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SIGN-CHANGING BLOW-UP FOR THE
MOSER-TRUDINGER EQUATION

LUCA MARTINAZZI, PIERRE-DAMIEN THIZY, AND JEROME VETOIS

ABSTRACT. Given a sufficiently symmetric domain Q € R2, for any k € N\ {0} and
B > 4mk we construct blowing-up solutions (ue) C H () to the Moser-Trudinger
equation such that as € | 0, we have HVueHig — B, ug — up in H& where ug is a sign-
changing solution of the Moser—Trudinger equation and u. develops k positive spherical
bubbles, all concentrating at 0 € 2. These 3 features (lack of quantization, non-zero
weak limit and bubble clustering) stand in sharp contrast to the positive case (ue > 0)
studied by the second author and Druet [8].

1. INTRODUCTION AND MAIN RESULT

Given a smooth, bounded domain  C R? and a smooth, positive function h on Q, we
consider the Moser—Trudinger functional I, : Hg (Q2) — R defined as

Ip, (u) == /Qhexp (u2) dz Yu € Hy (Q).

For any 3 > 0, let Ej g be the set of all the critical points u € Hj () of I, under the
constraint ||Vu||2L2 = (. Note that u € E}, g if and only if u is a solution of the problem

Au = Ahf(u) inQ e
u=~0 on 0, (Enp)

where we use the notation A := 7851 — 8%2 ,

28 _ 8
DIy (u).w [, hu?exp (u?)dx’
We first introduce the following definition in the spirit of [13, Chapter 5] (see also Re-
mark 4.8):

Definition 1.1. We say that 8 > 0 is a stable energy level of Iy, if, for all (h.), (Bc) and
(Ae) such that he — h in C3(Q) and B. — B with A\ = O(1), any family (u.) such that u.
solves (En, p.) with X\ = \. for all ¢ converges in C%(Q) to some u solving (En.5) as e — 0,
up to a subsequence. We say that 8 > 0 is a positively stable energy level of I}, if the same
holds true with u, > 0.

f(u):=uexp (u®) and X:= (1.1)

As a consequence of the Moser—Trudinger inequality [17,22], every 8 € (0,4w) is a stable
energy level of Ij,. Druet-Thizy [8] obtained that every 8 € (0,00) \47N* (N* := N\ {0})
is a positively stable energy level of Ij. In contrast to this result, we obtain in this paper
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that every § > 4 is an unstable energy level provided €2 and h are such that 0 € Q2 and the
following symmetric condition holds true for some even number [ € 2N*:

(A) Q is symmetric and h is even with respect to the lines

g . (g .
Ce— e e : <7< — 1.
Z; {(tcos(%),tmn(?l)) teR}, 0<5j<20-1

Under this assumption, we obtain the following:

Theorem 1.2. Let Q C R? be a smooth, bounded domain, | € 2N*, o € (0,1) and h €
Cl=22(Q) N C? () be a positive function such that 0 € Q and (A) holds true. Then every
B > 4x is an unstable energy level of Iy,.

In order to prove Theorem 1.2 we will construct a sign-changing weak limit wy with
arbitrary energy 8y € (0,8nl) and use a Lyapunov-Schmidt procedure to glue to wg an
arbitrary number k£ € N* of bubbles, all concentrating at the origin. This is in sharp
contrast to the positive case studied by Druet—Thizy [8], in which blow-up can happen only
at energy levels f € 47N*, the weak limit vanishes and the bubbles blow up at distinct
points. See also [5,6,9] for the constructive counterpart of [8].

To be more concrete, given h € C!=% (Q) N C? (ﬁ) and By > 0, using the symmetry of
2 and h, we will construct wy € E} g, such that

wo (71,0) ~ apz}, asax; — 0, for some ag > 0. (1.2)

Up to a perturbation and a diagonal argument, we can assume that wq is non degenerate,
and construct families h. — h in C? (ﬁ), Be — Po and we, 0 < e < gy, smooth with respect
to € such that w. € Ej_ g, and 0 > w, (0) 1 0 as € — 0. The behaviour (1.2) of the weak limit
wp near the origin will be crucial to glue bubbles and the value of w, (0) 1 0 will determine
the parameter 7. — oo (see (3.6)), which is the approximate height of the bubbles.

In fact, if B, is the radial solution to AB, = f(B,) with B, (0) = v, we will attach
to the function w. a fixed number k of perturbations of B,  along the z; axis, at points
(Te1,0) ..., (7ek,0). The centers (7. ;,0) of the bubbles will satisfy for some § € (0, 1),

kd kd _
68 <Ten <o < Tepp < TE, |Tei — Te j| > 6de,  de =7, /1

and, up to scaling, (71/de, . . ., 7 1 /d:) will converge to a zero of N = (N1 ... N¥), defined
in a suitable convex subset of R¥ as
, _ 2
N'(y1,...,yk) :== aolyﬁ 172 . (1.4)
— Yi — Yj
J#i
Note that, contrary to the case studied in [5, 6, 8], the function h (more specifically, its

gradient) plays no role in (1.4), hence at main order it does not influence the location of the
bubbles, which instead depends on ag > 0 and { as in (1.2) and on k.

—0,  (13)

A diagonal argument allows to treat the case Sy = 0. Thus we finally obtain:

Theorem 1.3. Given Q, I, o and h as in Theorem 1.2 and 3 > 4w, k € N*, 5y > 0 such
that 8 = Bo + 4wk, there exist wog € Ey g, and €9 > 0 such that for every ¢ € (0,e9), we
can find he — h in C%(Q), B. — Bo, ase — 0, w. € By p as in (1.2), numbers B — f3,
F. — 00, Ve, Te, 0- € R with v. ; ~ 7., 0. ; — 0 ase — 0, 7.; as in (1.3), and a function
ue € Ey_ . of the form
k
Ue = We + Z(l +0ci) By + Voo + Pei00,m s (1.5)

=1
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where the approzimate bubble Be,_, -, € Hj(Q) is as in Section 3.1 and the remainder
H(Q)-terms V. . . and ®. ., g. .. are given by Propositions 3.2 and 4.2. In particular,

VW llze = o(1),  [IV®erp. ez = 0(1), ase—0.

In contrast with several other works constructing blowing-up solutions to the Moser—
Trudinger equation, starting with del Pino-Musso—Ruf [5, 6], our Lyapunov-Schmidt reduc-
tion will be performed in H (2), avoiding the use of weighted C%-norms. While this is more
in the spirit of the seminal work of Rey [19], the elegance of working with the Hilbert space
H} () requires a very precise ansatz (see Section 3), and a very sharp analysis of the radial
bubble Ew as obtained in [8,14,15] and further extended in our Section 6. In fact, we will
construct the ansatz in two steps. First we construct the approximate solution

k
Ueyr = we + Z Be viri + Ye y r,
i=1

for every T as in (1.3) and v in a fairly broad range (see (3.4) and Proposition 3.2). Then we
shall strongly restrict the range of v (Proposition 3.3 and (3.28)) and add the terms 6, B; ., -,
to the ansatz. This will be crucial in the energy estimates of Section 4. In order to estimate
the error terms near the bubbles, we shall use the spherical profile of the bubble to treat
the blow-up regions as approximate spheres and apply Poincaré-Sobolev-type estimates, as
given in Section 7. Finally we will perform the Lyapunov-Schmidt reduction to find the
correct value (v, 0., 7.) and the correction term ®. - g, -, to finally obtain u. as in (1.5)
(see also Remark 4.6).

Recently, Problem (&, g) has received attention also when the nonlinearity f is suitably
perturbed. Mancini and the second author [16] constructed radial (both positive and nodal)
solutions w., to (&) on the unit disk, blowing up at 0 and having non-zero weak limit as
¥ — 0o, in the case h = 1, f,(u) = Ayu + Byuexp(u?) or f(u) = B uexp(u® — au) for
suitable A, 8, and a > 0. Grossi-Mancini-Naimen-Pistoia [12] constructed nodal solutions
up to (Ep,p) with h =1 and f,(u) = uexp (u2 + |u\p)7 having one blow-up point as p | 1.
Naimen [18] further gave a very detailed blow-up analysis of the blow-up of radial nodal
solutions to (£,,3) when h =1 and f(u) = uexp (u? + aju|?), & > 0. To our knowledge, our
work is the first one in which non-zero weak limits appear in the unperturbed case f(u) =
wexp(u?), and an arbitrary number of bubbles concentrates at the same point. Indeed, these
two phenomena cannot occur in the unperturbed case without (radial) symmetry breaking.

2. PRELIMINARY STEPS

This section is devoted to the construction of a smooth family of critical points satisfying
some regularity, symmetry and asymptotic conditions which we will then use in the next
sections to construct our blowing-up solutions.

Definition 2.1. For everyl € N*, p € N and a € (0,1), we let CP  (Q) be the vector space

l,sym
of all functions in CP* () that are even with respect to the line ly; for all j € {0,...,1 — 1},
where ly; is as in (A).

Definition 2.2. Let > 0, h be a continuous, positive function on Q and w € Ey 5. Then
we say that w is non-degenerate if there does not exist any solution v # 0 to the problem
{Av = Mf (w)v inQ

v=0 on 09, (2.1)

where A and f are as in (1.1). We let E,’Z’% be the set of all non-degenerate elements of Ey, g.
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The main result of this section is the following:

Proposition 2.3. Let Q be a smooth, bounded domain, | € 2N*, By € (0,87), a € (0,1)
and h € C'=22(Q) N C% (Q) be a positive function such that 0 € Q and (A) holds true.

Then we have the following:
(i) There exist wo € Ep g, N Cll)’:‘ym

as r1 — 0.

(ii) There exists ko > 0 such that for every k € (—ko,k0) \{0}, wy = (1 +K)wy €
Eﬁiﬁmﬂqlfym (Q)NC? (ﬁ), where 8, 1= §1+Ii)2ﬁo and h,, := hexp (—H (k+2) w%)
(iii) For every k € (—ko, ko) \ {0}, there exist h, € C'_ 2% (Q)NC? (Q) andeg () € (0,1)

l,sym

such that for every e € (0,e¢ (k)), there exist Brc > 0 and wye € Ep, . p.. N
che ()N C? (Q), where hy o == hy + ehy., such that the families (ﬂ575)0<6<50(ﬁ)

l,sym
and (w,@’g)ogggao(n), where By o = B and wy, o 1= w,, are smooth in € and moreover

O: [Wy,2 (0)]._y <0 and wy . (0) <0 for all e € (0,2¢ (k)).
Proof of Proposition 2.3 (i). Define

Q= {(xl,xg) € Q: |z < x1tan (%)}

Since 2 satisfies (A), we obtain that € is symmetric with respect to the line £y. In particular,
we can define the vector space H of all functions in H} () that are even in xo. Note that
(A) also gives that hlg is even in z2. By applying standard variational arguments (see for
instance Proposition 6 of Mancini-Martinazzi [15] in case h = 1 and H = H} (€41)), we then
obtain that for every By € (0,8I7), there exists a critical point wq of the functional Ij|,,

(Q)NC?*(Q) and ap > 0 such that wo (z1,0) ~ ax}

under the constraint HVU}OHiz(Ql) = /2l such that wy > 0 in ;. By using (A), we can
then extend wy to the whole domain 2 as an odd function with respect to the line ¢354
for all j € {0,...,0l —1}. We claim that wy € Ej g,. To see this, for every test function
v € H} (Q), we define

-1 -1

Usym ‘= ZU © 52j+1 oS — ZU © 52j+17

§=0 §=0
where Sj41 : 2 — (2 is the symmetry operator with respect to the line ¢5;4,. By remarking
that veym € Hg (21) and using vsym as a test function for the Euler-Lagrange equation of
ug, we obtain

Bo /
Vug, Vugym) dr = h sym AT 2.2
(0 Vo) e = g [0 o) s (22)
By changes of variable and using the symmetry of wg and h, we obtain
/ (Vwo, VUgym) dz :/ (Vwog, Vv) dz, (2.3)
o Q
1 1
/ hwi exp (wg) dz = — / hwi exp (w§) dz = — DIy, (wo) .w, (2.4)
o 2l Jq 21
/ hf (wo) vsymder = / hf (wo) vdz. (2.5)
o Q

By putting together (2.2)—(2.5), we obtain

_ 260
/Q <VU/()7 Vv> dxr = m [) hf (U)O) vdx
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and so wg € Ej, g,. Since h € C'=2 (Q) N C%* (Q) and 9N is smooth, by using the Moser—
Trudinger inequality together with standard elliptic regularity theory, we then obtain that
wy € CH () N C%* (Q). Since wolq, is even in x3 and wy is odd with respect to the line
ly;4q for all j € {0,...,1 — 1}, we then obtain that w is even with respect to fo; for all
je{0,...,1—1}, ie. wy € Cll:;ym (Q). Furthermore, since wy € C»* (Q) and wy = 0 on

l9j41 for all j € {0,...,1 — 1}, we obtain that DJwg (0) =0 for all j € {0,...,l — 1} and so
wo (71,0) = agz} + O (z1%) (2.6)

as 1 — 0 for some ag € R. It remains to prove that ag > 0. Since 0 € € and 2 is open,
there exists ro > 0 such that B (0,79) C Q. For every € > 0, we define

Sie(ro) :={(rcosf,rsinf) : 0 <r <rpand |0 <w/(2(+¢))}
and let vy : S;c (r0) — R be the function defined as
v, (rcos,rsinf) := r'€ cos ((1 4 ¢) 0)

for all (rcos@,rsin@) € S;.(ro). It is easy to check that v;. is harmonic in S (19),
continuous on S, (r9) and v, = 0 on B(0,79) N dS; ¢ (r9). On the other hand, since
Sie (ro) C 1, we have that wg is continuous on S;. (r9) and positive on S;. (ro)\ {0}
Furthermore, since h,wg > 0 in S; . (ro), it follows from the Euler-Lagrange equation of wy
that Awg > 0 in Sjc (ro). It follows that there exists d; . > 0 such that wg > ;v on
0S¢ (ro) N OB (0,79). By comparison, we then obtain that wo > ;v in S (ro). Since
v (r,0) = r'*¢ by taking € < «, we then obtain that the number aq in (2.6) is positive.
This ends the proof of (i) in Proposition 2.3. O
Proof of Proposition 2.3 (ii). It is easy to check that w, € Ej_ g, N Cﬁsm (Q) for all k €
(—1,1). Tt remains to prove that w, € E}Zflﬁn for k € (—ko, ko) \ {0} with k¢ small enough.
Assume by contradiction that this is not the case, i.e. there exists a sequence of real numbers
(Iij)j cn such that w,; is degenerate and x; — 0. Let v; be a nonzero solution of the linearized
equation

Avj = Ao, by, f' (wi,) v;  in Q
v; =0 on 01},

with

)\H . 26@ 260

’ DI, (wy,)we,  DIn (wo) wo

By renormalizing and passing to a subsequences, we may assume without loss of generality
that [[Vv;| . =1 and (v;),cy converges weakly to some function vy in H} (Q). By using
the compactness of the embedding H} (2) — L? () and remarking that 3, — By and
hy, Wi — h, wo in C© (Q), we obtain that (Uj)jeN converges strongly to vg in H} () and so
|[Vvol| - = 1. Furthermore, we obtain that v is a solution of (2.1) with x = 0. By using
the definitions of hy, 8. and wy, in particular noticing that h, exp (w?) = hexp (wj), and
recalling the equation satisfied by v; and vy, it follows that

/Qh (1 + Qwij) exp (w) vjvodz = %Dlh (wo) -wo /Q (Vu;, Vug) de = /th/ (wo) vjvodx

and so
w2 —w? )
hw? exp (w? vlvodx:/hﬁjiexp wg) vivodz = 0. (2.7)
| mos e (i) v [ sy e ()
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By passing to the limit into (2.7), we obtain
/ hw? exp (wg) vadr = 0,
Q

which gives wovg = 0 in Q. Since HVwo||2LQ = Bo # 0, by unique continuation (see Aron-
szajn [1] and Cordes [4]), we obtain that wg # 0 in a dense subset D of £ and so vg = 0 on D.
By continuity of vy, it follows that vo = 0 in Q. This is in contradiction with ||Vvg| ;. = 1.
This ends the proof of (ii) in Proposition 2.3. O

The result of (iii) in Proposition 2.3 will follow from the following:

Proposition 2.4. Letl € N*, p > 2, a € (0,1) and Q2 be a smooth, bounded domain such
that 0 € Q and Q) is symmetric with respect to the line ly; for all j € {0,...,1—1}. Let
By >0, he C’lp;yif (Q) N C?(Q) be positive in Q and Wy € Eg%o NCP5, () NC*(Q) be
such that Wy (0,0) = 0 and wo (r,0) > 0 for small r > 0. Let D be the set of all functions
he P22 Q)N C? (Q) such that

l,sym

[ @60 @) de <o
Q
where Gy is the Green’s function of the operator

2Bohf" (Wo)

A _ 2Polt) \Wo)
DIE (@0) Wy

with boundary condition G (-,0) |8Q = 0. Then D is a non-empty open subset of CP- 2 Q)N

l,sym
C? (ﬁ) and for every h € D, there exists g > 0 such that for every e € (0,e¢), there exist
B. >0 and w. € By 5 NCPE,, (@)nC? (Q), where he := h + eh, such that (B.)

l,sym 0<e<eg
and (We )< <., are smooth in € and 9. [w (0)]._, < 0 and W, (0) < 0 for all € € (0,&).

