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Abstract

This working paper considers state-space models where the variance of the observation is known but the covariance
matrix of the state process is unknown and potentially time-varying. We propose an adaptive algorithm to estimate
jointly the state and the covariance matrix of the state process, relying on Variational Bayes and second-order Taylor
approximations.

1 Introduction

Linear state-space models have been widely used to model observations as gaussian distributions whose mean is a
time-varying linear function of covariates. The linear parameter is a latent variable called state, and the parameters
of the state-space model are the variance of the observation and the variance of the state process noise. When these
variances are known, the recursive estimation is realized by Kalman filters (Kalman and Bucy, [1961).

However the observation and state noise variances are unknown in most practical applications. A wide literature
has emerged for tuning these hyper-parameters. The estimation of unknown fixed variances on a historical dataset is
generally realized maximizing the likelihood (Brockwell et al.,[1991; [Durbin and Koopman|, 2012)). Another approach
estimates these hyper-parameters (fixed or not) in an online fashion. Adaptive filtering methods have been described
by Mehra| (1972).

Recently, online Variational Bayesian (VB) methods as introduced by Smidl and Quinn| (2006) have gathered
attention in the Kalman filtering community. We recall that the objective is the online estimation of potentially time-
variant parameters. The difference with classical bayesian method is that an approximation is realized at each step in
order to make the inference tractable: the distribution of the parameters is estimated by simple factored distributions.
The best factored distribution is defined as the one minimizing its Kullback-Leibler divergence with the posterior.

Sarkka and Nummenmaa) (2009) apply a VB approach to estimate the observation noise covariance matrix in a
Kalman filter. The covariance matrix is assumed diagonal and the prior used is a product of inverse gamma distributions.
To allow for a dynamical noise variance the author use some sort of forgetting factor, multiplying the variances of the
inverse gamma posterior distributions by a constant. Huang et al.| (2017)) extend this method with an inverse Wishart
prior. At the same time they apply the VB approach to correct the covariance matrix of the state after applying Kalman
recursions with an inaccurate state noise covariance. The inverse Wishart distribution appears as a nice conjugate
prior to generalize the inverse gamma distribution. In another adaptive Kalman filter they propose to estimate both the
observation and state noise covariance matrices (Huang et al.,[2020). Their method uses Kalman filtering and smoothing
on a slide window and could be described as an online expectation-maximization algorithm. In all these methods the
dynamics of the covariance matrices is introduced via a forgetting factor.

In this working paper we present a new approach to estimate recursively the state noise covariance matrix relying
on the VB approach. Instead of using a forgetting factor to impose a dynamical estimation, we consider a random walk
model on the covariance matrix. As there doesn’t exist a conjugate prior distribution on the state noise covariance, we
rely on several second-order Taylor approximations to estimate the Kullback-Leibler divergence.
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2 Bayesian formulation

We focus on the following state-space model:

yt=9:$t+5t,
Opr1 =0 + 1,

where g, ~ N(0,07) and 1, ~ N(0,Q;) are the observation and process noises, and the state follows the initial
distribution 6y ~ N (éo, Py). In the case where o7 and (), are known, the state vector 6, given the past observations
follows a gaussian distribution whose mean and covariance can be estimated recursively by the standard Kalman
filter (Kalman and Bucy, |1961). We focus on a particular setting where of = o2 is known, but the covariance matrix

@; is unknown and needs to be estimated jointly with the state 6;.

2.1 Dynamical model

A way to introduce a dynamical estimation of (); is to treat it as another latent variable. ref Gaussian distributions
behave well to capture the latent information of a nonlinear state-space model, and they are appealing due to their nice
random walk interpretation to model a dynamic latent variable. Similarly we choose to use a gaussian prior for the
covariance matrix (Q;. However a variance is necessarily nonnegative, thus we introduce a known transform g such that
Q: = g(b;), where b; is a normal distribution. Our dynamical model can be summarized as follows:

90 NN(007P0)7 bO NN(bO7EO)’

01— 01 ~ N(0,9(br)), be — b1 ~ N (0,101,

Yt *ag—l’t NN(0702)~

In these equations we implicitly assume the independence of the process noises on the state and on the variance, in

particular we have

P(9t7bt | 9t71,bt71) :P(et | 9t71,bt)P(bt | bt71)~ (D

2.2 Bayesian approach

We apply a bayesian approach in order to estimate jointly the state 6; and the latent vector b; given the past observations.
Formally we introduce the filtration of the past observations F; = o(x1,y1,- - ., ¢, y¢). At each iteration ¢, the bayesian
approach consists in a prediction step and a filtering step where we use Bayes’ rule:

Prediction: p(0s, b | Fio1) = /p(at | 0c—1,b0)p(by | by—1)p(Or—1,bi—1 | Fyr—1)dO;_1dby_1 ,
I Ty, Fio
Filtering: p(0s,b: | Ft) = p(ye | @, 04, b1)p(6s, by | ft_l)pi( ;(]__t) )
t

The prediction equation uses Equation (I)). The posterior distribution p(. | ;) is analytically intractable. The objective
is to estimate the first and second moments of its marginals in 6; and b;, namely 0;;, Py ¢, by, 2y

2.3 Variational Bayesian approach

A standard approach, referred to as VB, is to approximate recursively the posterior distribution with a factorized
distribution where each component is of a simple form (Smidl and Quinn, 2006). We look for 0y;, Pyj¢, byj¢, Xyt

such that the product of gaussian distributions N (ét‘t, Pt‘t)/\/ (l;tltv Etlt) is the best approximation of the posterior
distribution. The best approximation is in the sense of the minimum of the Kullback-Leibler (KL) divergence.

In what follows we use the notation NV (x | u, 32) for the probability density function at point x of the distribution
N (1, %). Our aim is to minimize the following criterion in éﬂt, Py, lA)ﬂt, DI

KL(N (01 | B PN (b | by Sup) 1| p(6:,be | Fo))

N (O | Oy14, Pye)N (be | bje, Soe)
P(9t7 by | ]:t)
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Propagating the factorized approximation
P(Or—1,0i—1 | Fro1) R N (60,1 | étfl\tflaptfl\tfl)-/\/‘(bt—l | 8t71\t7172t71|t71)7

the prediction step becomes:
p(0s, by | Fi1) =~ /N(at —0:-110,9(be))N(by — b1 ] 0,761)

N (01 | ét—1|t—1,Pt—1\t—1)N(bt—1 | Bt—1|t—1,Et—l\t—l)datﬂdbtq
~ N (0 | ét—1|t—17Pt—1|t—1 + g(be) )N (s | Z)t—1|t—172t—1\t—1 +rpl).
Treating the approximation at time ¢ — 1 as a prior at time ¢ we obtain the following posterior distribution:

. - Ty, Fi—
PO, be | Fo) = N(ye | 0] ¢, 0*)N 0y | Or—1je—1, Pre1je—1 + g(be))JN (be | be—1je—1, Se1e—1 + be)p(pt(]_-:)l)-

3)

This last equation defines the posterior distribution that we plug in Equation [2| to obtain the optimization problem
that we would like to solve recursively. At each step, the VB approach yields a coupled optimization problem in the
parameters of the two gaussian distributions.

2.4 The iterative optimization solution to the VB problem

The classical iterative method (see for instance|Tzikas et al.[{(2008)) consists in computing alternately exp(E[log p(6¢, b |
F1)]) where the expected value is taken with respect to one of the two latent variables, and identifying the desired
first and second moments with respect to the other latent variable. We compute the VB iterative step with respect to
9t|t7 P t)t:

Theorem 1. Given I;t‘t, ¢t the values ofét|t, P,y minimizing the KL divergence are given by

At_lztxtTAt_l

ol A7 e, + o2
At_lxt

] A ey 4 o2

with Ay = [ N (be | bejes St1) (Pr_1je—1 + g(be)) ™ dby.

Note that the updates defined above are the ones of the Kalman filter with a known variance @);, where we have
replaced P;_1j;—1 + Q¢ with A7 .

