
HAL Id: hal-03195757
https://hal.science/hal-03195757v1

Submitted on 26 Nov 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Guaranteed Quantity of Interest Error Estimate Based
on Equilibrated Flux Reconstruction

Zuqi Tang, Suyang Lou, Abdelkader Benabou, Emmanuel Creusé, Serge
Nicaise, Julien Korecki, Jean-Claude Mipo

To cite this version:
Zuqi Tang, Suyang Lou, Abdelkader Benabou, Emmanuel Creusé, Serge Nicaise, et al.. Guaranteed
Quantity of Interest Error Estimate Based on Equilibrated Flux Reconstruction. IEEE Transactions
on Magnetics, 2021, 57 (6), pp.7402104. �10.1109/TMAG.2021.3071641�. �hal-03195757�

https://hal.science/hal-03195757v1
https://hal.archives-ouvertes.fr


Guaranteed Quantity of Interest Error Estimate Based 
on Equilibrated Flux Reconstruction

Zuqi Tang 1, Suyang Lou 1, Abdelkader Benabou 1, Emmanuel Creusé2,

Serge Nicaise2, Julien Korecki1, and Jean-Claude Mipo3

1Univ. Lille, Arts et Metiers Institute of Technology, Centrale Lille, Junia ULR2697-L2EP, F-59000 Lille, France
2Univ. Polytechnique Hauts-de-France, LAMAV-FR CNRS 2037, Valenciennes, France

3Valeo Powertrain Systems, 94046 Créteil, France

The quality of a local physical quantity obtained by the numerical method, such as the finite element method (FEM), attracts
more and more attention in computational electromagnetism. Inspired by the idea of goal-oriented error estimate given for the
Laplace problem, this work is devoted to a guaranteed a posteriori error estimate adapted for the quantity of interest (QOI) linked
to magnetostatic problems, in particular, to the value of the magnetic flux density. The development is principally based on an
equilibrated flux construction, which ensures fully computable estimators without any unknown constant. The main steps of the
mathematical development are given in detail with the physical interpretation. An academic example using an analytical solution is
considered to illustrate the performance of the approach, and a discussion about different aspects related to the practical point of
view is proposed.

Index Terms— A posteriori error estimate, equilibrated flux reconstruction, finite element method (FEM), magnetic flux density,
magnetostatic problem, quantity of interest (QOI).

I. INTRODUCTION

NOWDAYS, the finite element method (FEM) is widely
used in the numerical modeling of low-frequency elec-

tromagnetic problems. In order to ensure the quality of the 
numerical solution, a posteriori error estimates play an impor-
tant role, and different types of error estimates have been 
developed in the past 30 years. Among these estimators, 
in particular, in magnetostatics, the most used one is the 
equilibrated type since it can provide the estimate without 
any unknown constant, which verifies the constitutive laws of 
material by dual formulations [1]–[4] or dual meshes [5]–[8]. 
Some detailed comparisons with the residual type can be found 
in [9], which principally verifies the discontinuities of the 
physical quantity and the local equation in the strong sense. 
However, the abovementioned work relies on the energy norm 
of the error in a global sense, which is natural for the FEM.

In practical applications, people are frequently interested 
in the true value of a given local physical quantity, which is 
called the quantity of interest (QOI). In particular, while some 
semi-analytic methods are used in the coupled multi-physical 
computation, only the value of the magnetic flux density at 
a given point is useful, for example, when we compute the 
iron losses reported in [10] or the source term for the thermal 
part defined in [11]. In these cases, the accuracy of the local 
value becomes critical, which gives us the original motivation 
of this work.

Inspired by the work done in [12] for the Laplace problem, 
we adapt the error estimate in both potential formulations

in magnetostatics for the QOI and, in particular, the value
of the magnetic flux density. Our main contribution includes
two aspects: on the one hand, a complete mathematical
development is given in detail with physical explanations; on
the other hand, the performance of the proposed estimator
is illustrated by an analytical example, with a discussion on
different parameters, namely, the global mesh refinement level,
the local mesh refinement level, the size of the region on which
the QOI is investigated, and the high order finite element (FE)
basis. It allows to provide a baseline for the utilization.