Proof. We begin with proving that D is not empty. Since Gy (-,0) > 0 near 0, Wy €
Cligm (Q) and @g (r,0) > 0 for small r > 0, we obtain that there exists zo € Q and ro > 0

such that G4 (-,0)wo > 0 in B (xg,70) and B (xg,79) C o, where
Do :={(z1,22) € Q: 0 < z3 < x1tan(n/l)}.

Let x € C* () be such that x > 0 in B (zg,79) and x = 0 in B (z9,70). Let xsym be the
unique function in Cf S_y2ma Q)nc? (ﬁ) such that xsym = x in . By symmetry and since

G7 (-,0) xwWo > 0 in B (z9,70) and x = 0 in B (z¢,70)", we obtain

/ G (0) Xeymf (o) dir = 21 / Gy (- 0) X f (o) da > 0,
Q Q

i.e. —Xsym € D. This proves that D is not empty. Now, we prove the second part of
Proposition 2.4. Since h € CF.2* () N C? (Q) and @, € Eg% NCre ()N C?(Q), it
20

l,sym l,sym
follows from the implicit function theorem together with standard elliptic regularity that
there exist a neighborhood A of k in CP_ > Q)nc? (Q) and a smooth mapping w : N —

l,sym /. ~ -
Clm () N C? () such that w (h) = Wy and for every h € N, U = w(h) is a solution of
the problem
~ 2B,hf(U
DI;; (wo) o (2.8)

U=0 on 0.
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Note that (2.8) is equivalent to U € B ha () where

B(il) _ BODIE(U);U.
DI (wy) .wo
In particular, we obtain that for every h € D, there exists ¢ € (0,1) such that for every
€ (0,e0), there exist B, = B (he) > 0 and w. = w (h.) € By 3 NCligm ()N C?(Q),
where h. := h+ eh such that (BE)
differentiating (2.8), we obtain

0<e<en and <w€)0§s§so are smooth in . Furthermore, by

(A — 28, (DI; (o) wo) " hf’ (wo)) 0. [w.]._y = W in Q

T ’wo) Wo
O [We]._y =0 on Of).

Since h € D, it follows that
0. [w. (0 eO*/G 0) hf (Wo) dz < 0.

Since Wy (0) = 0, by taking £¢ smaller if necessary, we then obtain that @, (0) < 0 for all
e € (0,&0). This ends the proof of Proposition 2.4. O

Proof of Proposition 2.3 (iii). The result of (iii) in Proposition 2.3 is a direct consequence
of Proposition 2.4 applied to B, := Bk, ho := h, and Wy := w,. O

3. CONSTRUCTION OF THE ANSATZ

This section is devoted to the construction of our ansatz. We let €2, [, « and h be as in
Theorem 1.2, fix 8 > 4m, By > 0 and k& € N* such that § = By + 4kw and let ag, Ko, €0, Bx,
Wiy Mgy Brey ke and hy o be as in Proposition 2.3. To prove that £ is an unstable energy
level of I, by using a diagonal argument, one can easily see that it suffices to show that for
every k € (—ko, ko) \ {0}, the number 8, + 4k7 is an unstable energy level of I}, . In what
follows, we fix k € (—ko, ko) \ {0} and for the sake of simplicity, we drop the dependance in
k from our notations. More precisely, we denote ¢ := €g (k), 8o := Bx, ho := Iy, Wo 1= Wi,
Be = Pr.e, he := hy o and we := wy. Remark that the new function wy still satisfies the
properties of (i) in Proposition 2.3 but now this function is moreover non-degenerate.

3.1. The bubbles. For every vy > 0, we let E,m be the unique radial solution to the
problem

AB,, = f(B,,) inR?
E"/O (O) = "0,

where f ( ) := sexp ( ) for all s € R. Note that by standard ordinary differential equations

theory, B, is defined on [0, c0). For every ¢ € (0,&0), o > 0 and z¢ € €2, we then define

B g,20 (@) := By (V/Ache (w0) |2 — 20| ) Vr € R?,

6. 28 _
DIhg (we) We DIh (’LUQ) Wo
so that B ., 4, solves the problem

ABc g o = Ache (20) f (Bzgay) in R?
E&’Yo,xo (3:0) = 70-

where

Ae 1=
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For every r > 0 such that B (zg,r) C Q, we then let B. ) 40 1 € — R be the function
defined as

BE:“/OJEOJ“ (.’L‘) = {

EEWO,IO (x) - CE,Vo,wo-ﬂ“ + A€,’7071707TH (m,xo) r€B (xOvT)

. (3.1)
Ae yo,w0,rG (w,20) otherwise

for all x € 2, where G is the Green’s function of the Laplace operator in 2 with boundary
condition G (-,zo)|yn = 0, H is the regular part of G, i.e.
1 1
G(z,29) = —1

o |z — xo]

+ H (z,z0)

and Ac 4, z0,ry Ce .20, are constants chosen so that Be o 20,» € C' (Q), i.e.

A&’YO:IO»T = /B( )A§5770710 d.]?, (32)
ZTo,T
n A xo,T 1
Cerpuan.r = By (VAche (o)) = =200 1~ (3.3)

3.2. The primary ansatz. For every € € (0,g0) and § € (0,1), let T¥ and T* (§) be the
sets of parameters defined as

TE @) = {y=(n,-- s m) €(0,00)" : |yi = 7| < 7., Vi€ {1,..., K} }, (3-4)
kd. kd.
Tf((;):z{T:(Th...ﬂ'k)ERkZ—5 <7 << T < 5

and |5 — 75| > 0de, Vi, j € {1,... k},i ;éj}, (3.5)

where 20kt 1 )
_ i1 1 p
¥, = n and d.:=7."" (3.6)
Huwe (0)] fwe (0)]
From (3.6), wo(0) = 0 and O:[w.(0)]c=p # 0, we get
2(k+1—1)In%y we(0) <1n’y )
we(0) ~ — —=, e~ =0(—=%), ase—=0, 3.7
© l Ve 0:[we(0)]c=o Ve (3.7)

and since wy (r,0) ~ agr! as r — 0, using the continuity of d.w. () jointly in & and x, and

(3.7) we get for some €1 € (0,¢)
we (75) = wo (%) + [we (77) — wo (7)) = O (d2) + e0c[we ()]e=2,

2(k+1—1)In% 3.8
~ 0 O~ 0) - 2EHLZINT o O
7.
uniformly in 7 € T¥ (§). For every (v,7) € T¥ (6) x T* (§), we define
k
UE,"‘{,T = we + Z Bs,’yt,na
i=1
where B; 5, r, := Be ~, 7,r., Ti := (73,0), and for §y € (0,1/2) to be fixed later,
re:=[, = exp(—72). (3.9)

Claim 3.1. Set A, -, r, '= Acyy 7. and Ce vy = Ce 7. For every 6 € (0,1) and
ie{l,...,k}, we have

47 1 2In7, 1
A i-Ti:+O<>7 O,in:_s‘i‘o(>7 3.10
conm = = i . = (3.10)
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4 2ln%y 1
0y, [Acryy 7] = i +0 ( ) and Oy, [Ceny ry] = HZ’YE +0 <2> (3.11)
71 75 Vi €
as € = 0, uniformly in (vy,7) € Tk (8) x T*(8). Furthermore, for every a > 0 and §' €

(0,1 — /&) (i.e. such that (1 —8") > ), we have

1 _ Oa,he (7)) ( 1 )
aﬂ AE o O —a d a—,—7 o o — = =0 f— 3.12
[ Y ] < a ) an [ &, ] hs ( 7,) . ( )

as € — 0, uniformly in (y,7) € Tk (8") x T (9).

The proof of Claim 3.1 is based on a precise asymptotic study of the bubbles B., and is
postponed to the Appendix.

3.3. Correction of the error at the bottom of the bubbles. In this section, we modify
our ansatz so to correct the error made outside the balls B (77, 2r.). We prove the following:

Proposition 3.2. Let Q,Nl o and h be as in Theorem 1.2. Let k, o, he, We, Ae, Ve, Ti
Te, 80, L¥ (), TF (8) and U, -, be as in Sections 3.1 and 3.2. Let x € C* (R) be such that
0<x<1linR, x=1in(—o0,1] and x =0 in [2,00). Define

Xe,r ( —1—ZX |.’1?—TZ|+’I" —rg)/r) Ve € R2.
i=1
For every 6 € (0,1) and &' € (0,1—+/28g), there exist £1(d,0") € (O go) and Cy = C1 (6,8") >
0 such that for every e € (0,e1(6,0")) and (y,7) € TE (') x TF (6), there exists a unique
solution WU, € CH* (Q) N C? (Q) to the problem

A (we + \IJE/‘/,T) A hEXa -rf( ey,r T U, s 'r) in € (3 13)
Ve Vr=0 on 05} '
such that U, ., - is even in xo, continuously differentiable in (v, 7) and
Cl CVl
Wenrllor < =5 1Dy [Werrlller < = (3.14)
Ve Ve
1
1D (@l + 1P [Werrlllco < == (3.15)
€

Finally, setting Ue 5 » := ﬁsmf + U, .-, there exists po = po (0,9") such that for every
p€[l,po], a>0andi€ {1,...,k}, we have
1
v (5)

1
= O( ) ||eXp( E'YT)Bgy'Yi:TilﬂRavT|
Ve
(3.16)

[10r; [Xer ) f Uey o)l = O ( ) [/ (Uey.r) 0, [Ueirrl1a,, |, =0 (F)  (3.17)

uniformly in (v,7) € T¥ (8') x T* (8), where R, := exp (—7.) and

||eXp( E'YT)]'A(T'HTE’RE)

k
A7, 7 R) = B(T, R)\B(7,r) and Q,,:=Q\ (U (75,7 ) (3.18)

forallR>1r >0
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In other words, the function
_ k
Ueyr = Uepyr + Ve qr = we + Z Be yiri + Ve (3.19)
i=1
where W, , ; is given by Proposition 3.2, is an exact solution outside the balls B (ﬂ, re + 7’3)
for all i € {1,...,k}, and it satisfies

AU, = { AB: .7, = AB: 5,7 = Aehe (77) f(Be ) in B (7,72)
v )\ShEXE,Tf (Ua,w,'r) m Q’I‘E,T‘
Since the proof of Proposition 3.2 is lenghty, but not necessary to understand the rest of the
construction, it is postponed to Section 5.
For later use, we also observe that (3.1), (3.6), (3.9), (3.10) and (3.14) give U.,,» =
507.(1+0(1)) in QL := B(7,re +72) \ B(7;, 7<), hence

f(UgWJ)::()(ﬁ;2%+OU)), in Q. (3.21)

(3.20)

3.4. Adjustment of the values at the centers of the bubbles. In this section, we
refine the range of the parameters v; so to optimize the error made in the regions B (77, 7:).
Let us start by expanding

Ue e (€) = Be i () + B, + FU) L (2) (3.22)
for all x € B (7, 7.), where

Eélf)y,r = We (?l) - CEy’Yz‘,th + A57')’7’,»7'iH (?“ ?Z) + Z A€7’Y_;’,T_7‘G (7_77 ﬁ) + \Ija,%‘l’ (?1) ) (323)

J#i
Fe(,i')v,T ((L‘) = We (1‘) — We (ﬁ) + A’f,%yﬁ (H(.I‘,ﬁ) - H (777,7?1))
+D Ay, (G (2,7) = G (70, 7) + Ve (2) = Ve 1 (7). (3.24)

J#i
Note that FE(Z%T (7)) = 0, so FE(QT is small in B (7;,7re). Instead the constant Eélf)”
might be large depending on the choice of v and 7. In the next proposition we show that
we can choose 7, (7) ~ 7, depending on 7 and ¢ in such a way that Ei% ( = 0 for all

ie{l,...,k}.

Proposition 3.3. Let do, €1 and V., . be as in Proposition 3.2. Then for every ¢ €
(0,1) and &' € (0,1 —+/280), there exists £5(8,0") € (0,21 (6,68")) such that for every e €
(0,2 (3,0")) and T € T* (), there exists a unique 7, (1) = (7175 ()5 Tk (T)) e Tk (4
such that 3, . () is continuous in 7 and for every i € {1,...,k}, we have

T),T

Ueq.(n)r (Ti) =i (1) and 7, (1) ~ 7, (3.25)
as € — 0, uniformly in 7 € TF (9).
Proof. For every v € I'! (§"), we denote 7 := /.. Welet [ := (1—4',1+¢) and E., :
I* 5RM E. . = (Eﬁ), e, E§’?) be the function defined by

EW (3):= = BY)  yyel* ie{l,... k}.

