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Boundary Control for Transport Equations

Guillaume Bal* Alexandre Jollivet!

April 15, 2021

Abstract

This paper considers two types of boundary control problems for linear transport equa-
tions. The first one shows that transport solutions on a subdomain of a domain X can be
controlled exactly from incoming boundary conditions for X under appropriate convexity
assumptions. This is in contrast with the only approximate control one typically obtains
for elliptic equations by an application of a unique continuation property, a property which
we prove does not hold for transport equations. We also consider the control of an outgoing
solution from incoming conditions, a transport notion similar to the Dirichlet-to-Neumann
map for elliptic equations. We show that for well-chosen coefficients in the transport equa-
tion, this control may not be possible. In such situations and by (Fredholm) duality, we
obtain the existence of non-trivial incoming conditions that are compatible with vanishing
outgoing conditions.

Keywords: Transport theory; boundary control; albedo operator; diffusion approximation;
unique continuation.

1 Introduction

This paper concerns the control of steady-state (linear Boltzmann) transport equations from
boundary data. The most general transport equation considered here is of the form:

v- Vau(z,v) + o(z,v)u(z,v) = / k(z,v, v)u(x, v )dv', (z,v) € X XV, (1.1)
14

where u(z,v) is the transport solution, posed on a spatial domain x € X, an open bounded

subset of R? for d > 1 of class C'!, and a set of velocities v € V, which is either a bounded open

subset in R? excluding a vicinity of v = 0, or a co-dimension 1 closed surface also excluding

v = 0 such as for instance the unit sphere for concreteness. Here, o(z,v) is the total absorption

coefficient and k(x,v’,v) the scattering coefficient.

Let us define the sets of incoming and outgoing directions I'y = 'y (X) = {(z,v) €
0X xV | £v-v(x) >0} whileI' :=I';y UT'_. Under appropriate conditions on (o, k), the
above equation is well-posed when augmented with prescribed incoming conditions u = g on
I'_. Within this framework, we consider two types of boundary controls.

The first one concerns the control of a prescribed transport solution ug(z, v) on a subdomain
Xo x V, where Xj is an open subset such that Xq C X: can one find g on I'_ (X)) such that
ux, = uo for u solution of the above transport equation on X7 A similar question arises in
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the setting of second-order scalar elliptic operators. In such a case, the control is approximate,
as an application of the Runge approximation result, itself a rather direct consequence of the
(weak) Unique Continuation Property (UCP) enjoyed by such operators. One of the main
results of this paper is to show, under appropriate convexity assumptions on Xy and X, that
such a control is in fact ezact for transport equations. Moreover, the control is not unique, so
that the difference of two controls may result in a solution u that does not vanish on X\ Xg
whereas u|x, = 0. In other words, UCP (in that sense) does not hold for the transport equation
independently of the scattering coefficients (o, k).

The two models, transport and elliptic equations, both describe transport in highly scat-
tering media. For instance, if k = k(x) is replaced by k(x)/e and o(x) = k(x)/e+ec04(x), then
the transport solution is well approximated by the solution of an elliptic equation [9, 14] as
the mean free path € — 0. For an infinite mean free path, with k = 0, transport solutions can
be supported arbitrarily close to any line segment in X so that UCP clearly does not hold.
The limit ¢ — 0 is, however, singular in the sense that boundary control is exact at ¢ > 0
and only approximate in the limit € = 0, whereas what makes the approximation possible at
¢ = 0, namely UCP, does not hold for any ¢ > 0.

The second type of control we consider aims to find an incoming condition © = g on I'_
such that wjp, = f is prescribed. For second-order elliptic equations, this corresponds to
finding Dirichlet conditions for prescribed Neumann conditions, or vice-versa, which is a well
posed problem as the Dirichlet-to-Neumann map is a isomorphism in appropriate topologies.
For the transport equation, the problem is richer. We show that the albedo operator, a well
defined operator which maps won I'_ to up_, is surjective when scattering is sufficiently small.
However, we identify a number of cases where the albedo operator, while still Fredholm (of
index 0), has a non-trivial kernel. In such settings, the outgoing condition f needs to satisfy
appropriate orthogonality properties to be controlled as the trace wr, = f of a transport
solution v in X x V. In such cases, we also find by duality the existence of non trivial
incoming conditions u = g on I'_ such that up, = 0, i.e., the effect of g is invisible on the
outgoing solution.

The outline of the paper is as follows. To understand the first control problem, we need
to construct a transport solution on X\ Xy with prescribed boundary conditions on I'_(X() U
't (Xo), which is not a subset of I'_(X\Xp). Section 2 is devoted to the analysis of (1.1)
augmented with boundary conditions on general sets C defined such that for each line segment
passing through X, we prescribe a boundary condition on one of its two points of intersections
with 0X. Under appropriate conditions on the coefficients (o, k), we obtain a transport solution
and the definition of an albedo operator mapping conditions on C to conditions on I'\C. This
general transport theory will be the starting point of the analysis of the boundary control of
solutions on a subdomain presented in section 4. The Fredholm theory of the albedo operator
from C to I'\C is presented in section 3 and used in section 5 to analyze the specific control of
outgoing boundary conditions on I'\C = I'; from incoming conditions C = I'_.

The boundary control of solutions on subdomains find several applications in the field of
hybrid inverse problems; see [2, 5, 6] for results in the elliptic framework and [3] for results in
the setting of transport equations.

2 Forward transport theory

We assume that X is an open bounded subset of R for d > 1 of class Ct. The set of velocities
V is either a bounded open subset in R? excluding a vicinity of v = 0, or a co-dimension 1
closed surface also excluding v = 0.



Let T'y :={(z,v) € 0X xV | £v-v(z) >0} and T':=T; UT_. We endow I" with the
measure d§(z,v) = |v(z) - v|du(x)dv, where du denotes the canonical measure on 90X and dv
that on V. Both I'y and I'_ parametrize the set of lines in R™ passing through X. Typical
boundary conditions consist in prescribing the trace of the solution on I'_. We consider the
following general boundary conditions.

Let C+ be an arbitrary measurable subset of I'y and C_ the measurable subset of I'_
defined by
C_:=T_\{(z,v) eT_ | (x+ 74(x,v)v,v) € C4}.

We then define C = C_ U 4. Note that C also provides a parametrization of the set of lines
passing through X. We now consider a transport theory with boundary conditions prescribed
on C.

We first need to define a functional setting for the transport solution and its boundary
traces. For 1 < p < 0o, we define two natural topologies to describe transport solutions

WP(X xV)={peD(XxV)|derrLP(X x V), v-Vop 1 'LP(X x V)},
WP(X xV)={peLP(X xV) | 7(v-Vu¢) € LP(X x V)},
endowed with the norms

_1 _1
lallwe = 777 (v - Vo)ull e + |77 7l o, (2.1)
[ullyyrp = [I7(v - Va)ullze + [[ull -

Above, we have introduced the usual travel times

T+ (z,v) = inf{s € (0,+00) | z £ sv & X}, for (z,v) € (X x V)UT,
T4 (x,v) =0 for (x,v) € 1.

We also define the real valued function 7 on X x V by
T =17T_+T4.
Traces are then well defined according to the

Lemma 2.1. Let G be a measurable subset of T'. Then, for 1 < p < oo (it also holds for
p=00),

lwigllLe(g,de) < llullwy, llwgllie(g,rae) < llullyy, - (2.3)
The Lemma will be used for G =C or G =T'\C.
Proof. Set G+ :=GNTy. Let u € CHX x V). Then for (z,v) € [+

1

7(z,v)

7(z,v)
u(x,v) = F /0 ((7(z,v) = t)(v- Va)u(z F tv,v) + u(z F tv,v))dt.



Therefore
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(r(z,v) = O)|(v - Va)u(z F tv,v)] + |u|(z F tv, v))dt)pdf(x, v))
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1
Similarly replacing u by 774 above we obtain

1

([ xeutwvluta o) rte. )it(e. )" < s,

Adjoint to the notion of trace is that of a lifting operator J¢ defined by
Jeg(z,v) = g(x £ 74 (x,v)v,v), for (z,v) € X x V s.t. (x £ 7e(x,v)v,v) € Cq,
for g € L*°(C,R). Note that (v-V)Jcg = 0. We have the

Lemma 2.2. Let 1 < p < oo (it actually holds for p = c0). The operator Jc extends as a
bounded operator from LP(C,d§) to WP, and from LP(C,7d§) to WP.

Proof. This is the calculation
1 T+ (z,v) .
Meglws = I deglln = ([ [ relwco) egto + to,0)Patde(a,0)
_JO
T_(x,v) 1
s ) eyt - o) Patdg e, )
c.Jo

= ([ ate.orasa+ [ loteodete)” = ol cae

.
Similarly, [|Jegllyi» = 19l Lr(c,rde)- 0

We now consider the transport equation (1.1) with general boundary condition
u=yg, (z,v) €C. (2.4)

We assume that 7o € L, and define the scattering coefficients

as(a:,v):/ k(z,v,v")dv, a;(q:,v):/ k(z, v, v)dv,
1%

v

4



as well as the following integrating factor
Ei(z,v,t) = et Jo olatsvo)ds (2.5)
It is useful to introduce the operators L¢, T land K as

E_(z,v,7—(z,v)), (x —17—(z,v)v,v) € C_,

Leg(w,v) = ch(x,v){ E(z,v,7(x,v)), (x + 74 (2,v)v,0) € Cqy,

Ku(z,v) = / k(z, v, v)u(x,v)dv', (z,v) € X x V,
\%4

T f(a,0) = fo‘(x’v) E_(z,v,t)f(x — tv,v)dt, (x —7—(z,v)v,v) € C_,
- ()T+(x’v) Ei(z,v,t)f(z + tv,v)dt, (z+ 74(z,0v)v,0) € Cy.

We note that
v-Vgleg+oLeg=0, Lecge=y,
VLI 0T = f, Ti ' fie =0.

Lemma 2.3. Let 1 < p < oo. We have the following bounds

ILegllwr < el™loe(1+ |70 l|oo) 19 Lo (e ae) (2.6)

ILegllyn < elm™loe(1+ 170 lloo) 9l Lo(crae) (2.7)

7T flle < el 7t =2 flle fore €R, (2.8)
_1

175 Fllwe 2+ 7o)l 1775 £l 1o, (2.9)

<
1T flli < 24 lrolloc)el ™7 £ o

We provide a proof of the Lemma in Appendix C. The above results allow us to solve the
transport equation in the absence of scattering, which is then incorporated as a perturbation.
We then need the following bounds

Lemma 2.4. Let 1 < p < oco. Assume either
Kp(T) = /V (/V ]k\ﬁ(.,v',v)dv’)p_ldv € L>°(X) when p > 1, (2.10)
or sl + 0l < oo (2.11)
Then the operator K is bounded in LP(X x V) and
“”P(gf)||§o whlen p > 1 and (2.10) holds,
o

ol (2.12)
llosl|%llobllod when (2.11) holds.

1K | 2z (xxvy) <

Assume either
Rp(z) ::/ Tpl(/ |k(:c,v",v)|P%17'(x,v")ﬁdv")p_ldv € L™(X) whenp>1, (2.13)
\%4 \%4

or 70500 + || T0% |00 < 0. (2.14)

1 -1
Then the operator K is bounded from 77 LP to T_pTLp, and

1
Fpll? o when p > 1 and (2.13) holds,
| pHLl (x) when (2.13) (2.15)
|Tos||sllTollled when (2.14) holds.

[y

1 p—1
L(TPLP(XXV)),m P LP(XXV))

5



We provide a proof of Lemma 2.4 in Appendix C.

Remark 2.5. Assumptions (2.10) and (2.11) (resp. (2.13) and (2.14)) are not equivalent.
Indeed we provide the following two examples.

(i) Let k(6,0") = \/|91—70/|’ (0,0") € (0,27)2. Then k € L*((0,27)g, L*((0,2m)e)) but
k & L%((0,27)2). We can construct a scattering coefficient k that satisfies (2.11) but not
(2.10) forp=2.

(i) Let g € L*(0,2m)\L>®(0,27), g > 0, and set k(0,0") = g(0)g(¢) for a.e. (0,0') €
(0,27)2. Then, k € L?((0,27)?) but k ¢ L>=((0,27)g, L1((0,27)g)). We can again construct
a scattering coefficient k that satisfies (2.10) but not (2.11) for p = 2.

Note that estimates on the norm of the operator K under assumptions (2.11) or (2.14)
may also be obtained by interpolation [11].

Condition (2.11) can be relaxed to the condition o5 € L*(X x V) when p = 1 and
to the condition o/, € L®(X x V) when p = oo with the obvious convention |f||% = 1
for any measurable function f. Similarly condition (2.14) can be relaxed to the condition
705 € L°(X x V) when p =1 and to the condition 70/, € L*(X x V) when p = .

We recast the stationary linear Boltzmann equation as the following integral equation
(I -T;'K)u = Leg. (2.16)
We may now collect the above results to obtain the following existence and uniqueness result.

Theorem 2.6. Let 1 < p < co. Under conditions (2.13) or (2.14), further assume that
[ —T7YK is invertible in (7 LP(X x V). (2.17)

Then, for any f € LP(C,d¢), there is a unique solution u of (1.1) in WP(X x V') and the albedo
operator A = ((I—TglK)_ch)|F\c is well defined and bounded from LP(C,d§) to LP(I'\C, df).
Similarly, under conditions (2.10) or (2.11), further assume that

I — T, K is invertible in L(LP(X x V). (2.18)

Then, for any f € LP(C,7d€) there is a unique solution u of (1.1) in WP(X x V), and the
albedo operator A is bounded from LP(C,7dE) to LP(I'\C, Td¢).

Proof. Assume (2.17). Let f € LP(C,d¢). Then set u = (I — T, 'K) " 'Lef € T%LP(X x V).
We have
u=T, ' Ku+ Lcf.

Hence we have v - Vyu = ocu + Ku and we obtain that w € WP(X x V) and

1—1 _1
. < .
750 Vaullr < (oo + 11 3,0 o b ey I 70000
We perform the analysis for f € LP(C, 7d§) similarly. O

We verify that (2.17) and (2.18) hold as soon as the scattering coefficient k is sufficiently
small. Let 1 < p < oo and assume that K defines a bounded operator in LP(X x V). Then
1
I — T;'K is invertible in 77 LP(X x V) when I — T, 'K is invertible in LP(X x V). This
statement follows from the fact that 77 LP (X x V) is a subspace of LP(X x V') and that T, !
maps LP(X x V) to 7LP(X x V). Then we have the quantitative result:



Lemma 2.7. Assume that

1 e—lITolleo
[ (@)1 (x) < T (2.19)
when p > 1 or
e—lrolloo
oslloe < W (2.20)
o0

when p = 1. Then condition (2.18) (and (2.17)) holds.