The organization of the article is given as follows. The
mathematical development for the error estimate of the QOI
is given in Section II. In Section III, the performance of the
proposed estimator is evaluated through numerical examples.
The conclusion is given in Section IV.

II. QOI FOR MAGNETOSTATIC PROBLEMS

Following the idea given in [12] for the classical Laplace
problem, we adapt the development to magnetostatic problems
for both formulations with a different definition of the QOI
linked to the value of the magnetic flux density. To keep the
completeness of the mathematical development, several nec-
essary (sometimes well-known) definitions are briefly recalled
in the following.

A. Potential Formulations

Considering a given divergence-free applied current density
Js as the coil excitation, denoting B and H, respectively,
the magnetic flux density and the magnetic field, μ the
magnetic permeability, the magnetostatic problem reads

∇ · B = 0, ∇ × H = Js, and B = μH. (1)

Introducing the magnetic vector potential A such that
B = ∇ × A and the magnetic scalar potential � such
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that H = Hs − ∇� with Hs the magnetic source satisfying
∇ × Hs = Js, the classic potential formulations are given as
follows:

∇ × (ν∇ × A) = Js; ∇ · (μ∇�) = ∇ · (μHs) (2)

with ν being the reluctivity (inverse of the permeability).
Then, the corresponding variational formulations read(
ν∇ × A,∇ × A�) = (Js, A�); (

μ∇�,∇��)=(
μHs,∇��)

(3)

with A� and �� the test functions in ad hoc continuous spaces.
Let us denote by Ah and �h the numerical solutions obtained
by FEM, which means that(
ν∇ × Ah,∇ × A�

h

)=(
Js, A�

h

)
;
(
μ∇�h,∇��

h

)=(
μHs,∇��

h

)
(4)

where A�
h and ��

h are the test functions in ad hoc discrete
spaces. Two different approximations of the magnetic flux den-
sity B can be consequently deduced from these approximated
potentials Ah and �h and are given by

Bh = ∇ × Ah or Bh = μ(Hs − ∇�h). (5)

B. Quantity of Interest

In the general case, only the value of the magnetic flux
density B at certain points is relevant for some applications.
However, for mathematical considerations, the value at a given
point of the domain does not make sense since the FEM
minimizes the error of the solution in the global energy norm.
Let us denote DQOI as the sub-region of the computational
domain D, which contains the expected point. The QOI for
the magnetic flux density B in this sub-region DQOI can be
defined as

Q(B) =
∫

D
q · B, with q = 1

|DQOI|δDQOI Idir (6)

where δDQOI is the characteristic function of DQOI and Idir

is the given unit vector, which can be chosen as (1, 0, 0),
(0, 1, 0), or (0, 0, 1). It should be mentioned that the definition
of the QOI is still made in an energy sense, which can be seen
as the average value of each component of B in the sub-region
DQOI. In other words, for a 3-D computation, to evaluate the
quality of B, each component (as x , y, or z) will be evaluated
separately by using different values of Idir . Besides, it is clear
that this definition of the QOI depends on the sub-region size
DQOI. When the DQOI region size decreases, its limit can be
seen as the value at one point.

C. Adjoint Problems

With the definition of the QOI, in particular, the function
q defined in (6), the corresponding adjoint problems for the
potential formulations (2) read

∇ × (ν∇ × Ã) = ∇ × q; ∇ · (μ�̃) = ∇ · (μq) (7)

with their variational formulations given by(
ν∇ × Ã,∇ × A�) = (

q,∇ × A�); (
μ∇�̃,∇��)

= (μq,∇��). (8)

These adjoint problems are similar to the corresponding primal
ones [namely, potential formulations given in (2)] but with
a different source term. It should be mentioned that the
source terms of adjoint problems are well defined for both
formulations. In particular, for the Ã formulation, there is no
consistency problem with the source term [13].