T Iy, e
In particular, E. , € C1(I*). By definition of d., G and H, we obtain
1 1 In%
G ) ~—In—n~=1 and H(F7) =0(1) (3.26)

27 d. 2lm
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as € — 0, uniformly in 7 € TF (§). Tt follows from (3.8), (3.10), (3.11), (3.14) and (3.26)
that E. , — By = (EV,-- ,ES?) in cl(Ik) as e — 0, uniformly in 7 € T% (§), where

B (5) = 2 ,Zf_w

foralli € {1,...,k} and ¥ = (31,...,%) € I*. In particular,
Ey(1,...,1)=0 and det(DEy(1,...,1))#0. (3.27)

By applying the implicit function theorem, it follows from (3.27) that there exists 5 (8,0") €
(0,1 (3,0")) such that for every ¢ € (0,62(6,6")) and 7 € TF (J), there exists a unique
e (1) € I* such that 7. (7) is continuous in 7, E. ; (% (7)) = 0 and 7. (1) — (1,...,1) as
e — 0, uniformly in 7 € T (§), i.e. there exists a unique 7, (1) = 7.7. (1) € I'* (§’) such that
. (7) is continuous in 7 and (3.25) holds true. This ends the proof of Proposition 3.3. [

Now, we refine the set IT'*(§’) by defining

: T) = {’V: (Y1,---,7%) € (0,0o)k e? ~Yie (1)< %7 Vie {17"‘7k}}7 (3.28)

€

where 7, _ (7),..., 9. (7) are the numbers obtained in Proposition 3.3 and
b = tY/2, (3.29)
where 71, is as in (3.9) and §; € (0,1/2) is a number that we shall fix later.
Note that for every 6,8 € (0,1), we have
T (r) c TF (8") (3.30)
for small € > 0, uniformly in 7 € T (§). Therefore, we can fix

1— /238,
2

in what follows and let €3 (0) € (0,e2(d,8’)) be such that (3.30) holds true together with
the results of Propositions 3.2 and 3.3 for all € € (0,3 (9)) and T € T* (6).

& =

3.5. An additional variation in the directions of the bubbles. We now introduce an

additional family of parameters § = (1, ...,6;) € R* and define our final ansatz as
k k
Us,’y,v’,ﬂ = UE,'y,T + Z giBs,'y,;,Ti = we + Z (]- + 01) Be,'yi,‘ri + \Ijs,'y,‘r;
i=1 ;
for

5. 1n7
0 € OF(5) == {9—(91,...,010 ERF: [0, < 252 vie {1,...,k}}, (3.31)

€

where 7, and J. are as in (3.6) and (3.29). Finally, we define
PE(6) = { (,7.0) € (0,00)" x TF (9) x O : v € T (1) ],

where TF (3), f: (7) and ©F are defined as in (3.5), (3.28) and (3.31), respectively.
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3.6. Pointwise estimates near the centers of the bubbles. We can now prove the
following:

Proposition 3.4. Let 7, (T) be as in Proposition 3.3. Then for every i € {1,...,k} and
0 € (0,1) we have

i 2In%, In7¥, i 2In%y, In7y, L.
0y, [Egzw] =~ 72 t+o < 72 > s Oy [Eé’)w] =~ 172 t+o 72 ) for j #1,
g € g €

; 2In%. _ Vi — Ve (T) - In7y
EQ” i (Vi = Vi (7)) § : T o(lv =7 ()l —
l
,}/E j?él ’Yg

as € — 0, uniformly in 7 € TF (§) and v € f’j (7).

Proof. Using (3.11), (3.23), (3.14) and noticing that for (v1,...,7%) € fls (1) we have v; ~ 7,
for j=1,...,k, we get

a’w [Eg’)y,r] = _a'w [067"/1'77'1'] + 8 i [A&'Yiﬂ'z‘} H (7—7’ 7-72) + a’Yz: [\I/E,’Yﬂ']
2Iny a7 1 2Iny In 72
=———5=(1+4+0(1)—- =0 1)+O<) = —— E—i—o( —=
2 ) 7z ( 72 72 72

as € — 0. For the case j # 1, using (3.6), we estimate

1 1
G(ﬁ,?j):%lndf—i—O(l):ﬁlnﬁg“‘O(l)’

uniformly in 7 € T (§), hence

9y, [Ee(lzw] =0y, [Acry; ;] G (70,75) + Oy (Ve 7]
dr (1 1 2Iny In 7?2
L (L vo) vo (L) =205 o (ME).
V2 (%l ! o 32 172 52

= 0, integrating the gradient of EéZ)WT with respect to v from 7, (7) to

(4)
€7 (7),7
a generic 7y € f’; (1), the last identity follows at once. (]

Now, since F

Proposition 3.5. For everyi € {1,...,k} and § € (0,1), we have

FE(Z)/T (z) = (aolﬂ'l_l - 73 Z : ! > (x1—m)+o <x— Tl) , (3.32)

’Yej

and for every i,j € {1,...,k},

0, [F),] (1) = O ('x . ”') (3.33)

¥2d.

as € — 0, uniformly in x = (z1,22) € B (7i,7e) and (v,7,0) € P¥ (4).
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Proof. Note that F\2) . (%) = 0. Then, by using (3.7), (3.10) and (3.15) and since w, =
wo + O (g) in C1 (), wo (r,0) ~ agr® as r — 0 and J,,wo (0,0) = 0, we obtain

1
F{), (z) = /0 (VE (1= )T +ta) a2 —7)dl

Ac vy s (1-t)7i +tz — 75,2

7/0 ((Vwo((lt)ﬂ+tx),x i) Z 27r|(17t)77+t:5777|2 )dt

J#i

2 1 T—T
+O0(lz—7) = aolTil_l - — Z (z1—m)+o | 1—17;l|
Ve i Ti —Tj 75

as ¢ — 0, uniformly in @ = (v1,22) € B(%,7:), 7 € TF () and v € fl: (1), hence proving
(3.32). Differentiating (3.24) and using Claim 3.1, (3.33) also follows at once. O

Proposition 3.6. For everyi € {1,...,k} and 6 € (0,1), we have

2 1
Ufa%‘rﬁ ({L‘) = BE,%‘,’H (x) + (aolTill I Z - ) (xl - Ti)

Ve
+o <|$1_1:§|> +0 (56111375> (3.34)
Ve 7

as € = 0, uniformly in x = (v1,22) € B (7i,7:) and (v,7,0) € P¥(5). In particular, for
every § € (0,1), there exists €4 (0) € (0,e3(0)), where €3 () is as in Section 3.5, such that

Beryr () >0 and Uz ry 79 > 0 in B (7,72) (3.35)
for all £ (8) € (0,4 (9)), (7,7,0) € PX(8) andi € {1,...,k}.
Proof. In order to prove (3.34),

it suffices to write
k
U&%Tﬂ ('T) = st'Yini (l‘) + Ee(??yn— + Fe(,l')y,r (I) + Z estv'ijTj (‘T) in B (?ﬁ TE)
j=1

and apply Proposition 3.4 to bound

k _

i 0:In7y
Eéf)Yﬂ' + § :eiBffmij =0 (535)
= e

and Proposition 3.5 to estimate FE(QT (x). It then follows from (3.34) and (6.2) that (3.35)
holds true for small ¢ > 0, uniformly in (v, 7,8) € P* (4). O

4. PROOF OF THEOREMS 1.2 AND 1.3

This section is devoted to the proof of Theorems 1.2 and 1.3. We let €2, [, a and h be as
in Theorem 1.2, fix 8 > 4w, By > 0 and k € N* such that 8 = o + 4km and let 5., he, we,

/\Ea ﬁm ﬁg? d57 Te, 651 607 517 ﬁi}g (7)7 Bs,vo,zoa AE,'y,:L’,r; Cs,'y,w,r; G> H7 BE,’Yi,Ti7 UE,'y,‘n Xe, s

Ve rry Uy, TF(6), f: (1), T* (8), ©F and P (§) be as in Section 3. We define
Re,'y;r,G = Us,'y,-r,@ - ATt P\shef (UE,'y,T,G)] . (41)

As a first step, we obtain the following:
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Proposition 4.1. Let €4 be as in Proposition 3.6. Assume that

3=V <5y <L and 0< 6 <30 —282 1. (4.2)

Then for every ¢ € (0,1), there exist €5 (9) € (0,4 (6)) and Cs = C5 (6) > 0 such that

0c In7y,
'Va

IR yr0ll gy < Cs (4.3)

for all e € (0,e5 (8)) and (v, 7,0) € PF(6).

Proof. For every ¢ € H} (Q), using that B. ., , € V.., integrating by parts and using
(3.20), we obtain

<R€,’y,7’,97w>H[} = <U5,'y,7',0 - A7 [)‘ h f( ,'\/79)] w>Hé

= [ (AU = ] W) s
Q
k S—
- >\E ~/Q <Z (1 + 91’) hs (?z) f (Bs,'yl',n) 13(?1-,7-5) + ths,Tf(Us;y;r)
=1

k
—hef (Ueryr0) ) Ydr + Y 0; /Q VAB. . -, dz. (4.4)
=1

By using the definition of x. , together with the mean value theorem, we obtain

k

Z 1+ 9 Tz) f( ,'y“'rl> ]'B(T7 Te) + the Tf( £,7, 'r) h f( £,7, 7'6)

= . -
Z ’h (73) m"ri) he f (U €,7,7,0 |+ 10:] he (T7) f (BE’%‘,H)) 1p@,r)
i=1

+ h Z |f €,7Y,T |1A (Ti,re,re+12) + h ’f £,7, ‘r) - f (Us,'y,‘r,&) ‘10%,.,.

k
Z 1 - tl) B €,7i,Ti + tergy,‘r,G) |U6,'y,‘r,9 - Es,'y.;,ri

=1
+ ‘Vhs ((1 - t2)ﬁ+ t2$)| |SC - ?l| f (EE,’W,‘H) )]-B(TT,TE)

k
+ he Z |f<U57FYvT) |1A(T7iv7‘57745+7’g) + <h5 (ﬁ) f (Esv'}/iy'ﬁi)

=1

k
+ hef’ ( MTHBZa B. .. )) > 10i] Be o r 1e,, (4.5)
=1

i=1
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for some functions ty,ta,t5 : @ — [0,1], where A (77, 7., 7. +r?) and Q,_, are as in (3.18).
Since Ac = A and he — ho in C* (Q), it follows from (4.4) and (4.5) that

<R€,'y,7',t9a Hl - (Z/ ( ]- - tl B €,%i,Ti + tlUS,'y,‘rﬁ) ‘Ue,'y,T,O - Ee,%-,‘ri
+lz -7l f ( €:%is 7'7‘) )1B(TT,TE) + |f(U€ v T) }1A(ﬁ,rmr5+r2)

w1 5W7+t4§ja.Brwﬁ>|e|Bs%T7 . lde). (4o)

7=1

For every i € {1,...,k}, by using (3.34) and remarking that f’ (u) < 3uf (u) for all u > 1,
we obtain

‘/B( ) (f/ ((1 - tl)Es,'yi,’ri + ter,'y,‘r,O) ’UE,’Y,’T‘,G - Ee,'y.;,ri + |.’L' - ﬁ' f (Es,'yi,ri))
TioTe

— dcIn7y, _
XMM=O<L()f@mwd(vﬂ4-wm—M)Mw) (17)

By integrating by parts, we obtain

L( f (Bemnn) 11 d = O (7)™ (Becyms [¥1)

< Ahe 7)) 1 Beiemillags 19l = O (10l ) (48)

On the other hand, for every p > 1, by using Holder’s inequality together with the continuity
of the embedding H} (Q) — i (), where p’ is the conjugate exponent of p, we obtain

/B( )f (EE,%,H) ‘Jj - T71| |¢| dx - O (Hf (Ee,’yi,n) |$ - 7'71| 1B(-,—7’TE) p Hw”Hé ), (49)

/ - ’f(UE,"/,T)’ W| dx = (Hf( £,7, ‘I')]-A('r1 rs,r5+r2
A(Ti,re,re+12)

/Q (f(B m,n)+f< Ew+t4293,wj> m,n) | da:

re,T j=1

j=1

103 ), (4.10)

ol )- (410)
Lp

By rescaling, we obtain

9 — _ p
ip = /u‘fl_ / f (BE,’Ym‘ri (Ti + /u'iﬁx)) “T|p da,
B(0,7</pie)

||f (E&’h‘»ﬂ) |z — i lB(TT,Te)

where yu; . is defined by p?_ = 47;,52 exp (—’yza). By using (3.10) and (6.2), it follows that

Hf (E&’n,n) |$ - ?z| 1B(7—T,r5) ZP

p
1 1
=0 /ﬁ’“/ flyvie——Mn |z|” dz
(” BOr/me) \ e 14 Ahe (7)ol
2- 2- = \7
— O /'Li,Ep |I|p dI _ O Mi,Ep . 66 lnrYE 4 12
- ~P — 2\2p | P =0 _241/1 ( : )
Ve B(0,rc /i) (1 + Ache (Tz) ‘JJ| ) Ve Ve
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provided we choose p such that 2 —p > p (61 +1/2), ie. 1 < p < 4/(261 + 3), which is
possible since §; < 38p — 202 — 1/2 < 1/2. As regards the terms in the right-hand sides of
(4.10) and (4.11), by using (3.10) and (5.11) and proceeding as in (5.12)—(5.15) and (5.29),
we obtain

1 (Uerrr) Lagm e retety 1o = O (F2In (14 r2) exp ((pdo — 1) 8677 + 0 (7.)))

(- 2)ereon)) ((S2)). s

k P
H <f (Bsm,n) +f <Uemm +14 Z 6]'367'7;',7;) Bsm,n) 197-5,7

j=1

Lp

. 1
=0 (vi”“ exp ((pdo — 1) 672 + 0 (7)) + = / In|z — 7|+ O (1) dx)

€ le s

=o(1) (4.14)

as € — 0, uniformly in (v, 7,60) € P¥ (§), provided we choose p such that

g

3 14 1
(p60_2> 50<—§ (51+2> and p50—1<0,

36 1 36
i.e.1<p<min< 0 ) 0

20240, +1/2°80) 282 +6,+1/2°
which is possible when assuming (4.2). By putting together (4.6)—(4.14) and using the fact
that |0;| < 8.7-*In7., we obtain (4.3). This ends the proof of Proposition 4.1. O

We let H be the vector space of all functions in H} () that are even in z2. For every
T€TF(5) and v € f]; (1), we define

Veryor = span{Zo,ic v, Z1ier,ms Beyimi icic
where
ZOJ',E,%T = a%‘ [U&%T,O] and Zl,i@%T = 87'1' [UE,%ﬂO] Vi e {17 R k}

Note that U 4+ 0 € Hand V, , - C H. Welet Il , ~ and II1_ _ be the orthogonal projection

€7,
of H onto V., r and VE}{M, respectively. We obtain the following:

Proposition 4.2. Assume that (4.2) holds true. Let €5 be as in Proposition 4.1. Then
for every 6 € (0,1), there exist e (§) € (0,e5 () and Cs = Cg () > 0 such that for every
e € (0,86 (6)) and (v,7,0) € PF(0), there exists a unique solution .9 € V22,  to the
equation

0L (Ueriro + @eyiro — A7 Aehe f (Ueyirg + @eyr0)]) = 0 (4.15)
such that 5 e
n
[Pe .m0l gy < Co 572%. (4.16)

Furthermore, ®.  » ¢ is continuous in (v, T,6).
The proof of Proposition 4.2 relies on the following:

Lemma 4.3. Let €5 be as in Proposition 4.1. For every § € (0,1), there exist ef (0) €
(0,5 (0)) and CL = CL(8) > 0 such that for every e € (0,¢5 (8)) and (v,7,0) € P¥(6), the
operator Le ¢ : VL VL defined by

;7,7 £,7,T

Lerrp(®) =T (@~ A [Nhef (Ueryro)®]) VO eV

£,7,T £,7,T

(4.17)
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satisfies
19073 < C5 [ Leiymo (Pl - (4.18)

In particular, L ~ r ¢ s an isomorphism.

Proposition 4.2 and Lemma 4.3 (together with Proposition 4.4 and Lemma 4.5), are the
heart of the Lyapunov—Schmidt procedure. We prove them by using a similar approach
as in the case of higher dimensions (see for instance Deng-Musso-Wei [7] and Robert—
Vétois [20,21]). Aside from the usual differences in the computations due to the exponential
term, the main difference here lies in the use of the Poincaré-Sobolev inequalities (7.2) and
(7.7), which take advantage of the additional dimensions of the kernel V. . , given by the
directions of the bubbles.