Proof. By (2.8), (2.12) and (2.19), it follows that HTC_IKHL(L;;(XX‘/)) < 1, which proves (2.18).
When p = 1 we recall that condition (2.11) can be relaxed by the condition o5 € L>®(X x V)
and then (2.8), (2.12) and (2.20) give || 7, K|l z(zo(xxv)) < 1. O

This confirms the intuition that scattering may be seen as a perturbation to the (scattering-
)free transport equation and provides existence and uniqueness results for the transport equa-
tion under a smallness condition. More general results will be obtained below under the
assumption that T 'K is compact as a standard application of the theory of Fredholm oper-
ators (with vanishing index). We refer to, e.g., [9], [11] for other sufficient conditions in the
setting of boundary conditions imposed on I'_.

Before considering (standard) compactness results, we show that backward equations may
be solved under conditions on the forward operators as follows. The dual operators K* and
(I, 1)* for the usual inner products are given by

K*f(z,v) = / k(z,v,0)) f(z,0))dv', feLrT(X xV) (2.21)
1%
and
T bl 0) = fOT‘L(x’v) E_(z+tv,v,t)¢p(z + tv,v)dt, (x —7_(x,v)v,v) € C_,
¢ ’ - fOT‘(I’U) E.(z —tv,v,t)¢(x — tv,v)dt, (x + 74 (x,v)v,v) € C4.
We find

v Vo(Tg ) d(x,0) = o(z,0)(Tg 1) ¢z, v) — ¢z, v),
and the identity ((Tc_l)*)|r\c = 0. The operator T; ' is bounded from 7" 'LP(X x V) to

7¢LP(X x V) and, hence, (T;')" is bounded from T‘eLP%l(X x V) to Tl_aL%(X x V). We
consider the following backward equation

v- Vau(z,v) —o(z,v)u(z,v) = —K*u(z,v), (2.22)
ur\c = g- (2.23)

We may recast it as the following integral equation
(I = (T K*)u = Lye,_o9. (2.24)

Here Lp\¢,_, denotes the operator “L¢” related to “(C,0)” given by (I'\C, —0o).
Theorem 2.8. Assume that (2.18) holds. Then

I — (T;Y)*K* is invertible in E(Lﬁ(X x V)

and the backward equation is well-posed in WP%(X x V) and the albedo operator Apack €
ﬁ(LP%l(F\C,TdE), Lp%(C,ng)) 1s bounded. In addition the following Green’s formula is
valid

/ B(Ag)rde — Y(Ap)rde = / O Apacict)Tdé — / A Apach)de. (2.25)
I \Ch r_\c- c_ ch

7



Proof. Condition (2.18) already provides that
I — K*(T;')* is invertible in ﬁ(LP%l(X x V)

Then by Jacobson’s Lemma we obtain that [ — (Tgl)*K* is invertible in E(L%(X x V)
and we can repeat Thm. 2.6 for the backward equation. Then a simple application of Green’s
formula over X X V on v -V, (Tujug) = 7v - Vi (ujuz) where uy (resp. ug) solves the forward
(resp. backward) Boltzmann equation with boundary condition ¢ on C (resp. ¥ on I'\C). O

The same proof provides the following result.

Theorem 2.9. Assume that (2.17) holds. Then
I — (T;1)*K* is invertible in E(Tlf%LP%l(X xV))

and the backward equation is well-posed in Wﬁ(X x V) and the albedo operator Apack €
£(L%(F\C,d§), L%(C,df)) is bounded. In addition the following Green’s formula is valid

/ P(AG)dE / P(Ap)dE = / S(Avaact)dé — | O(Apaat)de.  (2.26)
I \Cs r_\c_ c_

Cyr

We conclude this section with a technical lemma on a gain of regularity in LP-spaces of
scattered components of the transport solution for a very specific geometry used in section 4.3.
In that lemma, the velocity set V is the unit sphere S?~! and X is the annulus B(0, r1)\B(0,72)
where 0 < rg9 < 7q.

We introduce the following norm in dimension d > 3. Let M the (3d — 5)- dimensional
smooth manifold {(v_,w,y) € (ST1)2xR? |v_ - w=v_ -y =w-y =0} and P, ,, the
2-dimensional plane passing through y with directions w and v_ for (v_,w,y) € M. We
also use the notation M,_ for the (2d — 4)- dimensional smooth manifold {(w,y) € S¥! x
RY | (v_,w,y) € M} for v_ € S41.

We denote by v,_ .y the intersection of P,_ ., with the boundary 0X = 9B(0,r1) N
0B(0,72). The set v,_ 4,4 is either a circle or the union of 2 circles for almost every (v_,w,y) €
M, and we denote by vp, , (2) a unit normal vector to X N P,_,, at the boundary point
Z € Yo wy-

For a measurable bounded function ¢ on 90X x V, we consider the norm

lollaey = [ (sopessiuert, [ 10100 v lom (o) -l o

Yv_,w,y

We denote by L.(T') the completion of L>(9X x V) under this norm. For ¢ € L,(T'), we also
denote by L¢¢ the function obtained after applying the operator L¢ to the restriction of ¢ to
the set C.

In dimension d = 2, the space L.(T') is the usual space L'(T,d¢). We then have the
following regularity result, whose proof is postponed to Appendix A:

Lemma 2.10. Assume that 0 € L®°(X x V) and k € L>®(X x V?) where V is the unit sphere
STt and X is the annulus B(0,71)\B(0,72) for some 0 < ry < r1.

In dimension d = 2, the operator [Tc_lKLc} e is bounded from L(C,d¢) to
LP(T\C,d€) and the operator TglKLc is bounded from L'(C,d¢) to LP(X x V) for 1 <
p < 2. When condition(2.17) is satisfied for some 1 < p < 2 then the operator [(I —
TglK)_nglKLc] e is bounded from L'(C,d¢) to LP(T\C,d¢).




In dimension d > 3, the operator [Tc_lKLc} e is bounded from L.(I") to LP(I'\C, d§) and

T\
the operator T; 'K L¢ is bounded from L.(T) to LP(X x V) for 1 < p < d. When condition

(2.17) is satisfied for some 1 < p < d, then the operator [(I—TglK)_nglKLc e is bounded
from L.(T',d§) to LP(T\C,d) and the operator [Lc} r is a bounded operator from L.(T') to

L.(T) with a uniform bound 1 + e2V/ri=r3llolloe

3 Albedo operator and Fredholm theory

We now develop results on the well-posedness of the transport equation under additional
regularity assumptions on the scattering coefficient. We assume below that 1 < p < oo and
define

WX xV)={ue P (X xV)|v-Vyue LP(X xV), uc e LP(C,dE)}. (3.1)
We have the following result, identifying Wg (X x V) with more standard spaces:
Lemma 3.1. We have

WE(X xV) = WRXxV) (3.2)
= {ue /(X xV) |v-Veue LP(X xV), ur, € LP(I'y,d§)}.

Proof. According to [8], we have that W? (X x V) = WP(X xV) ={ue LPF(X xV) |v-Vau €
LP(X x V), up € LP(T',d§)}. Hence we have WP(X x V) € WF(X x V). We now prove
WE(X x V) CWP(X x V). Let u € WE(X x V) and consider the functions x+ defined by

1 when (z + 74 (z,v)v,v) € Cq,
0 otherwise.

X+ (x,v) = {

Note that x+ 4+ x— = 1 and we have

v Va(xzu) = x2v - Vou, (X2u)race =0, (xau)cs = yey-
Thus, y+u € WP(X x V) and u = xy4u+ x_u € WP(X x V). O
Lemma 3.2. The operator T, * is bounded from LP(X x V) to WP (X x V).

Proof. We start with v € LP(X x V). Then T, Lu has the following properties
v - Vnglu—l—JTglu = u,

and

IN

loTe  ull o xexvy 7o lloce! ™ [ul| o,

elmolee|irul| 1o < |7 )lsce!™ N ju) r,

IN

I T ull o xxv)

and (Tc_l)‘cu = 0. Thus, 7' is a bounded operator from LP(X x V) to WZ(X x V) =
WP(X x V). O

We are now ready to state several results on the compactness of the operator T, LK see
also [16, Chapter 4]. We first recall the



Lemma 3.3 ([12]). The bounded operator M from WP (X x V) to LP(X) defined by
Mu(z,v) = / uw(z,v)dv, ue WE(X x V),
\%4
18 compact.
Lemma 3.4. Let 1 < p < co. Assume that
ke C(X,LP(Vy, L1 (V).
The bounded operator K from WP (X x V) to LP(X x V) is compact.

Proof. By density of C'(X xV x V) in C(X, LP(V,, Lot (Viy))) there exists a sequence (k) €
CHX x V x V) so that

_ P
. . » 2,
ik, =k in O(X, 2(V,, L1 (V) (3.3)
and .
kn(z, v v) = kaj(x,v)qﬁn,j(v'), (x,0,0) € X xV xV, (3.4)
§=0

for each n € N and some functions (ky j)o<j<n € C(X x V)" (¢, i)o<j<n € C(V)"TL. We
define the operators

K, f(x,v) :/ kn(z, 0", v) f(z,0)dv', f e LP(X xV). (3.5)
v
We have
Knf(z,v) =) knj(x,v)M(dn;f)(z), ae. (z,v) e X xV; feLP(X xV).
=0

The multiplication operator by the function ¢, ; (that we still denote by ¢, ;) is bounded in
WE(X x V). Then M(¢y,;.) is a compact operator from W?(X x V) to LP(X x V). Then
multiplication operators by the functions k, ; (that we still denote by k, ;) is bounded in
LP(X x V). Therefore ky, ;M (¢y ;.) is a compact operator from W2 (X x V) to LP(X x V).
Hence we obtain that K, is a compact operator from W? (X x V) to LP(X x V).

The limit (3.3) shows that K is the uniform limit of (K,,) as bounded operators in LP(X x
V). Therefore K is also a compact operator from W? (X x V) to LP(X x V). O

Our main compactness results is then:

Proposition 3.5. Let 1 < p < oo. Assume that
ke C(X,LP(Vy, L1 (V). (3.6)
Then the operator KTE1 is a compact operator in LP(X x V).

Theorem 3.6. Under the assumption (2.10) the operator [ — KT, ' is invertible in LP(X x V)
if and only if I —T; 'K is invertible in LP(X x V) or in other words condition (2.18) is fulfilled
(as well as the stronger condition (2.17)).

Under the stronger assumption (3.6), I — TglK s invertible if and only if 1 is not an
eigenvalue of the compact operator KTc_l. And if the scattering coefficient k is replaced by Ak,
then the forward transport equation with general boundary conditions is invertible for all values
of \ except possibly for a countable number of values \ such that 1 belongs to the spectrum of
(AK)Tgl, in which case the transport equation is not invertible.

10



The proof of the Theorem relies on the identity (I — AB)™! = I + A(I — BA)~'B for
bounded operators A, B with I — BA invertible. Indeed the operator K defines a bounded
operator in LP(X x V) by Lemma 2.4. The rest of the statements relies on the standard
spectral properties of compact operators.

Using a compactness result in [13], we may also derive a compactness result in the L!
framework; see [16, Chapter 4].

We now develop the Fredholm theory of the albedo operator under the above compactness
p
conditions. Let 1 < p < oo and G be a subset of I'. We define vg the involution in L#=1 (G, 7d¢)
(or L#(g,df)) given by

¢(377U)7 (ZC, U) egn P-‘r
v) = 3.7
16(6)(,v) {_(ﬁ(m)’ A (3.7
Theorem 3.7. Assume that (2.18) and (3.6) holds. Then the albedo operator
A e L(LP(C,TdE), LP(I'\C, 7d§)) is a Fredholm operator of index 0. Moreover,
dim(kerA) = dim (ker(I — KT} () (3.8)

Proof. We first prove that the albedo operator has a finite dimensional kernel. By the last
proposition we know that (TF_\ICK)2 is a compact operator in LP(X x V). Hence (I — TF_\ICK)
has a finite dimensional kernel. Moreover for u € ker(I — Tr_\lc ), we have u = Tr_\ch u €

WP(X x V),

A(ue) = up\¢ = 0, (3.9)
v-Vyu+ou= Ku. (3.10)

Hence, the operator & : ker(I — Tr_\ch ) — kerA defined by ®u := u)¢ is well defined and

actually an isomorphism. It is one-to-one, since by (3.10) and assumption (2.18), we have

u= (I = Tg ' K)Leu for any u € ker(I — Ty K).

It is also onto. Take g € LP(C,7d¢) and consider the solution u € WP?(X x V) of the
stationary Boltzmann equation (1.1) with boundary condition given by ¢g. Then u = TIT\ICK u+
Lp\¢Ag, and we obtain that u € ker(I — Tlf\ch) when Ag = 0. Hence

dim(kerA) = dim(ker(/ — TIT\EK))

We now prove that the cokernel of A is finite-dimensional. It is equivalent to proving that
the kernel of A* is finite-dimensional. By (2.25) we actually have that

kerA* = yp\¢ (kerAback) ) (3.11)

Indeed we have

/ (Abncid)rd = — [~ / e () b ()€ + / e () (Avacid)rde]
c Cy

- /F o Uconamae - /F o Wncrag = - /F A ()7

Then as above we have that kerAp,cx is isomorphic to ker(/ — (Tr_\lc)*K *). The latter kernel
is finite dimensional since (Tr_\é)*K * = (K Tr_\%z)* is a compact operator and

dim(kerA*) = dim(ker( — Ty, K¥)). (3.12)

11



It remains to prove that

dim(kerA*) = dim(ker(I — Tg\ch)) = dim(ker(I — Tr‘\lc*K*)) = dim(kerA).

Since (TF_\IC)*K* is a compact operator, then I — ((TE\IC)*K*) is a Fredholm operator of index

0 [10, Page 208] and dim (ker(! — Tt *K*)) = dim (ker(I — KT} )). Therefore it remains to

r\c r\c

prove that
dim (ker(1 — KTli\lc)) = dim (ker(] — Tlf\ch)) (3.13)
We just have to prove that T, 1“_\1c defines an isomorphism from ker(/ — K Tr_\lc) to ker(/ —Tr_\ch )
Indeed we have Tf\lcu = Tlf\EKTg\lcu when u = KTlf\lcu and v - VxT{\Eu + UTlf\lcu = u, which
proves that Tlf\lc is one-to-one. For w € ker(/ — Tlf\ch) then w = Tlf\chw € WP(X x V) and
v-Vzw+ow = Kw. Hence set u = Kw and we have KTr_\lcu = KTF_\ICKw = Kw = u. Hence
T is onto from ker(I — KT;\E) to ker(I — Tg\ch). Identity (3.13) is proved. O

Theorem 3.8. Assume that (2.17) and (3.6) holds. Then the albedo operator A € L(LP(C, d§),
LP(I'\C, d€)) is a Fredholm operator of index 0 and (3.8) holds.

