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Abstract

The fusion and fission barriers have been determined with a Generalized Liquid Drop
Model taking into account the proximity forces acting between surfaces in regard,
the charge and mass asymmetry, the shell and pairing effects and quasimolecular
shapes. The heights and positions of these barriers have been compared with the
empirical results deduced from the experimental data. There is an overall agreement
for the fusion barrier heights for most of the reactions. These fusion barrier heights
may also be calculated from a proposed analytic formula or other formulas. The
empirical fission barrier heights lie always between the values given by the GLDM
and neglecting the microscopic effects in the fragments and the values determined
in including the deformation and shell and pairing effects of the fragments.

Keywords: Fission, Fusion, Potential barriers, Generalized Liquid Drop Model.

1 Introduction

To predict and determine the cross sections of fusion reactions it is, firstly,
needful to extract the fusion barrier height and radius from the fusion barrier
leading the two incoming nuclei till the compound nucleus. To calculate the
fission probability and half-lives of nuclei it is necessary to know the potential
barrier from the ground state till two well separated fragments.
The Generalized Liquid Drop Model, previously used, has allowed to reproduce
some of the fusion [1–3], fission [4,5], cluster [6,7] and α radioactivity [8,9] data.
Assuming volume conservation, this GLDM takes into account the proximity
forces acting between surfaces in regard, the charge and mass asymmetry and
the shell and pairing effects. Its complete description is displayed, particularly,
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in [1,5,10,11].
The quasimolecular shape sequence (elliptic lemniscatoids) previously used to
describe the path leading from two spherical nuclei to one sphere or vice-versa
has been retained once again to investigate these fusion and fission reactions
[10]. It allows to describe smoothly the formation of a deep neck while keeping
almost spherical ends and, then, a smooth transition between the two-body
and one-body shapes or vice-versa. For the fission study, the path through
ellipsoidal deformations of the fragments has also been investigated.
The purpose of this work is to provide the fusion and fission barrier heights
and positions extracted from the fusion and fission valleys determined by
the GLDM and the quasimolecular one-body shapes and the two separated
spherical or ellipsoidal shapes and to compare with the experimental data as
well as values obtained from analytic formulas for the fusion data.

2 Fusion barrier

The fusion reactions of two ions are the principal way to create exotic nuclei
far from the β stability valley [12,13] and isotopes of superheavy elements
[14–17]. Recently, the barriers of the fusion reactions leading possibly to the
synthesis of some superheavy nuclei have been determined within the GLDM
[3].
Here, the macroscopic fusion barriers for 3 reactions are displayed in Fig. 1.
The incoming nuclei are supposed to be spherical and the shell effects are
disregarded. The saddle-point corresponds always to two separated incoming
nuclei maintained in unstable equilibrium by the balance between the repul-
sive Coulomb forces and the attractive proximity forces. The formation of
the neck occurs, after, in the descent till the ground state. For heavier sys-
tems (Z1Z2 ≥ 1800+

−100), even macroscopically, the proximity effects lead
to an inflection in the potential energy curves and to the appearance of a
double-humped macroscopic fusion barriers. The inner barrier is the highest
for Z1Z2 ≥ 2300+

−100 [1–3].

In Table 1 the empirical fusion barrier heights Eexp and radii Rexp deduced
from the experimental data (extracted from [1,2,18–31]) are given for most of
the experimentally investigated systems. The values obtained using the macro-
scopic part of the GLDM [1] are compared, firstly (in 5thand 6thcolumns),
with these data and with the values calculated from our following formulas
(in 7thand 8thcolumns) adjusted on GLDM data for 170 fusion reactions [18].

E = −19.4 +
2.1388Z1Z2 + 59.427(A

1/3
1 + A

1/3
2 ) − 27.07 ln

(
Z1Z2

A
1/3
1 +A

1/3
2

)

(A
1/3
1 + A

1/3
2 )(2.97 − 0.12 ln(Z1Z2))

. (1)
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Fig. 1. Potential barriers governing the 20Ne+20Ne, 58Ni+86Kr and 58Fe+208Pb
fusion reactions versus the distance between the mass centres. The vertical dash
indicates the contact point between the two nuclei.

R = (A
1/3
1 + A

1/3
2 )

[
1.908 − 0.0857 ln(Z1Z2) +

3.94

Z1Z2

]
. (2)

It is found in Ref. [32] that the parameterized formulas given in [33–35] seem
to be more suitable for description of the experimental fusion cross sections
at energies below the Coulomb barrier. So, for comparison, these formulas are
recalled here.
The proposed formulas for the fusion barrier heights and positions in [32,33]
are

E = 1.327
Z1Z2

R
. (3)

R = 2.386 + 1.099
(
< r2

1 >1/2 + < r2
2 >1/2

)
(4)

where the root-mean-square radii < r2
i >1/2 of the reacting nuclei may be

evaluated from the experimental data or from a formula. Here the following
expression proposed to reproduce accurately the Coulomb radius has been
retained [36].

< r2
i >1/2= 0.61/2Ri = 0.61/2(1.2332A

1/3
i +

2.8961

A
2/3
i

− 0.18688A
1/3
i Ii) (5)

where I = (N − Z)/A is the relative neutron excess.
The proposed formulas for the fusion barrier heights and positions in Ref. [34]
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are

E =
Z1Z2e

2

R

(
1 − 0.63

R

)
. (6)

R = 1.07(A
1/3
1 + A

1/3
2 ) + 2.72. (7)

In Ref. [35] the following formulas are given

E = −1.01 +
0.93Z1Z2

A
1/3
1 + A

1/3
2

+ 0.000453
(

Z1Z2

A
1/3
1 + A

1/3
2

)2

. (8)

R = 0.88(A
1/3
1 + A

1/3
2 ) + 3.58. (9)

The two following columns of the table (9th and 10th columns) give respectively
the fusion barrier heights calculated from the analytic formulas provided in
Refs. [33] and [34].

