P(r) with respect an
orthogonal set of coordinates @ = {z1,z2, 23} and a cylindrical set of coordinates » = {r, ¢, z} are the following
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Vou(x) = (Voii(r) QY VaoP(@) = (V.P(r) QW (122)

~ 1 =
Ui = Uz‘,aQ(gj) , Pijr = Pij,aQSk). , (123)
where
) ) cosp sing 0
QW = (Vya(r) ™' = —T)“T"’ % (1) , (124)
and
Viu(@) = (VZa(r) : Q@ + (Vra(r) QP VoP(@) = (ViP(r): Q@ + (V.P(n)Q®.  (125)
Ui jk = Us,aBRQapjk + UiaQajk > Pij i = Aij,aﬁQaBkl + Pij.aQaki - (126)
cos? p sinpcosp 0 _sin gIRE C(’z(f“") 0 0 0 co; 2
sin ¢ cos ¢ sin? 0 COSQ(QLP) sinpcose 0 0 =5
0 0 0 dr 6 0 co;«p sil;cp 0
_ sin gprcos @ COSQ(EQO) 0 sir;i ® _ sin q,;gos ® 0 0 0 o siQnTga
Q(Q) — cos2(24p) sin ¢ cos ¢ 0 _ singcos ¢ cos? ¢ 0 0 0 CZSTLP ,
5 o
5 oo i 5 o) \-me e
0 0 co; %) 0 0 _ si2n %) 0O 0 0
. T
0 0 Lg £ 0 0 L;STLP 0 0 O
cos ¢ sin ¢ 0 _singp cos @ 0 0 0 1
2 2 2r 2r
sin? o __singpcos g 0
LT 7
_singpcosp cos” 0
s T
0 0 0
sin(2¢p) _cos(2¢) 0
. 2
Q¥ = _ COTS(Z?@ _ SinT(ZQW) 0 (127)
T T
0 0 0
0 0 0
0 0 0
0 0 0

B Bessel functions

The Bessel functions are the solutions y(z) of the Bessel differential equation [70]

d’y | dy
2 2 2 —

For the particular case in which @ = n is an integer, the solution of (128) can be expressed as a linear combination of the
Bessel function of the first Jp(x) and second Yy (z) kind
y(z) = A1 Jn(z) + A2 Ya(z), (129)
whose definitions are
JIn(x) cos(nm) — J_n(z)
sin(nm) ’
Moreover, the modified Bessel functions of the first kind is defined as I, (z) = i~ " J, (iz) .

Jn(z) = /07T cos(nT — z sin(7)) dr, Yn(z) = (130)

C Classical Cosserat formulation in micro-rotation vector format

An overview of the different classical notations for the Cosserat model has been given in [23]. In [50] we have presented the
correspondence between the Cosserat model expressed in dislocation format (Curl of the skew symmetric micro-distortion
tensor) and in its classical formulation (gradient of the micro-rotation vector ¢). The relation between the coefficients in the
two notations is

uLEl ,uLg a1 — a2 ,uLz a1 + a2
- 2 (daz —a1) - , = , 131
a=—r"3ln-a) b=7H 7Ty T (131)
a =118 ap=1"5 gz = 22+ B+Y
pLZ’ pLZ’ dpL?

Setting ¢ = axl(A) and taking into account (131), the expression of the strain energy for the isotropic Cosserat continuum
can be equivalently expressed as

Amacro
W (Du, A, Curl A) = pimacro [|sym Du||? + Ttr2 (Dw) + pic ||skew Du — A

3

+ (a1 [[dev sym Curl A||2 + ao ||skew Curl A||? + %trZ (curlA)) (132)

pL?
2

dislocation tensor format

macro

A
=W (D’U,, ¢7 D¢) = Mmacro ||bym D'u.||2 + Ttrz (D'll,) + % ||Curlu — 2¢)|I2

5 (a6 (D) + 5 (DS7, D)+ D)

classical micro-rotation vector format
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since
[Iskew Du — AJ|2 = 2 [Jax](skew Du — Anti(e))]|> = Q\I%curlu — |2 = % leurlu — 202 . (133)
The equilibrium equations, in the absence of body forces, in the classical notation are
Div [2ttmacro Sym Du + Amacrotr (Du) 1] — pe curl [curlu — 2¢] =0, (134)
Div [atr (Dg) 1+ 58 (DP)T + 7D¢] +2pc (curlu — 2¢) = 0.
The boundary conditions at the free surface are
t(r=R)=&(r) e = Ogs, M(r = R) =m(r) - e, = Opaxs , (135)
where
T = 2fimacro SyM DU + Amacrott (Dw) 1 + 2. (skew Du — Anti(¢)), (136)
e, is the radial unit vector, and the second-order moment stress tensor
m =atr (D) 1+ 8 (DY)T +~vDe. (137)

