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Diophantine Gaussian excursions and random
walks

November 24, 2021

Abstract We establish general asymptotic upper and lower bounds for the
volume variance of Euclidean Gaussian nodal excursions in terms of the random
walk associated to the spectral measure. These bound are sharp in several
situations, and under mild assumptions, the variance is at least linear.

To obtain sublinear variances, we focus on the case where the spectral mea-
sure is purely atomic, and show that the associated irrational random walk on
the multi-dimensional torus comes back more often close to 0 when the atoms are
well approximable by rational tuples. Hence the excursion behaviour strongly
depends on the diophantine properties of the atoms, it has fluctuations which
power can be arbitrarily close from the maximum 2d (quadratic fluctuations),
whereas if the atoms are badly approximable the excursion is strongly hyperuni-
form, meaning the variance asymptotic power is minimal, (d—1), corresponding
to the window boundary measure. Also, given any reasonable variance asymp-
totic behaviour, there are uncountably many sets of spectral atoms that realise
it.

The versatility of the variance formula is illustrated by other examples where
the spectral measure support can have higher dimension, in particular it is able
to capture the variance cancellation phenomenon of Gaussian random waves,
and it also yields that there are no hyperuniform isotropic Gaussian excursions.

Keywords: Gaussian fields, nodal excursion, random walk, diophantine ap-
proximation, hyperuniformity, Gaussian random waves, variance cancellation.
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1 Introduction

The primary motivation of this article is to study the variance of the excursion
volume for Euclidean stationary Gaussian fields, and exhibit a class of models
that realise a presribed asymptotic variance behavior. It turns out that this can
only be achieved by spectral measures with a low dimensional support, hence
we consider measures with a finite support. This investigation requires to study



a random walk which behaviour depends on the diophantine properties of the
spectral atoms. To conduct this program, we establish two unrelated results
which are of independent interest, corresponding to Sections [2 and [3|

The first result, Theorem 2.1} deals with the volume of general Euclidean
Gaussian fields excursions. The main finding is that the variance magnitude
is strongly related to the probability of the associated random walk to return
around 0. The second result, Theorem contains bounds for random walks
with irrational increments. The combination of those two results yields vari-
ance asymptotics for diophantine Gaussian excursions, as detailed in Section
culminating with Theorem which can be seen as the main result of this
paper.

The results about diophantine random walks are of independent interest and
can be projected onto the torus and actually add some uniform estimates to the
existing literature (see Section |1.3]).

The fact that Theorem [2.1] has a more general scope and can be applied in
various situations is illustrated by the variance cancellation phenomenon for a
fundamentally different model, the Gaussian random wave, see Section [L.5

The rest of the introduction presents some aspects and corollaries of the
important theoretical results of this paper (Theorems and [3.1). Their proofs
necessarily call to subsequent sections.

1.1 Gaussian excursions volume variance

The main actors of this article are centred stationary real Gaussian random
fields {X(t);t € RY}, which law is invariant under translations of R%. See the
monograph [I] for a comprehensive expositions of main properties and funda-
mental results about Gaussian fields and their geometry. It is known that they
are completely characterised by their reduced covariance function

C(t) =E(X(0)X(t)),t € RY,

or by their spectral measure, i.e. the unique finite symmetric measure g on R?
such that C' admits the representation

Clt) = /R e~t%py(dx) ¢ € RY, (1.1)

where - denotes the standard scalar product.

Excursions of Gaussian processes on the real line have often been studied
through their number of crossings with the axis [19] [0} 11}, 32 20]. Elementary
considerations yield that the average number of crossings on an interval is pro-
portionnal to the length of the interval. Furthermore, if g contains more than
one (symmetrised) atom, the variance of the number of crossings is quadratic
[22, 2]. We focus here on the Lebesgue measure of the nodal excursions

{X >0} ={teR*: X(t) > 0}.



Here again, the field centering and an application of Fubini’s theorem yields

that the expectation is proportionnal to the volume:

2(4)
2

E(ZLYAN{X >0})) = JACR?
where .#? is the d—dimensional Legesgue measure. We give in Section [2] general
upper and lower bounds for the variance of the excursion volume

V,(T) = Var(Z4({X > 0} N B4(0,7)))

where By(0,T) is the centered ball with radius 7. These bounds imply in par-
ticular that if X is isotropic, or more generally if u’s support has dimension > 1
and spans the whole space, the volume has at least linear variance, i.e. larger
than 7%, and hyperuniform behaviour is unreachable (see Section .

If on the other hand wp’s support is finite, a wide class of asymptotic be-
haviours are reachable.

Corollary 1.1. Let ¢ : N* — [0,1] a function decaying regularly faster than
q_% (Definition . There are uncountably many finite sets ¥ C R? such
that if p is symmetric with support ¥, there are 0 < c— < ¢4 < oo such that for
T > 0 sufficiently large

C,T2d1/)71(T)7(1+2d) < VH(T) < C+T2d¢fl(T)f(1+2d)

i.o.
where ¥~ is the pseudo-inverse of ¢ (defined at (3.1))) and < means that the
inequality is true for a sequence Ty — oo.

The consequence is that we have a parametric model which achieves any
reasonable asymptotic variance between the minimal surface-scaling order, in
791, and the maximal quadratic order, in T??, see Corollary for details.
For sublinear variances (below T'%), the excursions are hence hyperuniform, con-
tributing to the already large research body on the subject (see Section .

The result above is an immediate corollary of Theorem with m = 1,
where p is of the form

< 1
n= ’;;(Liek, where 6, = 5(5(1 +6_4)a€ RY,

and the atoms w;,i = 1,...,m are i-approximable, i.e. roughly speaking such
that for infinitely many ¢ = (¢;) € Z™, >, wiq; is ¥(q)-close to an integer (and
this is not true for ¢ << ). Let us give formal definitions, as they will be
useful throughout the introduction and the paper: say that w € R™ is

¢-BA (Badly Approximable), if for some r > 0 (1.2)
lp—w-q| >2¢(q) for all p € Z,g € Z™ \ B (0,7)
and ¢¥-WA (Well approximable), if for some ¢ > 0 (1.3)

Ip—w - q| < cp(q) for infinitely many p € Z,q € Z™,q = 1,



where ¢ = 1 means that Y ." | ¢; is an odd number. The proof consists in (i)
expressing the variance in terms of the behaviour around 0 of the diophantine
random walk which increment measure is p (see Theorem [2.1)) and (i) studying
this random walk with the help of results from diophantine approximation the-
ory, see Theorem Independently, we also consider Gaussian random waves
(Theorem and short range fields (Proposition to illustrate the wide
scope of this method.

More refined results from diophantine approximation theory actually yield
the quantity of tuples (w;) yielding a given asymptotics variance, and we build
at Section mixtures of such Gaussian models with a random support X
giving a prescribed asymptotic variance. The need for models that yield any
prescribed variance asymptotics is explained in [7], along with another such
procedure based on Fourier transforms.

1.2 Background and motivation

Properties of excursions and level sets of continuous random Gaussian func-
tions have been studied under many different instances. The zero set of a
one-dimensional Gaussian stationary process is the subject of an almost cen-
tury long line of research, starting with the seminal works of Kac & Rice [19],
or Cramer & Leadbetter [I0], and followed by many other authors mainly in-
terested by second order behaviour, see the major contributions [I1} [32] 20].
In higher dimensions, zeros of Gaussian entire functions [16, 27] and nodal sets
of high enery Gaussian harmonics on a compact manifold [21], [38, 23] (and
their Euclidean counterpart the Random Wave Model [26]) have attracted a
lot of attention from both physicists and mathematicians. Random trigono-
metric Gaussian polynomials, i.e. independent Gaussian coefficients multiplied
by trigonometric monomials based on a fundamental frequency, have also been
studied in the asymptotics of the large degree, see for instance [39] and refer-
ences therein. We propose here a crucial modification of the spectral measure
support: instead of taking frequencies in a proportionnal relation, we choose
finitely many frequencies which are incommensurable; this specificity allows for
instance to reach all possible behaviours for the variance asymptotics (see The-
orem [4.1]).

A different approach to our results is through the lens of hyperuniform mod-
els, defined at section In the last decades, physicist have put in evidence
states of matter intermediate between crystals and liquids, where the medium
exhibits apparent disorder at the local scale, but fluctuations are suppressed
at large scales. This denotes in some sense a long-range compensation of the
medium behaviour, and is considered by physicists a new state of matter, see
the works by S. Torquato and his co-authors [36] [37] that introduce the topic
and expose the main tools and discoveries. Even though the focus was primarily
on atomic measures, this concept has been then generalised to other random
measures, in particular bi-phased random media [35] [34]. Such heterogeneous
materials abound in nature and synthetic situations. Examples include compos-



ite and porous media, metamaterials, biological media (e.g., plant and animal
tissue), foams, polymer blends, suspensions, granular media, cellular solids, col-
loids.