Proof. The proof follows the same lines as the proof of Theorem 3.7. By the last proposition
1
(T, lf\EK )2 is a compact operator in 7# LP(X x V). Hence (I — T lf\ch ) has a finite dimensional
kernel. Moreover for u € ker(l — TIT\IC ), we have u = TF—\éKu € WI{)\C(X x V) and (3.9)
and (3.10) hold. Hence the operator ® : ker(I — Tlf\ch) — kerA defined by ®u := u¢ is well
defined and it is actually an isomorphism. Use (2.17), WP(X x V), LP(C, d§) in place of (2.18),
WP(X x V), LP(C,7d€) appearing in the proof of Theorem 3.7. Hence
dim(kerA) = dim(ker(I — Tr_\ch))

The cokernel of A is finite-dimensional (replace 7d¢ by d€ in the Green’s formula in the

proof of Theorem 3.7), and

dim(kerA*) = dim(ker( — Ty, K¥)).

Note that ker(/ — (Tlf\é)*K*) does not depend on the ambient space Tl_%LP%l(X x V) or

Lt (X x V) because of nice properties of (7] F_\lc)* We conclude as in the end of the previous
proof. O

4 Control of solutions on convex subdomains

We now consider boundary control problems for the transport equation. By boundary control,
we mean control of the transport solution on I'\C from prescriptions on C. We primarily con-
sider two situations. The first one, treated in this section, concerns the control of a transport
solution on Xy C X from the incoming conditions on I'_ (X ). Denoting by ¥ = X\ Xy, this is
a problem of control of I'(Y)\C from C C I'(Y). The second one is the control on the outgoing
set I'y from the prescription of the incoming conditions on I'_. It will be analyzed in the next
section.
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4.1 Extension result

We start with an extension result, which is a relatively direct consequence of the forward
transport theory developed in section 2.

Let Z and Y be bounded open domains of class C', ZNY = () with Z convex and 0Z C Y.
Define Zo = ZUY the open domain containing Z, Y. The objective is to write any transport
solution on Z as the restriction of a transport solution on Zey;. We will see that such extended
solutions are not unique.

We assume that 0 € L>®(Y x V). Let 1 < p < co. We consider the boundary value
problem (1.1) in Z where the boundary conditions are taken at “(C_,Cy) = (I'-(Z),0)”. For
g€ LP(T_(Z),dE), let us assume that there exists ug € WP(Z x V) solution of the Boltzmann
equation in Z x V' with uor_(z) = g. Existence of ug is granted when the condition (2.18)
related to (Z,T-(Z),0) holds.

Set
G (Zeoxt, Z) ={(x,0) €T _(Zoxt) | x +tv & Z, t € [0, 74 (2,0)]},
C_1=

g,(ZeXt, Z) U F+(Z), C+71 = F,(Z), Ci = C771 @] C+,1.

Note that '+ (Y) N (0Z x V) =T'x(Z). Let v € LP(G_(Zext, Z),dE) and assume that there
exists a solution u; € WP(Y x V) of the Boltzmann equation in Y x V' with u1g_(z...2) =7
and u1|r(z) = Uojr(z)- Existence of u; is granted when the related condition (2.18) holds for
(Y,Cy), for instance when Y is ‘sufficiently small’. Set now

) uo(z,v), (z,v) € Z XV,
u(z,v) = { wy(e.0), (2.0) €Y x V. (4.1)

Lemma 4.1. The function u belongs to WP(Zexy x V') and satisfies the Boltzmann equation
m Zext x V.

Proof. We have ug € WP(Z x V) and u; € WP(Y x V). Hence we have e LP(Zexy x V)
(indeed we always have max(7(Y"),7(Z)) < 7(Zext), where 7(X) is the function 7 related to a
bounded open set X). We now prove that the weak derivative v - V u exists and is equal to
Ku — ou, which will prove that u € WP(Zey x V) and that u solves the Boltzmann equation
in Zexy x V. Indeed, for ¢ € C}(Zexs x V)

/ u(v - Vyo)drdy = / up(v - Vgo)dadv + / up(v - Vgo)dxdv
Zext XV ZxXV Y xV

= _/va<v -V )uppdadv + /F+(Z) uppdE — /F_(Z) uppdE

—/ (v - Vy)urpdrdy — / uypdé —i—/ uypd€
Y xV I_(Y)N(0ZxV) T4 (Y)N(OZxV)

= —/ (Kug — oup)pdrdv — / (Kuy — ouy)pdrdv = —/ (Ku — ou)pdzdu.
ZxXV Y xV Zext XV

O]

Remark 4.2. The extension result may fail when Y NOZ is not the boundary of the convex
hull of Z. In that case, the solution of the Boltzmann equation in Z must satisfy additional
compatibility conditions at the boundary 0Z N OY .
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Note that the extension result was very specific to the transport equations. Another way
of stating the above result is to observe that any transport solution on a convex domain Z
may be seen as the restriction of a transport solution on a larger domain. This is clearly not
true for solutions of elliptic or even wave equations, where restrictions to subsets of solutions
defined on large domains have regularity properties that arbitrary solutions on such subsets
do not need to possess. Such extensions are clear in the absence of scattering (only for convex
domains Z). Our main result is that they continue to hold in the presence of scattering.

4.2 Control by a layer peeling argument

In this section, we still assume 1 < p < co. Let p € C?(RY) so that
Hess p(z) > 0 z € R1N\{0}, Vp(0) = 0 and p(0) = —1. (4.2)

We also assume that |p(z)| — oo as |z| = co. For —1 < s < 1, we denote by Z the convex
and bounded domain {z € R? | p(z) < s}.
For —1 < s1 < 859 < 1, we denote

G_(s2,51) :={(z,v) €eT_(Zs,) | (xt+Rv)NZs, =0}, 1 <k < N. (4.3)
Consider X := Z;\Zy. Then the following result holds.

Theorem 4.3. Let 0 € L®(X x V). Let k € L(X, LP(Vy, Lv-1(Viy)) when p > 1 and
ke L*(X xV xV) when p=1. Then there exists € > 0 so that for any (8,7) € LP(0Zy %
V,d€) x LP(G_(1,1 —¢€),d§) there exists a solution of the linear Boltzmann transport equation
u € WP(X x V) with the following boundary conditions

Uozexv = By Wg_(1,1-¢) = V- (4.4)

The theorem should be interpreted as follows. A transport solution is constructed on the
domain X x V with boundary conditions arbitrarily prescribed on the whole boundary of Z,
ie., on I't (Zp) UT'_(Zp), as well as on the incoming directions of Z; that are sufficiently
grazing. How grazing, i.e., how small ¢ has to be, depends on the scattering coefficients.

The proof uses the following Lemma. Let N € N, and denote

k—1 k

In each layer Yj v we denote 75 the function 7 related to Y n,

kK k—1
C_r=6_

: (7 ) U+ (Zes

1), Chp =T (Zk1), Cp=C_, UCysy,

and we denote L, , T , K, Ac, the operators “Lc, TC , K and A” introduced in section 2
for the couple “domaln boundary conditions (X,C)” = (Yi.~,Crk).

Lemma 4.4. There exists a constant C, so that

Sup HTkHLOO(Yk NXV S \/T (45)

1<k<N
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Proof of Lemma 4.4. Let (z,v) € I'_ (Y, n). Let so € [0, 7%(x,v)] so that |Vp(z + sov) - v| =
infocsery (@) V(T + sv) - v|. First assume that |[Vp(z + sov) - v| < \/» Then

% > p(x + (2, 0)v) — p(z + spv)| = (Tr(z,v) — s0)|Vp(x + sgv) - v

1
+ (7% (z,v) — so) /0 (1 — e)Hessp(x + sov + (1 (z,v) — s0)v) (v, v)de

> Cilm — s0)(0) - jﬁm@c,v) ),

where C1 = inf(, ,)cx <y Hessp(2)(w, w), and we obtain that 73 (x,v) — so < L lhvI1+dC

— /N 2C1
Ll"‘i V1+4Cy
vV IN

Similarly replacing =+ 7 (x, v)v by z, we obtain that sy < , and we get 7 (z,v) <

\/LNH* 61042401‘ Now assume that |Vp(z+ sov)-v| > \F Then + = |p(z +7(z,v)v) — p(z)| >

7% (2,0)
o =

Proof of Theorem 4.3. Let N € N, N > 3 so that

Cpllolleo

_ L Ne VN
I P ey ey < YT (4.6)
\% \%4 Cp
when p > 1, or
Ne R
e N
[kllLoe < —F— (4.7)
CplV]
when p = 1 (|V| is the nonzero Lebesgue measure of V as a (n — 1)-dimensional closed
hypersurface or as a bounded open set in R™ excluding 0). We have
X = YI,N U YN,N U (U;CV:_QIYk7N). (4.8)

Using Lemma 4.4, it follows that estimate (2.19) is fulfilled in each subdomain Y}, n, 1 <k < N

when p > 1. When p = 1 the estimate (2.20) is fulfilled instead. We first consider (1.1) in

Y1 v and obtain that there exists a unique solution u; € WP?(Y; y x V) so that Uz, ) = B,
N

N
ur, € WP(Y v x V) of (1.1) in Y, x with boundary conditions uk|F(Zk 1) = Uk—1|0(Z, ) and

uy)g, =0, where G k-1 is defined by (4.3). Then inductively we consider the unique solution
W N>

Ukig_ (L k=) = =0 for k < N. For kK = N we consider the unique solutlon uy € Wp(YNN x V)
“\N’ N

of (1.1) in Yy n with boundary conditions UN|F(ZN D= uN—l\F(Z%) and UN|G_(k k1) =7
Then using the extension Lemma 4.1 it follows that the function u equal to uy in each Y, n,
1 <k < N, solves the transport equation with boundary condition wjgz,xy = 8, Ug (1, N=1) =

)

_1
€= H- O

A first conclusion of this theorem is that a transport solution posed on a convex domain
Zy can be controlled from the boundary of a larger convex domain Z;. This generalizes results
obtained in [3] and finds applications in a class of hybrid inverse problems for the transport
equation; see [3].

Another conclusion concerns the violation of a Unique Continuation Property (UCP) for
the transport equation in the following sense. No matter “how big” the scattering coefficient
is, this does not imply a unique continuation property. Indeed let u; and us be solutions of
the transport equation with boundary conditions u1|rn9z,xv) = U2rn@z,xv) and wijg. = Vi,

15



1=1,2, 71 # 2. Thus, w = u; — ug is a non zero solution of the transport equation with zero
incoming and outgoing boundary conditions at 0Zy. Therefore w can be continued by zero in
Zy and the continuation remains a solution of the Boltzmann transport equation in 7.

The above results should be contrasted with the case of second-order scalar elliptic equa-
tions. For such equations, the UCP holds and is equivalent to a Runge Approximation stating
that any elliptic solution on a (not necessarily convex) subdomain may be approzimately con-
trolled from the boundary. On the other hand, transport solutions in the presence of large
scattering (small mean free paths €) are well approximated by diffusion solutions, with a van-
ishing error as € — 0. The latter limit is therefore singular as ¢ — 0. For each ¢ > 0, we
obtain an exact controllability of the transport solution on a convex sub-domain while UCP
does not hold. In the limit ‘e = 0’ of the diffusion equation, the control is only approximate
and a result of the UCP.

Of course, the above exact control has to become unstable in the limit ¢ — 0. This
instability is analyzed in the next section.

4.3 Example of boundary control in the diffusive regime

In this subsection the domain X is the annulus B(0,2)\B(0,1), and the velocity space V'
is the (d — 1)-dimensional unit sphere S¥~!. We assume that the absorption and scattering
coefficients are constant: 0 = ¢~ and k = |[V/|"!e~!. Hence the linear Boltzmann equation is

v Vau(z,v) + é(u(x,v) _a(2)) =0, (z,0) € X x V.

Here @ is the mean value of u over V.
We also slightly change the setting of the previous subsection: Zj is the inner ball B(0,1)
of center 0 and radius 1 and the layers Y} y are now the annuli of thickness % B0, % +

D\B(0, % +1) and Z, = B(0, % + 1) while the sets g,(%, k—&l) are defined by (4.3). In
N
this new setting, Lemma 4.4 is replaced by the explicit estimates: For (z,v) € Y3 vy x V

2
Tk(xav) € [07 N 2N + 2k — 1]7 Sup ||Tk||L°°(Yk,N><V) <
NeN

1<k<N

4
VN’
Conditions (2.19) and (2.20) are satisfied inside any layer Y}, xy when

. YN _ el

llosllee = ||"{p(73)||Zoo(X) =¢ < 4 G- )

or equivalently when N > ;—9. Therefore we set now
N = |16c2| + 1.

We construct a solution u as in the proof of Theorem 4.3. We set 8 = 0 on 07y x V which
means that our constructed solution vanishes in the inner ball Zj, and we place a boundary
source ¢ at the boundary of the first layer:

UG (Lo) = ¢

where ¢ € L (g_(%,())). The incoming boundary condition on each other layers Yj n is
given by
u|g7(%7k—1) — O, k — 2...N.

N
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The next Lemma describes the solution w at the boundaries of the layers. For k=1... N,

s = %, we define

1
Up s = {(z,v) e T4 (Zs) | (x —to,v) € g,(N,O) for some positive t}, (4.9)

and

as well as

d_s(z,v) = T,(ZS\Z%)(QS,U) +7(Z1)(x— T,(ZS\Z%)(SC, v)v,v) for (z,v) e Uy 5, k> 2.

1
N

Also, C), and Cp ., 1 < p < d, denote the constants:

R N R )

Cpe = sup ||[(1 =T K) 7T K L, | 4.10
P 2N L o K)o, Kle, IT(Z £ )\Cr (4.10)
where ||.|| denotes either the uniform norm of linear bounded operators from L'(Cy,d€) to

LP(T'(Z x )\Ck, d§) in dimension d = 2 or the uniform norm of linear bounded operators from
N
L*(F(Z%)) to LP(F(Z%)\C;C, d€) in dimension d > 3.