Proof of Lemma 4.3. We proceed by contradiction. We assume that there exist sequences
(5n7’7n77n7 gna (I)n)neN* such that En — 0» (’77177—71: an) € Psk (6) and

O € Ve prs 1 ®nllgy =1 and  Le, im0, (20)ll gy =0 (1) (4.19)
as n — oo. For simplicity of notations, we denote %, := 7. , 7, = 7., dp = dc,,
Ap 1= )\sna hy, = hsnv Wy = We,,, v, = \Ijsn,'ynn'nv U, = Usn,'yn;rn,()nv Ei,n = Een,'yi,n,mv
Bi,n = BEm’Yi,mTi.,n7 L, = Lgmfym-,-mgn, ‘/nL = vai’,ym_rn and Zj,i,n = Zj,iﬁm’vn,Tn for all i €

{1,...,k} and j € {0,1}, where vp, := (Y1n,---sVkn)s Tn = (TLns- > Thm), Tim = (Tin, 0)
and 0, := (01, .., 0kn). It follows from (4.19) that

)\n/ hof’ (Un) 02z = [0l — (@ L (@) g = 1+ 0 (1) (4.20)
Q
as n — oo. On the other hand, since f’ > 0, A, = Ao and h,, = hg in C° (ﬁ), we obtain

A | hof (Uy) @idx =0(1l,), wherel,:= [ f' (U,) @idm. (4.21)
Q Q

In what follows, we will prove that I,, — 0 as n — oo, thus contradicting (4.20) and (4.21).

Estimation of I, in the balls B (T;,,ry). Fori € {1,...,k}, by rescaling and using (4.19),
we obtain

/ F (U) B2dz = 422, / (AT 4 i) B2, (4.22)
B(Tin,Tn) © I B(0rn /pin)

/ (V®,, Vo )da — Anpi2,, / o f (Vi Un + Yin) ®ntbda
(Q_T‘n)/l‘i,n (Q_Tim/)/l’%,n

—o(|Vel.) Ve O (RY) (4.23)

as n — 0o, where p; »,, fzn, </I;n and ﬁn are defined by
/Lzz,n = 4’71_,3 exp (_72.27”) , iln (-T') = hy (m + ,Ui,nx) ,
:I;n (x) == @p (Tin + pinx) and ﬁn () == Yin (Un (Tim + 1in®) — Yiin)
for all z € (1 —7;,)/n. By using (3.10), (3.34) and (6.2), we obtain
1
n 2
14+ b (Tin) |2

as n — oo, uniformly in € B (0,7,/pi,n). By using (4.24) together with the definition of
i n, We obtain

Un (.’E) ~ Yin (Ei,n (m + /’(”L,Tlx) - 'yi,n> ~ 1 (424)

8
(1+ Ak (i) |2*)?

12 8 (ViU + i) ~ (4.25)
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as n — oo, uniformly in € B (0,7,/f; ). By remarking that
[Vl 2 = Va2 = 1

and using (4.23) and (4.25), we obtain that (:ﬁn)n converges, up to a subsequence, weakly
in D12 (R2), strongly in LY (RQ) for all p > 1 and pointwise almost everywhere in R? to a

loc
solution @ of the equation

Adn — 8Xoho (0) @ i R2

= 5 (4.26)
(1 + Xoho (0) |z[*)

Furthermore, since ®,, € H, we obtain that <f>0 is even in z5. By using a result of Baraket—
Pacard [2], it follows that ®y € span {Zy, Z1}, where

1= 2oho (0) |2

2Xoh
= 5 and 7 (z):= ofto (0) 71
1+ Xoho (0) [

_ 20T gy e R,
L+ Aoho (0) ||

ZO ({E)

In particular, note that the Poincaré—Sobolev inequality (7.2) applies to ®,. On the other
hand, for every i € {1,...,k}, since ®,, € EEJ:“%JTL, we get (Bj n, q)n>H3 = (Z0,in, (I)”>Hé =
(Z1,5m, Pn) = 0, which, by integrating by parts and using the equations satisfied by B; ,,
Z0,in and Zy ; 5, gives

/ [ (Bin) ®pdz =0, (4.27)
B(Timrn)

A (Fim) / o I (Bin) 05, [Bevrs) ., Ouda + (0,0, [qumw,o]wzﬁm =0
B(Tin,Tn ’ 0

(4.28)
together with an analogous estimate for the derivative in 7;. It follows from (4.19), (4.27)
and the Poincaré-Sobolev inequality (7.7) that

[ rBa) ek o (Ve ) —oq). (4.29)
B(Ti,n:rn)

On the other hand, by using Cauchy—Schwartz’ inequality together with (3.14), (3.15) and
(4.19), we obtain

<‘I)n7 8'Yi [\IIEH ;"/;Tnvo]'y:fyn >

as n — 00. By rescaling, it follows from (4.28) and (4.29) that

=o(1) and (®,,0,, [Ve, o, vl ) =0(1)  (4:30)

HY Hy

2, / ' Bim (T + pin)) B (2)2dz = O (1), (4.31)
B(Ovrn/‘ui,n)
(@000 Wl ) = Aol G [ (B (7 + )

X Ony, [Fenmm (ﬂ + /Ji,nx)h:% ‘i\)n (z)dw. (4.32)

Here again, we obtain an analogous estimate to (4.32) for the derivative in 7;. By using
(6.2) and (6.3) together with the definition of y; ,, we obtain

0y, [Bey vy (Tin + 1in )] — Zy () for a.e. x € R?, (4.33)

Y="n



SIGN-CHANGING BLOW-UP FOR THE MOSER-TRUDINGER EQUATION 19

6%- Ban,%rn (T,n + ,ui,nx)] N =n =0 (1) ) (434)
_ - 71 (z 1
Ori [Bew i r0) (Fom + Mi7nx):|7':7‘i,n - ,UzlnEYz)n o (Nz’,n%‘,n) (4:35)

as n — 0o, uniformly in x € B (0,7,/p;,,). For every R > 0, since (&)")n converges strongly
to EISO in Li (RQ), it follows from (4.24), (4.25) and (4.33) that

Min / 0.8 I (Ei,n (Tim + .Ui,nx)) Or, @Enmm (Tim + Ni,nx)]yz% (/Isn (v)dx
B(0,R
87 (z) O (z) da

—>8/ 73
B(0.R) (1+ Aoho (0) |z]7)

as n — co. On the other hand, by using Holder’s inequality together with (4.24), (4.25),
(4.31), (4.34) and (7.2), we obtain

(4.36)

1in / F' (Bin (Tim + 11i,n%)) Oy, [Be, oy mime (T + i,n%)] @ (2) do
A(0,R,rr /i n)

Y=n
1/2
=0 ,U*zz,n / f/ (Ez,n (Ti,n + Nz’,nz)) dx
AO,R,rn /i n)

1/2
dx
-0 (/B(O.,R)C (14 Ao (i) |2 )2> =or(l), (4.37)

~ 1/2
Zo (x) Po (x)dx | dz Y
/B =0 </B<O,R>c(1 + Aoho (0) x|2)2> n(l), (4.38)

0.0 (1 + Aoho (0) [2]*)?
where og (1) — 0 as R — oo, uniformly in n € N*, where A (0, R, /i) is as in (3.18). It
follows from (4.30), (4.32) and (4.36)—(4.38) that

/ Zo (2) Do (z) dz
%2 (14 Aoho (0) |2[*)*

=0. (4.39)

By proceeding in the same way but using (4.35) instead of (4.33)—(4.34), we obtain

/ Zy (@) B () dz (4.40)
22 (1+ Aoho (0) [2)?

Since ®y € span {Zo, Z1}, it follows from (4.26), (4.39) and (4.40) that ®, = 0. For every
R > 0, by using (4.25) and since ((I)”)n converges strongly to ®g in L120c (R2), we then
obtain

1 / f’(yijgffn + i) 2dz = 0(1) (4.41)
B(0,R)

as n — 00. On the other hand, by proceeding as in (4.37), we obtain

,uin / f’(’yfgﬁn + ’yi)n)q)fldx =og (1), (4.42)
A(0,R,rr /i ,m)
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where og (1) — 0 as R — oo, uniformly in n € N*. It follows from (4.22), (4.41) and (4.42)
that
/ f(U,) ®%dz = o(1) (4.43)
B(TinsTn)
as n — oo.

Estimation of I, in the annuli A (Tipn,Tn, Rn), where R, = exp(—7%,). For every i €
{1,...,k}, for small p > 1, by using Holder’s inequality, (3.16) and (4.19) together with the
continuity of the embedding H{ (Q) — L2’ (Q2), we obtain

/ 7 () @3 = O (|| (U) L, >HLP||<I>”H?{3)
A(Tin,rn,Rn)

=0 (If W) Larrnmn ) =) (444)

as n — oQ.

Estimation of I, in Qg, .. By using (4.19), we obtain that (®,), converges, up to a
subsequence, weakly in Hg () and pointwise almost everywhere in  to a function ®.
Furthermore, (4.19) gives that

/ (VO,,Vp)ydz — A | hnf (Up) ®pipdz = o (1) (4.45)
Q Q

as n — oo, for all ¢ € C° (2). By rescaling as in (4.22) and using (4.25) together with the
fact that ®, — 0 in D2 (]RQ), we obtain that

Z /B I (Un) @pypdz = o(1) (4.46)

as n — oco. By using similar estimates as in (4.44), we obtain

Z / / (Un) ¢, dr =0 (1) (4.47)

as n — 0o. By using (3.10), (3.14) and since w,, — wo in C° (Q), we obtain that U,1g,
is uniformly bounded and converges pointwise to ug in §2. Since moreover ®, — ®q in
H} (), Ay = Ao and hy, — ho in C° (Q), it follows from (4.45)—(4.47) that ®; is a solution
of the equation

A(I)() = thofl (wo) @0 in R™.

Since wyp is non-degenerate, we then obtain that ®; = 0. It then follows from standard
integration theory that

/ f(U,) ®2dx = o (1) (4.48)
QRTL7TTL
as n — oo.

Finally, by combining (4.43), (4.44) and (4.48), we obtain a contradiction with (4.20) and
(4.21). This ends the proof of Lemma 4.3. O
Proof of Proposition 4.2. We let N¢ ;¢ : VE{Y - VEfMT and T; v 6 : VEf%T — VE{/ - be

the operators defined as
Ns,*y,‘r,@ (CI)) Hé'v T(A_l[)\shs(f (UE,’y,T,G + (I)) - f (UE,’y,T,G) - fl (UE,’Y,T,G) (I))])a
TE,'y,T,B (CI)) == LE }Y 7.0 (Ne,'y,r,e (CD) - Hj’»y_’—r (Re,'y,T,O))
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for all ® € V- ., where R. ;¢ and Lc ¢ are as in (4.1) and (4.17). Remark that the
equation (4.15) can be rewritten as the fixed point equation T, . (®) = ®. For every

C>0,¢e€(0,e%) and (v, 7,0) € PF (), we define

5. 07,
Vi €)= {@ Vs ol < 0572
1>

We will prove that if C is chosen large enough, then T , ;¢ has a fixed point in V, ;¢ (C).
By using (4.18), we obtain

172 rr0 (@)l < C(INe 70 (®) gy + [ Rermo]

For every ®,,%9 € Vi 4,0(C) and ¢ € Vy’:Y’T, by integrating by parts and applying the
mean value theorem, we obtain

<N€,"/77',9 ((I)l) - Ne,’y,T,G ((1)2) ) ¢>Hé

Y /Q he (f (U + 101 + (1= 1) ®3) — ' (Uns ) (D1 — By) i

b )- (4.49)

_ )\E/ hef" (Ueymg + 5101 + 5 (1 — £) Ba) (151 + (1 — £) Bo) (b1 — ) b (4.50)
Q

for some functions s,¢: Q — [0, 1]. Since A. — Ao, he — hg in C° (ﬁ) and f” is increasing,
it follows from (4.50) that

<N6,'y,-r,6' (él) - Ne;y,‘r,@ ((D2> 7¢>Hé

=0 (/Qf (IUe im0l + [®1] + |@2]) (|D1] 4 |D2]) [@1 — Do [¢/] da:). (4.51)

For every p > 1, by using Holder’s inequality together with the continuity of the embedding
H} (Q) < L3 (Q2), we obtain

/ F (Ue iyl + [®1] + [@a]) (|@1] + [@2]) |91 — P[] d
Q

= O (I (Ve ol + 1941+ 1021 o 191] + [l 101 — Dol gy [0l )~ (2:52)
Since f” is increasing, we obtain

F" (Ueyrp] + | ®1] +@2]) < 7 (Usyirio) + f(D2), (4.53)

where _ _
UE,’Y,T,G = (]_ + (55) |U5ﬁ’7—’9| and (I)E = (1 =+ 56_1) (|(D1| =+ |(I)2D .

Remark that 55 — 0in Hg (Q) as e — 0 since &1, P € Ve y,70 (C). By using Holder’s in-
equality together with the Moser—Trudinger’s inequality and the continuity of the embedding
H} () — L% (Q), we then obtain

17" (@)l o = 2@ (3 + 282) exp (92) | 1
< 2 ey (3 + 20| ) [ exp (82)] 2 = 0 (1) (4.54)

as € = 0. For every i € {1,...,k}, by remarking that f” (s) < 6sf’(s) for all s > 0 and
using similar estimates as in (4.24) and (4.25), we obtain

= — 2
F"(Ueryr (2)) = O DR (4.55)
(7 () + e —7l*)
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uniformly in « € B (7, 7.), where Ti; (7) is defined by
7 (1) o= 47, (1) exp (=7 (7)?).
It follows from (4.55) that
| (Ueriro) ool = O (3: (D)7 (1)), (4.56)
where p’ is the conjugate exponent of p. By using (3.16), we obtain
=0(1) (4.57)

as € = 0, where R, := exp (—7,), provided we choose p such that p < 1/§y. Furthermore,
since Uy -, ¢ is uniformly bounded in Q2g_,, we obtain

1" (Ueryr0)Lan, |, = O(1). (4.58)
By putting together (4.51)—(4.53), (4.54) and (4.24) and (4.58), we obtain

INey.m.60 (®1) = Neiy r0 (R2) gy = O (% (T 7 (1) 727 (11| + || (101 — ‘I’2|\H5)
(4.59)

1" (Ueyr0) La(m e 1)

Remark that since ®1, Py € V; , 7.9 (C), we obtain
i (1) 7, (1) 727 | @1+ ||y = 0 (1) (4.60)
as ¢ — 0, provided we choose p such that 2/p’ < §; +1/2, i.e. p <4/(3 —201). It follows
from (4.59) and (4.60) that
[Ne .m0 (®1) = Neyrio (@2) | g1y = 0 (1|21 — ol ) (4.61)

as ¢ — 0. By using (4.3), (4.49), (4.61) and since N¢ 79 (0) = 0, we obtain that there exist
g6 (0) € (0,e5(d)) and Cg = Cg (6) > 0 such that for every € € (0,e6 (§)) and (v, 7,0) €
PY(68), T. +p is a contraction mapping on Vz ., (Cs). We can then apply the fixed
point theorem, which gives that there exists a unique solution ®. -9 € Vz 4 -6 (Cs) to the
equation (4.15). The continuity of ®. . in (v, 7,0) follows from the continuity of U. 4 - ¢,
Zo,iem,70 and Z1 ;e .70 0 (7,7,6). This ends the proof of Proposition 4.2.