D. Equilibrated Flux Reconstruction

It is clear that the numerical solutions Ah and �h obtained
from (4) cannot satisfy (3) since the involved discrete spaces
are only subspaces of the continuous ones. Then, the recon-
structed equilibrated flux �h(Ah) and th(�h) can be defined as(

�h(Ah),∇ × A�) = (
π l

h(Js), A�) (9)(
th(�h),∇��) = (

π l
h(μHs),∇��) (10)

with π l
h being an ad hoc projection operator from L2 space to

the corresponding source term discretization spaces. Generally,
the discretization error of the source between Js and π l

h(Js)
[respectively, between Hs and π l

h(Hs)] is considered negligi-
ble. Similar to the primal problems, the equilibrated flux for
the adjoint problems can be constructed as(

�h(Ãh),∇ × A�) = (
q,∇ × A�) (11)(

th(�̃h),∇��) = (
μq,∇��). (12)

The reconstructed equilibrated flux can be seen as a correction
of the obtained solution in the strong sense, which satisfies the
continuous problems. There exist different ways to construct
the equilibrated flux:

1) The dual formulations can naturally provide an equili-
brated flux [1]–[4]. However, both formulations need to
be solved simultaneously.

2) Only one formulation can be solved, but two different
meshes are needed, as reported in [5] and [6].

3) This can also be done by some local flux reconstructions,
as introduced in [7], [8], and [14].

4) In some particular cases with the open boundary con-
ditions, dual formulations with the same matrix can be
used, as reported in [15].

E. Error Estimate for the QOI

In the following part, we give a brief proof of the error
estimate for the QOI. Only the A formulation part is discussed,
while the � part is similar to the derivation in [12].

From the definition of the QOI in (6), the obtained numer-
ical solution of QOI is written as

Q(Bh) =
∫

D
q · Bh =

∫
D

q · ∇ × Ah . (13)

Then, the error of the QOI is defined by

ε = Q(B) − Q(Bh). (14)

For the first term Q(B), replacing A� by A in (8), we get

Q(B) =
∫

D
q · ∇ × A =

∫
D

ν∇ × Ã · ∇ × A. (15)
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Replacing A� by Ã in (3), we obtain

Q(B) =
∫

D
Js · Ã. (16)

For the second term Q(Bh), using (8), we have

Q(Bh) =
∫

D
ν∇ × Ã · ∇ × Ah . (17)

Combining (16) and (17) with (14) yields

ε =
∫

D
Js · Ã −

∫
D

ν∇ × Ã · ∇ × Ah . (18)

By adding and subtracting
∫

D
�h(Ah) · ∇ × Ã, we get

ε =
∫

D
Js · Ã − �h(Ah) · ∇ × Ã

−
∫

D
∇ × Ã · (ν∇ × Ah − �h(Ah)). (19)

Employing the definition of the equilibrated flux in (9),
we have

ε =
∫

D

(
Js − π l

h(Js)
) · (

Ã − Ãh + Ãh
)

−
∫

D
(∇ × Ã − μ�h(Ãh) + μ�h(Ãh))

·(ν∇ × Ah − �h(Ah))

= η + R. (20)

It leads to a fully computable estimator η given by

η =
∫

D

(
Js − π l

h(Js)
) · Ãh

−
∫

D
μth(Ãh) · (ν∇ × Ah − �h(Ah)) (21)

as well as to the definition of R given by

R =
∫

D

(
Js − π l

h(Js)
) · (Ã − Ãh)

−
∫

D
(∇ × Ã − μth(Ãh)) · (ν∇ × Ah − �h(Ah)). (22)

The estimator η given in (21) includes some important infor-
mations, such as the discretization error of the source for the
primal problem, as well as the difference between the obtained
numerical magnetic field and the reconstructed equilibrated
flux always for the primal problem, weighted by the equili-
brated flux of the adjoint problem. It ensures that the term
has the same dimension as an energy. Besides, the term R is
negligible and corresponds to a high-order remainder [12].