The Gaussian realm provides models for many types of phenomena, and
the present work yields Gaussian hyperuniform random sets, i.e. which vari-
ance on a large window is asymptotically negligible with respect to the window
volume (see Section [I.4). The model we present here shares some similarities
with perturbed lattices, in the sense that the long range correlations are very
strong, but its disorder state is also one step above as one cannot write it as
the (perturbed) repetition of a given pattern. It shares with quasi-crystals the
property of almost periodicity, defined below, and exhibits a spectrum remi-
niscent of quasi-crystals, see Fig[ll Any asymptotic variance can be achieved,
yielding in particular hyperuniform models. According to the typology estab-
lished in [36, 6.1.2], the model is type-I hyperuniform for almost all choice of
parameters; but uncountably many choices of the parameters will yield type-II
or actually any type of hyperuniformity. We also give randomised versions of
the model not involving diophantine parameters which exhibit different types
of hyperuniformity.

As it turns out, a non-isotropic model is necessary to obtain a hyperuniform
behaviour (Proposition . We use the general variance formula of Theorem
to study Gaussian random waves in any dimension and prove a variance
cancellation phenomenon.

1.3 Diophantine random walk on the torus

We derive in Section 3| results about diophantine random walks on R, which
ultimately lead to variance estimates for Gaussian diophantine excursions. The
current section discusses the connections with the existing litterature for the dio-
phantine Gaussian random walks on the torus, and is completely disconnected
from the results about Gaussian fields discussed above.

Let (e1,...,eq) be a basis of RY, m > 1, u be a symmetric measure on R?
parametrised by its support w = (wyy))1<k<a € (R™)? via

1 N
K= m Z — 5(4&)[;@]@9)@7 (14)

k=114

with w0 = 1 by convention, and let U,, be the corresponding random walk
on the torus

where the X; are independent and identically distributed with law p and {x} =
({xp}) € [0,1[* is the fractional part in R%.



It is clear that if w’s components are well approximable by rationals, the
same goes for the increments of the random walk, hence it is likely to come
back closer to 0 faster. The study of random walks on a group started on
finite arithmetic groups with the works of Diaconis, Saloff-Coste, Rosenthal,
Porod, (see references in [33]) and results for such irrational random walks in
the continuous settings were then achieved by Diaconis [12], and finally Su [33],
who gave the optimal speed of convergence of the law of U,, in an appropriate
distance. Then Prescott and Su [30] extended the study in higher dimensional
tori.

The novelty of our approach is to consider estimates as € — 0 uniformly in
n; we show in Section |3| that for a given ¢, irrelevant of the number of steps n,
there is a probablity always smaller than c+5#+Lv that the walk on the torus
ends up in B4(0, ) after n steps, where n > 0 is such that the wg,1 < k < d are
¢~ (m*M_(Badly approximable).

Remark 1.1. This value is actually very sensititive to the probability of van-
ishing coordinates U, () of Uy, in the sense that it decays slowly in € because
of the fast recurrence to 0 on the axes: for p <d

]P)(ﬁn,[l] = ﬁn,[2] —_ ... = Un,[p] = 0) ~ n_p/Z_

A heuristic argument is that the symmetric random walk on Z has a probability ~
n~1/2 to come back to 0 in 2n steps, and the components are almost independent
up to the parity relation n = Zizl U, k] (see Lemma .

In the light of the remark above, only non-vanishing coordinates matter in
the speed of decay as ¢ — 0. Denote by [d] the set {1,2,...,d}. Define for
K c [d], K # 0, the projected ball Bg(g) := B4(0,¢) N Hx where

Hyg = {y = (y[k])lgkgd S Rd DYk 75 O,k € K and Yk = O,k‘ ¢ K}
Then we have according to Theorem |3.1}(i):

Corollary 1.2. For some ¢ < oo, uniformly on n,e,

_(@-IKDm |K|m
2 5m+n

P(U,, € Bk(e)) <cn

Regarding the dependance in €, the random walk hence comes back to 0
faster on subspaces with fewer coordinates equal to 0 (the dependence as n
increases is opposite). The most interesting part of the convegence, i.e. where
the magnitude is not dominated by coordinates equal to 0, seems to happen on
the domain Hpg) of points with non-vanishing coordinates. More precise results
are derived in , in Section |3| dedicated to irrational random walks; the
results are derived in particular in terms of the optimal function 1 such that
w’s components are 1-(Badly Approximable).

Lower bounds are more unstable, hence we consider the smoothed estimate,
for B > 2,

Is(e) = Y n?PP(0 < |[U,] <e) (1.5)

n>ne



where n. > 1 grows sufficiently slowly (see Theorem [3.1}(ii)). To have matching
upper and lower bounds, we assume that for some fixed w € R™, wy,) = w for
1 < k < d, and that w is ©»-WA and -BA. We have the following corollary of
Theorem [3.1}(1),(ii):

Corollary 1.3. There are 0 < c— < ¢4 < 0o such that

B—2+4+dm i.o. B—2+4+dm
c_e mn L Ige) < eqpe mm

as € — 0.

In Section [3} similar results (but with different magnitudes in n) are actu-
ally derived first for the random walk U,, = > | X, itself, and passed on to
U, to yield the aforementionned results. A quantity Jg(g) related to U,, and
analogue to I(¢) is estimated and used in Section [2| to determine the variance
of the excursion of the Gaussian field which spectral measure is p, as discussed

previously.

1.4 Hyperuniform models

We have just observed, for some values of the parameter w, the suppression
of the variance at large scales, also called hyperuniformity phenomenon. A
more general mathematical indicator of hyperuniformity is through the structure
factor, or more generally the behaviour around zero of the Fourier transform of
the associated random measure. Folowing [29], we use the integrated structure
factor to characterize hyperuniformity.

Definition 1.1. Let E be a random subset of R*. The structure factor of E,
when it exists, is the measure S on R? defined through test functions ¢ smooth
with compact support via

/%D(t)COV(l{er}»l{teE})dt=/ P(x)S (dx)
Rd

R4

where @ is the classical Fourier transform of . Then say that E is hyperuniform
if S(B4(0,¢)) < ¢yt e > 0 for some a > 0, and strongly hyperuniform if
furthermore o > 1.

The precise definition of a random set is not precised here as many existing
theories can fit in the previous definition (see for instance [25]). The hyper-
uniformity of E corresponds under some hypotheses to the suppression of the
variance at large scales, i.e.

d
o ZLUENTW)

T—o0 Td —0

for sufficiently regular shapes W C RY, and the strong hyperuniformity cor-
responds to a variance of minimal magnitude, proportionnal to the window



boundary measure, i.e.

LUENTW) _
sup ————% < 00,
P TS|
see for instance [29], or the survey in preparation [9]. Our first result is that
natural models of Gaussian fields will not yield hyperuniform excursions.

Proposition 1.1. Let X be some centred stationary Gaussian field on R® with
spectral measure . Assume that for some odd integer n > 1,6 > 0,2 € R%, ¢ >
0, u"(Bg(x,€)) = c£?. Then for some c_ > 0,T sufficiently large,

Vi (T) > e T

This is for instance the case if X is isotropic, i.e. if X ’s law is invariant under
rotations, or equivalently if p is invariant under rotations.

The proof requires tools and notation from Section [2] and is at Section
As illustrated by the proof, to obtain sublinear variance, the spectral mea-
sure’s support must have essentially dimension smaller than 1, hence we con-
sider finite atomic support. Let p be of the form with wy,) € R™ that is
g~ ™+ —(Badly Approximable) for some m > 1,17 > 0, for 1 < k < d, and X,,
the Gaussian field which spectral measure is p.

Proposition 1.2. Let a = %}r;”). Then E = {X,, > 0} admits a structure
factor S satisfying

S(By(0,¢)) < cpe?t® e = 0.

Hence if n < 1+ é, E is hyperuniform, and if n < 1 — 37, E is strongly
hyperuniform.

The proof is at Section If the wyy) are 1-(Simultaneously Well Approx-
imable) (see Section , which is the case if for instance the wy) are all equal
to a 1-WA tuple w € R™, the right hand side is optimal, see . We give an
approximate representation at figure [l in a special case.

This kind of spectrum is reminiscent of Bragg peaks in quasi-crystals [35], and
more generally of almost periodic fields, for which we give a definition here: a
field X : R? — R is almost periodic if for any sequence of vectors t,, — oo, there
is a subsequence t,s such that || X — X(t, + -)|lcc — 0, see for instance the
monograph [§]. Covariance functions and random Gaussian fields considered
in this paper are || - ||co-limits of trigonometric polynomials, and as such they
are almost periodic. On the other hand, their excursions, seen as {0, 1}—valued
functions, are not almost periodic in this sense, mainly because of the disconti-
nuities at the set boundary. On the other hand, they are likely almost periodic
for weaker norms, and could hence be seens as almost periodic sets, but this
question is outside the scope of the current article.