Table 1: Comparison of the experimental and theoretical
(GLDM values) fusion barrier heights E (in MeV) and
positions R (in fm). The values given by different formu-
las are also displayed.

Reaction Z1Z2 Eexp Rexp E[1] R[1] E[18] R[18] E[33] E[34] Ref.

9
4Be + 10

5 B 20 3.40 7.65 3.36 7.79 3.45 7.83 3.36 3.63 [2]

9
4Be + 12

6 C 24 4.10 7.65 4.00 7.87 4.04 7.86 3.99 4.28 [29]

10
5 B + 10

5 B 25 4.41 7.34 4.22 7.75 4.21 7.96 4.16 4.49 [29]

10
5 B + 11

5 B 25 4.36 7.46 4.17 7.86 4.18 7.84 4.16 4.45 [2]

11
5 B + 11

5 B 25 4.30 7.58 4.12 7.98 4.15 7.71 4.15 4.41 [29]

11
5 B + 12

6 C 30 5.20 7.51 4.96 7.94 4.93 7.89 4.94 5.24 [29]

10
5 B + 12

6 C 30 5.24 7.45 5.03 7.81 4.91 7.77 4.94 5.29 [2]

9
4Be + 16

8 O 32 5.40 7.73 5.25 8.00 5.24 7.98 5.22 5.53 [29]

10
5 B + 14

7 N 35 5.80 7.89 5.82 7.88 5.68 7.83 5.71 6.08 [2]

12
6 C + 12

6 C 36 6.37 7.34 5.98 7.90 5.84 7.83 5.87 6.24 [29]

12
6 C + 13

6 C 36 5.98 7.89 5.91 7.98 5.84 7.94 5.86 6.19 [29]

13
6 C + 13

6 C 36 6.01 7.83 5.85 8.08 5.85 8.04 5.86 6.14 [29]

4
2He + 40

20Ca 40 6.80 7.68 6.31 8.37 6.45 8.46 6.01 6.57 [29]
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4
2He + 44

20Ca 40 6.37 8.25 6.20 8.51 6.44 8.65 5.97 6.49 [2]

10
5 B + 16

8 O 40 6.57 7.99 6.60 7.96 6.46 7.90 6.46 6.85 [29]

12
6 C + 14

7 N 42 7.04 7.81 6.92 7.95 6.77 7.90 6.78 7.17 [29]

12
6 C + 15

7 N 42 6.79 8.12 6.85 8.05 6.76 8.00 6.77 7.12 [29]

12
6 C + 16

8 O 48 7.95 7.90 7.85 8.02 7.69 7.98 7.68 8.08 [29]

12
6 C + 17

8 O 48 7.95 7.90 7.78 8.11 7.68 8.06 7.67 8.03 [29]

12
6 C + 18

8 O 48 7.68 8.23 7.71 8.20 7.67 8.14 7.65 7.98 [29]

14
7 N + 14

7 N 49 8.17 7.85 8.01 8.03 7.85 7.98 7.84 8.24 [2]

12
6 C + 19

9 F 54 8.51 8.35 8.69 8.18 8.59 8.13 8.55 8.93 [29]

4
2He + 59

27Co 54 8.26 8.63 8.10 8.83 8.40 8.98 7.77 8.39 [2]

14
7 N + 16

8 O 56 9.05 8.12 9.08 8.11 8.92 8.05 8.87 9.29 [29]

16
8 O + 16

8 O 64 10.74 7.81 10.29 8.16 10.14 8.13 10.05 10.48 [29]

12
6 C + 27

13Al 78 12.29 8.36 12.24 8.40 12.16 8.38 11.94 12.40 [2]

12
6 C + 28

14Si 84 14.53 7.53 13.19 8.38 13.08 8.39 12.79 13.29 [29]

12
6 C + 29

14Si 84 13.46 8.19 13.11 8.45 13.04 8.45 12.77 13.24 [29]

12
6 C + 30

14Si 84 13.20 8.39 13.04 8.51 13.00 8.50 12.75 13.18 [29]

16
8 O + 24

12Mg 96 15.26 8.28 15.01 8.42 14.89 8.42 14.57 15.05 [29]

16
8 O + 26

12Mg 96 15.24 8.29 14.82 8.56 14.78 8.54 14.54 14.99 [2]

18
8 O + 24

12Mg 96 15.26 8.28 14.76 8.58 14.75 8.58 14.52 14.88 [29]

19
9 F + 23

11Na 99 15.16 8.62 15.23 8.59 15.21 8.57 14.96 15.33 [29]

20
10Ne + 20

10Ne 100 15.20 - 15.61 8.44 15.49 8.43 15.16 15.64 [19]

16
8 O + 27

13Al 104 16.04 8.56 16.05 8.54 15.99 8.54 15.64 16.09 [29]

17
8 O + 27

13Al 104 15.74 8.73 15.91 8.62 15.91 8.62 15.61 16.00 [29]

18
8 O + 27

13Al 104 15.58 8.84 15.79 8.70 15.83 8.70 15.58 15.91 [29]

12
6 C + 40

18Ar 108 16.2 - 16.27 8.78 16.31 8.81 15.91 16.36 [2]

16
8 O + 28

14Si 112 17.00 8.70 17.29 8.57 17.19 8.55 16.75 17.26 [29]

16
8 O + 29

14Si 112 16.3 9.12 17.19 8.59 17.13 8.61 16.72 17.19 [29]

16
8 O + 30

14Si 112 16.1 9.18 17.09 8.65 17.07 8.66 16.69 17.12 [29]

18
8 O + 28

14Si 112 16.90 8.76 17.01 8.72 17.01 8.71 16.69 17.06 [29]
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12
6 C + 46

22T i 132 20.7 9.0 19.70 8.89 19.69 8.92 19.06 19.63 [2]

12
6 C + 48

22T i 132 20.0 8.0 19.54 8.96 19.59 9.00 19.01 19.52 [2]

12
6 C + 50

22T i 132 19.5 7.8 19.41 9.02 19.49 9.08 18.96 19.42 [2]