III. NUMERICAL EXAMPLES

In this section, an academic example is considered. The
unit cube [0, 1]3 is crossed by a current density of 10 MA/m2,
as shown in Fig. 1. The analytic expression of the magnetic
flux density can be found in [9]. The numerical implemen-
tation is realized by the free scientific computing software
Freefem++ [16], which is easy to use for algorithm develop-
ment in 3-D electromagnetic field computations [17]. The QOI
is defined as the z-component of the magnetic flux density B

Fig. 1. Academic example with a known analytic solution.

Fig. 2. Spatial distributions of the magnetic flux density B (unit: T) obtained
by the two formulations. (a) A formulation. (b) � formulation.

Fig. 3. Performance as a function of the global mesh refinement level.
(a) QOI value. (b) Error/estimator.

at the point (0.25, 0.5, 0.5) (the black cross shown in Fig. 1).
The distribution of the magnetic flux density in the plane
y = 0.5 is shown in Fig. 2 for both potential formulations.
First, the performance of the proposed estimator as a function
of the global mesh refinement level is evaluated. We fix the
size of DQOI, five meshes with different global refinement level
are considered, and the QOI values for both formulations with
these different meshes are plotted in Fig. 3(a). The correspond-
ing exact error and estimator are shown in Fig. 3(b). It can
be observed that the global mesh refinement can significantly
reduce the error, and the proposed estimators provide a good
agreement with the corresponding errors.

Besides, higher order FE basis (HOFEB) is used for solving
the adjoint problems. The errors and estimators for both
formulations are given in Fig. 4(a) and (b), respectively. It can
be observed that the estimator with HOFEB is much close to
the error with the A formulation, but this observation is less
clear for the � formulation. It seems to be not necessary to
use HOFEB here since it introduces more computational cost.

Second, the performance of the proposed estimator as a
function of the QOI sub-region size level is evaluated. This
time, the global mesh refinement level is fixed, and only the
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Fig. 4. Estimators as a function of the global mesh refinement level with
HOFEB. (a) A formulation. (b) � formulation.

Fig. 5. Performance as a function of the QOI region size level. (a) QOI
value. (b) Error/estimator.

Fig. 6. Performance as a function of the local mesh refinement level in the
QOI region. (a) QOI value. (b) Error/estimator.

sub-region size level changes with smaller and smaller sizes.
It can be observed in Fig. 5(a) that, as expected, the QOI values
converge to the exact value when the sub-region becomes
smaller. However, the proposed estimator does not show good
stable performances, as shown in Fig. 5(b). Indeed, when
the global mesh refinement level is fixed, the source term in
the adjoint problem becomes harder and harder to discretize
accurately, while the area of DQOI is decreasing. In other
words, the adjoint problem is not more well solved. Third,
the performance of the proposed estimator as a function of the
local mesh refinement level in the QOI sub-region is evaluated.
The size of the sub-region is fixed, and this time only the mesh
in the sub-region is refined. As shown in Fig. 6(a) and (b),
the QOI values obtained by the two formulations, as well as
the errors and estimators, do not provide the same behavior
as observed in the case of the global mesh refinement, as the-
oretically expected. This demonstrates that the quality of the
QOI does not only depend on the local mesh in the QOI sub-
region but also depends on its accuracy compared with the
global mesh quality. The above different tests illustrate the fact
that the accuracy of the QOI value depends on the global mesh
refinement level, as well as on the local mesh refinement level,
where the QOI is defined. The proposed estimate allows to
provide satisfying information about the unknown error of the
QOI. The influence of the high order FE basis is not significant

to improve the performance of the estimator, while it is still
expensive, in particular, for the vector potential formulation.
The chosen sub-region size should consider a tradeoff between
the accuracy and the computation cost. Indeed, a small QOI
sub-region is more relevant to approximate a point value but
needs a finer mesh to ensure the performance of the estimator.

IV. CONCLUSION

In this article, a posteriori error estimate for the QOI
linked to the value of magnetic flux density is developed
for the potential formulations of magnetostatic problems. The
proposed error estimate needs the information on the primal
problems, as well as on their adjoint problems. Numerical
examples show that the proposed estimator can provide a good
agreement with the exact unknown QOI error.
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