Figure 1: Structure factor for d = 1,m = lL,wpy = wp = V2, ie. p o=
691 + 6\@'31 + 692 + 5\/592

1.5 Variance cancellation for Gaussian random waves

Let us give another (and unrelated) application of Theorem in the context
of ergodic isotropic fields. This example is mainly derived to illustrate the
sensibility of Theorem and could likely be deduced from (more precise)
results on the sphere by Rossi [31].

Let d > 2,841 = {t € R? : [t| = 1} the d-dimensional unit sphere and
g the Haar distribution on the sphere, i.e. the unique probability measure on
S?=1 invariant under rotations. Let X4(t) be a centred Gaussian random field
with spectral measure @y and reduced covariance

By ()
== teR? 1.6
e (0

for some cq > 0, see [15] (21)] and Example for the definition of the Bessel
function of the first kind B,,a € R.

The field X4, called Berry’s random wave model, is of central importance as
it is the unique stationary isotropic field satisfying AXy; = — X4 a.s. [28]. It
can be seen as a local approximation of random eigenfunctions of the Laplacian
on compact d—dimensional smooth manifolds, of high interest in the physics
litterature. Since nodal statistics are local quantities, it makes sense to expect
analogies between the behaviours of random waves on different manifolds as
T — oo. Such random Gaussian harmonics have been recently heavily studied
in dimension 2 in the mathematics literature, especially on the sphere or the
torus [21], 24] 14] 23], and the Euclidean version X, has also been investigated,
through its percolation properties [26] or the statistical properties of its nodal
lines [28 14]. An interesting feature of Gaussian random harmonics is the
variance cancellation phenomenon, i.e. the very small asymptotic fluctuations

Cal®) = [ expl=t - x)paliix) = ca



of some statistics of the excursion set at the level w = 0 in the high energy limit,
compared to other levels u # 0. First conjectured by Berry [4] for the length
of the excursion boundary on the torus (nodal lines), it has then been observed
and deeply analysed in several other instances [21], 23].

We prove here that a variance cancellation at the level u = 0 also occurs for
the nodal excursions of the Euclidean Gaussian random waves in any dimension.
More specifically, while the excursion volume is overfluctuating for levels u # 0
(i.e. the volume of large windows is negligible with respect to the variance of
the excursions of Xy restricted to this window), the fluctuations are linear for
u = 0, as would be the case for fluctuations of short range random fields such
as the Bargmann-Fock field (see Example . For T > 0, the rescaled version
Xa7(t) = X4(Tt) satisfies AXgr = —T?Xar and hence can be compared to
random harmonics with same wavelength on compact manifolds.

Theorem 1.1. Denote by V¥(T) the variance of £%(B4(0,1) N {Xa7 > u}).
For u # 0, there is ¢, > 0 such that

TV < VYT), T >0
and there is 0 < c_ < ¢y < 00 such that
T E<VYT) e T4 T > 0.

The proof is at Section[2.:2] This result can be compared with similar results
on the sphere, see the work of Marinucci and Wigman in dimension 2 [24],
and then of Rossi [31] in dimension d > 2, who study the excursion volume
(also called defect volume after centering) of spherical Gaussian harmonics X
satisfying Ag: X = —¢({ +d — 1)X,¢ € N, where Ag: is the Laplace-Beltrami
operator on the sphere. They also obtain a variance of magnitude ¢! =% at levels
u # 0 and £=¢ at the level u = 0, echoing experimental results from Blum,
Gnutzmann and Smilansky [5]. Hence the present results are consistent with
those obtained on the sphere.

Remark 1.2. Various cancellation phenomena have been explained by the can-
cellation of the second order Wiener chaos of the corresponding functional, see
the seminal work [23]. The proof of the previous result hence sheds a differ-
ent light on this phenomenon, in terms of the support dimension for low order
powers pu?, w3 of the spectral measure.

2 General variance estimates

Let X be some real centred stationary Gaussian field on R?, denote its spectral
measure by p and its reduced covariance function by C' (see Section |1.1). We
study here the statistic

MJ:/ 1ix(e)>uyy(t)dt
R

10



where u € R and ~y is some measurable window function, bounded with compact
support with non-empty interior. Define

360 = [ ettt x e B,
]Rd

and yr(t) = y(T~'),T > 0. The variance is
U o d
V. *(T) = Var(Z°(M,]"))

and we use the shortcut notation V, :=V; ‘0. The most prominent example is
the unit sphere indicator y¢ = 1¢B,(0,1)}(-), and in this case 74 is also implicit
; : du 0 _
in the notation V,/ = ViV =V
Introduce the notation
A=0B

for two quantities A, B to mean that c. A < B < ¢4 B for some 0 < ¢ <
¢4 < 00, on their domains of definition. Without loss of generality, we use the
convention

C(0) = p(RY = 1

as it allows to adopt the probability formalism and eases certain arguments,
denote by U,, the random walk which increment has law p (i.e. U,’s law is
p™). Define the function

= Y %H P(IUL < 2)

neN odd

(this function is related to the function J3 from Section 3] via the relation K(¢) =
@Jg( )). Say that p is Z—free if P(Ug,+; = 0) = 0 for n € N. For r > 0, denote
by ¢, ¢, respectively the supremum and infimum of ||§(x)||? for x € By(0, 4r).

Remark that ¢, ¢ — |[9(0)|> > 0 as 7 — 0.

Theorem 2.1. Assume p is Z—free and let r > 0.

(i) ForT >0
o, T*K(rT™) < VI(T). (2.1)
(i) If in addition for some ¢1 < 00, |¥(x)| < cl||x|| = for ||x|| > 4r, then

1

(T/r)?+!
V(T) < T*K(rT™Y) + e, 70! / K(y~ #71)dy. (2.2)
0

In particular if v = v* and K(¢) = O as € — 0 for some a > 0, then

a<d+1 and
Vu(T) = 0T*=* T > 0.

11



(iii) Foru #0,T >0,
VI™(T) = 2%, ap T'P(||Us || < rT71).
In particular if p has an atom at xq, letting r — 0 yields

0 < 2245(0)az,up({x0})* T < V,I(T) < T

The proof, deferred to Section [2.1] is based on a local formula for the vari-
ance of Gaussian excursions volume, which gives the exact formula . This
expression is then decomposed in two terms, one of them is proportionnal to
K(rT~1), and the other term gives rise to the second term in the right hand
side of . We show that these two terms have the same magnitude in three
different settings: (a) when p has finitely many incommensurate atoms (The-
orem and Proposition , (b) when p is the Haar measure on the unit
sphere (Theorem [1.1)), and (c) when p is the Fourier transform of an integrable
function (Exampl; see also the end of Section for a general argument.
The second term results from the upper bound

(/) (T/r) .
/ K(A(y))dy < / K(cy™ ) dy)
0 0

where ) is a pseudo-inverse of 42. Since 4 usually experiences oscillations at
oo (see for instance Example , obtaining a simple asymptotic equivalent of
this term requires more involved computations, but doing so would provide an
accurate lower bound on the variance.

Remark 2.1. The fact that if K(e) = ©e®* as € — 0 for some a > 0 then
a <d+1 (point (i), is a non-trivial fact about general random walks on R?,

Example 2.1. For the unit sphere indicator, we have the classical formula ([15,
Chap. 1.5])

(%) = rallx|=**Baya(I1x1)

where kg = £%(By(0,1)) and B, is the Bessel function of the first kind with
parameter a

> (_l)m r\ 2m+a
Ba) =Y oFmsat (3) om0

m=0
In particular, ¥%(x) ~ kgl'(d/2+1)"1 >0 in 0 and
N _df1
74(x) ~ wa(2/m) 2 ||x]| 7= cos(llx]l + Aa)

as X — 00, for some Ay € R. It is known [13] that the first zero of By,a > 1/2
is larger than the first zero of By, which is m , hence we can take r = Loin

2
Theorem [21.

12



Example 2.2. The most studied Gaussian fields are probably those with an
integrable reduced covariance function

C(t)dt < oo,

Rd

such as the Bargmann-Fock field, where C(t) = e=t". Let us emphasise that
the following result is far from new, but, along with theorems and [1.1], it
illustrates the variety of situations where Theorem [2.1] can be applied.

Proposition 2.1. Let p be a spectral measure with integrable covariance. We
have
V(T) =017, T > 0.

Proof. The integrability of C yields that p admits a continuous bounded density
function with respect to £, denoted by C, satisfying ICll.x = 1. Hence,
denoting by C*" the n-fold self convolution of C,

/1{Bd<0,5>}<z>w<dz> < LUBu0,6))C 1o

and classical properties of the convolution product yield that [|C*"||os < [|C]loo ||C’||’£;1 =
|C |50, hence

K(e) < [0]oe(3 crn)et

Theorem m-(n) then gives the upper bound.