4
2He + 164

66 Dy 132 17.14 10.32 16.98 10.45 17.61 10.73 16.39 17.36 [2]

16
8 O + 40

18Ar 144 21.0 - 21.35 8.95 21.38 8.97 20.85 21.26 [2]

24
12Mg + 24

12Mg 144 22.30 - 21.88 8.72 21.79 8.71 21.15 21.67 [20]

16
8 O + 40

20Ca 160 23.06 9.21 23.91 8.86 23.84 8.90 23.03 23.62 [29]

18
8 O + 44

20Ca 160 22.3 8.2 23.13 9.20 23.28 9.21 22.82 23.09 [2]

4
2He + 208

82 Pb 164 20.52 10.74 20.23 10.90 20.91 11.23 19.57 20.67 [29]

4
2He + 209

83 Bi 166 20.52 10.88 20.46 10.93 21.14 11.23 19.78 20.9 [2]

26
12Mg + 30

14Si 168 24.80 - 24.61 9.04 24.70 9.06 24.17 24.46 [30]

4
2He + 233

92 U 184 21.69 11.45 22.23 11.16 22.93 11.48 21.51 22.7 [2]

6
3Li + 144

62 Sm 186 24.65 - 24.32 10.27 24.68 10.46 23.47 24.47 [30]

14
7 N + 59

27Co 189 26.13 - 27.11 9.26 27.16 9.33 26.3 26.84 [21]

24
12Mg + 32

16S 192 28.28 9.00 28.48 8.94 28.40 8.96 27.43 27.98 [29]

25
12Mg + 32

16S 192 27.60 9.32 28.29 9.00 28.27 9.01 27.39 27.87 [2]

26
12Mg + 32

16S 192 27.48 9.36 28.12 9.06 28.14 9.07 27.34 27.75 [2]

24
12Mg + 34

16S 192 27.38 9.40 28.19 9.05 28.18 9.05 27.35 27.79 [2]

25
12Mg + 34

16S 192 27.26 9.45 28.00 9.11 28.05 9.11 27.31 27.67 [2]

26
12Mg + 34

16S 192 27.11 9.50 27.84 9.17 27.93 9.17 27.26 27.56 [2]

7
3Li + 159

65 Tb 195 23.81 11.03 24.69 10.60 25.21 10.82 24.32 25.00 [29]

28
14Si + 28

14Si 196 28.67 9.06 29.04 8.96 28.97 8.96 27.98 28.53 [29]

28
14Si + 30

14Si 196 28.60 8.10 28.71 9.07 28.72 9.07 27.89 28.31 [2]

30
14Si + 30

14Si 196 28.10 8.60 28.40 9.18 28.49 9.17 27.80 28.10 [2]

20
10Ne + 40

20Ca 200 28.41 9.36 29.44 9.01 29.37 9.04 28.32 28.92 [29]

24
12Mg + 35

17Cl 204 30.70 - 29.94 9.06 29.90 9.06 28.92 29.43 [30]

32
16S + 27

13Al 208 30.32 9.10 30.47 9.07 30.44 9.07 29.46 29.94 [29]

27
13Al + 35

17Cl 221 32.0 9.15 32.03 9.14 32.05 9.18 31.06 31.49 [29]

16
8 O + 58

28Ni 224 31.67 - 32.06 9.27 32.04 9.34 30.88 31.52 [30]
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16
8 O + 63

29Cu 232 33.3 9.26 32.77 9.41 32.81 9.48 31.73 32.29 [29]

12
6 C + 110

46 Pd 276 35.1 - 36.59 10.11 36.72 10.20 35.65 36.24 [2]

12
6 C + 124

50 Sn 300 37.4 - 39.01 10.30 39.15 10.42 38.13 38.66 [2]

12
6 C + 130

52 Te 312 38.6 - 40.26 10.39 40.40 10.51 39.38 39.90 [2]

32
16S + 40

20Ca 320 43.9 9.72 45.39 9.37 45.28 9.40 43.49 44.10 [29]

16
8 O + 110

46 Pd 368 46.2 - 48.05 10.26 48.10 10.33 46.81 47.26 [2]

12
6 C + 152

62 Sm 372 46.39 10.77 46.88 10.65 46.98 10.76 45.74 46.38 [29]

35
17Cl + 48

22T i 374 52.3 9.51 51.23 9.75 51.28 9.74 49.68 49.96 [29]

28
14Si + 58

28Ni 392 53.80 8.10 53.94 9.69 53.83 9.71 51.77 52.35 [31]

28
14Si + 62

28Ni 392 52.89 7.70 53.28 9.83 53.27 9.84 51.54 51.90 [31]

28
14Si + 64

28Ni 392 52.40 7.60 52.99 9.89 53.00 9.90 51.43 51.69 [31]

30
14Si + 62

28Ni 392 52.20 9.70 52.72 9.93 52.82 9.94 51.39 51.55 [31]

30
14Si + 64

28Ni 392 51.20 9.60 52.44 9.99 52.56 9.99 51.28 51.34 [31]

16
8 O + 116

50 Sn 400 50.94 - 51.90 10.31 51.91 10.39 50.38 50.95 [30]

18
8 O + 124

50 Sn 400 49.30 - 50.51 10.61 50.72 10.68 49.93 49.96 [30]

40
20Ca + 48

20Ca 400 52.0 - 53.97 9.92 54.01 9.91 52.59 52.65 [30]

40
20Ca + 48

22T i 440 58.17 9.40 59.68 9.82 59.64 9.84 57.58 57.92 [22]

35
17Cl + 54

26Fe 442 61.75 9.51 60.00 9.83 59.95 9.84 57.76 58.20 [29]

35
17Cl + 56

26Fe 442 60.2 9.78 59.62 9.90 59.61 9.90 57.63 57.94 [29]

32
16S + 58

28Ni 448 61.9 9.62 60.96 9.78 60.83 9.82 58.45 59.02 [29]

35
17Cl + 58

28Ni 476 63.00 10.10 64.13 9.92 64.05 9.91 61.67 62.13 [29]