As a last step, we prove the following:

Proposition 4.4. Let € and ®.~ -9 be as in Proposition 4.2. Then there exists 67 €
(0,1) such that for every 6 € (0,d7), there exists €7 (5) € (0,e7(J)) such that for every
e € (0,e7(6)), there exists (Ye,Te,0.) € P (8) such that

UEW/E,TE,GE + ¢5/‘/57ng05 =A™t [)‘sth (Ue,va"rgﬁa + (1)8,%,75,95)] : (4'62)
The proof of Proposition 4.4 relies on the following:
Lemma 4.5. Set
Reyiro = Uenro + ®erymp = A7 ehe f (Ueiyro + @)
Then for every i € {1,...,k} and § € (0,1), we have

k —
~ , , dr . dc In
<R87%T79’ Z07i787%T>H1 = —8m E Oy, [Ee(?y),r] (Ee(?y),r + 9]‘75) + gEa(f)w t+o (%) )
0 j=1 €

€

(4.63)

_ i _ J
=877, (EQLJ + emg) +0 <’;) , (4.64)

0 €

<R67%T,97 Bem,n>H
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~ 4 _ 2 1 1
<Ra,'y,'r,9a Zl,i,a,'y,'r>H1 = _7 (CLOZTZ‘Z t— 77 § . > +o0 <2d ) (465)
0 IS5 ;ﬁ’L J

as € — 0, uniformly in (vy,7,0) € PF ().

Remark 4.6. As an evidence of the strong interaction generated by the Moser-Trudinger
critical nonlinearity, we stress that the variables 0 and ~ are intricately coupled in the ex-
pansions (4.63)—(4.65) used to determine (e, 0c,7c). This is not the case for 2-dimensional
Liouville-type equations (see for instance [3]), for which it is possible to construct blowing-up
solutions without introducing neither the parameter 6 nor the bubbles B; ., -, in V. . (see
for instance [10] working also in the HE(Q)-framework). Finally, even not facing a situation
with clustering or nonzero weak limit like ours, it is delicate to get a clean energy expansion
in the Moser-Trudinger critical case (see [6]). In particular, this expansion has to eventually
fit with the cancellation pointed out by [15] for the blow-up solutions.

Proof of (4.63). We start with computations that will be used also in the proofs of (4.64)-
(4.64). Given Z € H}(Q), integration by parts yields

<Es,'y,7,97 Z>H1 = /Q[A(Us.fy,f,& + (I)s,'y,r,e) fs( €,7,T,0 + (I)s YT 9)]Zd-75

0

where we use the notation f. = A\.h.f.! We now expand for real numbers U and R,

exp[(U + R)?*] = exp(U?) exp(2UR + R?) = exp(U?)[1 + 2UR + O(U*R?)] (4.66)
uniformly for [UR| < 1 and |R| < 1 < |U|, so that, recalling that f’ (t) = (1 + 2t*) exp (£?),
fU+R)=fU)+f (U)R+0 (UR?exp (U?)), (4.67)

and similarly for f. since Ach. = O (1). We apply this to
k N k
U=Uecyr=muet z Beyiri Ve yry R=Qcqyqrp:= Z 0:iBe v, + Peyro (4.68)

=1 i=1

to obtain

k
Je (UE,%Tﬁ + q)&%n@) fe (Ue €7,T )+ fs (Ue €77 (Z 0iBe i r + Q&%Tﬁ)

=1
+0 (exp (U2, U2, 82, ).

Recalling Proposition 3.2, and in particular that U, , , is an exact solution outside the balls
B (7'7, re + T?), we get

<§E,’y,7’797 Z/ ) ,'y r— fe ( £,Y,T )] Zdz
+Z/ i = J2 (Ui ) 2

+ Zej / [AB&WW — fe (U r) BE’W’TJ'] Zde
j=1 7%

1We shall always write f-(U) instead of f-(z,U), ignoring the dependence on z.
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+/[A €,7,7,0 fa( ,'YT)(I)E,%T,Q]ZdJU

(/ |U5’Y7'| exp E"y‘l’) z,'y,T,OZ|dx>

k
=Y [(4); + (A); + (B);] + (C) + (D), (4.69)

j=1

where Qf := B (7, r- + 172) \B (T3, ). We now set Z = Zg ;- .- in (4.69) and estimate the
various terms.

In order to evaluate (A) := E§:1(A)j7 expand as in (3.22)

Ueryr = Bepyy s+ B9+ FY) . in B(7,7.). (4.70)
Using Proposition 3.5 and omitting some indices, we get

. xT — T

(x)=EY) _+0 <de|> = R} (z) + R}, (4.71)
Vele

for all x € B (7j,re), where the letters s and r stand for “symmetric” and “remainder”,
respectively. Using (4.70) and (3.33), we get

ZO,i = ZO,i,s,'y,‘r = a’yi @5 v 75 T R]
Oy, [Ber, 7 (x) + EY) 1 +0(lx = 7)), in B(7,r.), (4.72)
where we also replaced O (|z — 7|/ (2d.)) by O (|z —7;|) for simplicity. Using Proposi-
tion 3.2 and (3.20), i.e. AB. ., -, = AB., 7, in B(7},7.), we can write

;= [ (8B, f (Ueyr)] Zosd
B(75,7e)

We now Taylor expand as in (4.67) with

R=R; =W 4+ W

€,Y55T5 0 577’ £,7,T?

U=B
and since B, ., = is an exact solution in B (7, r.), we estimate

;= [ 8By = A ()] (B, )] Zusde
B(7j,re)

=0

_ / Xl () f (Beny =) Zo.di — / Nehef' (Ben, ) Ry Zoade
B(7j,re

B(7j,re)

+O </( 75 exp (Bg Yis TJ)R2|Z0 Z|dﬂj> . (473)
B(75,re

Observing that h. — he (77) = O (|z — 7]), using (4.71) to bound F%) .. writing

P (Bery ) = O (7.f (Ben, 7)) = 0 (F2exp (B, ). in B(mme).
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and using |Zy ;| = O (1), we simplify to

A= [ AR B ) B 0 B, 4 )i

+0 (/B( )’ya exp (B2, =) (|E<J> Pt TJ|> dx) . (4.74)
Now write
0y, [Bey s + BY) 1] = 61505, [Beyuim] + 05, [EY) ], on B(T,7e),
where §;; is the Kronecker symbol. Observing that
Berymy (@) = By, (Ve (2 =), where Aoy = Ache (7). (4.75)
with the change of variables \/E (¢ —7;) =y and Proposition 6.3, we get

— — 1
Mejf' (Ben, = d:v:/ 1 (B, dy87r+0(), (4.76)
fo ol Beamaz= [ (B =

where P%’ is as in Proposition 6.1. With the same change of variables and Proposition 6.3,
we also get

_ - dm+0(1)
)\ei/BemaiBgmd_/ (B, Zopdy = ——— 22
/B(Ti,?"s) if'(Beiim) Oy, [Beyuim] do B(07\/Er5)f( 1) Zondly 2

where Zj -, is as in Proposition 6.2. Now, using Proposition 3.4, the dominant term in (A),
becomes

EE(J')Y T /B( ) >‘€-,ij (E&W»TT) (8%: [Eg')w] + 0y, @61’717?.7]) dy

1 47 +o(1)
B, ((87r Lo (72» o, [EY)] - %WQ)

=-EY) (&ra[ - 51]>+0<5€};%>

Concerning the remainder term in (4.74), again using Proposition 6.3, we have

/B( )eXp (Ezﬁjfj)f‘sgdx =0 (7.62) = o <(S ln75> ’

72
and, with the usual change of variables and Proposition 6.4, we obtain

—2 _ _ 380—26240(1 380—282+0(1
/( )exp (Bsm,?j)'yg lv —7jldz =0 (72/‘%0 ( )) O (ME o2kl ))
B(7j,re

.y (5 In 'ys) ,
'Ye
where in the last identity, we used that J, 51“/2 and 380 — 263 > 01 + & thanks to (4.2),

so that
95240 1)
M:;(So 255+0(1) _ (Z) , for any a € R.

€

We therefore get

4 de In7y
(A); = —EY) . (8#6 [EY) ] - 5ij£> +o (115%)

€ 53
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Summing over j, we then obtain

k 0cIn7y
= (A); = -8 Z EY) 0, [EY) ]+ = E(g , (556) : (4.77)
Jj=1 =

As for the error term in the annuli, we have from Proposition 3.2,

()= [ O = 1) 2 (Uer) Zoic i,

€

hence, from (3.21),

_ io (|Qg\ﬁ§253+°“)> -0 (ﬁ§50725§+0(1)) ((5 lnve) 7 (4.78)

Jj=1 7e

where in the last line, we used that d. u?“” and 38y — 262 > 61 + 1/2.
We now move on to the estimate of (B). Integration by parts and using that Us -, is an
exact solution outside the balls B (ﬁ, re + rg) give

(B), =6, / (AZos — f (Uery6) Zos) Bery e
Q

:aj/ﬂa'yi[ ey — Je ( 579>]B57"/j77'jdx

:9 Z/ s'y‘r fe( ,'yG)] BE,’Yj,T]’d‘r

(Tnu"'s)

+9jz o 0y, [AUe y,r = f2 (Uey,0)] Be 7y da
m=1 &

k
= > [(B)jm + (B')jm] - (4.79)

Using the same notations as in (4.70)—(4.71) and using (4.66), which gives
f (B+R)=f"(B)+ 0 (B*|R|exp (B?)) (4.80)
with

B = Em = BEy’Ym,va R=R,, = Em) + F(m)

E,Y,T £,7Y,T?

on B (T, Te), we can now write

Oy, [AUc e = fe (Uey,r)] = 05, [ ] fL(Ue = v,r) Oy [Ue 1y 7]
:a%‘ [ Bm] - [fE( )+O (76 eXp( )|Rm|)} Yi rm+R }
= 0,, [ABy — Ache (7)) f (Bim)] +0 (7 exp (B (|2 — Tl + | Ronl) s, [Ba] )

=0

~ [ (Bu) + 0 (Fexp (By) Rl 105, [Run] . (481)
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where we have also bound h. — he (7r,) = O (|Jz — Tr|). Expanding 0., [R,,] as in (4.72), we
then get

(B)J'm = _9j fé (EEWm,ﬁ) BE,Vjﬂ'ja%‘ [Rm] dx

B(Wﬂ's)
—9 o
0] (%‘Wﬁ/( )exp (Bs,'ym,ﬁ) (0c + |z — Tml) dz) ,
B TmsTe

— 0:1n%
(B)jm = —0;0,,[EC™)] /B (e Bem,ﬁdm+o< er;%)

€

hence

Together with (6.11), for j = m, we obtain

B . 0c1In
(B)j; = —877.6,0,,[EY) ] +o ( = 75) ;
£

while, observing that B. ,, -, = O (1) on B (7, 7<) if j # m, we get
0c In7,

(B)ijO( = >, for j # m.

As for (B') jm, similarly as in (4.78), we can bound with (3.21) and Proposition 6.4

(B/)jm = /m (Xs,‘r - ) i [fa( £, T)] Bs,wj,rjdw

_ _380— 63 o 56 lnig
—O<uA waawnmmemﬁ—OQé 2*“0—0( 5”).owm

£ €

Hence, finally, summing over m and j, we obtain

k
(B)=> (B) ::—8WVE§:969llﬂg7 <5ln75>. (4.83)

= 72
We now estimate the term (C). Slmllar to (4.79), integration by parts and Proposition 3.2

give

() = / (AZos — fL(Ue ) Zos] ey roda
Q

= ZL 871 [ E,77,T f5 ( €7 T)] ¢€7’Y7T)9dx

=1 B(T5re)
k k

+3° [0, AU — £ (U] eads = D 1(C); + ()]

j=1

We can now use (4.81), and with the same notations, we write

(@) =— /B( : fL(Ber, 75) Oy [Rj] Py modz + O (/B( 2 exp (Eiw 777)

?ijE)

X ((|z =751+ |R;1) |0y, [Bj]] + |R;| 104, [R]l) (I)E,'Yﬂ'ﬂ|dz>'
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The main term in (C'); will be

€0y =010 [ 1 (B 5) Beiate

= —0,, [ng),r] /( )2’ij€ (anﬂ) P. y,r0de
B(7j,re
In~ _ _
co (M [ i () By ) 0ol
75 B(?jvrs)

= _27j87i [Eg%,-r] /B’( )ABE)’Yj)Tj¢E7’Y7T79d:I;
TjsTe

+0 ('75/ |z —7;] f (EEWJ‘-,TT‘) |Pey,70] dm)
B(7j:re)

2

In7, —2 = —
+0| — / exp (B; ., =)127iBe ;77 — 2B. o, = — 1@y rp| dz |,
Te JB(Tre) ' o

where we used that
Since @, 5 r9 L By, -, in Hy () and AB: 5, -, = 0in Q\ B (7}, 7.), we have

/ ABc ;7 Pe y rodr = / <VBE’,YJ.7¢_7.,V(I>51,Y_,T,9> dz =0, (4.84)
B(75,re) Q

and by Proposition 6.1,

_ —2 _ . __
'YjBE,"/j,TT - Bs,’yj,?j =0 (1 + t'Yj ( - Tj)) , inDB (ijrs) .

so that with a change of variables and Propositions 4.2 and 7.2, we get

_ -2
(), =0 (7 Jo e (Bl ) B dw)

In7 =2 —
+0 (78/ ) exp (Bam_ﬂ_) (L+ty, (x—=75)) |Pey,rol dx)
B(?jst

32
In% 0. 1ln~
1)+ 0 (B IV ol ) = o (2575

&€

=0 (re ||V(I)s,'y,*r,0

Note that we crucially used the orthogonality condition (4.84) to gain a factor 7-2. Again,
with a change of variables and Proposition 7.2, we bound

(Ca); = —/ FL(Bery ) 04 [FD) ] ey 7 pd
B(7j,re)

0) (/( ) fsl (Ee,w_j,ﬁ) |:L’ - ﬁ| |<I)€-,’Y,T,9| dx)
B(7j,re

_ 0cIn7y
=0 <rs /( )f; (Bs,yj,?j) |Dc ~.7.0] dx) =0 (re|[V®@e 5.r0ll22) =0 ( 87575> .
B(7j,re

€
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Similarly, for some exponent a > 0 (which plays no role),

(C3); =0 (/B( ‘ )7? exp (Ei,wjfj) ((lz =751 + [R;1) [05: [By]| + |R;| 10y, [R]])

—2
X | Py 70l dx) =0 <(55 +re) 7Y /( )exp (Bz, ) 1 Pcryrol dx)
B(7j,re

0 dc In7y,
=0 (024 )TV allis) =0 (S5 ). (485)

g

As for (C');, in analogy with (4.82) (with ®. ., instead of B. 5, ;,), using (3.21) together
with the Holder and Poincaré inequalities, we bound
(Q)>

(O/)j = O( f (Ue r,7) |(I)emr70|dx> = (”f (Uer )”L’z(gg)”@ VTS

_1(380—262)+0 dc In7,
-0 (Hg(g 0—2 0)+ (1)||v¢)87’y7779||L2(Q)> — O( 57576> .