For the lower bound, let x € R% r > 0 be such that ¢ > 0 on Ba(x,r).
It is then easy to show by induction that C*" > 0 on Ba(x,nr), hence for
n>r~ (x| +1) and € < 1, By(0,¢) C By(x,nr) and

P(|U,| <¢) = / C*(t)dt > c'e?
Bd(O,E)

for some ¢’ > 0, Theorem [2.1}(i) concludes the proof. O

2.1 Proof of Theorem [2.1]

The starting point is the following lemma, straightforward consequence of [0
Lemma 2].

Lemma 2.1. We have for every u € R coefficients o, , = 0,7 € N such that
for two centred standard Gaussian variables X,Y with correlation p

Nt R B | u?
Lu(p) = Cov(lixsuy Liysu)) = Z Qpup” = %/0 ﬁexp <_1+7’) dr
n=1
(2.3)
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in particular, To(p) = arcsin(p) with ag,0 =0 and

(27;) — @n73/2.

Aon41 = O2p41,0 = 4”(2’)1 T 1)

We also have ag,, # 0 for u # 0.

Let U,, = > | X; where the X, are independent and identically distributed
with law p. Denote by v*2 the auto-convolution of v with itself, and by pu™ the
law of U,,. We have by Lemma [2.1]

V(T) = /( o TalCCE =S4T 5/ Ty
:/@w T (C(2))y (Z;TW) N <W2T ) dwdz
- [ Tu(Cnz Cads
=) anu /C (2)"37 (22

neN
=3t / (d2)dar (22)%dz using (LI)
neN
=Y anu / (dz)(2T)%?4(4Tz)?dz
neN
=(27)*" > " o uE(Y(4TU,)?) (2.4)
neN

92,0 4 )
where, with A; = [0, 7], Ay =r, ]

=T an E(Y(ATUL) 11U, jea)):
neN

For the case u # 0, point (iii) simply comes by lower bounding by the term
corresponding to n = 2.

Let us now focus on the case u = 0. Remark first that since p is Z-free,
P(U,, = 0) =0 for n odd, hence

v(Tl) >T2 e K(rT™h)

14



hence ([2.1) is proved. For the second point, the hypothesis on v yields

) a
v <1 anB(G|TUL ™ o, 50)

n odd
St Y, [ IO >
n odd
(T/r) )
—arr=as o, [T o, <y ety

n odd
(7/r)*+ )
=ciT"! / K(y~™7)dy.
0

To conclude the proof of (ii), let us assume that c_e®* < K(e) < cpe® ase — 0
for some 0 < ¢ < ¢y < 00, and let us prove that o < d+ 1. If @ > d + 1, then
the second term on the right hand side of 2.2] is negligible with respect to the
first one (recall that K is uniformly bounded), we have in particular

cer® < T2V, (T) < eFer™ + o700 (T).
Since this is true for all r, we have in particular for 0 < ry < 7o
- +
e e <clepry

which is impossible if we let 72 go to 0 faster than r;.

2.2 Proof of Theorem [1.1]

We study the field at the original scale Xy, it is then Straightforward to deduce
the results for Xy 7,7 > 0. We need to estimate P(||U,, || < €) for n > 1, where
U, is the random walk which increment measure is puq. Equation (1 and the
universal bound |B,(t)| < O||t]|7Y/2,t € R? yield |Cy(t)| < O(1 + ||t\\)—%.
Then

P(|U.| <¢) = /1{Bd(o,e)}(z)ﬂfi(dz) <el /1{Bd(0,1)}(x)
d —ndL
<ot [ (14 [b])) " s,
Rd

C(t) et dt| dx

Rd

hence P(||U,|| < &) < cs16? < oo forn > 5 (and n > 3 if d > 4). We still
have to deal with 1 < n < 4, and independently with the lower bounds. Let
us analyse the self-convoluted measures pj,n = 1. They are related by the
recurrence relation, based on the isotropy of the measures u™,n > 1,

u?%&mwnzf 1 (e ne a0 103 (d5) paldz)
Sd—1 xR

=pa(S" ({2 : x + e1 € Ba(0,7)}) = pj(Ba(—e1,7)) =(/~2LZ()Bd(e1, r))
5
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where e; is some vector of ST, e.g. e; = (1,0,...,0). Let 7 > 0. Hence
15(Ba(0,7)) = pa(Bale,r)) (2.6)

which is equivalent to .91 (B4_1(0,7)) as r — 0. Theorem [2.1}(iii) implies in
the case u # 0 that

VIU(T) = 2% 0 T2 (Ba(0,rT 7)) = 0 T e > 0

for some co — > 0 (for r > 0 sufficiently small, see Example [2.1)).

Since az 9 = a4 = 0 (Lemma , to treat the case v = 0 it remains to
study p3 (only for d = 2 and d = 3). Using — easily yields 0 < ¢3,_e? <
w3 (By(0,¢)) < c3. 4% < 00 as e — 0. Hence

oo
azes_e? <K(e) = Z anP(||U,| <€) < azes et + Z ancsy el
n>=3,n odd n=>5

gives the desired upper and lower bounds for u = 0 (using Theorem [2.1}(i),(ii)).

2.3 Proof of Proposition 1.1

The statement in the case u™(B(0,¢)) = ce?, n odd, follows immediately from
[@3). If z # 0, we have p"+t™(By(0,e)) > e for m > |z|/e even, for some
¢ > 0. Let us prove that this is the case if p is isotropic. There is b > 0 such
that p(Ap) > 0 where

Ay ={t eRL: ||t|| € [b,b+1]}.

Up to lower bounding p by pla,, assume without loss of generality that p’s
support is contained in A,. By isotropy there is a measure v on [b,b + 1] such
that p can be decomposed in g = pg X v in polar coordinates, where pq is the
uniform measure on the d-dimensional sphere (see Section . We have

c(t) = /Rd exp(—ix - t)p(dx)

b+1
= Bo(r|[t])v(dr)

b+1 .

g/ O+ r||t]) " 2v(dr)
b

<O(1 +b|Jt]) "=, t € R

It follows that C2¢+1 € LY(RY), hence p?¢*! has a bounded continuous density
f, there is in particular t € R, > 0,¢ > 0 such that f > ¢ > 0 on B(x,7). For
m > 1, p(24+D™ hence has a positive density on B(x,mr), and for m sufficiently
large, (2™ has a positive density on B(0,1). Since n = (2d + 1)m is odd
for m odd, we indeed have p"(B4(0,¢)) = ¢’e? for some ¢’ > 0.

16



3 Irrational random walks

We consider a random walk in R? which increment measure g is symmetric with
finite support. For technical reasons, it is simpler to assume that g has atoms

along some d linearly independent unit vectors ey, ..., e4, with the same number
of atoms in each direction: for some m > 1, let w = (wi)1 <k <a € (R™)?
<i<m

and p be of the form (L.4)) with wyy o = 1 by convention. We are interested in
the associated random walk

Ijn = ji:)(k

k=1

where the X} are independent and identically distributed with law p, hence
centred. The study of U, is related to the random walk on the torus

Tjn ::Ijn'_ ﬂjn]e m71Wa

which has been intensively studied, the consequences of the current results to
the random walk on the torus are discussed at Section [1.3] To avoid degenerate
behaviour, we assume that p is Z-free, i.e. there is no q € Z \ {0} such that
2?11 qw; = 0, where M = (m + 1)d. In general we further assume that the
wig) are ¥-BA for some non-vanishing function 1, which automatically implies
that p is Z-free.

According to the Central Limit Theorem, the law of the renormalised sum
n~1/2U, weakly converges to a Gaussian measure (see also Lemma for
precise estimates), and the law ,, of U, is known to converge to Lebesgue
measure on [0, 1[¢ [33]. But if we zoom in further on this convergence around
0, it becomes very erratic. We estimate the following quantities below:

Pi(e) =P(0 < U, — x|| < €),e > 0,x € Z°,
pu(e) = Y pr(e) =P(0 < [Tyl <e).

xeZa

Remark 3.1. In general, if the sum n—&—ZZ:l X[ is even, P(U, = x) is in n=%
and dominates pX(g) for e — 0, which is why it is estimated separately. For odd
values, since p is Z-free, P(U,, = x) = 0, hence pX () is simply P(||U,,—x|| < €).
A fine analysis of the recurrence around 0 yields that the rate strongly depends
on the number of coordinates equal to 0, expressed through

pn*(e) =P(U, —x € Bk (0,¢)), py, (¢) = P(U,, € Bk (0,¢)).
We show below for instance that if along each direction k of R%, p’s support
is made up of a vector (wy,i)1<i<m which is q~ ™+t _(Badly Approzimable) for
somem =1,17>20 (see , then for some ¢ < o0,

d—|K| m|K]|
—ma=Kl

1
PE(e) <en gm¥n KC[[d]],nEN,O<E<§,

so that it is really the number of vanishing coordinates that determines the re-
currence probabilities.
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To avoid the technicality mentionned in the previous remark and obtain

lower bounds, we consider the smoothed estimates for 3 > 0, with p0 = p?ﬁ“”

Jpe):= > Pl

n2n.,neN,n odd

where n. does not grow too fast as € — 0 and serves the purpose to show that
it is the series tail that actually matters.