However the expression exp(Eg, [logp(6:,b: | F:)]) doesn’t match a gaussian distribution in b; and we need
additional approximations. Specifically, we use the first two moments in a second-order Taylor expansion to derive an
approximation to the VB iterative step with respect to Bt‘t, PIP

* —1
t|t_At -

éat = ét—l + (ye — x:ét—l\tflf

3 Approximate Variational Bayes

We first present a detailed expression of the KL divergence defined in Equation (2)) in the following Lemma:

Lemma 2. There exists a constant c independent of étlh Py, IA)t‘t, Y|4 such that
KL(N (0 | By, PN (b | by Sepe) |1 0000, be | 7))

1 (ye — étT‘txt)Q + x:Pﬂtl‘t)
2 o2

1 7 7 7 7 —
t3 Tr ((Et\t + (bee — by—1)e—1) (beye — bt71|t71)T) (Bi—1jp—1 + 7o) 1)
1 .
+ B /N(bt | bt|t72t|t)(10g det(P;_1jt—1 + g(bt))

+1Tr ((Ptlt + (ét\t - ét—llt—l)(ét\t - ét—1|t—1)T)(Pt—1|t—1 + g(bt))71>)dbt .

1 1 1
=c—3 log det Py, + + 3 log det(X; 14—y +7p1) — B log det ¥y,



We observe that the constraint g(b;) >= 0 is sufficient to obtain a finite integral in Lemmal|2] The rest of the Section
is devoted to minimize the expression of Lemma 2}
Theoremreahzes the exact optimum of the KL divergence with respect to Gt‘t, Py|;, even though A, ! does not

admit an explicit form. We discuss a second-order Taylor approximation for A; " in this iterative step in Sectlon

3.1 Second-order Taylor approximation of the Kullback-Leibler divergence

The minimization of the KL divergence is analytically intractable due to the integral under b; (the last term of the
expression provided in Lemma . We rewrite this last term of the KL divergence as [ N'(b | byje, ¢ )1hg (be)dby with

Yg(by) = logdet(Pr_yjp—1 + g(bs)) + Tr((Pye + (ét|t - ét—l\t—l)(éﬂt - ét—l\t—l)T)(Pt—l\t—l +g(b))7h).

Therefore we use the first two moments of the gaussian distribution A/ (b | 5t|t, Et‘t), after performing a second-order
expansion. Specifically, we make the following approximations for a chosen b;:
g | T Yy

B fp, e )+ 5 Tr(abZ

_ (Et\t + (beje — be) (bye — Bt)T)) :
4

/ N (b | By Sy (be)dby ~ 1y (By) +

Using this approximation, we obtain the iterative updates presented in the following theorem:

Theorem 3. Given ét‘t, P4, replacing the last term of the KL divergence in Lemmawith its approximation @), the

—1
7
be

1021,
2 0b?

values of by|y, ¥y minimizing this expression are:

10%
2 0b?

Yipp = ((Et—l\t—l +rpD)7!

g,l%
L9 b,

Bt\t = Xyt ((Et—l\t—l +rpl)” bt 1t-1+ 3

i)

Our approach consists in using this approximation as an alternative to the iterative approach of |Smidl and Quinn
(2006)) in case the prior is not conjugate.

3.2 The algorithm

We focus on two settings. First we consider the scalar setting where b is one-dimensional and g(b;) = b21. Second we
present the diagonal setting where b, is of the same dimension as the state and g(b;) = Dyz (D, is the diagonal matrix
whose coefficients are the ones of v). We provide the values of the derivatives used in Theorem 3}

Proposition 4. Scalar setting: If g(b;) = b71, we have

| =2Te(C; M (I — BCy )by

b 1,
924) - B B _ I\\-2
6b§g _ =2Tx(C;'(I - B,Cy ') +8Tr (Ct Q(Btct - 5))’% v

A A A A -2
where By = Pyjy + (04 — 0i—1j4—1) (O — 9t—1|t—1)T and Cy = P,_y;;_1 + b, 1.

Proposition 5. Diagonal setting: If g(b;) = Dz, we have

Yy —
Tbt 5, —2A (I BtC;I)th’
02 I
1@” _=(C7Y I - B, o) +8(c (BtC 1 ) ® Dy C;'D; ) ,
ob; 15, 2 ¢ ¢

where By = Py, + (9t|t — ét71|t71)(ét|t — ét,ut,l)T, Cy = Py_1jt—1 + Dyz and Ay is the vector composed of the
diagonal of M.