€

Summing over j, we arrive at
’ 0 In7,
:1 Ve
J
As for (D), recalling that |Zy ;| = O (1), we bound

(/ |U7’YT| eXp a'yT <®27779+29178) )

:O(/ Fiexp (U2, ,)® E%Tﬂda:) +ZO<92 /|U77T| exp (U2, ,)d )
Q i=1

=: (Dl) + (DQ)
We first claim that

/Qexp (U2, ,)dz=0(1). (4.87)

Indeed, with the usual decomposition given by (4.70), we get

1
e ETd_O/ exp (BY, —)da :0(),
[ ez <(> (5., ) ) .

thanks to the usual change of variables and Proposition 6.3. Then, summingover j = 1,... k
and also using (3.16), we obtain (4.87). Then we immediately estimate

(D2) =0 (6372) =0 (5 ln%) |

'Ya
As for (Dy), from Holder’s inequality and (3.16), we have
(Dll) = / GXp (Ugv T)(I)i,'y,‘rﬁdx - ( H eXp ( £,7, T)]'QTE,T ||(I)Ea’Y,T79||2L?p’)

Te,T

bc In7y
=0 (2190 rall) = o (257
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where p is sufficiently small and p’ is the conjugate exponent of p. Moreover, with Proposi-
tion 7.2, and the same change of variables used to estimate (C4);, we obtain

| —2
(Dl)j = / GXp (U€2'y ’T) £,7,T, de =0 (72 / exXp (Bs,'yj ,Tj)q)g,'y,'rﬂdir>
B(?jars) B(Tijﬂé)

0c In%,
=0 Ye V(I)E, 7,0 22 =0 <8> . (488)
(7: 19 @< rol ) =

€

Summing up, we conclude

Xk: D1); +(D2) =0 (651115%) : (4.89)
(4.7

8), (4.83), (4.86) and (4.89), we conclude. O

Proof of (4.64). We consider now (4.69) with Z = B, ., -, and estimate the terms from (A)
to (D). Using (4.67), we get

(A4); = /B( ) [AEEMJT' —Aejf (Ef,’vj aTT')] Beymide
jiTe ~

- / Ae (he = he (73)) f (Bz, 75) Beyimida
B(7j,re)

Now, putting together (4. 77)

_ —2
- / Ache f! (BEWJ'#FT‘) R;Bc y, 7, dx+ O </ 751 exp (Be,'Yj’Tj)R?) )
B(7j,re) B(75,7e) '

where R; is as in (4.71). Similarly as in (4.74), we reduce to

Wy == [ Nt By ) B Bt
B(?jvrs)

+0 (/ 74 exp (E?:'y?) (|x -7+ 53) d:r) )
B(Tij»'rs)

In the case j =i we use that

— 1
Beopri = Beryim, (1 +0 ( Mf)) . in B(%,r.), (4.90)

€
(see Claim 3.1) and with the usual change of variables, taking (4.75) and Propositions 6.3
and 6.4 into account, we obtain

L ; = = 5
(A); = (1 +0 ( n%» E® / Aeif (Ber ) Bempymda + 0 <2>
75 B(7,7re) Ve
1 ; S — b)
(1+O(n%)>E§Q”/ i (B%)B%.dx+o<g>
75 "I BO ) Ve
1 Je » e
(s +0 ( “%)%EE;L#O( 2) _ _gmsgggﬁo(Q).
52 32 32

For the case j # i, we use that B. ., -, = O((In%,)/7.) in B(7j,r.) and with the same

computations, we obtain
1 ] ) 65 65
(4); —O(H%)IES), f/(ij)d$+0<2) :0<2>7
v B(07\/ )\s,j'f's) 75 lys

g
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so that summing up we conclude

k
(4) = > (A); = -877.EL) . +o (5) : (4.91)

j=1 g

As for the annuli, similarly as in (4.78), we bound
__360—282+0 66
(A) = / (Xeyr = 1) fe (Uey,r) Beyrd = O (:“g omEt (1)) =0 <2> : (4.92)
u?,lﬂﬁ P)/s

We now turn to the estimate of (B). Using a Taylor expansion, together with (4.66),
(4.70) and (4.71), we write

(B)jm =0 /( ) [AB&W’U - fs/ (Ueym'r) Bs,'ﬁff;‘] B ;i dx
B Tm Te

9, /B [y £ (Berr) By ] Bl

. —2
+0 <|9J| ryg exXp (Ba,wm,rm)RmBE,%ﬂ'idx) :
B(ﬁﬂ"s)

With Propositions 6.3 and 6.4, we estimate the last term as o (55/73). For j = m =i, still
with Proposition 6.3, we compute, keeping (4.90) in mind

ei [)\E,if(giﬁi,‘ﬁ) - fé (EE,%‘JT') BE,%‘”H] BE,’YiJ’idw
B(?iyre)

_ _ _ 0
= —810;72 + O (|6;]7.) = —8m0¥2 + o (;) ,
while for j # m, or j # i a similar computation based on Proposition 6.3 and (4.90)
gives (B)jm = 0 ((55/73) . Considering the integral in €2,_,, where AB. . ;. = 0 for every
j=1,...,k, we estimate with the help of (3.16),

(B/) [ (U&’Yﬂ') B&’Yj,TjBE:V'hTidI

gm = 0; / e
B(Tivae)\B(Timﬂ"s)

de

=0|16;]7 exp (U2, )dx | =o| = |,
JlTe Y 2
B(vaRs)\B(Tm;Ts) ’yﬁ

where R. = exp (—7.) and, since B; -, -, = O (1) in Q\ B (7}, r.), still with (3.16), we get

(B//)jm =0; fe/ (Uemr) BE,'Vj,TjBem,ndx =0 (|0]D =0 (%) )
Qr.,+ €
In conclusion, we have proven that
b 5
() = S By + (B + (B")y] = 87672+ 55). (1.99)
1>

j=1

To estimate (C), we integrate by parts to obtain

)= / [AB: v, 7, — f (Uey,7) Bepyi i) Pey 7 0de = */ fl (Uey,7) Be i ey 7 0d,
Q Q
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where we also used that ®. - ;9 L Bc .. -, in Hj. Using (4.80), we write
(C1); = —/ fe e y,7) Be s @e gy m 0
B(7j,re)

= _/ fé (Ee,"/jﬂ'T) B&’)’i,Tz“I)E,’Y,T,@dx
B(7j,7e)

_ —2
+0 (/ ’7:5)’ exXp (Bfa”/jﬂ'j)|RJB€7’W,T¢(I)€>%T,9|> :
B(?jst)

=0(8:/72) as in (4.85)

Then, recalling that f/ (s) = (14 2s?) exp (s?) = 2sf (s) + exp (s?), which gives

(C1); = 2/( )Rn_ﬁfs (B, 757) Beyiri ®c y,r0d
B(7j,re

_ —2 0
+0 (76/ exp (Be,’vjﬂ) [ De,y,r0] da:) t+o <€2) )
B(7j,re) Ve
and using Proposition 7.2, we obtain

—=2 ||V(I)E'~/T«9||L2 65
v/ exp (BL, = |<I>,,T,e|dw=0(’” —o( ).
I (Beny ) 1Be 7e 72
Using Proposition 7.2 again, we simplify

(Cl)i = 2'71‘2 / ( ) Aehe (?z) f (Ee,fyi,ﬁ) (I)E,'y,*r,adx
B(Ti,re

+0 <7§ / |z = Til f (Bery ) [Pe iy im0l da:)
B(ﬁ,rg)
= 5.
+0 (1+ty, (2 = 7)) f (Bepim) |Peymel d | +0 =
B(?ivrs) €

— 1 )
= 2%‘2/ ABc y, 7 ®e y,r0dz + O <<7"6 + 2) |V(I>E,7,T,9||L2> +o (Z) )
B(77,re) Ve Y

€

where the last integral vanishes thanks to AB..,7 = AB. ., . and to the condition
B

e vire L Peyre. A similar computation holds on B (7j,7.), where we can use that
B+, -, = O(1) if j # i. Hence

=30, =o(%).

With (3.16) and the Holder and Poincaré inequalities, we now bound

> 2 Uerr) B ey madl
j= T R\B(Tj,re)
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k
=Y 0@ exp (U2,,,-) 165508 )| 1o [P 7m0]l 1)
j=1

_ (IIW welle>_ (5)
= — =a3 ) =0%z=);
Ve Ve

upon choosing a > 3. Again with (3.16) and the Holder and Poincaré inequalities, and
observing that U, 5 = O (1) in Qg_,, we get

(C3) = _/ fl (Uey7) Be i @y 7 0dT
Qre,r

el ) o (%)
Ve )’

Vo
(H exp ( €7, T)Bs,'yi,'rilﬂzza,r HLp ||(I)€7’Y,7'79||LP’) =0 <||

where p is sufficiently small and p’ is the conjugate exponent of p. Adding up, we conclude

(C)=(C1) + (C2) +(C3) =0 <j2) : (4.94)

g
Finally the estimate
(D)=o (552> (4.95)
Ve
follows exactly as the analog estimate in the proof of (4.63) (replacing Zo i c.v,r by Bz i),
since all the terms contain 62 or ||V<I>577,T79||iz, which actually allows an estimate of the
form (D) = O (8./72) for every a > 0. Now, putting together (4.91), (4.92), (4.93), (4.94)
and (4.95), we conclude. O

Proof of (4.65). We now use (4.69) with Z = 7, ;. -, and again we need to estimate the
terms from (A) to (D).
We start with some estimates of Z ; := Z1 ;¢ ~,-. From Claim 3.1, we have

8Tl [ 77“7—7 87—1 r 77117—1] - C 77177'1] + a [ 7’)’1'77'11H('7?i)]
= 87—1 @5771‘,777] + O <,Y> s in B (?hrs) .

Now, recalling (3.19) and using (3.15), we write

1
Ta = 0n B 400 W = 00 (B 40 (=) = 28 200 (090)
in B (7, 7:), and with (4.75) and Proposition 6.1, we estimate
2 Al —m 1 1 . _
A — (x1 —m) 5 +0 (3) , in B(T,re), (4.97)
T pd A e |z - Ve pi + | — 7]

where p1; == p,, = ﬁfro(l) is given by (6.1), while directly from the definition of B,

Claim 3.1 and (3.15), we also obtain
2 1
2+ of ))(x1|2 )+O(7 ) in Q\ B(7,r.), (4.98)

75 |x_7-Z

sYVisTi?

Zi; =

)

which can be specialized to

1
Zy; =0 (

, in B (7j,7r:), for j#1i. 4.99
) mE@m, i (1.99)
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Let us also write from (3.32),

|z — il
nga

FY @) =A% @m0 () i B, (4.100)

where

. 2 1 1
A = aglri=t — = Z =0 <’y ) .

Py Ti — Tj gds

With the help of (4.70), as in (4.73), we can write
s == [ Al = he ()1 (B, i) Zas
B(ﬁﬂs)
- / Aejf' (Ben 75) RiZnidz — / Ae (he = he (7)) ' (Be, 77) Rj 21 id
B(7j,re) B(7j,re)

+0 (/ Fexp (BL , =) B2 | 21 dm) =: (A1) + (A2); + (A3); + (Aa),
B(ﬁ""s)

where R; is as in (4.71).

We start with the main order term, which turns out to be the one involving FE(Q,T and
which we write, using (4.97) and (4.100), as

(A%); == —/ F(Bep,7)FY) 71 id
B(ﬁ,?‘s)
A, - 2\ i (w1 — 1)’ 1
= —i/ As,if/(BE,Wi,?i) ( . (xl T) ) + O () )d{E
Yi JB(re) 12+ Aei |z — 75 Ve

1 / —
+o| = Aeif' (Ben,7)dx | .
(PYgde B(7,re) : ( =7 ) >

With the usual change of variables \/Ac; (z —7;) = y and using (4.75) and Proposition 6.3
together with v; =%, (1 +0(1)) and Agl)T =0(1/(7.d:)), we get

ALY = 2y? 1
(A3)i=—— / f/(Bw)<2ylg+0()>dy+0( d>
Yi JBO/ eire) w; + 1yl

4 MNAY). 1 4w AL 1
:_(7T+0( )) £, +O(2 >__ 7T7€, +O(2 >7
Vi Y ds Ve 75ds

For j # 4, using (4.99) and Proposition 6.4, we get
of [ (Beny ) [F9).| 121,41 o
B(TJ,TE

w7 1
Be oy, 75) — —dz
(/B (T5,7e) o ]) 75d8 ’YEdE

Il
o

1

— 1
v?dﬁ B(0,n/Ac ) ( %) | | vide
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Using (4.96), canceling the integral of the anti-symmetric term and using Proposition 6.3,
we get

(AQE) /B( fé(ﬁ :"/u‘ﬁ)EE’Y’T(ZIZ—i_Zl ’L)d
Tiy 'rs

E
co(Eel )

_In¥ _ 1
=0 631%/ fL(B,,) dx :0( >
’75 B(O \/ 517'5) Wsd

When j # i, we have thanks to (4.99),
(AzE)j =0 (/ fsl (Es,wfj) |E§J")/T| |Zl,i diﬂ)
B(7j,me)

deln7y, 1 —
=0 737 = fi(By,) dx :O<2 > :
Yo Vede JBO /3o ) Yede

We now estimate (A;). Using that h. — he (73) = O (|Jz — 7|) in B (7, 7¢), by (4.97), we

have

\(he = he (7)) Z14] = O <1> i B, (4.101)

£

and with Proposition 6.3, we estimate

1 — 1 _
(A1);=0 (76 /| . f(Bw,n)dx> -0 (7 / . (Bﬂdy)

“o(z) =(z)

Observe that this says that thanks to d. = o(1), the term Vh. (7;) does not play a role,
contrary to what happens when the blow-up points are separated by a finite distance. For
J # i, with (4.99), Proposition 6.4 and the usual change of variables we obtain

1 — _ 1
i)y =0 (%dg /BWE) I Bensm) e =73 dx) -0 (v?d) '

Similarly, one can bound with (4.97),
i ot 1
(A3); =0 lz 7| f (B 67171)|R|77f dx
B(7i,r2) Ve lz =il

1 — e Iny, |z —T 1
= O — / f/ B isTi < 67 = + — d.CC =0 | — ,
<75 B(7,re) ( o ) ’YS ’Yada ngs

where we also used Propositions 6.3 and 6.4. For j # i, an easier estimate holds, using
(4.99) instead of (4.97), and h. — h. (1;) = O (r.), so that

e — delny, |z -7y 1
A3); =0 | = / ' (Ben, = ( — ey J)dz] =0 ,
( 3)j ('Ygds Br) ( Vi .7) '72 ngde 72 d
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As for (A4);, using that ’Eng)”’ = 0(63 (In7.)? /7?) =0 (m 251+1+0(1)), and ¢ =
0] (ﬁg(l)) for every a € R, we bound

— 1
—0 7251+1+0(1)/ exp B )z
(42 ( B(7i,re) ( o ) pi + |z — 7|

-0 72614-0(1) / exp (Eil)dx =0 (ﬁ?&l'ﬁ‘o(l)) =0 (21 > ;
B(0,\/Acire) Tede

and, similarly, for j # i,

. 1
AF). — 0 ﬁ261+1+o(1)/ exp (B _ de ) = o ( > _
( ! )J ( c B(75,re) ( o 7)Vad5 ngs

Using that Fg(jw)r = O(r:/ (7.d.)), similarly as in the case of (AF);, we obtain (A%); =

o) (ﬁ) , including the case j = i. Summing over j, we obtain

4mAl) 1
A)=3"(4); = -~ +0<2 > (4.102)

= Ve Yede

It remains to show that all the remaining terms are o (1/(2d.)).
Let us now estimate (A’). By (3.20), (3.21), (4.98) and (4.99), we have

" —~203+o(1) 5
S [ e Wl | = 0 (B2
=1 Q 0

g

1
_ O (20203400 _ ( ) , 4103
( ) Wzde ( )

absorbing powers of 7, in the term ﬁg(l) and using that 269 — 262 > 0.
We now estimate (B). Since AB. ,, -, = AB. , 7 1p(7,r.), We have

(BT)J» = 9]' /Q AB&-’W,TJ. ZLZ'CZZ‘ = Gj B AEE,W,?]-ZLZ'CZOC-

Then for j # i, together with (4.99) we obtain

|0j‘ / — ( 1 )
J B(7j,re) €,75,75 <1, (’Ygds B(m ) f( €75 J) ,st

For j = ¢, we use the anti-symmetry to obtain
9i/ AB. ., 721 idx = 91‘/ Aeif (Beryis) Beyim (21 + 21 ;) da
B(7i,re) B(75,re)

_ _ 1
=0, )\Ewif(BE,,yiﬁ)Bs_’.yiﬁDﬂ\Ilg’%rdx =0 <2) .
B(ire) Vede
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In order to estimate the second term in the integral in (B);, we start with the integral away
from the blow-up points, and using (3.17), the definition of B, ,, , and (3.10), we get

Lr

1
N=0/(16;17 —o——
Lr ) ( J|'Ya Lp’) ? ('Ygde) ,

where p is sufficiently small and p’ is the conjugate exponent of p. It remains to estimate

(B)) = Qj/ﬂ FrUeyr) Beyy iy Z1adae = O (105 | £2 (Uey.7) Z1ila, .