Lemma 4.5. Let 1 <p<d. Fork=1...N, s—N, we have
Ur(z,) = fék) + fl(k), with
T (Z\Z 1 )(a0)
ék)(x,v) = exp = da+7(Z\Z %)(m V), v)
Pt 0)e” T gl = d (s 0),0) (411)

for (x,v) € I'(Zs) and
19 e 17 (1(2.), dg).

where the source ¢ € L™ (Q_(%,OD is extended by 0 on U{L@Zi x V. Both fék) and fl(k)
N

vanish on G_(s,s — +) when k > 2.
In addition

. 2/G-Fe+rs+E)
1A < (147750l (4.12)
Ck -1 /3t 2
k—1 P
Hf HLP( 2.)).d¢) < CpeCp(Cyt + c, = 1(1+6 : ))H<15H17 (4.13)
where || - [|x = || - |L1(0(z,),4e) 0 dimension d = 2 and || - ||y = || - ) in dimension

d>3.

This lemma is proved in appendix B.
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Construction of the source. Let n € (0,1) and p € C°(R,R), p > 0, suppp C (—1,1)
with f_ll p(s)ds =1 and p even. We set

L g == (2 v)y
pn(z,v) =0~ p(—2K ; ), (z,0) eRYx V,
and define
1
Uy = {(2,0) €T_(Z1) | |2~ (- v)ul € (= + 14 gom+ 1+ )
When n < 5%, then any ray x+Rv, (z,v) € supppy,, intersects the ball Z1 without penetrating
N

Zy. We denote by u, the transport solution in Lemma 4.5 where “¢”= ¢, = [py]r_(z , )-
We obtain the following result. "
Theorem 4.6. Let N > 2. The source ¢, satisfies

_ _9/3\d—2
V]|s9?| < H‘bn”Ll(F,(Z%),dg) < |V|s? 2\(5) : (4.14)
n dimension d = 2 this 1s an equality. end=2 an <p<2,q +p =1lan
In di jon d =2 this i lity.) When d =2 and 1 2, ¢! 1'=1 and
a
n < e , (4.15)

- _ CcN— 4
CCJCH(CY 1+ (1 +€2))!

for some universal constant C' then
/ wnde > €3 |V |82, (4.16)
un
Whend>3 and2<p<d,27'<qt<1—-d! and
e |V ||84%)) >

n < = 2 2 (4.17)
(CeCC,Cp) 1 (O + o (L4 ef)) 7

for some universal constant C and a constant C which depends only on p, then the lower bound
(4.16) holds.

The theorem is also proved in appendix B. Its interpretation is as follows. For any source
¢y generating a solution of order O(1) in the vicinity of the ball B(0,1), while the solution
is exactly O inside that ball, then the transport solution inside the ball B(0,2) is necessarily
exponentially large (see (4.16)) close to |x| = 2. Equivalently, by linearity of the transport
equation, the above rescaled control of order O(1) at the boundary |z| = 2 generates a source
in the vicinity of |z| = 1 of order at most ¢~2. This provides a quantitative example of the
instability of the boundary control in the diffusive regime that is consistent with the unique
continuation principle that applies in the diffusion limit.

5 Control of outgoing boundary conditions

We now consider the control problem aiming to find incoming conditions on I'_ such that
the outgoing conditions on I'; are prescribed. This is a question on the range of the albedo
operator. We obtained in an earlier section that the albedo operator was a Fredholm operator
with vanishing index. We now show that the dimensions of its kernels and co-kernels, which
have to be equal, do not necessarily vanish. In that case, some outgoing conditions cannot be
controlled from I'_, answering the control problem negatively. By duality, this also shows the
existence of non-trivial incoming conditions such that nothing comes out of the domain (the
trace of the solution on I'} vanishes.
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5.1 Selfadjoint operators

In this section we assume that p = 2 and consider the setting with C = I'_ and hence I'\C =T';..
We denote by L2, (X x V), resp. L2,,(X x V), the closed subspace of L*(X x V) that consists
of functions that are even, resp. odd, in the v-variable:

2
L even

(X xV)={fe LA (X xV) | f(z,v) = f(z,—v) ae. (z,v) € X x V},

and we denote by Peyen, resp. Poad, the orthogonal projection onto that subspace L2 ., (X x V),
resp. L2,4(X x V).
We start with the following lemma:

Lemma 5.1. Assume that
o(x,v) =o(x,—v) a.e (x,v) € X x V. (5.1)

Then
(Tﬂrl)*f(:c, —v) = Tr_jf(a:,v), a.e. (x,v) € X xV, (5.2)
and f € L*(X x V). As a consequence

Peven (TF+) = PevenT_ ; Poda (TF_:) = _PoddTF__‘_l

and PeyenTT Peven is a selfadjoint operator in LQ(X x V) and PoqqTy Podd 1s skew-Hermitian.
Proof. We recall that

T f(w,v) = —/0 O o) f (e + o 0)dt, (2.0) € X X V.
and (o)
(Tfj)*f(a:,v) = —/0 Ei(z —tv,v,t)f(z — tv,v)dt (z,v) € X x V.
From (5.1), it follows that E. (z + tv, —v,t) = E4(z,v,t), which proves the Lemma. O

Let (x0,90) € X2, xo # 9o, and let n € (0, W) so that the Euclidean balls B(x,n) and
B(yo,n) centered at xy and yo with radius 7 are included in X. Then let

¥ = K(XB(zom) ~ XB(yom) = (XB(wom) = XB(yom)) Ts- (5.3)

Performing the change of variables “y = x + tv”, we have

xv)
( r+¢ P) = /X><V/ Ei(z,v,t)Y(x + tv,v)dty(z,v)dzdv

v—al fLo(@re-a)g—o)de -
= —Aﬁ V(y,y — x)Y(z,y — x)drdy

ly —z|¢t
clv—2l fy o(a+e(y—2),y—z)de o (z, y/_\m) "y, 9 )d:zdy
N _/B(mo,n)QUB(yo,n)Q [
+/ e|y—x|f01cr z+e(y—x),y—z)de /(x y_/\x) (y,y/—\x)dxdy
(B(zo.m)x B(yo.m) ) U(B(yom)x B(zo.n)) ly — |t
> —ane2ilol=Vol(B(0, 7)) sup(o)? + 262Vl B(0, 1) — o inf(o!)2.

d—1
n |0 — o Wn
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where we have defined
Wy = (B(zo,n) U B(yo,m)) x V.

We used that

dxd
/ B ol(B(0, ),
B(zom)? |7

— y|d-1
dxd 2d—1
(B(xo,n)XB(yom)) ly — x| [z0 — Yol
Hence we arrive at the conclusion that
2dC2772d |zg—yglinf o
—1 d ro=yolint o, N2
<TF+7J)3¢> > WG 2 %5(05) (5.4)

)

" (1 B 22_d‘l‘0 — y0|d_1 suan (0';)26277”0”007 \mofyglinfa>
cqn?=tinfy, (o})?

where ¢q = Vol(B(0,1)). Therefore when the right-hand side of the above equality is positive
then the operator PevenTF_jPeven has a positive eigenvalue by the min-max principle.

We also assume that k € C'(X, L*(V?)) (see (3.6)). In particular
dim(kerA) = dim (ker(I — KTy, !)). (5.5)
Lemma 5.2. Assume that
E(x,v',v) = k(z,v,0") = k(z,v, —v) a.e. (z,0,0) € X x V2 (5.6)

Then K is a bounded selfadjoint operator in L?(X x V') and K maps L*(X xV) to L?

even

(XxV).

For the rest of this section we assume that hypotheses (5.1) and (5.6) hold and we assume
that K defines a positive operator:

(K¢, ¢) 20, g € LA(X x V).
We denote by
R=K2 (5.7)

the non negative square root of the operator K. Note that Lgdd (X xV) CkerK = kerR. We
are interested in the existence of a positive eigenvalue for RTF_:R. Note that

Y = Ro, ¢:= R(XB(wom) — XBlyom))- (5.8)

Then

||¢Hi2 = <K(XB(JJO,77) - XB(yo,n))>XB(a:0,n) - XB(yo,n)> < 2¢q Svl[}P and'
n

Hence from (5.4) it follows that

<RT1"_+1R¢7 ¢> Qd_lcd’nd Ilofygl inf o iann (fg

Il ~ o —wol ™! supyy, Is

(5.9)

2— -1 2

227429 — yo|? supyy, o2 5 _ Jmg—yolinfo

% (1 _ n s 2nllofl 9 )
cgn?~Linfy, o2
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5.2 Non-controllability result
Under the assumption

o—os >0, (5.10)

the transport equation is well-posed [11] and the albedo operator is well-defined (here o3 = 7).
We also recall that pairs (o4, ki) € L®(X x V) x L'(X x V x V), i = 1,2, are said to be
equivalent if there exists ¢ € W (X x V), ¢ > 0, pjgxxv = 1, so that

PE) |

= - vxl y s k y ,, - y Uy .
7a(w.0) = 1(2.0) ~ v Va (o), hofev' ) = Z2 ka0l 0

Equivalent pairs define the same albedo operator [20] when solvability conditions are satisfied.

Theorem 5.3. Let (M, My, M3) € (0,+00)? and let k € C(X,L*(V?)) so that (5.6) holds
and K 1is non-negative and that
M <oy < Ms a.e.

Then there exists a constant C > My that depends on X, d, My, My and Ms so that for any
o€ L>®(X x V) satisfying (5.1),

C<o<C+H+ Mj a.e. (5.11)

the operator KTi1 has a positive eigenvalue greater than or equal to 1. In particular for such a
o then there exists A € (0,1) so that the albedo operator defined with respect to the coefficients
(o, \k) (or any pair of coefficients equivalent to (o, \k)) has a non zero kernel.

Proof. Fix (x9,y0,n) as above and let C € (Ma,400). Then for any o satisfying (5.11) and
n
for the function ¢ previously defined we have
-1 _ Clzg—yo| _ _
(RTy 'R, ¢) - 9d—1¢ pde =% %12 . 92=d |50 — yol? 1M2262n|z'20y00+2M3,7). (5.12)
Il2 = lzo—yol™t Mo can=t M7

The right-hand side goes to co as C' — +o00. Hence for C large enough the right-hand side
of the latter estimate is bigger than 1 and the selfadjoint operator RTF_ER admits a positive

eigenvalue o bigger than one. And pg is also an eigenvalue for the operator K TF_+1 = R2TF_+1.
Then rescaling k by p 1k we obtain that o 'K Tlil has 1 as an eigenvalue. By (5.5) it follows
that the albedo operator for the coefficients (o, 1, %) has a nontrivial kernel. O

We have the following improvement of Theorem 5.3.

Theorem 5.4. Let (My, Mo, M3) € (0,+00)3, let N € N and let k € C(X, L*(V?)) so that
(5.6) holds and K is non-negative and that

M1 S Og S M2 a.e.

Then there exists a constant C' > My that depends on X, d, M1, Mo, M3 and N so that for
any o € L>®(X x V) satisfying (5.1),

C<o<CH+H M;s a.e. (5.13)

the operator KTITJr1 has N positive eigenvalues greater or equal to 1.

21



Proof. Fix xyp € X and let r € (0,400) so that B(zg,2r) C X. Consider a plane P passing
through xy and spanned by two unit vectors v; and vs orthogonal to each other. Consider the
sequence of N distinct points z; on the sphere S(zg,7):

I A
21 =1 + Tcos(ﬁ)vl + rsm(ﬁ)vg.

and set
EN+l = 2%0—2’1, [l=1...N.

Then there exists a(N,r) € (0,7) which depends only on N and r so that

2r =lzyy — 2zl = max |z — zp| > a(N, 1) + max |2m — 2nl,
=1..2N m,n=1...N
m#n+N or n#Fm+N

T

and infmn=1..2~ |2 — 25| > @(N,r). Consider the family of N functions
m#n

¢ = R(XB(ZHN,%) - XB(ZL,%))’ I=1...N.

Then for any o satisfying (5.11) and for the function ¢; we have
(RTy ! Ry, éu)

> n(C) (5.14)

12

where
—2d d Cr ar2 d—1,.d—1772 o ar a(Nor
1 (C) = 2 cdag]y,r) e %( 27 MG 2ea(N,4> ir g Mae(N )). (5.15)
rd-1 M, cqo(N, )= M
Then write

Y1 = R(gn). (5.16)

Performing a change of variables “y = x 4 tv”, we have for [ # k

wl(ya "U)wk(ﬂ?a U)d(Edy

< max [/ elv—zl [y O’($+6(y—$)77~1)d60§_(f,Q})o’é(fy,’v)dfﬂdy’
Wik !y - :L‘|

T_1 6|y—a:\f01 o(z+e(y—z),v)de
Tl =

ly — |41

/ ey—wlf&a<w+e<y—r>w>dsag<%U>Ué<y’”)d$dy]
Wa k.1 ’y a x’d_l

2 (,,,7 a(N,r)

< el a ) lolleog=3d g (N )67 |12,

where we used the notation v for the unit vector y/—\:v inside the above integrals and we
introduced the sets

N, 7 a(V,r a(N,r a(N,r
Wik = (B(z, 1 ) X B(zk+nN, (4 )))U(B(ZZ+N, (4 ) x Bz, (4 )))7
a(N,r a(N,r a(N,r a(N,r
Wair = (B(Zl’ (4) x Bz, ( A ))) U (B(ZI+N7 1 ) X B(zg4n, ( 1 )))
In addition,
2 = - J—
Iodlz: = <K(XB(Zl+NvW) XB(H?%))?XB(ZI-FN,%) XB(Z;,%)>

— / > ol—2d d: /
/XxvGS(:E’U)(XB(ZHM&UZ’T))+XB(217QUZ’T))) > 2" cya(N,r)%inf 0.
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Hence we arrive at the conclusion that

b a1 (o) los%
RI RO < e 11l el g,y 1
T T ol | = Wt
a(N,r) M2
< g2 e )(C+M3)a(N,r)ﬁ2. (5.17)
1
Comparing (5.17) and (5.15), we obtain
(RT; Rm, m) oo
> 3(C)(RTy, Ry ),
[[éml|? [(RT [dullr2” l|Pell 2 |

for m,l,k=1...N with [ # k, where

(N,r) (N, ) —4 Ma(NT)
a4r a r TC—F 3

2_d+10((N, r)d—le—M37"+

72(6) - rdflMg)

(C+M3)M§ (1 9d—1 d 1M2 )
caa(N,r)d=1 M2 '

Note that y2(C) — 400 as C — 4o0o0. Then consider the N-dimensional vector space E
spanned by the orthonormal vectors ¢;, [ = 1...N (the balls B(z;, = (N )) are mutually
disjoint). Assume that the compact selfadjoint operator RT, +R has (Only) N — j positive
eigenvalues greater than one with j > 1. Consider the subspace F' generated by the N — j

eigenvectors related to these eigenvalues. Then there exists (5;)i=1.. N € CN so that

N
Z\ﬂj|2:1andw Zﬁj”@

j=1

’ € F* (orthogonal space to F)
L2

and we obtain that
(R Rw,w) < [l < N.