Furthermore, we recall that in Theorem [T] A; is defined only implicitly. We use a similar second-order Taylor
L . . . . . . -2
approximation as in the previous subsection to estimate A;. In the scalar setting, defining Cy = P;_1,_1 + b, I we have

A = //\/’(bt | Bm,zm)(ct + (2by(by — by) + (by — by)*)I) ™ db,
~ _ — — — _ —2 — _
~ //\/(bt | bejes Saje)Cy M (1 — (2bg (by — by) + (b — by)?)C "+ 4b, (by — by)*Cr?)dby
5 -1 —20,2 72 —372 7\2
~ /N(bt | btltazt\t)<ct - Ct (bt - bt) +4Ct bt (bt - bt) )dbt
~Cyt - C;Q(Btz\t - Ef +Asx,,) + 40:5_35?(23:&# + (l;tlt —b)?).

In the diagonal setting, defining Cy = P;_1}; 1 + D2 we have

Ay = /N(bt | Bajes 416) (Ce +2D5, 4,5,y + Dy, _5,)2) by
=~ /N(bt ‘ l;tlt, Zt\t)C;I(I — (QDBt(bt—Et) + D(bt—EtP)C;l —|— 4Dgt(bt—gt)C;IDEt(bt_Et)Cfl)dbt
~ _ _ _ _ _ — — — _
~ /N(bt [ bujes o) (O = O Dyy_pp O+ ACTHCT @ BB, © (b —b) (b — B)T)C ) by

_ _ _ _ 1 =T - =\ - _

~Crt -G 1D1}§‘t,§f+AZmCt 407N (CT @ bby © (Sepp + (beye — i) (bye — be) T))Cy
Combining our findings we obtain Algorithm|[I] As the KL optimization is a coupled problem we solve it in a

classical iterative fashion through the Iterative VB algorithm (Smidl and Quinn, [2006), that is, we repeat /N times the

updates of Theorems [I] and [3] (for instance N = 2).
4 Conclusion
We have presented in this working paper a recursive estimation of the state-space covariance matrix based on the VB

approach. We assumed the variance of the observation to be known and constant and we focused on the joint online
estimation of the state together with the time-varying covariance matrix of the state process.



Algorithm 1: Variational Bayesian State-Space Model at time step ¢

Inputs: 0, 1)t—1, Pr—1pt— 1 by 1t—1s Dt—1]t—1, Tt; Y-
Initialize: b£|t) = b,_ 1le— 1,2(?) = X111 + 1ol

Iterate: for: = 1, .

1. e Ifscalar setting: Set b, = \/(b(l Dy2 4 52071 and ¢, = KP,_ ;1K' +5§I.

t|t t|t
. _ —1
Set A;! (c +40735, (0 + (6, 1)—bt)z)) .

o If diagonal setting: Set b; = \/ (b}, )2+ Ao and Gy = KP, 1y 1 KT + Dy.

_ N _ —1
set Ayt = (Gt aci e o © (S + (Y =BGl Y B T)ert)

t|t tlt
2. Update the posterior for 6;:
Pt(|t) A7t - %, ét(‘?t) = ét—llt—l + ﬁgﬁ(yt - x;rét—l\t—l)'
3. Update the posterior for );:
Set By = P + (6}]) = 01—1:-1)(0})) — 61_1i-1) 7.

tt

e If scalar setting:

L 5 = 2TR(CT T =BG )b
_ _ -2
aaggs _ =2Tr(C; (I — B,Cy ) + 8 Te(Cy 2(BCy ! — D))o,

o If diagonal setting:

%1;::7 5 = QACt—l(I_BtCt—l) @Eta
2
Tt =2(C7 (I =BGy )@I)+8(C (B:Cy — é)®Dg,C{1Dz,,)-

_ R
e O

-1
B

bi‘t) 231:\zt((2t71|t71+7“bf) Lh,_ 1i-1+ 3 6;p2q

1 9¢y
bt 2 by

W)

Outputs 0t|t - aflt 7Pt|t - f(lf 7bt|t - bt‘f 7Zt‘t = EE‘J:[)
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A Proofs

Proof of Lemma[2l We start from the expression of Equation (2)) that we can write in the following form:
KL(N B0 | B PN (b | b Suie) |1 0001 be | 7))
= /N(et | Oyje, Pye) log N (0 | 014, Prye)dO; + //\/’(bt | Do, Sepe) og N (b | byye, Sepe)dby
- /N(Gt | ét|taPt|t)N(bt | Bt\ta Y4¢) log p(0s, by | Fi)dOidby .