1 C
jln

% || Beyr, LonB () =

(B)jm = Qj BE’A/J.’TJ. fé (Ue,'y,r) ZLZ'dLL'.

B(Tm,re)

For m # 14, it easily follows from (4.99) and Proposition 6.3 that

|0j| / / 1
B jm — £,7Y,T d = S, |-
( )J O ( ds B(Timﬂ"s) fE (U 3> ) xz O 'Ygds

The case m = 4 is more subtle. Using (4.80) to split

(B)ji =0; Be ;7 fL(Be i 7) 21 idx
B(?iars)

_ —2
+0 <|9j72/( , P (B i) | Ril |Zl,z'dff> =1 (B1)ji + (B2)ji-  (4.104)
B(Ti,re

Now, writing

_ s g
Ba‘mm - Bem,n + Bsmaﬂ"

where
557%:77'1‘ = E&’Yfﬂ'ﬁ' - O&’Yi,‘ri + Ae,’yi,ﬂ:H (7'77 ?z) ,
R ) -
B;»'Yi,‘rq‘, = AE»’H,‘H (H (aﬁ) - H(ﬁaﬁ)) =0 <| 5 Z> , 1n B (TZ-,’)"E),
€

and also using (4.96) and (4.101), we get
(Bl)” = 01 /( )B:’%7_7)\5774f/(§577“?1)21aﬂd$
B(Ti,re

_ _ o 1
+o (1o P (B (1472 = T 21 ) =0 (- )+ (4.105)
N €
—0(1/7.) )
where we used skew-symmetry to cancel the first integral, and the usual change of variables
to estimate the second one with Proposition 6.3. When j # 4, a similar approach gives

B(7i,re)

analog results, with the splitting of B. ., -, = B . B, . (2), where
B;,’Yjﬂ'j = AEv'YjvTjG (ﬁa 7_7) )
T = = — w27 =
BE,’YJJ'J' _AEWJ’TJ‘ (G(Tj’aj) _G(ijTi)) =0 7.d , 1nB(7—i»r5)»
ge

which allows to cancel the symmetric term and obtain
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As for (Bs)j;, the term involving FE(IW)T can be estimated using a similar approach as in
(4.105), since Fs(ﬂ),T () = O(Jx — 7| /(F.d:)) in B (7, 7). In the term involving Egz” =
O (6-In%,./72), we use the estimate

1 1
71 :o( ):o L 4.106)
121 Ve (pty, + |2 = 7)) (ui““)) (

CAEE 1
(B2);: =0 =o| = )
’ e Ved.
Summing up, we conclude

k
5=y

Jj=1

to finally obtain

~o(z27 ) (4.107)

To bound the term (C), let us start by observing that ®. .o L Z;; implies

k
(BN + (B); + Y _(B)jm

m=1

(Cl) = / A@EW’TVQZde = 07
Q
so that it remains to bound
(Co) = _/ fe/ (Uey,7) Pey,r,0 21 0d.
Q

Observe that a rough estimate on B (77, r.) using |Z1 ;| = O (1/f.) would lead to an expo-
nentially large error term. Therefore we have to be more subtle and use again the Sobolev—
Poincaré estimates which follow from ®. ~ -9 L B. ~, ,. We start by noticing that by (3.17)
and the Sobolev embedding, we have

(C3) = 7/9 f; (Usmf) P y,r021,dr = O (Hf/ (Usmf) Zl,ilQTE,r ||Lp

- 6:In7 1
<Ieiyrall) = 0 (G 90 mall ) = 0 (F222) o ().
Ve Vede
For j # 4, we bound with (4.99) and Proposition 7.2 (which we can use thanks to (4.84)),

(€]); = —/( )fé (Uey,7) Z1,i%e 7 0dx
B(7j,re

1
_of_ / P (Uer ) [Beymol do
(%ds IR AUSSICEY

||V(I)e,'y,r,0| 2 e lnig 1
o(Fpt) o () <o ()

We are left with (C’;r ); which we expand as in (4.80), giving

(Cg)l = _/ fé (Egg')’i’?i) Zlvi(bef‘/f‘rsedx
B("Tiﬂ's)

o] w0
B("Tiy"‘s)

(BY) .+ F;fgﬁ)zuéswﬂyda (4.109)
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The remainder term in (4.109) can be estimated as follows. By (4.97) and (4.100), we get
|F5(7A),,TZM\ =0 (1/ (¥2d-)), and we use Proposition 7.2 to obtain an error term of order

Ve yrollez\ 1
O( 5.d- —°\F4. )

As regards the term involving Es(lz,T, using (4.106) and Proposition 7.2, we obtain an error

term of order
55”V¢)577—9HL2 —25 1
e VT _ O( 1+o(1)) _ )
( ) e *\ 72

The first integral in (4.109) can be estimated by using (4.96) together with the estimate
(he = he (73) )07, [Be,y,7) = O (1/7:) to obtain

/ fgl (Ee,’yi,ﬁ) Zl,i(I)s,'y,T,de = / )\E,if/ (Ee,m,‘rﬁ-)aﬂ [Ee,%,rﬁ-] ®E,’Y,T,9dx
B(‘IT‘,TE) B(‘IT,’I"E)

1 S

+0 (/ fI(BEm,TT) |Pe .70l da:) =: _(Cg)i +(C3):-
Ve B(Ti,re)

The remainder term (C%); can be handled as in (4.108), giving

||V<I357.,-9||L2) < 1 )
C’r’ 7’ — O IR RS — .
() ( Te *\F2d.

Then we are left with the term (C% )i, which is actually more subtle to bound. Let us
first rewrite it as

(Cg)l = _/ )‘E,iAZI,i(I)E,"/,T,dea
B(?ivTE)
using that
AZys = 07, [AU. o 2] = 0y, [ABenym] = A, [f (Bernm)] s in B (712

i

In order to estimate (C’ét )i we start by observing that the orthogonality condition Z;; L
@, , 0 and integration by parts imply

0= / <VZl,i, V(I’a,'y,f,9> dr = / AZl,i (1)57%7—79d33
Q B(ﬁars)

+ / AZy; e rpd + / (0,217 — 0, Z5%") ®e y,r0do. (4.110)
Q\B(‘ﬁ,rs) 83(?737745)

Here v denotes the exterior normal to 9B (77, r.) and

2 = Dl 215 = Zuilovse)-
Note that the boundary integral in (4.110) is in general non-zero because B; -, -, is C* but
not smooth across 9B (77, 7:). Now we reduced the estimate of (Cét )i to

(ch, = AZy i @y pds + 0,7 — 9,7 d. ., - gdo.

2 s YTy 1,2 1,4 sV Ts
O\B(7i,re) 0B(7i,re)

Now using that

AZl,i =0y, [AUE,’Y,T] = 0r, [Xs,rfs (UE,’Y,T)]
= 87'1‘ [XE,T] fs (UE,"Y,T) + X&,ngl (UE,’y,T) an [Us,'y,r] , inB (?za 7"5) .
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from (3.17), we obtain

r 0 (75)

for some p > 1, hence with the Holder and Sobolev inequalities

|AZ1 10\ B r.)

/ AZy; Peqyrode = O (|| AZ1iloy B ) Lo [®c~,r0ll 10)
Q\B(77,7e)

_ 1
=0 (’ys |\V<I>57%779||L2) =0 <75d5) .

Observe that D, [¥. . ;] € C* (Q), by elliptic estimates (the function . , in Proposition 3.2

is smooth), hence we get

O, Z{" — 0,255 = 9,0, [B™ ] - 0,0, B ] (4.111)

€,YiyTi EYisTi

Using the definition of B. -, -, and (3.12), we compute
9,0, [Bmt ] = 0r, [&/Bim ] = 0r, [avgsmﬁ] + 0r, [au(Ae’vi,nH(',Tii))]

€,YiyTi €,Yi»Ti

— 1
=0, [6VBE,%,TT-] +0 (,yg) :
Similarly,

aﬁﬂ&%A&{AW“@Qn]L>%aammmeumn

27 |z — 75|

A 1
== —87[ 777“ L + O p—— .
" 27| -l Ve

Now in order to compute the difference of the two terms in (4.111), set

A 1

€,%Yi,Ti ln
2 |z — 7]

Ve, i, (LC) =

and Note that v] (re) = B _ (r2) by the definitions in Section 3.1, where with a little

€%y Ti €:YiyTi
abuse of notation, we use the prime to denote the radial derivative from 7;. Then, with a

similar abuse of notation

-/
1!

— B, —(r) _ _
_Bs,'yi,‘ﬁ (TE) — SR E = ABE,%,TT (Te) = )\s,if (BE,%,TT (T5>) P

Te
vl (re)
_’U‘/E/,'nﬂ'i (Ta) o 67%;—1 = Avav’)’iﬂ'i (TE) =0,
£

and subtracting we finally estimate

1

0,217 = 0,25 = O (Bl = () = 1 ()

=0 (f (Bepm (re))) + O <1> =0 <;ﬁ‘551+°(1)> . (4.112)

Ve

‘We now claim that

1 — o
LB = O <7"e\/111 —+ ”vq)e,'m—,@'Lz) = O (petem). (4.113)

||<I)5,%T,9
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This, together with (4.112) allows to bound
||®€770||L1 OB(F
8,23 — 8,75 ®. ., 1 pdo = O P L (OB (Tre))
[— ) der 0

_ —80—255+0(1)) _ 1
_O(ﬂa >_O<%d>'

This completes the estimates of (C3);, hence

K 1
@ =@+ + D [ehs+chy] =o (z22)- (1114)

In order to prove (4.113), set ® (y) := ®. -+ (T; + rey). We then have

||V(I>HL2(B(0,1)) = ||V(I)6»%719|‘L2(B(ﬁ,ra)) )
By the trace inequality, we get

@70l L1 (B )

2D [l g5 =0 (I ¥y

&)dy
1B(0,1)] /o1

(4.)115)

since the right-hand side contains a norm equivalent to the H'-norm. Now, by the Jensen
and Moser—Trudinger inequalities, we have

2
1 1 ~
exp _ <I>dy < — / exp (®?)dy
<|B 0, D] JBo,1) ) 1B(0,1)] /B0, (%)
1 1
= P2 dr <
TTe /B(ﬂ re) P ( 87%7—79) v TTe

It follows that

1 / ~ 1
. ddy| < {/In
|B (0, 1) | B(0,1) TTe

and (4.113) follows at once from (4.115). This completes the proof of (4.114).
We finally estimate

/‘Ua"/, | exp 5'y7— E’YT9+ZQ2 €,74,Tj |Z1,i|d$
:O(/ |UEWT| eXp e'y‘r) 67,7’9|Z11|d$>
k k
+Zo<9ﬂ€/ Ue | * exp ( MT)Z“dx) =:(D1)+ Y (D

Jj=1 j=1
For every j € {1,...,k}, with the rough estimate
Z1;=0 (p3') =0 (r W), in B(7,r.),

we obtain as in (4.88)

3
(D1); = /B( )|U€W| exp (U2, )92, |21l dx
T]' Te
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=0 T (B2, . )®2_ _,d
B ﬁy_o(l) B(75,7¢) SR ey ) Feanm ot
V@ - r6l2 52 o5 1
= O RS RLASAaLE = O € = O M 1+O(1) =0 .
( T T (7 ) y2d.

Similarly, with (3.17),

(D= [ Wl ex0 (U292, 10121,

9 1
%@ ralfr ) = O (2 IVPerroll}s) = ( 20 ) -

As for the terms involving 6;, we can use the rough estimate Z; ; = O (* Ho(l)) to get

(DQ) 0]76/;( |U€’YT‘ eXp( s'y'r) |le|dl'

Tm,Te )

92 —2 1
<M1+0(1) ( Brmr) ( s ) )) (7 ) ~2d.

while in Q,_ -, we can use (3.17) with p =1 to obtain

_ 1
D3); = 0372 [ Wl e (02,) [20s1 s = 06378 = o (1)
Q Vele

Te,T

(%Hf €., Zlﬂ’lﬂv-a,fHLP

Summing up, we obtain

: RS : 1
=Y "(Dy); + (D)) +;1 [(Dy); (D)]—o(7§d€>. (4.116)

Jj=1

Now, (4.102), (4.103), (4.107), (4.114) and (4.116) allow us to conclude. O

Proof of Proposition 4.4. We claim that for § and e small enough, we can find (7., 0, 7:) €
PE (8) such that

<R57’Ye 1Tes0e ZOJ»E/YsyTs >H1 = <R57'Ys77's795 ’ BEv'stTs> = <R57’st7—6705 ) Zl,i,s,’ys,*ra >H1 = 07
0 0

(4.117)

Hj

fori=1,...,k, so that
HE”YE7TE (UEKYa:Ta"ga + ¢5"Yss7'ay95 - A ()\ h‘ f( €,7e,Te,0c + (I) 77577'5,05))) = 07
hence, together with Proposition 4.2, U . r. . +®c ~. . 6. is a solution to (4.62). For every
7 €TF(8) and v € T¥ (1), let us set 4 := v — 7, () and
= . . . e
B = {3 = G i) € 0,00 s il < 2 Wi i b

€

and define (L., M., N.) : P (6) :=T* x ©F x T* () — R3* as

. 1
Lz(%T@) 87< s’y‘rt?vZOZE'y'r>H1
0

k (i) _
E:j - dc In7y,
;:1 0y, [EY) ) (EY) . +60;7.) — 2 +o0 ( = ,

£
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i (4 1 53 i = de
M; (¥, 7,0) = _87775 <R57%T-,9? B€7Vi,Ti>Hé = Eé,')y,‘r + 0. +o (g) )
» T2d. / )\ 2d
NZ(y,7,0) == *’YLTE <Rsmf,6v Zl,i,sm7'>H1 = aol <d) o Z T _87-, +o(1)
0 : g#

fori =1,...k, where the error terms in the right-hand sides are uniform for (¥, 7,0) € 1351C (6).
(Note that we wrote 4 in the left-hand side and ~ instead of 4 + 7, (7) in the right-hand
side for simplicity, so that for instance the terms Eéj»)” should be read as Eg(ji (1) 2)