Remark 3.2. Considering this statistic also allows to suppress the erratic be-
haviour in n, and we can prove that Jg(e) and Ig(e) (defined in the introduction
at ) both behave in e™i and find a matching lower bound. The summation
over odd n in Jg(e) is adapted to estimating the volume variance of Gaussian
nodal excursions (see Remark .

If the atoms are different in different directions, we need to generalise the
concept of ¢-WA: say that w = (wix))i1<k<a s Y-SWA’ (Simultaneously Well
Approximable) if for some ¢ > 0, for infinitely many ¢’ € Z™,j > 1, there exist
p{k] € 7,1 < k < d such that

Py — v - €' < (g, 1 <k < d.
Say that w is ¥-SWA if furthermore Zzzl(p{k] + 3 ¢}) is odd. The need to
distinguish between -SWA and -SWA’ is discussed in Remark

Theorem 3.1. Let ¢ be some mapping N, — (0,1] converging to 0, and let
P~ be its pseudo-inverse defined by

Y He) = min{q € N* : ¢(q) < e}, > 0. (3.1)

Let 8> 0. There is 0 < ¢ < oo depending on d,m,y, B such that the following
holds:
(i) assume each wy) is -BA. We have for x € 74, K C [d],0 <e< %,n € N*

gcnfd/an (d_lgq)mwfl(&?)*mlm eXp(*CnAHXHz)
wwl(e)*m“{‘

c'@[}_l (E)—,B—dm+2

wfl (6)767d(m+1)+2

Q
S

(3.
(3.
(3.
(3.

NN N

Q

(ii) Assume w is -SWA’. Then if n. < ¢~1(e)?,e > 0,

P (e) B2 L Ay (e), e — 0. (3.6)

(iii) Assume w is P-SWA . Then if n. < ¢Y~1(g)?,e > 0,
P (e) AR L L () e — 0. (3.7)
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Remark 3.3. The assumption that w is ¥-SWA is stronger than ¥-SWA’, and
also less natural, which might cause confusions. The reason why w has to be
Y—SWA instead of w—SWA’ at point (iii) is because summands are odd in the
definition of Jz. The assumption -SWA’ and function Ig are introduced only
because they are more natural in the context of random walks, but they are use-
less for giving lower bounds for Gaussian excursions variances. As supported
by Proposition[].5, this subtlety does not influence final results about Gaussian
excursions, hence one would like a general result from diophantine approrima-
tion that states that w—SWA’ tuples are also v—SWA, but that is most likely
not true.

Example 3.1. An example intensively used in this article is 8 = 3,v¥(q) =
cq= ) >0, for which

wfl(g)fﬁfd(erl)JrZ — 6/571+Z§Tn+1),5 > 0. (3.8)

3.1 Proof of Proposition [1.2
Recall from Lemma 2.1] that

COV(]'{OEE}’ 1{t€E}) = Z anc(t)nat € Rd
n odd

where C is the reduced covariance function of X,,. Hence we are looking for S
satisfying for ¢ smooth with compact support

| esan = [ o0 3 ancieya

R4 n odd
= ot Qn </ et Xy dt) dx
/Rd © 3 an ([, e uta

hence

Then using (3.5)) in the context of Example

S(Ba(0,€)) <¢ 3 anp(Ba(0,2)) < de
n odd

3.2 Proof of Theorem [3.1]

Notation. We specify here the notation A = OB to indicate that there are
finite constants ¢, ¢’ > 0 depending on m,d, 1, 8 and not (further) on w,e,T,n
such that A < ¢B, B < ¢ A.
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Also, for a d-tuple of vectors of R™*!, % = (Tpp, ..., ) € (R™*T1H)4 with
T = (Tp)0- - - ,x[k],m) € R™*1, remove the bar when the 0-th component is
removed from each vector:

.%‘[k] = (l‘[k]’l,...,x[k]’m), X = (1‘[1] ...,x[d]).

Euclideand norms in R™ are denoted by a single bar and in (R™)? by two bars:

m d

o P =D afy s IxI2 =D |

i=1 k=1
We also define for ¢ € Z™,w € R™

dy() = inf |p— gl
Lemma 3.1. Let w € R™ that is ¥-BA. For 1/2 > € > 0, define

I.(w) ={qeZ™\{0}:0 < dg(w) <e}.

Let ¢\N), N € N*, the elements of I. ordered by increasing radius. Then

lg™] > ONmp~1(e). (3.9)
In particular, we prove the following estimate:

S exp(-0n7Yg?) < 3 exp(—On T NG (e)2) < OnF g (o)
q€l. N=1
(3.10)

Proof. The starting point is that for ¢ € I, since € > ¢/2 > d,(w)/2 = ¥(|q]),
we have |g| > p := ¥ ~1(¢). And the triangular inequality yields for q # ¢’ € I.,

2¢(q —¢') < dg—g (w) < 2,

hence |¢ — ¢'| > p as well. It follows that all ¢ € I. are pairwise distant by
more than p, and the balls B,,(q, p/2),q € I. are disjoint. Hence for Ny € N*|
the total £ — measure occupied by the B,,(¢"™"), p/2), N < Ny is larger than
ONyp™. This volume is necessarily smaller than the volume of the ball with
radius |¢V0)| + p/2 < 2|¢™N0)|, hence

ONop™ < O M|
which yields (3.9). Finally (3.10)) follows from

o0
m 2 m

> exp(-0n (V@) <2 [ exp(-0(n Fum @) F)dy < OnF ()
N=1 1/2
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Proof of Theorem[3.1 Let M = d(m + 1). The proof is based on the study of
the symmetric random walk (.S,,), on Z* with independent increments defined
by Sp =0 and

P(Sn+1:Sn:|:ej): 1<]<M,

1
2M’
where (e;); is some basis of R%. Following the notation introduced above, denote
also Wik = (l,w[k]) and @w = (a)[k])k-

For qu = (qu)0.q) € Z™,1 < k < d,q = (quy,----qa)) € (2™ =
ZM, denote by qpy = (qpy,1s- - - qkgm) € Z™ a4 = (qu)k € (Z™)%. We define

qA®w = dqo — (qr] - D[x))k=1,....d

where qo = (qp),0){_,, so that we have the equality in law U, @ S, @ @.
We use the notation, for x = (zpy,..., 7)) € 74, K C [d],

i’;’K(w) = i’;’K = {q ezZM . dik) = 0,k ¢ K and 0 < |(j[k]~5)[k]—m[k]| <egke K}
For € < 1/2, an element q € IX¥ satisfies the following for k € K:
lak1.0 = ape) - @i — 2| <&

hence since x(x) € Z and q) € I (wpk)), Wik - qx) is e-close to Z. It follows that
qix],0 depends explicitly on other coordinates

k1,0 =4[k),0(T (k)5 q[r)) = ATGMIN, ez [P — Gy - Wik — Tk | (3.11)
Qo =qo(x,q) = (Q[k],o)k-

In particular, || < g0l + g - W] + 1, and

lal* =llaoll® + llall* = max(|lall* lal* + ©(x[* - 1)) > ©(lal* + ||X|(|2)~ )
3.12

We also have the one-to-one correspondance

(W) ={qe [] 2" : (a(xiq),q) € ¥ (w),k € K} = {0} 5 x T L(ww)-
keK keK
(3.13)

Proof of (i): By the Gaussian approximation Lemma (below), and
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P (e) = Z P(Sh=a)= > P(Sh = (ao(x a) )

C_l IXK
<0 Z n~ % exp(—On " (|lall + [laol?))
e
M _ _
<On~2 > exp(—On'||q|]*) exp(—On " [x]|*))
qerf ™

<on Yep-onxP) I Y en(-0ngy?) by G13

kEK qpp €l (wik))
(3.14)

d(m+1)

<On~ T exp(—On x| (nF g o)™ with (B10),

< On~2p- (di‘f‘)mw_l(s)_m”ﬂ exp(—On~"|x[?)

and (3.2)) is proved.
The bound (3.3) immediately stems from p& =" _,. pX* and Lemma

(after summing over i € {0,1}). Hence using (3.10)), and (3.14) with x =0
- 3

n>ne
SEOWLE
n>ne K#0
<OKj(e)
> 1
with Kg(e) := Z n=h2= % Z H Z exp(—On N (N He))?)
n>n. KC[d],K#0 ke K Np=1
_gjo_M = _ L
<Y wmE ST N exp(=OnT Y (NI ()
n>ne KC[d],K#0 Ny >1,k€K keK
n+1/2
© > Y Y[ oy tepest Y uk
KC[d],K#0 Np>1,k€K n>n. 7™ keK
<O > Y Qw2 e (—ey)dy
KC[d],K#0 Ny 21,k€K keK 0
<@(w_1(5)2)1_ﬂ/2_% max / J;’" 1-B/2=% dxy,