However
N ¢ ¢ ¢
RT-1R , _ 2prip_%i ’ 1 i j
< r. ww> ;|BJ< j ||¢j||L2 ||¢]||L2 ”ZI:Nﬁ]ﬁ ”¢1HL2 ||¢j||L2>
i#]
NV -1)
> (C)1— o) = e,

as C' — oo. Therefore, for C' sufficiently large, RTF_:R must have (at least) N positive

eigenvalues greater than one. As a consequence, K TF_: also has IV positive eigenvalues greater
than one. O

Theorem 5.3 shows that the albedo operator has a non-trivial kernel for specific choices
of the scattering coefficients (o, k). Theorem 5.4 states that (o, Ak) gives rise to non-trivial
kernels for N different values of A (counting multiplicities). Since the index of the albedo
operator vanishes, we obtain by duality a corresponding number of incoming conditions on I' _
leading to vanishing outgoing solutions on I'.

The next result shows that when the kernel is non-trivial, it is generically one-dimensional.
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5.3 Simple eigenvalues are generic.

Theorem 5.5. Let 0 € C(X x V) satisfy (5.1). Let H be the subspace of C(X, L*(V?))
defined by

H:={kec C(X xV x V) | k satisfies (5.6) and K nonnegative operator in L*(X x V)}.

Then there is a dense subset D of H in C(X x V x V) so that for any k € D the non zero
eigenvalues of the operator T{:K are simple. In addition all the eigenvalues of the operator

TlflK restricted to L2

+ even

(X x V) are generically simple.

Proof. We first prove that 0 is generically not an eigenvalue of the operator TF_+1K restricted to
L2, (X x V). Assume that A = 0 is an eigenvalue for T, ' K restricted to L2, (X x V). This

even + even

is equivalent to saying that 0 is an eigenvalue for K Puye, since Til is one-to-one. Therefore
we just need to consider an appropriate deformation of the nonnegative operator K.

Let (en)nen be an orthornormal basis of L2, (V) = {¢ € L2(V) | ¢(v) = ¢(—v)} so

even
that the basis is made of smooth functions. Then we would like to consider the following

deformation
K. = K+ 71K,.

where

/ en(v)en(v')
w(v',v) = _—
L
neN
and the v, are appropriately chosen positive constants so that the series is absolutely conver-
gent and w € C>(V x V). Here

ngi)(x,v):/ w(v',v)e(z,v")dv'.

|4

We would like to prove that for small positive 7, then K is one-to-one on L2 ., (X x V). We
have

(o d) > 73 ! /X (em, () 2

neN
for any ¢ € L2, (X x V). Therefore, for ¢ € L2, (X x V) and 7 > 0, K;¢ = 0 and we have

even even
Sonen o Sy [{en, é(, -)>L2(V)|2d$ = 0, which proves that ¢ = 0. Hence 0 is not an eigenvalue
of the operator TF_:KT restricted to L2, (X x V). This proves the second statement of the
Theorem assuming the first one is proved.
For v € C(X x V x V) satisfying (5.6), we denote by K the bounded self-adjoint operator

in L2(X x V)
K ¢(z,v) = /V’y(:zt,v',v)qﬁ(:n,v')dv', (z,v) € X xV,p € L*(X x V).
For (v1,72) € C(X x V x V)? both satisfying (5.6), the following operator identity holds
Koy Koy + Koy Koy = Koy,
where 73 € C(X x V x V) also satisfies (5.6) and is defined by

"

73(377’0/77}) = / (’yl(:):,v”,v)’yg(x,v’,v”) +’72('%'?UH7U>71($7U,7UH))dU .
1%
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We also consider a selfadjoint square root R of the operator K, see [19, Theorem VI.9].
We recall that

R=VIEY en(I—1)",
n=0

for M large enough where the ¢;’s are all negative numbers for ¢ > 0 and their series is
convergent. Here the operator I — % is a selfadjoint bounded and nonnegative operator and its
uniform norm is 1 by assumption on the function k € H. We note that for (¢,1) € L*(X x V)?

/‘/(K¢)(x,v)¢(x,v)dv = /‘/gzb(x,v)(Kw)(x,v)dv a.e. © € X.
Hence we obtain that
/V(Rgi))(x,v)d)(x,v)dv = /qu(:z:,v)(Rw)(x,v)dv a.e. e X. (5.18)
Now we prove the first statement of the Theorem. We consider the bounded operator
A = KR for some v € C(X x V x V) satisfying (5.6),
and the analytic deformation of R given by R, = (R + 7A). Hence
AR+ RA* = K, K + KK, = K., AA* = K,KK, = K.,

where 4 and 5 belong to C(X x V x V), also satisfy (5.6), and are defined by

ya(z, v v) = / (y(z, 0", 0)k(z, 0, 07) + k(2,0 v)y(z, 0, 0"))dv",
\%4

vs(x, v v) = / y(z,v1,v)k(x, v2, v1)Y (2,0, v2)dv1dus,
V2
for (z,v',v) € X x V x V. Therefore R, R is the analytic deformation of K = R? given by
R.R: = K + (AR + RA*) + 72(AA*) = Ky, ky = k4 74 + 7%5s.

By construction the function k; belongs to H for any real 7. The operator T; r_: Ky =1, F_:RTRi
also defines a T-analytic deformation of Tlij .

We then apply Albert’s approach [1] on the analytic deformation RjTFjrlRT.

Let A be a nonnegative (isolated) eigenvalue of T{:K = T{:RZ with multiplicity h > 1.

Then A is also a nonnegative eigenvalue of RT; {:R with multiplicity . By Rellich’s Theorem
[18, Chapter 2, Section 2], there exist analytic deformations A;(7) and u;(7), j = 1...h,
so that A\;j(0) = X and (u;(7))j=1..4 is an orthonormal family of eigenvectors of RiTF_JrlRT,

RiTF_jRTuj (1) = A\j(7)u; (7). We expand RiTp_Jrer and use (5.3) to obtain
RiTy 'Ry = RTy 'R+ m(RK,TR 'R+ RTY Ky R) + 72(AMT A).
We write A\j(7) = A + 7a; + O(7%) and u;(1) = wu; + 7vj + O(7?). We obtain
ajuj + (A = RT; ' R)v; — (RK, Ty ' R+ RTy Ky R)u; = 0.
We note that (A — RT{:R)UJ- € ker(A — RTF:IR)L. Hence we obtain

a;jdj; = (K, Ty ! + Ty Ky Ruj, Ruy) = (K, Ty Rug, Rug) + (K Rug, T Ru). (5.19)
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We use that R maps L%(X x V) to L2,,,(X x V) and we use selfadjointness of the operator

PovenT; F_:Peven in the last identity. We finally obtained that

a0 = /X o 'y((PevenTilRuj)(x, v")Ruy(x,v) + Ruj(, v')(PevenTilRul)(fv, v))dzdvdv’.
X

(5.20)
Above, v = y(z,v’,v). Our goal is to prove that we can choose the function + in the definition
of the operator A so that there exists at least a couple of distinct values of «;’s, which proves
that for small non zero 7, A\1(7) has at most multiplicity ~ — 1. This implies the analog of [1,
Theorem 2] in our setting. Then the conclusion of the proof of genericity of simple non zero
eigenvalues of TF_:K follows by reproducing the reasoning in [1].
We now proceed by contradiction and follow [1, Lemma]. Assume that the function + is
such that all ;’s have the same value a. Then it follows from (5.19) that for any couple
(t1,u2) of orthonormal real valued eigenvectors of ker(RT; F_:R - )

0= (K, Ty, + Ty, Ky Rin, Rag) = (K, Ty, Rin, Riig) + (K- Rin, Ty, | Ria). (5.21)
Lemma 5.6. Under the assumptions of Theorem 5.5, Ru is continuous on X x V for any
u € ker(RT; 'R = X).

The proof of Lemma 5.6 is given in Appendix D.

Lemma 5.7. Let (uy,u2) be two orthonormal real valued eigenvectors of ker(RT{:R —A).
One of the following statements is satisfied:

i. Identity (5.21) does not hold when

y(x, v, v) = Riy (z,v")Ritg(z,v) + Riy (z,v)Rig(z,0"), (z,0',v) € X xV xV,

it. Identity (5.21) does not hold when

y(x,v',v) = Ry (x,v)Riy(z,v), (z,0",0v) € X xV xV,

U1 —u2 u1+ﬂ2) ;

V2 V2
The proof of Lemma 5.7 is given in Appendix D. O

and the couple (1, u2) is replaced by the couple (

Remark 5.8. The kernel of TF_+1K is infinite dimensional with the assumptions of Theorem
5.5. For k(z,v',v) = k(z,v,—v") and u € L?;4(X x V), we indeed have Ku = 0, TF:LIKU = 0.

5.4 High-dimensional obstruction to controllability.

We now show that in specific, highly symmetric, situations, the kernel of the albedo operator
may have an arbitrarily large dimension. For the rest of this section, we consider the case
X = B(0,1) the unit Euclidean Ball of dimension d centered at 0, ¢ is a constant and the
function k is identically equal to 1.

The operator of interest is KTF_+1 on L?(X x V). We restrict KTI‘_: to L2,4(X) = {g €

L?(X) | g(—.) = —g}, and we denote by F this restriction. Then

olz—y|
Ff(ﬂﬂ):/xwe_y‘zlf(y), a. e x€X, felLljX).

The main properties of F' are invariance by complex conjugation and by orthogonal transfor-
mations of R?. The operator F is a compact self-adjoint operator on L(Q)dd(X ).
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Consider the space H;(V') of spherical harmonics of degree [, [ € N. The spherical harmonics
of degree [ are the traces of harmonic homogeneous polynomials in R? of degree I. We denote

by N; the dimension of H;(V') and recall that N; = (dCﬁII) — (dH 3) for Il > 2, Ny = d,

Ny =1 (see [7]). We also denote by (Y7 ,...,Yn,;) an orthonormal basis for Hl(V) endowed
with the L2-product on V.

Let ! be odd and Ly be the subspace of L2,,(X) consisting of square summable functions
f written in spherical coordinates as

flrw) = g(r)Yi(w) ae. (r,w) e (0,1) xV,
for some function g € L2([0,1],7¢7dr). The space Ly, can be identified to L%([0, 1], 74 1dr).
Lemma 5.9. The operator F' leaves stable the subspace Ly ;. For any g € L2([O, 1], rd_ldr),
F(9Y1) = Fi(9)Yky,
where Fy is a selfadjoint compact (Hilbert-Schmidt) operator in L2(]0,1],741dr).

The proof of the Lemma is given in Appendix D. Note that the orthogonal sum

DieN, 1 odd , k=1..N; Lkl

is dense in Lgdd(X ). Hence Lemma 5.9 provides a spectral decomposition of the operator F'
once each F}’s are diagonalized. The eigenvalues of F' have a multiplicity greater than or equal
to d since N; > d for any [ > 1. There does not exist a (uniform) bound on the multiplicity of
eigenvalues for the operator F'.

Lemma 5.10. Letl € N, [ odd. When the constant o is large enough then the operator Fj in
L2([0,1],797Ydr) has a positive eigenvalue p greater than 1 and p is also an eigenvalue for the
operator F' with multiplicity at least N;.

The proof of the Lemma is given in Appendix D. We observe that the dimension N; grows
to 400 as | — +o0o when the spatial dimension d is greater or equal to 3. As a corollary of
Lemma 5.10, we deduce the existence of kernels of the albedo operator with arbitrary large
dimension when d > 3.
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A Proof of Lemma 2.10

We start with the proof of the statements for the operator T, 'K. Let ¢ be a bounded
mesurable function on dX x V and (x,v) € X x V. It follows from the definition of T}, U and
K:

T; ' KLeg(x,v)

a:v)
= xc_(x—7_(z,v)v,0) // xvt/k‘x—tv v_,v)Lep(x — tv,v_)dv_dt

T+ (z,v)

—xc, (x4 74 (z,v)v,v) / E.(z,v,t) / k(x 4+ tv,v_,v)Lep(x + tv,v_)dv_dt.
sJo 1%
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Hence
7 (z,v)
‘T51K¢(x,v)| < |kllcoxe_ (z — T_(:x,v)v,v)// / |Led|(z — tv,v_)dv_dt
SJO 1%

T+ (z,0)
_|_Hk;||ooe||0'“oo7'+(a7/”)XC+ (z + 74 (x,v)v,v) // / |Leo|(x + tv,v_)dv_dt.
SJo0 \%4

From the definition of L¢, we have

’Qb‘(y—T_(y,U_)U_,’U_), (y—T_(y,U_)’U_,U_) € C—a
Feoly o)l = { eWl=r 0| gl(y + 7. (g, 0o, 0-), (y+ T (g 0-Jo—,0) € C,

for a.e. (y,v-) € X x V. Now set

7+ (z,v)
I (¢,z,v) = /S/O /V || (z £ tv — 7— (2 £ tv,v_)v_,v_)dv_dt,

7':!:(1'/”)
If(¢,z,v) = // / || (z £ tv + 74 (2 £ tv,v_)v_,v_)dv_dt.
SJO |4
We obtain
T, K(e,0)] < [klloo[xe_ (z — 7 (2, v)0,0)(IZ + ell=lmle 1)

xe, (@ + 7 (2, v)o, v)ellelimlo (7 4 €||o||oo||u||oofi)] '

We omitted the arguments (¢, x,v) in front of I * and Ljf for clarity. We first find a bound for
I~. The study of I and I is similar. We make the change of variables

VP'U_,U,:E (’Vv_,v,x (t)) :
v_ - 'UJ‘

v
Yo_ wa(t) = —tv—7_(x — tv,v_)v_, dt = | |dVo_ w2 (t),

where P,_, . denotes the 2-dimensional plane passing through x with directions (v,v_) for
a.e. v_ and where 7y,_, , is the intersection curve between X and the plane P, , , and where
VP, ..(2)is the outward unit normal at the boundary point z of the 2-dimensional domain

P, N X. Here v1 denotes one unit vector orthogonal to v in the vector plane spanned by
v and v_. We set