According to the reference system shown in Fig. 1, the ansatz for the displacement field and the micro-rotation vector
turns into

—z2(r, ) 73(2) o [ —gp(M)zi(r,¥)
u(Il,.’L’Q,IS) = u(r, P Z) =9 1:1(T’(10())$3(Z) ) (;[7(5131,:132,2?3) = ¢(T7 P Z) = 5 _gP(QT) 1&257‘7 (P) ) (138)
z3 (2

Substituting the ansatz (138) in (134) the equilibrium equations are equivalent to
1
—5 0 cose (4ppec (g(p) —=1) = (a4 B+7) (34 (p) + pg"(p))) =0, (139)

—%19 sin ¢ (4puc (glp) = 1) — (a+B+7) (391(9) + P!]”(P))) =0,

which are completely equivalent to (62) in Section 6 once used the relations (131). Since also the boundary conditions (135) are
equivalent to the boundary condition (59) in Section 6, further calculations are avoided. Here, we recall the relations between
the two moment stress tensors expressed in the classical format (72) and in the dislocation format (m)

1
devsymm = —devsymm, skew m = skew trm = Etrﬁ, (140)
where skew m = skew T, = 0 for the torsional problem, and
m = p L2 (al devsym Curl A + %3 tr (Curl A) 1) . m=atr(D(axl(A))) 1+ 8 (D(axl(A)))T + v D(axl(A)), (141)

It is also interesting to show the relation between the two higher-order torques expressed in terms of m and M, respectively.
First, we observe

(skew (M X ez) ey, er) — (skew(m X e.)er,e,) = (M X ez) ey, er) — (M X ez)er ey), (142)

which does not holds component-wise.!!

Using that the cross product between two unit vectors gives the third one, and
(m xv)w=m(vXw) Vo, w €R® and Vm € R3*3, (143)
it is possible to write
(m x ) ep,er) — ((m x ex) er,ep) = (m ey x e2),er) — (m (e x €2) ep) = — [(mer,e) + (meg,ep)] . (144)

Since (e, ® e + e, ® e, + €. ®e;) = 1 we may convert the double dot-product into a dyadic product as follows

—[(mer,er) + (meg,en)] = —(m, (er B er + ey G e,)) = —(m, (1 - e: @es)). (145)
Substituting the relation (140) between m and 7 we have
1tr(m
—(m,(1—e:®e.)) = _<(—devm+ skew 77T + gyl) (L—e:®e.)). (146)
Since (1,1) = 3, (1,(e>®e)) = 1, and m is decomposed into its three orthogonal components (except for multiplying
factors) we can write
1tr(m 1tr(m
— <(—devﬁ+ skew 7 + 5@]0 (l—e.R®e;)) = —((—devﬁ—&- g@l) (l—e.R®ez)) = (147)
—_—— —_——
€Sym (3) €Sym (3)
1 tr(m 1
(devm, (L —e. Qez)) — 3 r(2rn) B—1]=—(devm,e. ®e.) — gtr(ﬁ) = (148)

1 1
— (devm, e, ®e;) — gtr(ﬁ)ﬂl, e.Re;)=—(devim + gtr(m)]l,ez Re,)=(m,e;Ve,)=—(Mme,, e;)=—m,,. (149)

1 The values of the four terms for a generic second order tensor m are: (skew(mxez)e,, er) = 5 (m11 + maz) , (skew(mXxez)e,, e,) =
—3 (m11+ma2) , (M X e.) ey, er) = mazsin® ¢ + mi1cos® ¢ + (miz + ma1)sing cosgp , ((M X ;) ey, e,) = —mazcos® ¢ —
myy sin? ¢ 4+ (mi2 + ma21)sing cos ¢. Note that (skew (m x e.)e,,e.) # ((mxe,)e,, e.) and (skew(m x e.)e,, e,) #
((m xe.)er, e,).
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The last relation is a pure algebraic relation valid for all m, 7 related by (138) and e, e, e. are given in (11). Thus, we
(150)