35
17Cl + 60

28Ni 476 62.29 10.22 63.74 9.99 63.71 9.97 61.54 61.87 [29]

35
17Cl + 62

28Ni 476 61.9 10.29 63.37 10.05 63.39 10.03 61.40 61.61 [29]

35
17Cl + 64

28Ni 476 60.71 10.51 63.03 10.07 63.07 10.09 61.27 61.36 [29]

16
8 O + 148

60 Nd 480 59.2 10.90 59.86 10.78 59.85 10.83 58.43 58.86 [29]

16
8 O + 150

60 Nd 480 59.2 10.90 59.70 10.76 59.69 10.87 58.35 58.73 [29]

18
8 O + 148

60 Nd 480 59.6 10.82 59.04 10.92 59.20 10.97 58.27 58.32 [29]

46
22T i + 46

22T i 484 66.30 - 65.01 9.94 64.98 9.93 62.70 63.03 [30]

12
6 C + 204

82 Pb 492 57.55 - 59.01 11.19 59.03 11.32 57.64 58.38 [30]
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16
8 O + 144

62 Sm 496 59.9 - 62.29 10.66 62.23 10.74 60.41 61.08 [2]

16
8 O + 148

62 Sm 496 60.53 11.02 61.95 10.73 61.91 10.81 60.25 60.82 [29]

16
8 O + 150

62 Sm 496 60.2 11.08 61.78 10.76 61.75 10.84 60.17 60.69 [29]

16
8 O + 152

62 Sm 496 60.2 11.09 61.62 10.80 61.59 10.87 60.10 60.56 [29]

16
8 O + 154

62 Sm 496 59.65 11.20 61.46 10.85 61.43 10.91 60.02 60.43 [29]

40
18Ar + 58

28Ni 504 66.32 10.16 66.76 10.07 66.78 10.08 64.68 64.85 [29]

40
18Ar + 60

28Ni 504 65.5 - 66.36 10.14 66.43 10.14 64.55 64.58 [2]

40
18Ar + 62

28Ni 504 65.1 - 65.98 10.20 66.09 10.20 64.41 64.32 [2]

40
18Ar + 64

28Ni 504 63.9 - 65.63 10.27 65.77 10.26 64.27 64.06 [2]

37
17Cl + 68

30Zn 510 65.9 8.5 66.52 10.23 66.63 10.24 64.95 64.86 [28]

40
20Ca + 58

28Ni 560 73.36 10.20 74.72 9.98 74.52 10.01 71.49 72.06 [2]

40
20Ca + 62

28Ni 560 72.30 10.35 73.84 10.11 73.75 10.13 71.19 71.46 [29]

28
14Si + 92

40Zr 560 70.93 - 72.36 10.33 72.27 10.37 70.05 70.31 [23]

16
8 O + 186

74 W 592 68.87 10.60 71.12 11.18 71.02 11.25 69.51 69.93 [24]

48
22T i + 58

28Ni 616 78.80 - 80.28 10.23 80.24 10.24 77.51 77.68 [25]

36
16S + 90

40Zr 640 79.00 10.80 80.76 10.58 80.85 10.59 78.87 78.66 [26]

16
8 O + 208

82 Pb 656 75.41 11.74 77.32 11.38 77.15 11.47 75.63 76.05 [29]

35
17Cl + 90

40Zr 680 84.87 10.74 86.50 10.51 86.41 10.50 83.68 83.81 [2]

35
17Cl + 92

40Zr 680 82.94 - 86.16 10.53 86.09 10.55 83.54 83.56 [23]

19
9 F + 197

79 Au 711 81.61 - 83.55 11.46 83.50 11.46 81.98 82.13 [30]

16
8 O + 238

92 U 736 83.2 - 84.70 11.65 84.50 11.75 83.00 83.37 [18]

35
17Cl + 106

46 Pd 782 94.30 - 97.26 10.75 97.13 10.74 94.21 94.22 [30]

58
28Ni + 58

28Ni 784 95.80 - 100.60 10.36 100.36 10.39 96.33 96.72 [27]

58
28Ni + 60

28Ni 784 96.0 7.5 100.01 10.47 99.85 10.45 96.13 96.34 [30]

64
28Ni + 64

28Ni 784 93.5 - 97.32 10.79 97.43 10.74 95.15 94.50 [18]

32
16S + 116

50 Sn 800 97.36 - 99.16 10.78 98.93 10.79 95.81 95.98 [30]

40
20Ca + 90

40Zr 800 96.88 10.00 100.86 10.57 100.63 10.59 97.08 97.28 [30]

40
18Ar + 110

46 Pd 828 101.8 10.89 100.68 11.04 100.73 10.98 98.58 97.95 [29]

40
18Ar + 109

47 Ag 846 105.1 10.77 103.15 10.96 103.18 10.94 100.68 100.21 [29]
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35
17Cl + 112

50 Sn 850 106.0 10.72 105.10 10.82 104.91 10.80 101.44 101.62 [29]

35
17Cl + 116

50 Sn 850 105.2 10.81 104.40 10.91 104.25 10.87 101.14 101.11 [29]

35
17Cl + 120

50 Sn 850 106.4 10.66 103.74 10.93 103.61 10.95 100.85 100.62 [29]

35
17Cl + 124

50 Sn 850 105.3 10.79 103.12 11.01 102.99 11.02 100.56 100.15 [29]

40
18Ar + 112

50 Sn 900 109.1 - 109.55 10.97 109.52 10.95 106.47 106.20 [2]

40
18Ar + 116

50 Sn 900 108.3 - 108.82 11.06 108.84 11.03 106.17 105.68 [2]

40
18Ar + 122

50 Sn 900 107.2 - 107.83 11.18 107.86 11.14 105.72 104.92 [2]

40
18Ar + 121

51 Sb 918 111.7 11.00 110.25 11.15 110.27 11.11 107.78 107.15 [29]

35
17Cl + 141

59 Pr 1003 121.3 11.06 119.70 11.22 119.49 11.19 116.19 115.96 [29]

86
36Kr + 58

28Ni 1008 120.8 - 122.77 10.95 122.65 10.93 119.02 118.48 [2]