0X_y wo={z—tv—7_(x—tv,u_)v_ |t € (0,7—(x,v))} COX NP, 4z

We obtain

_ X0X_ 0w (Voo w201 (Yo_ e v-) VP, 0 (Yo wa) - v=|dVo_ padv-
I— (¢7 x? 'U) = 1 *
Sd=1 J4. "U_ - ’

v_,v,T

(A1)

Dimension d = 2. In that case, 0X is 1-dimensional and X N P, , , = X for a.e. (v,v_).
Hence (A.1) reduces to

XOX 0 (T-)
o) = [ ZEt o v g0,

28



Let p € (1,2—7) for some small positive number r and denote its conjugate by ¢, p~'+¢ ! =
1. We are going to prove that

11Z(9, - lexxvy < Cpll@llLrc,aeys (@ Mlorcde) < Copll@llLic,ae)- (A.2)

Similar estimates are derived for I} and IT which prove our statements for the dimension
d = 2. We use the estimates

owp [ o) ) < Cxlo-ot,
r_€0X JOX

sup /XaX’v_’v’z(J:)cm < Cxlv-vt (A.3)
r_€0X JX

for a constant Cx and for a.e. (v,v_) € V2, and

2
sup / lo_ - vt 1 Pdy = / |sin(8)|'7Pdb < oo. (A.4)
v_eV JV 0

A proof of (A.3) is postponed to the end of this section.
Let us start with the first estimate in (A.2). We first prove that

XOX_ .y 0 (@-)
| L= 6 v )ldg (@, v )dod < Colldl gy (AS)

_ vl

Indeed we use Tonelli’s theorem on nonnegative measurable functions and the second estimate
n (A.3) and (A.4) to obtain

Xava ()
/X><V/ _olpp [p(x—,v-)|dE(z—,v_)dzdv

dv 2 ] 3
< o | [ .Mp_lw(x_,v_)rds(x_,v_)scx | 1sin@)7dbl 0.0,
c_JV V= 0

Hence )
C,=Cx / | sin(0)|*7Pd < oo
0

and the integrand in (A.5) belongs to L' and we can apply Holder estimate below

XOX_y_ 0. (T-)
e M M =i L CRU L)

XOX_y_ 00 (2-)
< [ ] el o)

x(/ Xox o ()|0(a—, v ) |dE(r_v)) 8| dado

IN

XaX*'U ,U,T 7)
/XXV/ — ol W(Oc—,v_)]clf(ac_,v_)alacdeqb”Ll(Cd£ H¢HL1 .

which proves the first estimate. The second estimate in (A.2) is proved in the same way (use
the first estimate in (A.3) instead) and we start from the estimate

XOX_ e (T-)
1= Mrnean < [ | [ =ttt o) lde(a, o[ de(a.v).
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Dimension d > 3. Let 1 <p < d. We first prove that I_(¢,.,.) € LP(X x V) and

1=, - Nzexxvy < Cpll9ll L. ), (A.6)

for some constant C), depending only on p and X. This reduces to proving (A.6) when ¢ is
replaced by |¢|. By (A.1) and by Hdlder’s inequality

=], - I (xxvy
XX v waMIVP, 00 (V) - v_[|®|(y, v-)dydv_ p
— ‘ dxdv
XxV V Iy _ v

o o]

XaX—,v,,v,:t (7)|VPU71.U1Z (f}/) . 'U_’
/ {/ / Lip || (v, v—)dydv—
XxV LIV Sy e lv_ - vt

b
q

X(/V/v_,v,z |VPv,,v,z(fY) ,U—H(M(’Ya v—)d’}/d’l)_) ]dmd«v

IN

We use the notation « for ,_ , . in the integrands above and below. By definition of the norm
18]l 1..r) We have

L[ wn ) vcliolo v < ol
Yv_,v,x

and we have

HI:(‘(M? ) ’)HIZ/P(XxV)

e XOX - 0w (VP 0a () - v-]
. oo, o
L.(T) /X><V [/V/u_,m lo_ L] W‘(%U—)d’ydv_} dzdv.

We introduce the spherical coordinates for the v-variable:

< ¢l

m™
, =

v(0,w) = sin(f)v_ + cos(Aw, (0,w) € (—5 2) x S¢—2

where S772 = {w € S ! | v_ -w = 0}. We recall that 7, ,, denotes the curves that in-
tersect 0X and the 2-dimensional plane P, , , passing through « with directions (v,v_) (or
equivalently (w,v) for a.e. v). Hence

Yv_vx = Yo w,x> Pfuf,v,x = Ty_wzr for a.e. (U,U_) € (Sdil)Q‘

In addition
lv_ - vt| = cos() in the vector plane spanned by w and v_,

and we obtain

2 3
- p q d—2—p
7=l Moy < MMy | [ " / (cos0) /%_anx_,w(e,m,v<w>
X |VP'U_,w,z (’Y) : v_‘|¢|(77 U—)d')’dade$dU—

We denote H,,_, the (d —2)-dimensional space orthogonal to v_ and w. We introduce the
change of variables

Tyttt sw, y € Hy u Iyl <71, (5,8) € (—r1,m1)?, do = didsdy.
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Hence P,_ 2 = Py_ wy and vy_ w2 = Yo_ w,y and we obtain

2], T e xvy

< ||¢||L* // /yeHv . /7r (cos )4~ 2_p/(—r1 . xx(y+ tv_ + sw)

lyl<r 2

<[ XX Oy ()0 1610r, 0 irdtdsdbdsdydy..
i

v_,w,y

We use the following estimate (see above for the 2-dimensional case)

sup / xx(y+to_ + SW)XE)X_,HM,+sw,v(e,w),u, (Yo_ wy)dsdt < Cxlv_ -v
yEHv_,w ( 7‘1,7”1)2

= Cxcos(0) (A.7)

for a constant C'x which depends only on X and for a.e. v_, v, and we note that
Cp—/ costlpd0<ooforp<d
3

and we obtain that

=] - ey

< H¢HL CX// /eHU y /,, cosﬁd 1-p
2

lyl<rq

<[ e ) el o dydbdudydo-
Yo_,w,y

<101}, CxCy | / e /7 W,y (7)o 9]y, v )dddydy_

ly|<rq v_,w,y

_ 2y _
< Ox GV II8*21Baza(0, m) 18112 1y = CxColVIIS* 21 Baa(0, r)lI6IE r,

Here |V|, [S¥2| |By4_2(0,71)| denote the (d — 1)-dimensional volume of V, the (d — 2)-
dimensional volume of S~2 and the (d — 2)-dimensional volume of the Euclidean Ball of center
0 and radius 7 in R%2 respectively. This concludes the proof on boundedness of T KL
from L.(T') to LP(X x V).

Similarly we prove that I~ (¢,.,.) € LP(I',d§) and

1 1Z(9, - )l er.ae) < Cpll@llL. s (A.8)

Indeed we repeat the first lines of the proof above to obtain

P 3
1M ag < W0l [ oo [ o Ou)
174 8X><Si'572 —g v_,Ww,T
X ‘VPU,,WC (%_,wm) : U*H¢|(7v—,w,xv U*)d'Yv_,ngV(x) (0, w)|dfdwdp(z)dv_.

Then recalling that the variable z lives on the boundary 0B(0,r1) U 0B(0,r2), we introduce
the change of variables

z(r,y,0") =y +/r? — |y|?(cos(8')w + sin(0)v_), y € Hy, 4, 0<|y| <r1, 6 € (0,2n),
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dx = rdf'dy.

and r = r; when r9 < |y| < r; while either r = r; or 7 = 79 when 0 < |y| < r2. We omit
the dependance of z(r,y,6) with respect to v_ and w. Note that P, ., = P, ., and

Yo_w,x = Yv_,wy- We obtain
2T
/Zn/ / / / (cos0) d=2-p
yEHv W T
2

< XN g (o)) 0(0,0)
Yv_,w,y

HI:(’(M7 9 ')HLP T dg)

dOdwdb' dyduv_.

X ‘VPq,,,u,y (%—,w,y) : U*H¢|(%—,w,ya U*)d%}_,w,y =iy ')

We also use the following estimates (see the end of this section for their proof)

w0 [ o Ce ) 08|
YEHy_ ., 0<|y|<r; /(0,27) z=z(r;,y,0")
< COx|v_ vt =Cxcos(h), i =1,2. (A.9)

Hence we obtain as above

p
- q d—1—
||L(|¢|,-a-)||Lp (r,de) = ||¢||L / E m/sd 2%61‘11; w/ (cos0)*~"Pdp

jus
lyl<r; 2

x / Vo o (Vo o) - 0181 (Vo o V- ) o sogderdydv_
Yv_,w,y
< 2 Cx GV ST 2| Bas 0, 7)1

which conclude the proof on boundedness of T, ' K L¢ from L, (T) to LP(T\C, d¢).

Boundedness of (I—TglK)_l(TglK)Lc} e under condition (2.17). Under condition
(2.17) we write

(I-T;'K) NI 'K)Led = (T; ' K)Lep + (I — T 'K) ™ (T7 ' K)? Leo,

for any ¢ € L*°(C,d§). Let us consider dimension d = 2. The higher dimensional case d > 3
is handled similarly: replace L'(C,d¢) by L.(T'(X)).

We have already proved that T, 'K Lc defined a bounded operator from L!(C,d¢) to
LP(T'\C,d¢). It remains to prove that the second term also defines a bounded operator from
LY(C,d¢) to LP(T\C, df).

We have proved above that T 'K L¢ defined a bounded operator from L'(C, d€) to LP(X x
V). Then by Lemmas 2.3 and 2.4, (Tc_lK)QLC defines a bounded operator from L!(C,d¢) to
WP(X x V). Hence we obtain that (I — T, 'K)(T; 'K)?Lc is bounded from L'(C,d¢) to
WP(X x V) and Lemma 2.2 concludes the proof.

Boundedness of [L¢]jr on L,(T') in dimension d > 3. Let us recall first a formula for a
2-dimensional C!' bounded domain X, a velocity space V and a boundary set C: For f € L>(C)

[ Wefimete ol - lduta / F (@, 0)v(x) - vldu(z) (A.10)
X\Cy
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for a.e. v € S! where C, = {x € 0X | (z,v) € C}. The proof of (A.10) follows from the identity

/V a(v) /a o et vl - vldu(a)) e = / el (gf)dé = /C ofde

r\c

- /V a(v) /C @) - vld(e)

for any g € LY(V). Now let us return to dimension d > 3. Let ¢ € L®(0X x V) and let
(v—,w,y) € M so that v,_ ., is either a circle or the union of 2 circles and X N P,_
is either a disk or a planar annulus depending on the value of y (either 0 < |y| < ro or
ro < |y| < r1). We denote by S, ,_ the unit sphere in the vector plane spanned by (w,v_)
and I'y_ vy = Yo_wy X Sww_. The subsets Cy ,_ oy = I'y_ oy N Ct are measurable subsets of
I'y_ .y and their union C,_ 4, 4 = I'y_ , yNC has a non zero measure for a.e. (v_,w,y) € M. We
also denote by ¢, the measurable bounded function obtained by restricting ¢ on I',_ .,y
for a.e. (v—,w,y) € M. In addition Le, , (¢, .,) = Lcg for ae. (v—,w,y) € M where
Be, ., denotes any operator “Bc” of Section 2 for “(X,V,C) = (X N Py_ wy,Sww_,Co_wy)”-
In addition

(Orr, ) = | (L] p(0)] (A.11)

To_ e,y

[Leo ]

Tv_wy

for a.e. (v_,w,y) € M.
Then, the above left-hand side defines a bounded function (see Lemma 2.3 and ¢ €
L>*(0X x V)) and we apply (A.10) to obtain

[ el e oy @ oy o) vl
Yv_,w,y

S eHTHOOHO—HOC /y ‘ [JCU,,M,ZJ] |Fvi,w,y\cv,,w,y (¢‘Fv7,w,y) |VPU7,w,y (’YU—,UJ’y) ’ U7|d71;_7w7y

v_,w,Yy

< elrlcliolios / 1610 w1V s (Vo) - 0 ldV0_ o,
Yo_,w,y

for a.e. (v—,w,y) € M. Since [L¢, ] f = fforany f € L*°(C,_ ), we finally obtain

ICo_ s,y

/ | [LC1)7,w,yj| ‘Fv,,w,y (¢|F1}77w’y)| |VP1)7,w,y (VU—,w,y) c V- |d70—,w,y
Yo_,w,y

< (14 elmlelolo / Bl1vps oy (Yo ) - V|V

Tv_,w,y

We combine (A.11) and (A.12) to obtain that [L¢]ir is a bounded operator from L.(T') to

L.(T) with ellTlcllolle a5 a uniform bound. Here a straightforward computation for X =
B(0,71)\B(0,72) gives ||T|s = 2/7] — r3. O

Proof of (A.3) and their higher dimensional counterparts. We prove the first estimate
in (A.3). We first assume that X is a disk of center 0 and radius 1. The constant C'x behaves
linearly with the radius of the disk. By symmetry, we can assume that x_ = (—/1 — ¢2, q) for
some ¢ € (0,1) and v— = (1,0). We introduce the angle 6, = arcsin(q). The point z_ is located
at the angle 7 — 6, and its tangent vector has an angle 7/2—6,. We write v = (cos(6), sin(0))),
0 € (—m, 7). Then for a point x € X

XaX*,z,v,v_ (337) = ]‘
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if and only if z = z_ + sv_ + tv for some positive number ¢t and 0 < s < 24/1 — ¢2. Let
Z_ = (cos(by),sin(f,)). The lines z_ + Rv_, z_ + Rv and Z_ + Rv cross the boundary at
the point Z_, x_ + 2cos(8 + 8,)v = (cos(8, + 260),sin(f, + 20)) and T_ + 2cos(f + m — O,)v =
(cos(—m — 04 + 20),sin(—m — 0, + 20)), respectively. Then z lies at the intersection of the
boundary with the sector based at z_ and directed by (v_,v) and the sector based at Z_ and
directed by (—v_,v). We denote A(z_,v_,v) = [y Xox_, ,.(@-)v(zx)- v|du(z). Then,

A(z_,v_,v) = / | cos(f — ¢)|d¢ < 4msin(h) = dr|v_ - v (A.12)
[04,20+60,]

When 0 € (—7/2—04, —7/2+6,), then v is ingoing at x_ and at Z_ and x = (cos(¢), sin(¢))
for some ¢ between the angles 0, + 20 and m — 0, + 20. Then ¢ — 20 is between the angles 0,
and 7 — 60,. Hence | cos(¢ — 20)| < cos(#;) < |sin(d)|. Then we obtain that |cos(¢ —26 +0)| <
| cos(¢ — 20)| + | sin(f)| and A(x_,v_,v) is bounded by 47|sin(f)| as above.