The entropy of gaussian variables is easily computed. The last term can be split using the factored form of Equation (3]
and we observe that

/N(et | ét\taPt\t)N(bt | Bt|t72t|t)log/\/(yt | 0, ¢, 0%)df;db,

i 1 L (ye — 6] @)
= /N(et | 9t|t,Pﬂf,)< ) log(2m0?) — 7M>d0t

2 o2

1 1(ye — 07 2)% + 2] Pz
:—210g(27702)—2(t tlt t)z ¢ Lt t)’

o
/N(et | ét\taPt\t)N(bt | 6t|t72t|t)10g-/\[(9t | ét71|t71aPt71|t71 + g(bt))d0db;

dlog(2m)

= /N(et | ét|taPt\t)N(bt | Bt\t,ztlt)( - )

1
-5 log det(Pi_1¢—1 + g(bt))

TR B A
— (0 — Op—1j4—1) T (Pr—yjp—1 + g(be)) (0, — 9t—1|t—1)>dltd9t

2
dlog(2 1 N
= —y -3 /N(bt | bt|t72t\t)<10g det(Py_1j¢—1 + g(bt))

+ Tr ((Pt\t + (ét|t - ét71|t71)(ét|t - ét71|t71)T)(Pt71|t71 + g(bt))_l))dbt :

Combining the last few equations we obtain

KL(N (O | fujes Pue)N (e | b Suge) 1 (00, be | F2) )
1

- 5(1 + dlog(2m) + log det ¥y,)

! 1y —0),20)2 + 2] Py
+210g(27r02)+2(t dli t)z ¢ Bipee)

dlog(2m 1 7
+ DB | 2 [ NG 1S (10g det(Proes +9(0)

1
= 75(1 + dlog(2m) + log det Py;)

g

+Tr <(Pm + Bege = Oe-110-1) Bt = Op—jp—1) ) (Prmrjimr + g(bt)rl»dbt

1 1 A o B
+ 5 (dlog(2m) + log det(Z 1,1 +131)) + 5 Tr ((zm + (byge = by—1j0—1) (byye — bt,m,l)T) (So1ji—1 +731) 1)
+ log p(Fy) — log p(as, Fr1) .



Proof of Theorem[I} Thanks to Lemma 2 we have

L(N B0 | ey Pyo)N (b | by Zope) | (01, 00,1 | F2))

1 1 (e — 0,20)% + &) Py
_ filogdet P+ 5 t[t _ t Lt

g

1 ~ ~ ~ ~ ~
+ By Tr ((Pt|t + (O — Or—1)e—1) (O — 9t71|t71)—r) /N(bt | Dejes Xeje) (Pi—1jt—1 + g(bt))_ldbt) +co,

where cy is a constant independent of ét|t, Py;. We define Ay = [ N (b | 5t|t7 See) (Pic1je—1 + g(be)) " dby, then the
first order conditions are written as

-
Pt*|t1 (At+xtmt):07

(vt €t|t )Ty

— T+ Al — Oiap) = 0.

It yields
-1 _ _
. actxtT o A 1xtxtTAt 1
tlt — 2 + At - At T T A1
o x, A "xy + o2

-1

N xX A xr
e = tjt(y;t""'Atet 1]t— 1)—9t 1+ t

TA
————(yt — xy Oi_1je—1) -
:At_lxt‘FUz(yt t Vt—1|t 1)

Proof of Theorem[3l Combining Lemma 2]and the approximation of Equation (), we obtain:
L(N 0 | Gujes Pue) N (b | buies Soge) || 961, b | F2) )

1 A 1 1 A N N N
=5 /N(bt | Dy, Sgje )by (bs)dby — logdet Y+ 5 Tr ((Zt\t + (bee — be—1)e—1) (byye — bt71|t71)T) (Bi—qje—1 + Tbl)_l) +c

L= 13y, D%ty
- 2 0b, 15 b2

(bt‘t be) + - Tr ( s (Bt (bej — be) (beje — Et)T))

t

1 1 ) R )
3 log det X4y + 5 Tr ((Et\t + (bye — bt—l\t—l)(bﬂt - bt—1|t—1)T)(Et—1|t—1 +rpl) 1) +a,

where ¢ is a constant independent of Bt‘t, Y¢|¢- Therefore the first order condition yield