(skew (m X ez) ey, er) — (skew (m X ez) er,e,) =M.
(151)

have shown that
This solution is valid for a generic second order tensor and for a generic vector triplet. Using (149), we finally see that

/ m..rdrde = / — [(skew (m x e;) ey, er) — (skew(m x e;) er,e(p)] rdrde.
r
The ratio 2 between the Cosserat torsional stiffness and the classical value that can be found e.g. in [4, 14, 35] is
6\?[1—4/3W
Q:1+6<—t> |: /3 Xi|’ g?zm’ \I/:Bi7 (152)
R 1—- Ty 2ftmacro a+B8+y
2 4:“‘6 N2 _ He )
Mmacro + He

Li(pR) p? =
atf+y’

X =
pRI(pR)’
where ¢; is the characteristic length for torsion, ¥ is the polar ratio, N is the Cosserat coupling number, o, 8, and ~ are the
curvature coefficients in the classical Cosserat formulation, pmacro is the classical Cauchy shear modulus, p. is the Cosserat

couple modulus, and I, is the modified Bessel function of the first kind of order n.

A
Determining Cosserat elastic constants from size effects
Rigidity / diameter squared vs. diameter squared

Torsion of circular cylinder
Cosserat i
elastic .

i Gur
Gar f

Classical elastic

N=1
/ N<1
>

‘; "

Figure 27: For comparison, the figure has been taken from Lakes [35]. Here, G = pmacro denotes the classical

shear modulus and N — 1 corresponds to p. — co.
To go from (65) to (152) we have to use the relations (131), while remembering to incorporate the term p L2 (the terms

not reported do not change between the two notations)
6\?[1—4/3V 3 6
Q:1+6(i) { / X}7 g?:ail7 @:LV p2:L, (153)
R 1-wv X 2Ivbrnaumro 2a1 + 4a3 a1 + 2a3
20

Figure 28: (a) Cosserat model; (b) relaxed micromorphic model. The values of the coefficient used are:

H = 1, Me = 1/27 Mmacro = 1/147 Mmicro = 1/47 a1 = 1/57 az = 1/37
In Fig. 28 we report how the torsional stiffness divided by the radius of the cylindrical rod squared (fw/RQ) vary with
respect to the radius squared R? for the Cosserat model and the relaxed micromorphic model where
3
&:uﬁfﬂm:5ﬂ5+ﬂ- (154)

(B4 7)(Ba+ B+7)
’ 2

ai as
ly =pl?127 =
o e T ¥ Bas 20+ B+

39



It is highlighted that the Cosserat model do not tent to a classical linear elastic model for pu. — 0 as it can bee seen from
eq.(153) or eq.(68).

IJc‘>°°—_‘
80 1]
60 uc,y\lE—"

i“lﬂ
— 40 1
R2 lk—)’\lZO"
20 1
He0—

0
ly
0 10 20 30 40 50
RZ
(a)

Figure 29: (a) Cosserat model; (b) relaxed micromorphic model. The values of the coefficient used are:
=1, ptmacro = 1/14, pimicro = 1/4, a1 = 2, ag = 1/50, L. = 3. In the Cosserat model, the solution for
e — 0o (the indeterminate couple stress model) shows a jump.

It is underlined that for the relaxed micromorphic model the stiffness is bounded by the one obtained for L. — 0 (macro)
and L. — oo (micro): the macro-stiffness (L. — 0) is the limit to which all curves with finite L. tend asymptotically to for
R? — oo (this limit has been cut in order make possible to distinguish all the curves), while the micro-stiffness (L. — o) is
the limit to which all the curves tend asymptotically to for R? — 0.