P
< —1/_\2—M-8 1-8/2-M4 a1
<6y (e) 1211?%((1 [1,00]P (];1 v) ’ kli[1 Y dye

o)
<OyL(e)2dm+D—p max/ (@r)l—ﬁ/Z—Wrmp/Q—prp—ldr
1<p<d Jy
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and the integral converges if 5/2 > 1 —d/2. Since there are less terms in Jg(e)

than in I§(¢), the upper bound holds and (3.5) is proved.
With the same computations, using first ((3.14)), and then(3.10)), and Lemma

B3}
Le) =Y n 2% > o)

n=ne xGZdK;é(B
_Bja—M _ - _ L
<D PR Sy ep(-onTix) Y0 ] D exp(-enT (NI HE)?)
n2ne x€Zd KC[d],K#0 ke K Np=1
<OK;j-a(e)

provided 8/2 > 1, which proves (3.4).
Let us conclude with the proof of (iii), the proof of (ii) is similar and easier.
There are by hypothesis infinitely many ¢ € Z™,j > 1 and p’,, € Z,1 < k < d,

, (K]
such that @’ = ((pf;,¢’))x = 1 and

Py = win - @1 < ewdb(|¢]) =: ewe;

(we have ; — 0 because ¢ converges to 0 by hypothesis). We have in particular
with Cauchy-Schwarz inequality

[CYES

d
k=

d
(Ipfy +1°]) <D (wrlle’| + 1+ 1) < Ol¢’|
1 k=1
and clearly the other inequality as well |¢/| < ||@7]|.

Then, by Lemma with 7 := ¢ t|a’| V ne,

Jsles) = > nPplle) = Y nTPPR(S, =)
n}nsj ,n odd n}ngj ,n odd
>0 3 P exp(-6n ! d/])

n2n; n=q'=1

i _ _dmt+i _ :
26/[ o BI=A%57 exp(—Oy ¢ |*)dy
7y /2

el¢’*a;?

>0’ [7Fm D / P2 oxp(~02)d2

0
>®¢—1<Ej)2—/3—d(m+1)

provided 8 > 0, because |¢/|?|g’|| ™! = © > 0 and n., < ¥~'(g;)? yields
(recalling (|¢’]) = &;)

/P2 > 97 ) () TP =1,

hence (3.7)) is proved. The proof of (3.6]) is similar without the requirement that
@’ =1, hence the sum is over all n > n., (even and odd).
U
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3.3 Gaussian approximation
The following lemma quantifies how much S, is close to a Gaussian distribution.

Lemma 3.2. Let 0y € (0, ) M € N and S, be the symmetric random walk on
ZM with weights 0; € (0, 1 —00),1 < i< M, summing to 1, i.e.

0;
P(Sn+1:Sniez):5,1<Z<M,TLEN

For q = (q;) € ZM,n € N, write q = n if Zf\il q; and n have the same parity,
and remark that P(S,, = q) = 0 if @ Z n. There is a constant ciys > 0 such that
for q € ZM

On% exp(—0n~jal?) (3.15)
on % exp(f(an*lHqHQ)l{‘chinm} for q = n.

P(S, =a) <
L{jali<cnenB(Sn = @) >
Remark 3.4. The constants involved in this result depend also on 6.

Proof. Let N; be the number of times direction ¢ has been chosen in the random
walk, and let B; < N; be the number of +e; increments, hence N; — B; is the
number of —e; increments. The i-th component of S, is therefore S, ; :=
2B; — N;. We have N; ~ B(n,6;), B; ~ B(N;,1/2), and the B; are independent
conditionally on N := (V;);. Hence for |¢| < ¢gin, from Lemma

P(B; = [N;(1/2 +¢)] | N) = © exp(—ON;e*)N; /2.
Let q = (q;) € ZM such that for 1 <i < p, |q;| < cBinN;, let &, = N, ',
]P)(Sn’z =q; | N) = ]P)(B2 = NZ/2 +qi/2 | N)

_JOifN; #aq;
" | ON; V% exp(—ON;e2) = ON; /? exp(—ON; 'q2) otherwise.

Let

Cinf := cBin(m_in 91 — CBin) > 0.
K3

If for all 4, N; > (6; — cgin)n and |q;| < cingn, then |q;| < cginN; (and N; = On)
and we have the lower bound

WV

P(S, = q) =E(P(S, = a|N))
:E(l{ql_NﬂVz}P( =q|N))
ZE(1{q,=N, N> (0:—cpin)n,vi} P(Sn = Cl |N))
(

E(1{q,=n.Ni>(0,- cBm)n\m}@HN  oxp(~ON; 'q?))

>E(1{qiEN1‘,N¢>(9i7CBi[,)n,Vi}®n 2 eXp(_@n71q2))
2(—)”_% eXp(_@n_qu)P(qi = Ni7Ni > (91 - CBin)n7Vi)'
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Since >, N; = n, if we don’t have ) .q, = n, we can’t have N; = q;,Vi.
Otherwise, asymptotically a fraction 277 of admissible tuples N € [n]™ are
such that N; = q;, Vi, hence P(q; = Ny, N; > (0; —cin)n, Vi) = O11q=n} P(N; >
(6; — cBin)n, Vi) and the latter probability converges to 1 thanks to Lemma
, hence the lower bound is proved.

The upper bound is a bit delicate. Let us start by the trivial bound, if
|q;| > n for some 7,

P(S, = q) =0 < On Y2 exp(—On"1q?).

Assume henceforth that |q;| < n for all i. Let Q be the event that for some
i, N; < 0;(1 — cgin)n. On Q¢, N; = On for all ¢, hence by Lemma

P(Sni =i | 2°) < On~/?exp(—On'q}).
Finally, in all cases,
P(Sn = a) <E(Ljary [JP(Sns = a: | N) + P(©)
<E(1{o10 [[n2 exp(—0On""'q?)) + P()
<nP/? exp(:@n*1q2) +P(Q).

Then Lemma [3.4) with € = —cpiy yields, using the decreasing of binomial prob-
abilities around the mean,

P(Q) < Z Z P(N; = k)

7 k<[n(0ich;n)]

< Z nP(N; = [n(0; +¢)])

<On'/? exp(—On)
<On~ % exp(—On/2)
<On~% exp(—On~'q’),

using ||q|| < n, which concludes the proof of (3.15]). O
Lemma 3.3. Forie {0,1}

Z exp(—On'x?) = On¥/2,

x€Z x=1

where X = i means that Ei:l X[k has the same parity as i.
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Proof. The lower bound stems from y? > min x2,y € R%, and
x€Z4NB(y,2),x=i or x=0

on/? /d exp(—On~1y?)dy g/ max exp(—On~1x?)dy
R

x€ZNB(y,2),x=i or x=0

<44 Z exp(—On~'x?)

xX€Z x=i or x=0

<49 Z exp(—On~'x?) 4+ 1)

x€Z x=i

because at most a mass 4¢ of y's are within distance 2 from some x € Z?. For
the upper bound, for x € Z%\ {0}, there is at least one unit cube Cx with integer
coordinates within the 2¢ cubes that touch x such that for all y € Cy, y? < x2.
Hence

Zexp(—@n_lx2) < Z exp(—=On~1x%) + 1 < Z / exp(=On~"y*)dy + 1
x=i x=1,x7#0 x€Z4\{0} O

<2d/ exp(—On~1y?)dy +1 < ont/?,
Rd

3.4 Binomial estimates

Lemma 3.4. Let 0y < % There is a constant cgiy € (0,1) depending on 6
such that for 6 € (6p,1 —0y), B ~ B(m,0), for —cgin < €m =€ < CBin

P(B = [m(0 +¢)]) =0m ™/ exp (—Ome?)

where the constants involved in © depend on 6y, and not on 8, m, €.

Proof. Let co = min(3,25%), and € € (—cf, cof). Let then k = [m(6 +¢)]. By
Stirling’s formula,

vm & K m"m
P(B=k)=0——=60"1-0)""" ————
B=h=0 im0 e
_om-1/2 oF(1 — g)ym—k mm

m—k

VO+e)(1-0-¢) (Om)k (m(1 — 6))ym—Fk (%)k (mr?lilce))

1 e\ —k e\
o2l (L€ _
Om 77 (1 + 0) (1 T 9)

=0m =29,/ exp(e.0)
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where

e &2 € g?

o =—m(0 - 3)) — 1—0)—¢e)(—

e = =m0+ £)(5 = 35 + 0 = ml(1=0) =)~ + 37—
— i_migz_;’_o( 34 4>_m752_m7€2+0< 34 4)
=mg 5 me° 4+ me 50-0) 1-40 me° 4+ me
—me?  3me? 3
= “au-g " Om)
= — Ome?

for || sufficiently small.