102
Zwﬁg’, Et|t +3 (Ef 1)t— 1+7rl)” =0,
t
10 1024 - 1 .
587175 ;T3 8b2g ‘7 (btlt —bt) + (i 1p—1 +1ol) 1(bt\t —b_114-1) =0,
and the result follows immediately. O

Proof of Proposition[d, We recall that in the scalar setting,

Yg(by) = logdet(P_1,—1 + b;I) + Tr((Pye + (ét|t - étfl\tfl)(éth& - étfl\tfl)T)(Ptfl\tfl +b71)7h).
Furthermore, note that if A - 0, it holds det A = exp Tr(Log A). We define Cy = P,y + 5?[ and we get
log det(P;_qj¢—1 + b7 1) = TrLog(Py—_1¢—1 + b1)

= Tr Log(C}) + Tr Log (1 4 (2 (b — By) + (b — B)2)C 1)

= TI‘LOg(Ct) + Tr ((QBt(bt — Bt) + (bt - 515)2)0;1 (2bt(bt - Bt)0;1>2 + 0((bt - Bt)Q)) .



The last line follows from the series expansion of the Logarithm. We apply another series expansion for the second
term of ’lbgl deﬁning Bt = Pt|t + (Ht‘t — et,l‘t,l)(et‘t — Ht,l‘t,l)—r we have

Te(By(Pr_yjp—y + 021) 1) = Tr (BtCt_l (1 (2B (be — Be) + (bs — W)c;l) _1)
=T (BiC (1= (2Bu(by = Be) + (b = B)2)C -+ (2B = B)CT ) + o((b = 3)?) ) )
Summing the last two equations, and using the identity Tr(AB) = Tr(BA), we obtain
() = TrLog(Ch) + Tr(B,C; 1) + 2 Te(Cy (I = ByCy ' ))be (b — be) + Tr(Cy (I = BCy ) (b — by)?
—ATH(O (G — BOT B (b~ 5 4 ol(b — B)?).
We can identify the first and second derivatives of 14, that yields Proposition @ O
Proof of Proposition[5} The proof is similar to the one of Proposition 4] We recall that in the diagonal setting,
Wg(be) = log det(Py_1ji—1 + Dyz) + Tr((Pyy + (Bee — O—1j0—1) (Opje — Op—1j0—1) ") (Pr—1jo—1 + Dy2) 1) .
Furthermore, note that if A - 0, it holds det A = exp Tr(Log A). We define C; = P,_y;_1 + DBf and we get
log det(P_1i—1 + Db%) = TrLog(P,—_1p—1 + Db%)
= TrLog(Cy) + Tr Log (I +(2D;,D,, 5, + D _Et)c;l)
1

= TrLog(C) + T (205,04, 5, + D}, 5 )0 = 5(205,Dy, 5,07 + ol = B)).

The last line follows from the series expansion of the Logarithm. We apply another series expansion for the second
term of wg: deﬁning Bt = Pt|t + (Hﬂt — Gt,l‘t,l)(eﬂt — Ht,l‘t,l)T we have

Te(By(Py 11+ Dyz) ') = Tr (Btc*;l (I + (2D, Dy, 5, + Dfﬁgt)q—l) _1)
=Tr (Btct_l (I —(2D5, D, 5, + Dli,gt)ct_l + (2D, Dy, 5,C; 1) + o(||br — BtHQ))) .
Summing the last two equations, and using the identity Tr(AB) = Tr(BA), we obtain
g (be) = TrLog(Cy) + Tr(B,C; ') + 2 Te(C; ' (I — BiCy ) Dy, Dy, _3,) + Te(C (I — BtCt_l)th_gt)
AT — BiCr YDy Dy, 5,C Dy, Dy, ) + o~ BulP).

To conclude we use the following identity:

Tr (ADUBDv) = Zaiﬁjvjbjyivi = ’UT(AA—r O] B)’U .

2
Noting ® the Hadamard product and A the vector composed of the diagonal coefficient of M, we obtain
Wg(b) = TrLog(Ct) + Te(BeCy ) + (2801 1,1y © be) (b = be) + (be = b) T (Cy (1 = BeCy ) © 1)(be — by)
_ T B . _ 7
4~ b)) (C7H(5 — BiC) © Dy, O Dy, ) (b = Bi) + o((lbe = Bil[®)

We can identify the first and second derivatives of v, that yields Proposition@ O
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