When 0 € (—7/2 4+ 6,4, 7/2 — 0,), then v is ingoing at z_ and outgoing at Z_ and z =
(cos(¢),sin(¢)) for some ¢ between the angle 6, and 20 + 6,. In that case A(x_,v_,v) is
trivially bounded by the length 2|6| which is bounded by C'sin(f) for some constant C'.

When 0 € (7/2+86,, ), then v is outgoing at x_ and ingoing at Z_ and x = (cos(¢), sin(¢))
for some ¢ between the angles —m — 6, + 20 and 7™ — 6,. Then for ¢ = 6 — m, we have
0" € (—m/2+64,0) and ¢ between the angles m — 6, + 26’ and 7 —6,. In that case A(z_,v_,v)
is bounded by the length 2|6’| which is bounded by C|sin(#)| = C'sin(f) for some constant C.

When 0 € (—m, —7/2 — §,), then v is outgoing at z_ and ingoing at Z_ and x = (cos(¢),
sin(¢)) for some ¢ between the angles m — 6, + 260 and —m — 6,. Then for §' = 0 + 7, we have
¢ € (0,7/2 — 0;) and ¢ between the angles —m — 0, + 26’ and —7 — 0,. Again A(x_,v_,v) is
bounded by C|sin(f)| for some constant C.

Now assume that X is the annulus B(0,1)\B(0,r) for some 0 < r < 1. (Again Cx behaves
linearly with the radius of the bigger disk.) Let A be a measurable subset of 9B(0,r) so that
any straight line in direction v has at most one point in A. Then for v € V consider the
measurable set Ay = {x +tv € 0B(0,1) | x € A, t > 0}. One has

[ wta) -olduto) = | ) i)
Hence for (z_,v_) € 0X x V
[ v le) o) < [ xos | @)lvl@) - vlduta),
oX 0X

where X is the disk D(0,1) and &_ € 0B(0,1), & = x if x € 9B(0,1) and x_ = &_ + sv_,
Z € for some positive s otherwise. This ends the proof of the first estimate in (A.3).

We now prove that the first estimate implies the second one in (A.3) when X is a planar
domain. Let (v,v_) € V2 and z_ € dX. We perform the change of variables z = y — tv,
y € 0X, dx = |v(y) - v|dtdu(y), v(y) - v > 0 and we obtain the formula

7 (y,v)
[ v teydo= | [ xoxe e ito) - 0)du(o).
X yedX, v(y)v>0J0

Then the definition of the set 0X_,_ , ¢ implies that 0X_ , 4yt € 0X_,_ 4, for any ¢.
Hence the right hand side is bounded by

T 0)Xox ey (3 )dEV(y) - v)dtdu(y) < 2r1 / Xox_ o uy (@) (y) - vldu(y).

yeEDX yeoX

v(y) v>0
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Thus, the first estimate in (A.3) implies the second one.

The higher dimensional counterpart (A.7) also follows from a straightforward use of the first
estimate (A 3) on the planar domain X N P,_,, which is either an annulus with (rl, r3)" =
(r2 — |y|?,r3 — |y|?), 0 < |y| < ra, or a disk of center 0 and radius the square root of r¥ — |y|?.
We use notation introduced before (A.7).

The higher dimensional counterpart (A.9) is also derived by (A.3) applied on the planar
domain X N P,_ 4. Indeed consider a boundary point x € 7,_ 4 and a unit vector v lying
on the plane P, . ,. We denote by vp,  (x)* a unit vector lying on the plane P, .,
and orthogonal to the normal vector vp, _  (z). The vector vp, _  (z)* is tangent to the
boundary 7,_ ., . Hence it is also a tangent vector to the d-dimensional domain X. Therefore
v(z) is orthogonal to vp, (z)-. Then v = aqvp, , (x) + agvp, ., (x)* for some real
numbers «;, ¢ = 1,2, and obviously

‘V(‘,L.) : U| = ‘Oql/({L') : VPU,,w,y(x” S ‘Oél’ = |VPv7,w,y(x) : U|.

This proves the estimate |v(z) - v(0,w)| < |vp, () - v(0,w)| when © = x(r;,y,60'), and we
have reduced the proof of (A.9) to (A.3). O

B Proof of Lemma 4.5 and Theorem 4.6

B.1 Proof of Lemma 4.5

The Lemma follows by induction on the number k of layers Y n, 1 <k < N.
The base case. The trace of the solution u on the boundary 0Z1 x V is written as
N
1 (1 1 1
U|F(Z]{,) = 3 )+f1 )’ fé = [Lcl¢]|F(Z1 )’ ( )= [(I Te, IK) lT IKLcl(b]lF(Zl )
N N

Then by definition of L¢, we have

T_(Z 1 )(z0)

1§ @, 0) = (o — 7 (Z1) (@, v, v)e T, (2,0) €T(Z1). (B.1)
Obviously
£ < el (B.2)
and by definition of the constant Cp, .
1A oo (z0).ae) < Crelloll. (B.3)

The induction step. Now assume that the statements of the Lemma are proved in all layers
YN, 1 <1< k. We have

(k+1) (k+1)
Ur(z,  NG-(s+d) T o ST

where o) w0
+
fo = [LCkJrl 0 :||F(Z$+%)\g7((s+%’s)’ (B.4)
and
(k+1) — (k) 4 71 (k)
ez, 06t = Acenti + (=T 7T Ko vz, na o o)
N
(B.5)
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Here we extended fék) and fl(k) by 0 on G_(s+ %, s).
From the definition of the operator L¢, ., and formula (4.11) for the index k, we obtain

(4.11) with k replaced by k+1. The ballistic term fékH) can be considered as the ballistic term
in the domain ZS+%\Z%: Introduce the set C = C_ UCy where C_ as G(s+ +, ) U F+(Z%)
and Cy = F_(Z%). Then

k+1 1
f[g 1) = [ché )]|F(ZS+L)’ (B6)
N

and by Lemma 2.10 ((r1,m2) = (1+ s+ +,1+ +)) and (B.2) we obtain that

& 2¢/s(2ts+ %) 24/s(24s+ %)
1 e = ke = I < @re = )lélh. (B.7)
This proves (4.12).
From (4.10)
k k
”AckJrlfl( )”LP(F(ZH_%)\Q_(er%,s),dg) < Cp”fl( )HLP(F(ZS),dg),
and (k) (k)
I - 1g,| K) 7' KLey, fo J\F(ZS+L)HLP(F(ZS+%)’C[5) < Cpellfo llx-
N

Therefore i .

1A Doz, g e < Col i oz ae) + Coell 57l (B.3)
Hence

k
—k— — 1 — l
U ez, a0 < O I ooz + Cpe D 3 16 I
=1

We use (B.7) and (B.3) and we obtain (4.13). O

B.2 Proof of Theorem 4.6

Any ray x 4+ Ruv, (x,v) € U,, intersects the ball Z1 without penetrating Zy when 7 < ﬁ In
N
addition

| ac<cn (B.9)
U,

for a universal constant C. And I'_(Z;) N suppp, C U,.

By Lemma 4.5 [uy)]|z, = éi\;) + fl(]:][) where féi\;) is given by (4.11). Here by definition of
P
T4 (Z1\Z 1 )(z,v) d_ 1 (z)
(N) — N —t=Let
fo (x,v) = [Xun (z,v)e e + Xup (T, v)e c py(x — (- v)v,v), (B.10)

for (z,v) € I'(Z;). From (B.10)

infM?7 T+<Z1\Z%)

/u fide > 65/ pu(x = (x - v)v, v)dE(x, v).

n

Note that )
igllan(Zl\Z%) zl==
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and

/ pol — (@ - v)v,v)dE(z,0) = / pola — (- v)v, v)dE(z, )
Uy, Ir—(Z1)

1

) /é)leV pn(x = (2 - v)v,v)dE (2, v).

Since 0Z; is a sphere of radius 2 and center 0, we have v(z) = 27!z for € 9Z; and using
spherical coordinates on 077, “x = 2(sin(0)v + cos(f)w), w - v = 07 we actually compute:

| e (@ oo, 0)l@) - oldutodo
8Z1><V
ed— o [2 1+ 55 —2|cos(6)]
=7 12d 1|V’|Sd 2‘/7r:0( 2N ;
3

- Lo 1 Lt gy 25, 4
= VI [ (s s
0

) cos(0)?72| sin(6)|dO

I
[\]
T
iy
=
wm
T
™
—~
SN—
—~

Vv

1 14+ L
201|754 / p(s) (2N~ a2 > opy||si-?)
-1

when 1 < (2N)~!. Therefore

1—

1
o 1
/ fNdg > e 2|V([$97% when 0 < 1 < S+ (B.11)
Uy

2N’

(We used the convention |[S?~2| = 2 in dimension d = 2.)
Then by (B.9) and (4.13)

N 11 N
| /M iMael < Cinilf o a0
n

Yol /R

1 4, C 23R |1
< CuG:Gyp(C) 1+ﬁ(1+€ =) mllgyll, (B.12)
P

where p~! + ¢~! = 1. It remains to compute |Pnll1r_(z , ),ae) and find an upper bound for

x
1@nll1-

Proof of formula (4.14). The computation is similar to the derivation of (B.11). Since

dZ 1 is a sphere of radius 1+ 3 and center 0, we have v(z) = (1 + +) 'z for x € §Z1 and
N N

using spherical coordinates on BZ%, “z = (1+ %)(sin(0)v + cos(f)w), w - v = 0" we actually
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compute:

oulie a0 = |
N - (Zi

Ionlde = /8 e (ool

2

N
1+W - (1+%)cos(9)
n

_ 1 %
= Wi ) s
1+ 5%

1
= Vs / " <><1+ﬁ—ns>d 2ds

) sin(6) cos(0)42d

= |V|IS% 2/ )(1 + o —ns)?2ds. (B.13)
Then we use that [, p =1, p > 0 and obtain (4.14).

Upper bound for |[¢,||; in dimension d > 3. We recall that
HQZ)UHL*(F(Z%)) = /v (SuPeSS(w,y)EMU_ / |nl (v, v-)lvp, o, (7) 'U—!d’Y> dv_, (B.14)
Tv_,w,y

Here v,_ 4, and M are defined at the end of section 2 when (r1,72) = (143, 1). The function
¢y is invariant under rotation in the v_- variable and ¢,, also vanishes on 0Zy. Hence

19l x(r(z 1)) = [VIsupess(,_ 4, y)em [onl(v:v-)lvp,_ ., (V) - v-ldy.  (B.15)
N ’)/q;i,wyﬂaZ%

Let (v—,w,y) € M. We omit the indices v_,w,y for v,_ ., and P,_ -

1+ —|v— (v -v_)v_
/ ol o lon(a) ool = [ '”77 O 0=l ) - v
N Y 1

2\

As above we introduce the coordinates v = y + \/(1 + %)% — |y|?(cos(f)w + sin(@)v_) and the
change of variables s = cos(f) and we obtain

/maZ}V |Pnl (v, v-)|lvp(y) -v-|dy = n\/((l + )2 =yl

1 2 1
X/Olp(um V1Bl + (1 + £)2 = [yf2)s? "

(The length of the circle v N OZ% is 27r\/(1 + %)% —|y|2.) Then we perform the change of
variables

1 2 _ (]2
32\/(1+2N+m) vl ds — n(1+ 5k +nt)dt
\/(1 + %)2 — [y[? \/(1 + %)2 - ‘y’Q\/(l 4 ﬁ +t)2 — |y|?
an
1
B 1+ 57 +0t)p(t
/ i) wfiy = 2 ),
T S g =l

1 p(t)\/1+ 5% +nt
< 4/ Nt

) (—1—ﬁ+|y\

) 1+ S+t — ]



Let us write y =1 + ﬁ +tyn. Then

4, /1+L1 1
/ || (v v=)|vp(y) - v_|dy < m/ p(t)
’YQBZ%

\/ﬁ min(ty,1) M

where

Finally we obtain

- 1
H¢77||L*(F(Z%)) <Cn 2.

(B.16)
Proof of (4.16) in dimension d = 2.

From (B.12) and (4.14) (||¢y]|1 = 2) it follows that

_ 1 B C 2 3+% 1

|/u FOVdE| < VISTACHC,Co(CY T+ B (L )t (BT)
" P

Therefore we combine (B.17) and (B.11) and we obtain (4.16) where

N _q

e ¢
ne <

1 _ CcN-1 2/ g
CaCpCp(Cp " + (,i,—1(1+e =)

Proof of (4.16) in dimension d > 3. From (B.12) and (B.16) it follows that

- cN -1 2/3+
\/ fNdg| < 0900, O (CN T A
Uy

2
N 11

1 E a2, B.1
e (B18)
Therefore we combine (B.18) and (B.11) and we obtain (4.16) when

o d—2
11 e = |V]|S*7
ne 2 < .
1= N-1  CN-1 2Vt R
CiCChCp(Cy ™' + o1 (I+e = )
O

C Proof of Lemmas 2.3 and 2.4

C.1 Proof of Lemma 2.3
We first prove (2.6). We have

_1 _1
ILeogllwr = (ro)7 7 Leoglliy + |I7 7 Leogll e

_1
< (4ol I # Leogllr < el (1 + |170]|00) 9]l Lo (c.ae)-
Similarly we obtain the estimate of Leg with respect to W2.
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Then we prove (2.8) and (2.9). Let Dy = {(z,v) € X x V| (z £ 7 (z,v)v,v)) € C+}.
Then

1 T (,v) 1
(/ T f (x v)|pdxdv) o< ellrolle [(/ T—ap(/ |f(x + sv, v)\ds)pdxdv) !
XxV 0

D
+(/D_ TP ( /[)T_(Tf()x — sv, v)|ds)pdxdv) 117}

Next,

T4 (x,v)
Lo ([ e s o)lds) oo
Dy 0

i (@)
< / (-1 / \f ( + sv, v)[Pdsdadv,
D 0

I
j_‘:\
h
"
&
A
8
=
=
N
|
_
c\
2
—
8
|
~
4
+
w
(4
=
s
QL
9
QL
~
QL
~
—~
&
4
S~—

7(z,v)
= [ [ e ) - 91— sv0)Pdsdg(e) < 7 g
Cyr
Similarly
76]) T_(I,U) d Pd d < 1—€ p
b T ]f(:c—sv,v)| 3) TAU >~ HT f”Lp(D7)7

which provides (2.8).
Estimate (2.9) follows from (2.8) and the identity v -V, T, ' f + 0T, ' f = f. O