86
36Kr + 62

28Ni 1008 119.3 - 121.43 11.11 121.48 11.04 118.55 117.59 [2]

86
36Kr + 64

28Ni 1008 118.3 - 120.82 11.16 120.92 11.10 118.31 117.16 [2]

74
32Ge + 74

32Ge 1024 120.8 - 123.06 11.13 123.16 11.07 120.25 119.20 [2]

40
18Ar + 144

62 Sm 1116 129.97 11.53 130.96 11.37 130.92 11.35 127.57 127.01 [29]

40
18Ar + 148

62 Sm 1116 129.56 11.57 130.28 11.44 130.25 11.41 127.26 126.50 [29]

40
18Ar + 154

62 Sm 1116 125.19 12.02 129.3 11.55 129.28 11.50 126.80 125.75 [29]

86
36Kr + 70

32Ge 1152 136.5 - 137.16 11.2 137.18 11.16 133.54 132.52 [18]

40
18Ar + 165

67 Ho 1206 141.38 11.48 138.4 11.65 138.35 11.60 135.52 134.49 [29]

40
18Ar + 169

69 Tm 1242 139 10.5 142.05 11.68 142.01 11.64 139.01 138.01 [2]

40
18Ar + 174

70 Y b 1260 139 9.50 143.39 11.76 143.35 11.70 140.52 139.39 [2]

40
18Ar + 175

71 Lu 1278 140 10.0 145.37 11.77 145.33 11.70 142.33 141.26 [2]

40
18Ar + 176

72 Hf 1296 143 9.50 147.35 11.75 147.30 11.70 144.13 143.12 [2]

40
18Ar + 177

72 Hf 1296 145 10.5 147.19 11.76 147.14 11.72 144.05 143.00 [2]

40
18Ar + 178

72 Hf 1296 143 10.0 147.03 11.78 146.98 11.73 143.98 142.87 [2]

40
18Ar + 179

72 Hf 1296 144 10.2 146.87 11.79 146.82 11.74 143.90 142.75 [2]

40
18Ar + 180

72 Hf 1296 143 10.1 146.71 11.81 146.67 11.76 143.82 142.63 [2]

32
16S + 208

82 Pb 1312 153 - 148.5 11.78 148.04 11.79 144.43 144.00 [1]

81
35Br + 90

40Zr 1400 156 - 163.29 11.42 163.32 11.36 158.59 157.39 [2]

81
35Br + 94

40Zr 1400 154 - 162.09 11.51 162.19 11.45 158.09 156.53 [2]
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37
17Cl + 209

83 Bi 1411 156.2 - 157.15 11.96 157.03 11.95 153.87 152.79 [18]

40
18Ar + 197

79 Au 1422 164.18 11.65 158.8 11.97 158.75 11.90 155.56 154.33 [1]

81
35Br + 96

42Mo 1470 174 - 170.05 11.52 170.11 11.45 165.31 163.93 [2]

40
18Ar + 206

82 Pb 1476 158.5 - 163.7 12.06 163.60 11.99 160.39 159.07 [1]

81
35Br + 104

44 Ru 1540 174 - 176.18 11.61 176.29 11.57 171.73 170.00 [2]

90
40Zr + 90

40Zr 1600 182 - 184.8 11.48 184.77 11.46 178.69 177.58 [1]

90
40Zr + 96

40Zr 1600 184.5 - 182.8 11.61 182.89 11.58 177.86 176.17 [18]

96
40Zr + 96

40Zr 1600 181.4 - 180.9 11.75 181.06 11.71 177.05 174.78 [18]

48
20Ca + 208

82 Pb 1640 176 - 178.3 12.27 178.44 12.20 175.76 173.51 [1]

40
18Ar + 238

92 U 1656 185 - 179.3 12.30 179.23 12.26 176.10 174.41 [1]

100
42 Mo + 90

40Zr 1680 195.9 - 191.16 11.63 191.23 11.62 185.73 184.04 [18]

100
42 Mo + 100

42 Mo 1764 207.2 - 197.77 11.85 197.96 11.79 193.07 190.76 [18]

50
22T i + 208

82 Pb 1804 191 - 196.1 12.25 196.16 12.18 192.19 190.12 [1]

54
24Cr + 196

76 Os 1824 203.5 - 198.8 12.20 198.83 12.15 194.83 192.54 [18]

50
22T i + 209

83 Bi 1826 190 - 198.4 12.21 198.47 12.18 194.30 192.30 [1]

86
36Kr + 123

51 Sb 1836 209.4 - 204.1 11.95 201.85 12.03 199.42 196.91 [1]

48
20Ca + 248

96 Cm 1920 210.0 - 203.1 12.60 203.20 12.52 200.24 197.59 [1]

52
24Cr + 208

82 Pb 1968 213.4 - 214.0 12.17 213.83 12.17 208.48 206.62 [1]

54
24Cr + 209

83 Bi 1992 212 - 215.3 12.25 215.36 12.23 210.37 208.22 [1]

124
50 Sn + 94

40Zr 2000 219.5 - 219.9 12.06 220.16 12.00 214.88 212.03 [1]

58
26Fe + 208

82 Pb 2132 235.6 - 229.4 12.26 229.40 12.27 223.80 221.46 [1]

58
26Fe + 209

83 Bi 2158 236.5 - 232.1 12.27 232.11 12.28 226.26 223.99 [1]

76
32Ge + 170

68 Er 2176 237 - 234.5 12.29 234.82 12.23 229.47 226.38 [1]

63
29Cu + 197

79 Au 2291 233 - 247.5 12.07 247.31 12.21 240.01 237.94 [1]

64
28Ni + 208

82 Pb 2296 267.2 - 244.7 12.33 244.84 12.37 238.95 236.14 [1]

86
36Kr + 160

64 Gd 2304 ≥ 255 - 247.4 12.28 247.69 12.27 241.84 238.46 [1]

58
26Fe + 238

92 U 2392 280 - 253.5 12.30 252.11 12.51 246.12 243.36 [1]

84
36Kr + 165

67 Ho 2412 278 - 259.1 12.18 259.34 12.25 252.25 249.23 [1]

136
54 Xe + 110

46 Pd 2484 ≥ 280 - 265.4 12.30 265.67 12.31 259.10 255.30 [1]
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84
36Kr + 209