D Ad-hoc minimization for L. — oo in the full micromorphic
model and in the micro-strain model

Looking at the curvature energy of the full micromorphic model (or the micro-strain model) it is clear that for L. — oo the

micro-distortion tensor field P must be constant P = P, provided all curvature coefficients are strictly positive. We calculate
this constant in the following. Thus we consider

2

min [/ pe ||devsym (Du — P)||” + %tr2 (Du — P) + puc ||skew (Du — P) H2 (155)
u,P Q
+Lmicro |dev symﬁ”2 + %tﬁ (P) dV] .
The weak form is given by
/ ke <dev sym (Du — ﬁ) , 75ﬁ> + Ke tr (Du — ﬁ) <]l, 75ﬁ> + 2uc <skew (ﬁ) s 75P> (156)
Q
+2fmicro <dev sym (ﬁ) ,5ﬁ> + Kmicro tT (ﬁ) <]l, 5?) dV =0 ViP.
/ <2u8 devsym (Du - ﬁ) + Ke tr (Du - ﬁ) 1 + 2uc skew (Du - ﬁ) (157)
Q
—2micro dev sym (ﬁ) — Kmicro tT (ﬁ) 1, 5?) dv =0 ViP.
For constant 6 P this can be rewritten as
</ 24e devsym (Du — P) + ke tr (Du — P) 1 4 2p. skew (Du — P) (158)
Q

—2fimicro devsym (P) — Kumicro tr (P) 1dV,6P) =0 VP .
Since § P is arbitrary, this implies that
/Q 2ue dev sym (Du - ?) + Ke tr (Du - ﬁ) 1 + 2pc skew (Du - ﬁ) — 2fmicro dev sym (?) — Kmicro tT (?) 1dV =0, (159)
or
/Q 2pe devsym Du + ke tr (Du) 1 + 2p. skew DudV = (160)
= /;2 2 dev symﬁ + Ke tr (ﬁ) 1+ 2pc skew P + 2hmicro dev symﬁ + Kmicro tT (ﬁ) 1dV.
Using the orthogonality of devsym:-, skew- and tr(-) 1 we obtain

/ 2ue devsym DudV = / 2pe devsym P + 2fimicro devsym P dV (161)
Q Q
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/ Ke tr (Du) dV = / ke tr (P) 4 Kmicro tr (P) dV/, / 24 skew DudV = / 2ue skew PdAV
Q Q Q Q

and since P is constant we can write

— 1 — 1
devsym P = — —He ey symDudV, tr (P) = — L (Du) dV, (162)
12 Jo pe + pmicro 19 Jo ke + Kmicro

— 1
skew P = —l/ skew DudV .
Q

|

Since dev sym, skew, and tr are linear operators, we obtain equivalently

— 1 — 1
devsym P = _ MHe devsym (— / DudV) , tr (P) - B (— / DudV) , (163)
pe + fmicro 12 Ja Ke + Fmicro 12l Ja

— 1
skew P = skew (— / DudV) .
12| Jo

Substituting the ansatz (85) into (163) we obtain P = 0. Analogous calculations can be carried out for the micro-strain
model for which skew P =0 and p. =0

1 - 1
—H  devsym (— / DudV) . ou@)=—" (— / DudV) : (164)
e + fmicro 12l Jo Ke + Kmicro  \ Q| Jo

Substituting the ansatz (96) into (164) we obtain S = 0.
The integral on the circular cross-section I' of the gradient of the displacement is

devS =

2r R 0 —mR?9z 0 0 -1 0
/ Du(z)dV = / / Du(r, p,z)rdrde = | 7wR29z 0 0 | =7nR?0()[ 1 0 o |. (165)
r o Jo 0 0 0 0 0 0

From (165) it is possible to see that the symmetric part of the integral of Du on the circular cross-section is zero, while
the skew-symmetric part is zero only if the domain is symmetric with respect z.

For the Cosserat model, letting L. — oo still implies that A(ax) = A = const. must be constant. The same calculations as
before yield

— 1 1
A = skew (— / DudV) = — / DudV, since Du € s0(3). (166)
12 Jo 12 Ja
For Q = [0, L] x " we have
1 1 L 2 (R 1 21\ 9 1
—/DudV:i/ / / Du(r,p,2) rdrdpdz = —— (97 R?2| | =YL= _"@(L). (167)
|Q‘ Q L(7TR2) 0 0 0 L(TI'R2) 2 0 2 2

We remark that the same limit L. — oo in the relaxed micromorphic model yields a linear elastic response with stiffness Cmicro
since CurlP = 0 does not imply that P = const. but P = V¢ for some ¢ : Q € R3 — R3, see [46].
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