C.2 Proof of Lemma 2.4
We only treat the case 1 < p < co. Let ¢ € LP(X x V). Assume (2.10). We have

/ |qu(a:,v)]pd:zdv:/ (/ k(2,0 0)||p(x,v")|dv") dzdv
XxV
k( - 1d // P— 1 )|Pd
/Xxv /\ z,0" v)| v /|¢xv Pdv") dzdv
< MMl [ (TG 00d0) ]

Similarly assume (2.13) and let ¢ € 77 LP(X x V). Then

/ Tp_1|K¢(:E,v)|pdxdv§/ Tp_l(/ k:(:v,v',v)gf)(m,v')dv')pdwdv
XxV XxV \%4

< / Tp—l(/ ]{;(:L"U’,v)gb(:v,vl)dvl)pdl‘d’v
XxV Vv

< / Tp_l/ 7(x,v") "o (x, v')|[Pdv’ /k:c v’ v)\P T7(x,0")r T 1dv") 'dxdv
XxV

<7l ) ol

/ 7(z,v") e (x, v')|Pdu’ d.
XxV
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Now assume (2.11). Let (¢,v) € LP(X x V) x L%(X x V). We have

| K¢(z,v)(z,v)dzdv| < / |k|(z, v, v)|@|(x, v ) (z, v)dedvdy’

XxV XxVxV

IN

([ Wl o)llol (e, o) dedo)
XxVxV

x(/ |k(x, v v)|1/1]17 I (z,v)dv'dzdv) 5
XXVXV

p—1
||Us||oo||03||oo 101l Lo (x v 1

Lpl(XxV)

—1
Similarly assume (2.14). Let (¢,%) € T%LP(X x V) x TPTL#(X x V). We have

=

[ Kooy opdedo] < ([ fbladd, )6l (o) dade)
XXV XXV xV

x(/ |k(z, v 'U)H?,/J’P I (z,v)dv'dzdv) 5
XXV xV

1 =1
= JroulBlrolllsd 77 éllopexv ™7

LooT (XxV)’
O
D Proof of Lemmas 5.6, 5.7, 5.9 and 5.10
D.1 Proof of Lemma 5.6
We note that
B elz=yl [y o(ea+(1-e)y,y—z)de, U — 2,0 .
KT o) = - [ e Ty, ()

for f € L?(X x V) (we used a change of variables y = x + tv’). Hence

|(KT )d+2f(x0,v)] < enDdiam(X) ol | | d+2

></ |f(Tayo, Tara — Tapr)|dos . .. degis

Xd+2 Hd+2|xz S

< e(d+2)diam(X)H0'HooHng;f‘2

- —_—

% [ sup J/ dzl...dzd }L/" ]f(xd+2,xd+2 _-xd+l)’d$d+1d$d+2
(ozapnyex? Jxa T 2 — 2 q 41 [xe g — Taqe| ™! ’

where we recall that (see for instance [4])

dzy...dzq
C = sup / d+1 1 < 00,
(20,24+1)€X2 J X4 H ’21 — zi—l‘ -

and we have

—_—

f(@d+2, Tara — Tat1 T—(Tq42,0)

L[;2| ﬂ$;;;—-;d+gw_:>)|d$d+1dxd+2 - xv |f(zay2,v)|dtdvdrgio
X

41



(we used the change of variables x419 = 2441 — tv). Hence
(KT )2 f (w0, v)| < Cdiam(X e HDUmOllloe 2] £l[ 1 ey < o0,

Therefore Ru = )\’IKTF_:Ru = (W HHKTL )d+2Ru € L*®(X x V). Then from (D.1)
applied twice it follows that

Ru(z,v) =

) elr— 21|f0 o(ex+(1—e)xy, 1 —z)de+|z1— :p2|f0 o(ew1+(1—&)w2,52—21)
A\
X2

|z — 21|49y — @old—t

—

xk(z,z1 — x,v)k(x, xg/—\ml, SUT—\:E)RU(J:Q, zg/—\xl)dacldm.

Hence, from the above formula, the boundedness of Ru, and the continuity of the optical
parameters o and k, it follows that Ru is a continuous function on X x V. O

D.2 Proof of Lemma 5.7

First set
y(z,v',v) = Riiy (z,v") Rig(x,v) + Riy (x, v) Rig(z,v").

Then
/)(XVQ ’y((PevenTr_:Rﬂl)(x, V") Riig(z,v) + Riy (z, v’)(PevenTF_JrlRﬂg)(x, v))dwdvdv'
= /X(/VRﬂl(x,v)TFjRﬂl)(x,v)dv)(/V|Rﬂ2(x,v/)|2dv/>da:
—i—/X (/‘/Rﬂg(w,v)(TF_:Rﬂg)(x,v)dv)(/V\Rﬁl(az,v’)]de’)dac
—i—/X (/VR&l(x,v)(Tlijﬂg)(x,U)dv)(/VRﬂl(x,v')Rﬁg(w,v’)dv’)d:n
+/X (/VR&g(m,v)(TF:Rﬂl)(x,v)dv>(/VRﬂg(x,v’)Rﬂﬂx,v')dv’)dm.

Now we use the property (5.18) and the identity RT, F_:Rﬁj = Auj,and we obtain

A1 / . ’y((TF_:Rﬁl)(a:, v')Rag(x,v) + R (z, v/)(TF_:R&g)(x, v))dzdvdv’
XxV

/X(/V\ﬂl(w,v)Ide)(/VyRag(x,v')Pdv')dx
—i—/X </\/|a2($’v)|2dv>(/v’Rﬂl(x’U/)PdU/)dl'
+2/X (/V(ﬂlﬂz)(x,v)dv)(/V(R&lRﬂz)(g;’U’)dU’)d$ > 0.

We applied Cauchy-Schwarz inequality to each single integral over V' at the last line. We also
obtain that the right hand side vanishes if and only if

/V|ﬂ1(x,v)\2dv</ |Riig(z,0")] dv) —/ |tig(z,v)| dv(/ |Riiy (z,v)] dv>

/V<a1a2)(:c,v)dv(/(RalRaQ)(x, / a1 () P / (Ris(e.))Pd) (D.2)

\%
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for a.e. x € X. Therefore we consider the measurable set O of X where

/]ulxv|dv/|Ruzxv|dv /|uva|dv/\Ru1xUde)7é

and we obtain by equality in Cauchy-Schwarz inequality applied to (D.2)
t1(x,v) = e(z)uz(z,v) ae. (z,v) €O xV, (D.3)

where ¢ is a real valued measurable function. But going back to (D.2) we see that the left
hand side is the nonnegative number

2 x)/v]ﬁ1|2(x,v)dv</v]Rﬂ1|2(:n,v’)dv'>.

Hence either O is a negligible set or (5.21) does not hold. In the latter case we found a defor-
mation defined by 7 so that all o;’s can not have the same value.

Therefore we now assume that O is negligible. Then we have

/|u1xv2dv/|Ru2xv|dv /u2xv|dv/]Ru1xv|dv>: (D.4)

for a.e. x € X. In particular we also have

/V (i12) ., ) /V (Riiy Ri) (')’ ) = 0 (D.5)

for a.e. z € X.
Now set
y(z,v',v) = Riiy (z,v")Riy (z,v),

and replace the couple of vectors (@, us) by the orthonormal couple (“1\;5"2, “1\%“2). We

compute as before and we use the identities (D.4) and (D.5) and we obtain

1 pl1 — U Uy + U
[ A R e R )
X

x,v")( F:Ru1j§U2)($,U))d$dUdU/

= /Q\/X</V|&1(:v,v)]2dv>(/v]Rﬁl(x,U')IQdU')dx. (D.6)

Then for a.e. x € X we have
/|R&1(x,v)]2dv = /(Kﬂl)(x,v)ﬂl(x,v)dv
1% 1%
. 2 .
bl [ st o) < ElV] [ fineo)Pae. 1)

&zlz

IN

Therefore we combine (D.6) and (D.7) and we obtain that there exists a positive constant C'
so that

Ul — U w1 + Us
T R (2,0/) R
[ A R i R )
Uy — Uz, g1 U+ U2 / / / . N2 7\
+R , TR ,v))dxdvdv” > C R , d d
7 (2, V') (T, 7 )(z, v))dzdvdv . ( V| a1 (xz,v")] v) x

Hence the right hand side vanishes if and only if Ru; = 0, which contradicts that @ is a unit
eigenvector of the operator RTE:R. U
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D.3 Proof of Lemma 5.9

Introducing spherical coordinates we have for d > 2

1 e |z|24r2—2r(z-w)
—/ rd=1 / = f(rw)dwdr.
0 S (o2 + 72 = 2r(z - w)) 2

For f(rw) = g(r)¢(w), ¢ € H(V), we obtain that

e 2412 -2rs(w’-w)

1
= - rd =g (r Wdw'dr.
P = [ ﬂXLl@+ﬂdewﬂTd)dd

Next, following [17, VIL.3.2], F(f)(sw) = ¢(w) 01 =Lg(r) fi(s,r)dr, where

fi(s, — dt, s £, (D.8)

/2 {2 _
Sd 2|/ 1 o t2 (t)eo' se+4r4—2rst
(s2 + 7“2 2rst) 2

d—2 d—2
and G, * denotes the Gegenbauer polynomial of degree [ with normalizing condition G, * (1)

= 1 which is the unique polynomial (with values 1 at 1) of the equation [15, Chapter V, 5.1.3]
d—2

(1—x2)d251{22 (:U)—(d—l)xdil; () + (1 +d-2)G, 22( )=0,z€(-1,1). (D.9)

Hence the operator Fj defined on L2([0, 1], 7%~ 'dr) by

1
4%@:AQWMWWHW (D.10)

is a selfadjoint compact (in fact Hilbert-Schmidt) operator in L2([0, 1], r¢=tdr).
For these last statements we used the following estimates

4 ra=1gin(6, )42
sl < G f O an,
0 (s2+72—2rscos(fr)) 2

rd-1 sin(Gl)d_2

= ( /7T — dbq
0 (r2sin(61)2 + (s — rcos(61))?) 2 /(s> +r2 —2rscos(61))

r

< Cl/o V(82 + 712 = 2rscos(6:))

db, §C’l’(ln(ris)+l), (D.11)

for any (s,r) € [0,1]%, s < r, and for some constants C; and C;. O

D.4 Proof of Lemma 5.10

Let us first consider the Gegenbauer polynomlals introduced above in (D.8). We recall the
—2

property [15, Chapter V, 5.2.1 and 5.1.3]: G, — (—x) = (— )lG 2 (z). Hence [ being odd we

actually have G, 2 (-1) = -G, = (1) = —1. Therefore there exist positive numbers £ and 7,
n < 1/2 so that

ed-2) 0
[STEG (1) = €

44



for t € (=1,—1+1n). Now let (s,7) € [,1]%, s # . Then the above estimate gives

d—2
1+77 2 G 2 (t 60'\/52+r272rst —14n (1 _ 42 % oV s2+4r2—2rst
—|s¢- 2|/ - ) dt>5/ (1-t)=e dt.
—1

a1 d—1
s2 412 — 2rst) ? (s241r2) 2

The integrand on the right hand side is non-negative and the integral over (—1,—1 + ) is

bounded below by the integral of the same integrand over the smallest interval (—1+mn/2, -1+

7). In addition using monotonicity in ¢ of the denominator and of the exponential we easily

obtain

dt > c(e,m)e”V s+ =2nsr (D.12)

_|Sd 2‘/ 1+n 1—t2 G 2 () oVs?4r2—2rst
1+n/2 (S +T2) 2

where c(g,7) is the positive constant en(n — n?/ 4) 2 / (2 dHnd 1). We also have the following

bound

1 _ 42 G 2 e’V 52412 _2rst
|Sd 2| / ) ( )e _ dt
147 (s2+72—2rst) =
oVt /T (1-3)% dt
> )2y Lt — Cre (D13
—in 0 (s2+7r2—2rst) 2

for some positive constant C; that depends only on {. We combine (D.8), (D.12) and (D.13)
and obtain

fils, 1) > c(e, )V st =2msr

0
o C (2772)12(1/ oo (VP2 =2rst—/(s++1)2=2ns7) 34 (D.14)
6(5777) —14n

d—3
Ci (Vs 12—/ (s+7)2—2nsr) /1 (1- tz) 2 dt }
c(e;m) 0 (52+T2_2T3t)%

We note that the second term inside the brackets of the right hand side goes to 0 uniformly in
(s,7) € [n,1]? as ¢ — +oc. Indeed we use the identity “a — b = (a? — b?)/(a + b)” and obtain

that
0 21,2 2 o —on’t
/ eg(\/s +r2=2rst—/(s+) —21s7) 1t </ e 2 dt.
—147 0

Hence there exists o¢(l,n) so that for any o > o¢(l,n) the second term is bounded by

d—1
2 2 .
%, and we obtain

o/ —2mer L s
fils,r) > e(e,m) | £ __G eU(V52+T2)/ 1-t):> dtﬂ} (D.15)
2 C<€7 77) 0 (82 + r2 _ 27"St) 2

when o > o¢(l, 7).
Now pick any point 79 € (n,1). There exist ¢ € (0, min(ro — 7,1 —rg)) and €1 > 0 so that

inf V(s +7)2 = 2nsr > e + sup V82 + 2. (D.16)

(r,5)€[ro—d,r0+4]2 (r,8)€[ro—08,m0+6]2
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We denote €2 the positive number sup(, o\¢(ro—s,r+62 V s2 4 r2.

Let g be any continuous and non-negative function on [0, 1] normalized by the condition
91l 22(jo,1),rd-14r) = 1 so that g is compactly supported inside [ro — J,79 + 6]. We combine
(D.10), (D.15), (D.16) and we obtain for any o > oo(l,n)

(F19, 9) 12 (0 1) 1ar) = /[0 p INg s, r)(rs)*tdrds

o)y [5 - S | 1( UL AU, P

2 6(57 7]) s2 12 — 27”375)%

> et [

[0,1]2

The integrand in r, s, ¢ inside the integral in ¢ is integrable in L*([0, 1]2 x[~1, 1], (rs)¢~'dr dsdt),
see (D.11). Hence we obtain that there exists a constant o(l, g) so that for any o > o(l, g)

! 2
ce,n) o 3
{19, 9) 1201} 0 1ar) = (2 g 51/2</0 g(r)r=tar).

Obviously there exists a constant o;(l,g) > o(l, g) so that for any o > o:(l, g)

<F1lg’ g>L2([071],7‘d*1dr) > 2’

which proves that the selfadjoint compact operator F; has a positive eigenvalue greater or
equal to 2. ]
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