83 Bi 2988 365 - 311.7 12.19 311.10 12.62 302.25 298.46 [1]

There is an overall agreement for the fusion barrier heights obtained from the
GLDM for most of the reactions. For the medium systems there is a tendency
for our theoretical results to be a little higher than the empirical data, the
KNS potential [37] giving still higher values as well as the frozen-density prox-
imity. For the heaviest systems the theoretical data are systematically lower
than the experimental ones. The heavier the system is, the smaller the dis-
tance between the position of the top of the barrier and the contact point [1].
For Z1Z2 ≥ 2100 this distance is smaller than 1 fm. A system put at the top
of the barrier without excitation energy does not descend automatically to
the ground state due to the friction forces correlated to the high value of the
proximity energy. A so-called ’extra-push’ energy is needed to overcome the
barrier. The values obtained by the formula (1) [18] giving the fusion barrier
height are close to the experimental data and the theoretical values given by
the GLDM.
In Table 2, for the fusion barrier height, the root-mean-square deviation be-
tween the experimental data and the values given by the GLDM and the
different formulas are shown. The GLDM is more precise that the different
formulas. The rms deviations are large but the experimental error bars are
also relatively large, particularly for the heaviest systems. The accuracy of
the formula (4) may be improved in choosing for the root-mean-square radii
< r2

i >1/2 the experimental data.

Table 2: For the fusion barrier height (in MeV), root-
mean-square deviation between the experimental data
and, successively, the values given by the GLDM, by the
formulas (1), (3), (6) and (8).

Z1Z2 range GLDM [18] [32,33] [34] [35]

20 < Z1Z2 < 2000 2.34 2.38 2.83 3.29 3.35

Z1Z2 < 1000 1.28 1.28 1.40 1.40 1.51

1000 < Z1Z2 < 2000 4.28 4.37 5.3 6.35 6.42

The comparison of the position of the fusion barrier predicted empirically
and theoretically is difficult since several different approaches have been used:
interaction barrier, Coulomb peak, linear interpolation,... Our predictions for
the barrier position are very similar to the ones in [29,37]. In Table 3, the root-
mean-square deviation between the experimental data and the values given by
the model and the formulas are given.
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Table 3: For the fusion barrier radius (in fm), root-mean-
square deviation between the experimental data and, suc-
cessively, the values given by the GLDM and by the for-
mulas (2), (4), (7) and (9).

GLDM [18] [32,33] [34] [35]

0.68 0.67 0.78 0.87 0.65

3 Fission barrier

The fission barriers have been investigated within this GLDM and in the
often called ’cold fission valley’ roughly described by these quasimolecular
shapes (elliptic lemniscatoids [1]) leading rapidly to touching spherical frag-
ments which separate after in keeping the spherical shapes. The microscopic
corrections (shell and pairing effects) are included at the beginning of the fis-
sion process to determine the ground state. The path allowing the ellipsoidal
deformations of the fragments and taking into account the associated micro-
scopic corrections has been also studied.
As an example, the barriers which minimise the barrier height in the exit
channel are displayed for 3 fissioning nuclei in Fig. 2. Their heights are close
to the experimental fission barrier data [38,39]. The saddle-point corresponds
to two separated spherical fragments.
It has been shown that the dependence on the asymmetry (A1−A2)/(A1+A2)

Fig. 2. Fission barriers of the 94
42Mo, 191

79 Au and 226
89 Ac nuclei versus the distance

between the mass centres. The vertical dash indicates the contact point between
the two spherical nuclei. The fragment deformation is not taken into account.
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of the fission of the 70,76Se, 75Br, 90,94,98Mo, 110−112In,149Tb and 194Hg nuclei
is correctly reproduced within the GLDM [40,41]. For these nuclei, our cal-
culated asymmetric fission barrier heights lie between the predictions of the
Yukawa plus Exponential Finite-Range Liquid-Drop Model [37] and the Liq-
uid Drop Model [42].
The potential energy surface depending on the asymmetry of the decay and
the distance between the mass centres is displayed in Fig. 3 and 4 for the 192

78 Pt
and 99

47Ag. The deformation of the fragments has not been taken into account.
In one case a smooth saddle appears favoring the symmetric exit channel while
in the other case a plateau appears and a rapid lowering for the very asym-
metric decay channel. As an example the dependence of the potential energy

Fig. 3. Potential energy surface as a function of the asymmetry
α = (A1 − A2)/(A1 + A2) and the distance r between the mass centres for
192
78 Pt.

Fig. 4. Potential energy surface as a function of the asymmetry
α = (A1 − A2)/(A1 + A2) and the distance r between the mass centres for
99
47Ag.

on the shape sequence and on the introduction of the microscopic corrections
is displayed in Fig. 5 for the symmetric fission path of the 228Ra nucleus.
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Fig. 5. Symmetric fission barrier of a 228Ra nucleus. The dashed curve gives the
macroscopic energy within the two-sphere approximation while the solid line in-
cludes the microscopic corrections around the sphere and the ellipsoidal deforma-
tions and the shell and pairing energies of the fragments. r is the distance between
the mass centres.