4 Variance asymptotics for diophantine Gaus-
sian excursions

We consider symmetric spectral measures whose support contains incommen-
surate atoms. For w € (R™)? denote by X, a centered stationary Gaussian
random field which spectral measure is p, as defined in . The excursion
volume variance is denoted by

Voo (T) := Var(Z4({ X, > 0} N By(0,7))).

4.1 Regular asymptotics

We will use the assumptions that w is ¥-BA and / or ¥-WA (Section with
functions v of the following form :

Definition 4.1. Say that ¢ : N* — (0,1] is regular (or T-regular) if it is of the
form ¥(q) = ¢""L(q),q € N*, where 7 > 0 and L does not vanish and is slowly
varying in the sense that |L(q) — L(q¢+ 1)] = o(L(q)qg™*) as ¢ — oo.

This property yields that In(L(q))/In(q) — 0 as ¢ — oo, hence L is domi-
nated by any power of ¢ and 7 is uniquely defined. We introduce the pseudo-
inverse ¢~ : (0,1] — N by (3.1). We can show that for every finite r > 0 there
are finite ¢; > 0 such that ¢;9(q) < ¥(rq) < c2v(q) and c39p~1(e) < Y ~1(re) <
ca®b™1(e) on their domains of definition. Remark that qi(g) is strictly non-
increasing for sufficiently large ¢ if 7 > 1.

Our most precise and general result concerns the case where the frequencies
wik) of p are the same in all d directions, i.e. wp); = wpy,, it yields sta-
tionary random sets in R? with any reasonable asymptotic prescribed variance
behaviour.
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Theorem 4.1. Let 7 > 0,v¢ T-regular and w € R™ that is ¥-WA and ¥-BA,

and w = (w,w,...,w) € (R™)L. Then with 7* = %, as T — oo,
CiTQd i.o. C+T2d 2d . N
= 1(T—1)1+d(m+D) < Vo(T) <¢71(T71)1+d(m+1) =o(T™) ifr>7
T < Vy(T) <ey T In(T) if (g) = ¢
Td_l d—1 : -7 1
~ In(T)" S Vo(T) <c4T if ¥(q) 2 ¢ In(q)?

for some 0 < c_ < ¢y < o0 depending on d,m, 1, and o = %. Ifm=1

and T > 1, there are uncountably many w € R satisfying the assumption.
To prove the upper bound we need the following computation.

Proposition 4.1. Let 1)(q) = ¢~ "L(q) be regular (Deﬁnition and assume
w is of the form (1.4) with w that is ¢-BA. Then as T — oo,

OT 1 ifp(q) = ¢~ In(q)'/?
J3<y-f+1>dy} <QOT 1 In(T) if (q) =q 7
@T2dw71(T71)717d(m+1) Zf’T > 7*

Td+1

maX{TQng(T_l), Td—l/
0

Proof. According to (3.5) in Theorem [3.1}(i),
J3(e) SOy~ He) T e > 0,

which yields that 72¢J3(T~!) admits an upper bound consistent with the claim.

To deal with the other term, assume without loss of generality that v is
extended to a smooth strictly non-increasing function 2~ " L(z2) : [a,00) — (0, 1]
for some a > 1, such that L'(z) = o(z71L(z)) (the contribution of the integral

on (0,a) is uniformly bounded). Make the change of variables z = w_l(y_ﬁ),
ie. Y(z) =y, let Z =9y~ 1(T7).

Td+1
/a

The hypotheses on v yield

W(2)" ) =(d + 1)(r27 7 L(2) — 2 TL(2))(2) TP = (d A+ 1) (727 (2) — 2 To(z T L)) (2) 0
~amoo(d+ 1) 727 p(2) 4L (4.1)

T(/H»l

Z
By <o [ w A gy e [t ()i g,
a S}

In the case 7 < 7, the previous two displays yield

TLH»I

z
/ J3(y7d11)dy < @/ Z—2—d(m+1)w(z)—(d+1)dz
@ e

and the integral converges if ¥(q) > ¢ 7 In(q)V/?, and if P(q) = ¢~ it behaves
in In(Z) = ©1In(7).
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Let us turn to the case 7 > 7*. Let 7’ € (7%, 7), we have by (4.1) as z — o0

(Z—l—d(m+1)¢(z)—d—1)/ :Z—l—d(m+1)(¢(z)—d—1)/ _ (1 + d(m + 1))2_2_d(m+1)¢(2)_d_1
;o l+dm41) gy

>yl ()4t - ()
21 ()~ (1= T
-

which results in

Td+1
/ Jg(y*#l)dy < 1@*//[2—1—d(m+1)¢(z)—d—1]g _ @¢—1(T—1)—1—d(m+l)Td+1
@ —T*/T

which allows to conclude. O

Proof of Theorem[{.1 Apply first Theorem[2.1]to the measure p to have bounds
on the variance in terms of the function Js, recalling that J3 = OK (with v as
the unit ball indicator function, see Example . Proposition yields the
upper bound. Then lower bounds for J3 are derived in Theorem [3.1} noticing
that w is ¥-BA and ¢-SWA thanks to Proposition In the case ¥(q) =

7 ln(q)%, 1~ is not explicit, but we use the bound

e = e 1n(5)|d%*,5 >0

for some ¢ > 0.

Regarding the non-vacuity of Theorem ifm=1and 7 > 1, it is a
standard fact in diophantine approximation that the set of w that are »-BA and
1-WA is uncountable when g (g) is non-increasing at infinity, see the seminal
construction based on continued fractions by Jarnik [I8] and Proposition

O

For m > 2, most studies concern power functions ¥(q) = ¢~ 7 and are dis-

cussed in Corollary but can likely be extended to more general functions
.

Remark 4.1. The presence of the term T! on the right hand side, propor-
tionnal to the surface measure of the observation window, is natural as random
stationary measures applied to a large window are usually not expected to have a
variance behaviour lower than the boundary measure. No rigourous general re-
sult in this direction is known by the author, Beck [J] gives a formal proof in the
case of point processes. See also [30], which classifies hyperuniform behaviours
in three types: type I have asymptotic variance in T, type II in T In(T),
and type III gathers all other sublinear behaviours, which actually correspond
to the three cases above. Intermediate behaviours between T~ and T4 1 1In(T)
can likely be obtained by the same method.

It is likely that the upper bound in T In(T) is sharp if (q) = ¢~ , proving
it Tigourously would require a lower bound for ’Ué?) in the proof of Theorem
which raises some technical difficulties because of the cosine term.
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Remark 4.2. This type of behaviour is really specific of nodal excursions. The
volume variance for evcursions {X > u} N By(0,T) always behave in T if
u # 0, see Theorem[2.d. The phenomenon of variance cancellation at w = 0 is
heavily documented for Gaussian random waves (see Section .

4.2 Power functions

Prominent examples are provided by power functions, for which we introduce
a special notation: say that w € R™ is (7)-BA (resp. (7)-WA) if it is ¢q™"-
BA (resp. cg~7-WA) for some finite ¢ > 0. These considerations are further
developped and commented in the Appendix[3.4] let us simply mention that for
n >0, £™a.a weR™is (m+n)-BA and (m)-WA. For any n > 0, there are
uncountably many w € R™ that are (m + n)-BA and (m + n)—WA. There are
also uncountably many Liouville numbers, i.e. w € R that are (7)—WA for any
T>0.

The following corollary examines different regimes, depending on the relation
between 7, d and m, it is a consequence of Theorem for v(q) = q77.

Corollary 4.1. Forw € R™. 7 >0, letw = (w,...,w) € (R™) 7% = %.

(i) If d = m, for 7 € (m,7*), L™-a.a. w € R™ is (1)-BA, and for some
Ct < 0
VolT) < e, T T > 0.

(ii) If d < m, since for L™-a.a. w € R™, w is (m)-WA and (m +n)—BA for
n > 0, we have

_M i.o. _ 14+d
c T < Vo (T) < e, T

for some 0 < c_,cy < o0.

(ii)) Let m = 1. For d — 1 < 8 < 2d, the set of w € R such that for some
0<ce_<cp <0

i.o.

TP < Vo (T)<eyTP, T >1

is uncountable (there is T = 1 such that f = 2d — lt—zd, and uncountably
many w are (1)-WA and (7)-BA ).

(iv) Let m = 1. For w a Liouville number, for every e > 0, for some c_ > 0,
c_ T "<V (T).

(v) In all cases, V,(T) = o(T?%).

All constants c_, cy involved only depend on d, m,T.
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Remark 4.3. An interesting observation in dimension d = 1 is that in (i),
the variance of the excursion indicator is bounded, while its derivative in the
distributional sense, i.e. the number of zeros, has mazimal quadratic variance,
in T? (see [22, Theorem 2-(iii)]).