More generally, the height of the lowest theoretical potential barrier encoun-
tered in the fission channel is compared with the experimental data [1,4,10,38,39,43]
in Table 4 assuming or not the deformation and microscopic effects of the frag-
ments. The error bar of these experimental data is often of several MeV. For
all the nuclei the experimental values lie between the values given by the
GLDM and neglecting the microscopic effects in the fragments and the val-
ues determined in including the deformation, shell and pairing effects of the
fragments. The table is limited to nuclei of charge Z ≤ 89 since the double-
humped fission barriers of actinides have been studied in a previous work [5].
The indicated prefered exit channel for each fissioning nucleus is only a rough
indication since there are often almost degeneracy in energy between several
exit channels. The nuclear fission-fragment distributions are smooth [44]. To
reproduce the fission barrier heights of the Ra and Ac nuclei and light isotopes
of Hg it is necessary to introduce the microscopic effects and deformation of
the fragments (See also [45]).
Long time ago the fission valley were firstly investigated assuming that the
fission process is only governed by the balance between the repulsive Coulomb
force and the attractive surface tension force [46,47]. Later on, the fusion
studies have shown that for two-body shapes and one-body strongly distorted
and creviced shapes it is necessary to add at the surface energy an additional
term, the nuclear proximity energy [48], to reproduce the experimental fusion
barrier heights. This proximity energy plays no role and doesn’t change the
energy for one ellipsoid or shapes with very shallow necks but lowers consid-
erably the energy for compact and creviced shapes and two-body ellipsoidal
shapes. So, this proximity energy moves closer together the so-called fission
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valley and fusion valley. Without the proximity energy it is difficult to link
the sheet of the potential surface corresponding to one-body shapes and the
one which corresponds to two separated fragments. This problem remains in
the microscopic approaches [49]. It has also been shown that the moment of
inertia and quadrupole moment of the shapes are very close in the two valleys
[50]. Recently, an evidence for a new compact symmetric fission mode in light
thorium isotopes has been advanced [51]. So, it seems that the description of
the fission barrier top by two touching or separated fragments is not incom-
patible with the experimental fission barrier heights.
It is worth mentioning the tentative to reproduce the fission barrier heights
by analytical formulas [52] in the region 50 ≤ Z ≤ 130.

Table 4: Comparison of the experimental [1,4,10,38,39,43]
fission barrier heights Eexp (in MeV) with the heights
Eth obtained in the prefered decay channels determined
from the GLDM assuming the two-sphere approximation
and the heights Eth,def obtained when the deformation
and microscopic effects of the fragments are taken into
account. The theoretical radius Rfis (in fm) is also given.
The values obtained within the Finite Range Liquid Drop
Model [39] are displayed in the last column.

Isotope Reaction Rfis Eth Eexp Eth,def Ref. [39]

70
34Se 35

17Cl + 35
17Cl 9.45 42.36 39.40 42.07 [39] 37.83

76
34Se 38

17Cl + 38
17Cl 9.8 45.20 44.50 45.16 [39] 44.08

90
42Mo 45

21Sc + 45
21Sc 10.0 41.85 40.92 37.49 [39] 41.07

94
42Mo 47

21Sc + 47
21Sc 10.3 43.56 44.68 38.19 [39] 44.39

98
42Mo 49

21Sc + 49
21Sc 10.4 45.07 45.84 37.63 [39] 47.06

99
47Ag 7

4Be + 92
43Tc 9.43 30.84 29 30.46 [38] -

109
48 Cd 55

24Cr + 54
24Cr 10.6 40.46 34.0 36.9 [4] -

129
57 La 4

2He + 125
55 Cs 9.93 25.21 23 21.85 [38] -

149
63 Eu 76

32Ge + 73
31Ga 11.4 33.36 32.5 25.98 [38] -

152
65 Tb 77

33As + 75
32Ge 11.4 31.22 29.0 25.22 [38] -

160
66 Dy 156

64 Gd + 4
2He 10.3 30.66 27.4 26.34 [38] -

157
67 Ho 153

65 Tb + 4
2He 10.3 26.22 26.5 22.25 [38] -

173
71 Lu 169

69 Tm + 4
2He 10.5 28.67 28.0 21.28 [38] -

175
73 Ta 89

37Rb + 86
36Kr 11.8 28.77 25.1 21.49 [38] -
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179
73 Ta 91