If the wyy differ along the directions 1 < k < d, an application of Theorem
Proposition[4.1] and Theorem [2.1]similar to the proof of Theorem [4.1] yields
that the upper bound corresponds to the worst upper bound among the wy:

Corollary 4.2. Let 1 : N, — (0,1] regular. Assume w € (R™)¢ is such that
each wyy) is Y-BA, 1 < k < d. Then the same upper bounds as in Theorem
hold. In particular

(i) if d = m, for L™ -a.a. w € (R™)?, V,(T) < c . T for some ¢y < oo.
(ii) For every w € (R™)4, V,(T) = o(T?%)
Theorem (iii) and Theorem [2.1] yield:

Corollary 4.3. Assume that for some function v : Nx — (0, 1] converging to
0, w is Y-SWA. Then for some c_ >0

C_T2d’l)[}71(T ) 1— d(m+1) < V( )

where 1~" denotes the pseudo-inverse of ¥ (see (3.1))).

Thanks to Groshev’s theorem (see the Appendix |3.4] E for n > 0, L™d-a
€ (R™)? is |g|~™/9-SWA but not |¢|~"/4~7-SWA.

4.3 A randomised model

It is easy to build randomised models that exploit the metric results of diophan-
tine approximation to yield hyperuniform models that are more stable, i.e. not
subject to subtle diophantine properties of the parameters.

Proposition 4.2. Let Q be a real random variable which law is continuous
with respect to Lebesgue measure, and let ai,i > 0,k > 1 be independent and
identically distributed standard Gaussian variables. Define

d
1
= %4 Z (a cos(tp) + ag sin(tp) + af, cos(Qtpy) + ai sin(Qtr)), t = (tp) € RY,
k=1

Mz = L4{X > 0}NB4(0,T)) and V(T) = Var(Mr). Then for some c; < 00,
V(T) < ey 71
Proof. Since the Gaussian field is centered, for any fixed w € R,

E(Mr | Q = w) = 2%(B4(0,T))/2
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is deterministic. We also know that a.a. w € R is (2)-BA, and if we condition

by Q = w, X is the Gausian field with reduced covariance 55 Zzzl(cos(tm) +
cos(wtpx))). Hence the conditional variance formula and Corollary 4.1 yield

V(T) =E(Var(Mr | Q)) + Var(E(Mr | ©2))

g C+Td717
we emphasize that ¢, depends only on d, m,T = 2, and not further on w. O

The same arguments with 1 < m < d yield the following;:

Proposition 4.3. Let (Qp,..., Q) a random (m + 1)—tuple of vectors with
continuous law with respect to L4 gnd

m

d
= Ams D) ZZ az’ cos(Qity) + ap T sin(Qity)).
k:l 1=0

X(t)

Then the variance is bounded by c T if d > m.

Along similar lines, exploiting Corollary (iii) with m > d yields ran-
domised models which variance is in T for some d — 1 < 3 < 2d.

Remark 4.4. Similar models in the context of random walks (Section@ yield
interesting examples of random walks in a random environment.

O

Appendix: Diophantine approximation

The core of the paper is provided by results from diophantine approximation,
we explain here basic principles and results, as well as the more advanced ones
we will need. The quality of the approximation of a tuple w € R™ is measured
by the numbers

dy(w) = inf [p —q-wl,g € Z™.

Given ¢ : N* — [0,1], the definitions of ¥—BA, v—WA , ¢»-SWA’, »)—SWA
based on this distance are given in the introduction and we complete this picture
with the following definition: w € R™ is 1-WA’ if for some ¢,, < oo, for infinitely
many p € Z,q € Z™,

dq (w) < Cuﬂ/’(‘])'

Proposition at the end of this section, yields that most quantitative state-
ments available in the literature about ¥-SWA’ tuples also hold for -SWA
tuples. The most basic, yet useful result is the Dirichlet principle:
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Proposition 4.4. Let m > 1. There is ¢, < 0o such that for N € N*| one can
find q,q¢' € By := (ZN[=N, N])™ distinct such that for w € R™,

dg—g' (W) SN <emllg =47,
which yields that w is (m)-WA’ and if w is (m +n)-BA, then necessarily n > 0.

Proof. Simply remark that if one divides [0,1] in M := |By| — 1 bins of size
M~ out of the |By| values d,(w), g € By, at least two of them will end up in
the same bin, yielding for some ¢, ¢ € By distinct

dg—g (W) < |dg(w) —dg (W)] < M-t N™™.
The second inequality comes from |q — ¢'| < 2¢/mN < /m2'="MY/™, O

Another fundamental but more technical result is the Khintchine-Groshev
theorem, we do not include the proof here, see the latest improvement by Hus-
sain and Yusupova [17].

Theorem 4.2 (Khintchine-Groshev). Let ¢ : N — R, tending to 0 such that

> Wlla)? < oe.

qeZ™

Then the set of w € (R™)4 that are ¥-SWA’ is (L™)%—negligible. If on the
other hand the sum diverges then (£™)%—a.a. w € (R™)? is »-SWA’, in the
case m =d =1 1 needs furthermore to be monotonic.

The theorem yields that (£™)%—a.a. w has irrationality index 7(w) = m/d,
where the irrationality index of some w € (R™)? is defined by

T(w) :=inf{7 : w is not -SWA’} = sup{r : w is 7-SWA’}.

In particular, for £™-a.a. w € R™, w is (m + n)—BA for each n > 0.
The following result yields that the situation is the same if SWA’ is replaced
by SWA. Actually, for most statements about the quantity of existing -SWA’
arrays, there are about as many ¥-SWA arrays. More precisely, we show that for
every w that is ¥»-SWA’, there is a ¢)-SWA array w’ in the finite neighbourhood

N(w) = {w’ — (wfk])z:l : (Fk wfk] = 2wy or Ji: wfl],i =w; +1or W = w)}.

Proposition 4.5. Let w € (R™)? that is -SWA’ for ¢» : N — R, non-
increasing, then there is w' in N'(w) that is ¥-SWA.

Proof. Either w is 1)-SWA or there are by definition ¢ > 0 and infinitely many
distinet pp) = pfk] €Z,g=¢ €Z™,j>1,1<k<dsuch that

Z(p[k] + Z(Ii) = Zp[k] +qui =0
k i k B
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and
Ippe) — wirg - ql < e(lgl), 1 <k < d.

Let m; € N maximal such that 2™7 divides each p),1 < k < d and each
¢i,1 <1 < m, and let pj = 27™ipyy, ¢ = 27" q;. Since ¥ is non-increasing
and |g| < |ql,

1Pr — Wi - Gl = 27" Py —wp -l <27 ed(lq]) < ep(ld]), 1 <k < d.

It is important to precise that there are infinitely many pairwise distinct couples

(p7,¢’) with p/ = (ﬁfk])k, otherwise there is jo and m) — oo such that for

infinitely many j, p/ = 2§, ¢f = 2™ djo, which contradicts |p{k] —wp ¢’ =
0.

If there are infinitely many couples (p,¢) = 1, then w is ¥-SWA and the
proof is complete. Hence let us suppose in the following that there are infinitely
many couples (p,§) = 0. The maximality of m; and the drawer principle then
yield that there is either ko such that for infinitely many couples (p, §), Px,) = 1,
or g such that for infinitely many couples, ¢;, = 1.

In the case where ppi,) = 1, let

W= A2 iR =ho o, 2D R =Ry
(k] ¢ wWi),; otherwise, [kol Plk],; Otherwise, ST

We have |p’[k] — wfk] -q] < 2¢(]q]),1 < k < d for infinitely many couples (p/, §),

and (p/a Ej) = (ﬁa Ej) + (p[ko]iv 0) = 17 hence w’ := (wfk])lgkgd is ¢'SWA
In the case where ¢;, = 1, let

;o Jwpatlifk=1li=do  , _ |ppta,itk=1
“ikl,i = . Pl = :
Wik],i otherwise Dik] otherwise

Then
sl = (I e e =
and
(',q) = (0,q,) =1
for infinitely many couples (p’, ¢), hence w’ is )-SWA. 0

The next result is useful for tensorizing variance estimates.
Proposition 4.6. Ifw € R™ is -WA, w = (w,...,w) € (R™)9 is 1p-SWA.

Proof. Since w is assumed to be 1-WA, there is a sequence (p/, (_]j ); such that
' —w- | < ewd(|¢’]) and (p?,¢’) = 1. Hence with gfy, = ¢/, ppyy = p7,

Py =y @l =17 = ¢ - w| < ewp(’)
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but 35, (P + S Ty = dpy + 3, q) is odd only if d is odd. If d is
even, choose instead pfl] = 2p7, qfl] = 2¢7, so that |pf1] - qfl] cw| < 2ew(l¢7]),
and Zzzl(p{k] + Zq[]k]l) = (2d + 1)(p’ + ¢°) is indeed odd. This sequence
demonstrates taht w is »-SWA.
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