37Rb + 88
36Kr 11.9 29.08 26.1 23.03 [38] -

178
74 W 89

37Rb + 89
37Rb 11.9 28.63 23.0 23.81 [38] -

179
74 W 87

36Kr + 92
38Sr 11.9 27.73 25.2 21.64 [38] -

180
74 W 90

37Rb + 90
37Rb 11.9 28.74 28.7 25.03 [38] -

181
74 W 88

36Kr + 93
38Sr 12.0 27.74 23.7 21.52 [38] -

182
74 W 91

37Rb + 91
37Rb 12.0 28.66 26.0 23.54 [38] -

184
74 W 92

37Rb + 92
37Rb 12.0 28.41 24.9 24.5 [38] -

181
75 Re 89

37Rb + 92
38Sr 11.9 26.09 25.0 20.65 [38] -

185
75 Re 91

37Rb + 94
38Sr 12.0 25.86 25.0 19.36 [38] -

186
76 Os 93

38Sr + 93
38Sr 12.0 25.45 23.4 19.87 [38] -

187
76 Os 91

37Rb + 96
39Y 12.0 24.33 22.7 19.05 [38] -

188
76 Os 94

38Sr + 94
38Sr 12.1 25.12 24.2 17.67 [38] -

190
76 Os 95

38Sr + 95
38Sr 12.1 24.64 24.8 17.91 [38] -

185
77 Ir 91

38Sr + 94
39Y 11.95 22.85 20.4 18.45 [38] -

187
77 Ir 92

38Sr + 95
39Y 12.0 22.74 19.1 17.09 [38] -

189
77 Ir 93

38Sr + 96
39Y 12.0 22.47 22.6 17.21 [38] -

191
77 Ir 94

38Sr + 97
39Y 12.1 22.06 23.7 15.55 [38] -

190
78 Pt 95

39Y + 95
39Y 12.1 21.95 19.8 16.27 [38] 18.80

192
78 Pt 96

39Y + 96
39Y 12.1 21.66 20.7 17.56 [38] 20.08

193
78 Pt 94

38Sr + 99
40Zr 12.1 20.82 21.9 14.32 [38] 20.84

194
78 Pt 97

39Y + 97
39Y 12.15 22.38 22.0 15.89 [38] 21.47

196
78 Pt 98

39Y + 98
39Y 12.2 23.62 24.0 18.18 [38] 23.01

191
79 Au 94

39Y + 97
40Zr 12.0 19.19 18.4 14.58 [38] 17.99

195
79 Au 96

39Y + 99
40Zr 12.1 20.72 20.1 14.95 [38] 20.54

197
79 Au 97

39Y + 100
40 Zr 12.2 22.00 22.6 15.49 [38] 22.31

182
80 Hg 91

40Zr + 91
40Zr 11.8 17.24 9.0 11.3 [38] 10.85

186
80 Hg 93

40Zr + 93
40Zr 11.9 18.27 11.5 14.7 [38] 12.99

192
80 Hg 96

40Zr + 96
40Zr 12.1 18.86 15.7 12.63 [38] 16.75

194
80 Hg 97

40Zr + 97
40Zr 12.1 20.01 17.0 14.32 [38] 18.10
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196
80 Hg 98

40Zr + 98
40Zr 12.15 21.24 19.7 14.25 [38] 19.65

198
80 Hg 99

40Zr + 99
40Zr 12.2 22.56 20.4 15.92 [38] 21.60

199
80 Hg 97

39Y + 102
41 Nb 10.9 17.43 22.0 16.65 [38] 22.24

200
80 Hg 100

40 Zr + 100
40 Zr 12.2 23.95 22.9 16.40 [38] 23.23

200
81 T l 99

40Zr + 101
41 Nb 12.2 20.83 22.8 15.48 [43] 21.66

201
81 T l 102

41 Nb + 99
40Zr 12.2 22.35 22.3 16.9 [38] 22.23

198
82 Pb 99

41Nb + 99
41Nb 12.2 20.05 17.0 14.58 [38] 17.28

204
82 Pb 102

41 Nb + 102
41 Nb 12.3 24.43 24.0 18.3 [38] 21.91

205
82 Pb 105

42 Mo + 100
40 Zr 12.3 24.29 24.6 17.43 [43] 23.08

206
82 Pb 103

41 Nb + 103
41 Nb 12.3 26.04 26.4 19.25 [38] 23.94

207
82 Pb 106

42 Mo + 101
40 Zr 12.3 25.94 26.5 18.97 [38] 24.76

208
82 Pb 104

41 Nb + 104
41 Nb 12.4 27.73 28.1 21.6 [38] 24.95

206
83 Bi 104

42 Mo + 102
41 Nb 12.3 21.57 22.4 16 [38] 21.42

207
83 Bi 105

42 Mo + 102
41 Nb 12.3 23.18 21.9 17.58 [38] 22.28

208
83 Bi 105

42 Mo + 103
41 Nb 12.3 23.26 23.8 17.73 [38] 23.23

209
83 Bi 106

42 Mo + 103
41 Nb 12.3 24.91 23.3 18.52 [38] 23.88

210
83 Bi 106

42 Mo + 104
41 Nb 12.4 23.27 24.3 18.22 [38] 22.74

207
84 Po 106

43 Tc + 101
41 Nb 12.3 20.67 19.3 15.51 [43] 20.01

208
84 Po 104

42 Mo + 104
42 Mo 12.3 22.47 19.1 15.32 [38] 20.81

209
84 Po 107

43 Tc + 102
41 Nb 12.3 22.41 21.1 17.12 [43] 22.24

210
84 Po 105

42 Mo + 105
42 Mo 12.4 24.23 21.4 18.13 [38] 22.16

211
84 Po 108

43 Tc + 103
41 Nb 12.4 22.45 19.7 17.58 [38] 21.33

212
84 Po 106

42 Mo + 106
42 Mo 12.4 22.57 19.5 15.92 [38] 20.19

212
85 At 107

43 Tc + 105
42 Mo 12.4 19.82 18.6 15.71 [43] 19.37

213
85 At 108

43 Tc + 105
42 Mo 12.4 18.80 17.0 15.37 [38] 18.56

216
86 Rn 108

43 Tc + 108
43 Tc 12.4 17.69 13.1 12.9 [38] 14.24

208
88 Ra 104

44 Ru + 104
44 Ru 12.2 11.67 5.4 6.74 [38] 11.70

225
88 Ra 115

45 Rh + 110
43 Tc 12.5 10.92 9.0 7.66 [38] 8.40

226
88 Ra 113

44 Ru + 113
44 Ru 12.6 12.24 8.5 8.05 [38] 8.23
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227
88 Ra 111

43 Tc + 116
45 Rh 12.55 11.74 8.3 8.28 [38] 8.02

228
88 Ra 114

44 Ru + 114
44 Ru 12.6 13.00 8.1 8.27 [39] 7.59

226
89 Ac 112

44 Ru + 114
45 Rh 12.5 9.03 8.0 6.03 [38] 7.71

227
89 Ac 112

44 Ru + 115
45 Rh 12.55 10.22 7.3 6.52 [38] 7.53

228
89 Ac 113

44 Ru + 115
45 Rh 12.6 9.89 7.2 7.18 [38] 7.24

4 Summary and conclusion

The fusion and fission barriers have been investigated within compact and
creviced shapes and a Generalized Liquid Drop Model taking into account
the proximity forces acting between surfaces in regard, the charge and mass
asymmetry and the shell and pairing effects. The heights and positions of these
barriers have been compared with the empirical data deduced from the exper-
imental results. There is an overall agreement for the fusion barrier heights
for most of the reactions. The fusion barrier heights may also be calculated
from a proposed analytic formula. The empirical fission barrier heights lie al-
ways between the values given by the GLDM and neglecting the microscopic
effects in the fragments and the values determined in including the shell and
pairing effects and deformation of the fragments. So, it seems that the descrip-
tion of the fission barrier top by two touching or separated fragments is not
incompatible with the experimental fission barrier heights.
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