We claim that T

deg ((Le, M., N.), P¥ (6),0) #0 (4.118)

for 6 and e small (to be fixed), where deg denotes the Brouwer degree. Let us consider the
homotopy (L%, M!,N?): P¥ (§) — R3 with Lt = (LL!,...  Lt*), etc. defined by

i W) 1(EW) _y_ B
a’w [Es,'y,r] (E + 9j78) -

LY =1 —t) L. +tLl, I.:=

M=

. €T ~2
= 27;
MY = (1= )M, +tM;, ML= B +67.,
‘ , ‘ , - -1 2
NY' = (1—t)N. +tN:, N.:=aol () - —
d. xRl

fori=1,...kand ¢ € [0,1]. We first show that (L%, M!, N*) # 0 on OP* (8) for any t € [0,1]
if ¢ > 0 is sufficiently small. Otherwise there would be a sequence ¢, | 0 (which we still
denote by ¢), t. € [0,1] and

(3, 0c,72) € OPF, ie. 4. € OTF, or 6. € 9OF, or 7. € OTF (), (4.119)
such that
(Lég (’3/87 O, TE) , Mgs (’3’57 O, TE) > N* (’3/67 O, Ts)) = 0.
Then, multiplying M= by 9., Egﬂ),aﬁs, subtracting it from L' for j = 1,...,k and using

Proposition 3.4, we obtain (upon multiplication by 2%2)

. In~
EQ | :o(‘“fﬂ) fori=1,... k. (4.120)
)y lesle /.YE

Plugging (4.120) into the equation for M!=¢ we then obtain
5.In%
6. — o ( ETE> , (4.121)
Ve
hence 0. ¢ 9OF. Now (4.121), the equation for L!** and Proposition 3.4 yield

k 2 _
, ‘ 5.1
N0, [BY),, |EY). . o(“lS%) fori=1,...,k (4.122)
— v /esxlE y JexlE ,.YE

Jj=1

We can rewrite (4.122) as

5. In¥
QeEep.pr. =0 (E;%) , (4.123)
€
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where, taking Proposition 3.4 into account, Q. = (ngij)1<ij<k is a k X k matrix with
Qeij = Qij+0(1) ase — 0 and

1 1/t ... 1/l jos)
/1 ... 1)1 &eTe
Q= (Qij)lgi,jgk = . . I Eeror. = (4.124)
’ o (k)
0 10 ... 1 Ee s

Now, since

k-1 1\
dethdetQ+0(1)<1+l) <1l> +0o(1)>0

for £ > 0 sufficiently small, uniformly with respect to (7,8, 7) € P (§), we can invert Q. in
(4.123) and get

. In~
E® :o(‘m), fori=1,... k. (4.125)

€,Ye5Te 72
On the other hand, still by Proposition 3.4, we have

In% In¥
EE, e Te — -2 — EQE’?& +o <|’?E| — E) ’
Y 72 72

€ €

where we recall that 4 = v — 7, (7). Then, inverting Q. and using (4.125) we end up with
4e = 0(6¢/7.), which, for € > 0 sufficiently small implies that 4. ¢ 8?5.

Finally, writing 7. := 7./d., we have N’ (7.) = o(1), where N = (N!,...,N¥) is as in
(4.130). On the other hand, 7. € 9T () implies 7. € OT* (§), where

_ k k
T (8) == {y:(yl,...7yk)€Rk: s <m<m <o <g <
and |y; — y;| > 6, Vi,je{l,...,k},z’;«éj}, (4.126)

which is compact and this contradicts Lemma 4.7 for § = 0 (ao, !, k) > 0 sufficiently small
such that y* € T%(8). Then we also have 7. ¢ 8T* (&), which contradicts (4.119).

We have therefore proven that (L, M!, Nt) # 0 on dPF (§), for ¢ > 0 sufficiently small,
hence by homotopy invariance of the degree

deg ((Le, Mc, N.), P¥ (8),0) = deg ( (L., M., N.), P¥ (9),0). (4.127)

The degree of (ZE,ME,WE) does not change upon multiplication by an invertible matrix
with determinant 1, namely if we consider

26 Iy —Dy[Ech -] 0 zs
ME = 0 Ik 0 Mg Pl
N, 0 0 Iy, N,

where D, [E. ~ ;] = (6% [Eg’)ﬁ"'])1<ij<k’ I}, is the k x k identity matrix and L.: I?’Ek () —
RF, is defined by Li = fEéf%, fori=1,...k, we get

deg ( (L., M.,N.), PF (5),0) = deg (L., M., N.), P¥ (6),0).
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Expanding EéZ%T as in Proposition 3.4, we do a final homotopy between (Eg,ﬂg) and

(Lz, MZ) : P¥ (8) — R?*, where

: 2In7y o7 ) )
L === (e | M=o,
’YE ]?é’L

for i = 1,...k (with the same method as above to prevent zeroes on P (8)), so that
deg ((Le,M.,N.), P¥ (5),0) = deg ((LZ, MZ,N.), P¥ (),0)
Using the matrix Q defined in (4.124), we see that

Lt —Q%Q 0 0 4
Mz | = —21‘;ng Y1, 0 0. (4.128)
Ne 0 0 1) \Ne

Since Q has positive determinant, if we call A the 3k x 3k matrix on the right-hand side of
(4.128) we have sign (det .A) = (—1)*, and noticing that N. only depends on 7, we obtain

Lz
AN [ M) =1d xId x N, : TF x ©F x TF (5) = R* x RF x R¥,
N.

and using the product formula for the degree, we finally obtain
deg ((Le, M., N.), P¥ (5),0) = deg ((L:, MZ,N.), P¥ (6),0)
= (—1)* deg (Id, T*, 0) deg (Id, ©%,0) deg (N., T* (5) , 0)
= (—1)"deg (N.,T¥ (5),0). (4.129)

In order to compute the degree of N_, observe that N; (1) = N%(%.), where 7. = 7/d.
and N = (N',...,N¥) is as in (4.130). Moreover, since € (0,1) was chosen such that

y* e f’“(é), with y* as in Lemma 4.7, it follows that
deg (NE,TEIC 9), O) = deg (N, T* 9), O) =1.

We then conclude with (4.129) that there exists (%, 0:,7¢) € ﬁf (6) such that (v,0:,7:) =
(3 + 7. (1) ,0-,7-) € P* () solves (4.117). O

Lemma 4.7. The function
N:TH0) :={y=(y1,...,0) ER" : y1 <y < - <y} — RF
given by
1

N (y1y .- yx) ::aolyé_l—QZ , fori=1,...k, (4.130)
i Yi —Yj

has exactly one zero, which we call y*. Moreover deg(H,T*(0),0) = 1.
Proof. We have that N = VJ, with

k

1 1 ~

J(y)=a02y5+§zm(_—7‘2, Yy = (y1,-- -, Uk) GTk(O)-
i=1 ] Yi yg)
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The Hessian V2.J is positive definite on 7 (0), since

02.J = 0,,N' = aol(l — 1)y, }:
];ﬁz J)
; 2 C
0y, 0y, J = 0y, N! = —————  for i # j,
(yi — y5)

so that for every ¢ € R¥\ {0}, using that ¢ + 5]2 > 26,5, we get

£TV2J§ 252 CL()Z [ — ]_ —|— Z Z Z 25]67,

i=1 iz ( ya i1 7 ( yJ)
k

>N agl(1—1)y >
i=1

and, using that y € T* (0) and | € 2N*, the right-hand side is positive, unless £ =
0,...,&q,--.0) and y;, = 0 for some ig € {1,...,k}, in which case

ﬁWﬁ:Z—£%7>a

Then J is strictly convex in 7%(0) and since |J(y)] = o0 as y — aT*(0) or ly| — oo,
J has a minimum y*, which is its only critical point and the only zero of N. Moreover
det(V N (y*)) = det(V2J(y*)) > 0, hence deg(N,T*(0),0) = 1. O

Finally, we can now conclude the proof of Theorems 1.2 and 1.3.

End of proof of Theorems 1.2 and 1.3. 1t follows from Proposition 4.4 that for small € > 0,
Ue = Ucn. 7. 0. +Pc v 7.0, € En, ., where 3. := HVUEH;. We denote ve = (Y1,e, - - - s Vhe)s
Te = (Te, - sThe)y 0 = (B1e,...,0k:). By using (3.14) and (4.16), we obtain that
We o, Peyr0. — 0in Hy (Q) as ¢ — 0. Since moreover w. — wo in C' (Q), H €
C'(Qx9Q),0;,.—~0and A, . —Oforallie{l,...,k}, we obtain

k
HVUEHLz = vao + Z (1 + 91‘75) (VEEJYLE?ﬁlB(T,EyTE)

i=1
+ Ao VG (Tic) LBz HL2 +o(1) (4.131)
as ¢ — 0. By integrating by parts, we obtain

1 1 807>
= G (,72) 0,G (- 7i2) do ~ ——In — ~ 20
OB(Tic,re)

VG (,72) Lo\ Bz, o 1. Ar

(4.132)

<VG (,T,E) ].Q\B(mﬂ‘g), Vwo>L2 = /,9 ( ) wo0, G (7@) do =0 ( ”wOHCO(aB(ﬁ,rE)) )
B(Ti,e,re

=o(1) (4.133)
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and

<VG (+7i2) YovB(mzr.), VG (5 T50) 1sz\3<m,re>>p

G (7z)0,G (-, 75z) do = O (m 1) =0(In7.) (4.134)

/83(m,r5)uas(%,r£) de

ase = 0foralli,je{l,...,k}, i # j, where v and do are the outward unit normal vector
and volume element of 0B (T;,7:) U OB (Tj ¢, 7<), respectively. On the other hand, since
Vie ~ Ve, by using (6.2), we obtain

VA
e

i (r) )2r dr

2
[2 =27

||V§sm,g,ﬁ13(ﬁfs)

2

~ —In
,72'75 Mi,a

s < Aeha(%m)wﬂ(la@ (4.135)

for all i € {1,...,k}, where p; . is defined by uis = 4%752 exp (_%‘2,5)~ For every j # i, by
remarking that B (7, z,7.) N B (Tjz,7:) = 0 for small £ > 0 and

1
=0 =o0(1),
o (vgd) M
we obtain
<V§am,a,ﬁ1B(ﬁ,r5)7 Vwg + Z (1 + 91‘,5) (vgsm,e,ﬁlB(T,g,rs) + Aam,a,n.aVG ('a T,s)

J#i
E5) r

< Lovpirzrn)) , = O ([VBen mzlpeznll ) = O (v) —o(1) (4.136)
€

as € — 0. Since moreover 6. — 0, it follows from (3.10) and (4.131)—(4.136) that
Ive.

“AE7’Yj,E7Tj,EvG ('v ﬁ) 13(7,5’7‘5)

L

13, — IVwoll 32 + dkm = Bo + 4k

as € — 0. Standard elliptic theory gives that HugHLw — o0 as € — 0. Since h, — hg in
C? (ﬁ), we then obtain that Sy + 4k is an unstable energy level of I;,. This ends the proof
of Theorem 1.2.

The above construction also proves Theorem 1.3 if wg is non-degenerate. Otherwise
we apply a diagonal procedure. More precisely, thanks to Proposition 2.3, for xk € (0, ko)
and € = e(k) sufficiently small we construct wy c(x) € Ep, (1) hm.oinys With Wk c() — wo,
Pige(y — b in C?(Q) and B, := Brex) — Bo as k — 0; we further construct

k
Uy, = Wy, + Z(l + on,i)Bm,’ymi,Tmi + Wy T Py beme € By B
i=1
where each subscript x on the right-hand side actually means (k,e(k)), with (k) > 0
sufficiently small so that

||V\IIN’€(N)”YME(N)’TN‘E(N) HL2 + ||V¢515(H)s7m5(»)79m,£(m)’7—n,6(n) ||L2 = 0(1) as k — 0.

Up to renaming the indices, we conclude. O

Remark 4.8 (Stable vs. positively stable energy levels). As in Definition 1.1, let (u.) be
a family of functions such that u. € Ey_ 5. with he — h >0 in C%(Q) and B — B> 0. In
particular, ue solves (€, p.) with A = Ao > 0 obtained from h., Be and u. thanks to (1.1).
As a simple claim, testing (En, 5.) against v > 0, first eigenfuntion of A with zero Dirichlet
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condition on 0L, the bound A = O(1) is automatic when defining a positively stable energy
level in Definition 1.1. In the sign changing case, however, let us consider the following
unstable situation: u. goes uniformly to 0 & Ey, g, while looking like a (h-weighted) Dirichlet
eigenfunction associated to some large eigenvalue . ~ \. — 400, but still having the given
energy B ~ B >0 as € — 0. Then, in order not to have an empty notion of stable energy

level, we further assume the bound Ae = O(1) in Definition 1.1.

5. PROOF OF PROPOSITION 3.2

We fix ¢ € (0,1) and &' € (0,1 —/28). For every p > 1, we define Wy* () :=
W2P (Q) N H} (). Note that we have a compact embedding of W27 (Q) into H! () and
C° (Q) when p > 1 and into C* () when p > 2. For every ¢ € (0,20) and 7 € T¥ (6), we
let L, : WP (2) — WP (Q) be the operator defined as

Ler (U) =0 — A M hoxe f (wo) U] VO € WEP(Q). (5.1)
As a first step, we prove that there exists a constant C' = C (p,d) > 0 such that
1Wllyyzn < CllLeyr (P)llyan  YE €W (Q) (5.2)

so that in particular L. , is an isomorphism. We assume by contradiction that there exist
sequences (g, Tn, ¥p,),, such that g, — 0, 7, € T¥ (), ¥,, € WP () and

Wallyz, =1 and |[[Le, r, (Vn)lly2p =0 (5-3)

as n — oo. In particular, we obtain that (¥,,), converges, up to a subsequence, weakly in
WP () and strongly in Hj (Q2) and C° (Q) to a function ¥g. By using the second part of
(5.3), we obtain

/Q (VU,,V¢)dr — A, A he, Xey mn f (ue,) Unddr =o0(1) (5.4)

for all ¢ € Cg° (). Since Ag, he, Xe, .7 ' (e, ) is uniformly bounded and converges pointwise
to Aohof’ (uo) in Q and W,, — Vg in H} () and C° (©2), by passing to the limit into (5.4),
we obtain that Wy is a solution of the problem

A\I’O = )\OhOf/ (UO) \IIO in Q

Vo=0 on 9.
Since ug is non-degenerate, it follows that Wy = 0. By using (5.3) together with standard

LP-estimates for the Dirichlet problem (see Lemma 9.17 of Gilbarg-Trudinger [11]), we then
obtain

”\I'n”vv?m < | Lep .7 (\Pn)szp + HA71 e, hsnXsn,Tn,f, (ue,) \I/n]HWz,p
=o(1)+0 (H)‘snhen,Xsn,mf/ (usn) \I’nHLp) =o(1)
as n — 0o, which is in contradiction with (5.3). This ends the proof of (5.2).
Now, for every € € (0,e0) and (v, 7) € TF (6) x T¥ ("), we let Ne o, Tenr s WeP (Q) —

WZP (Q) be the operators defined as

Neyr (0) = A7 Mchexe r (f (Uer +0) = f (we) = f (we) )],

Tenr (V) := L;i (NE,%T (V) — RE,T)
for all ¥ € Wi” (2), where

Re ;= w. — AT P\shEXs,‘rf (ws)] =A"! P\Ehs(l - Xs,‘r)f (ws)] .
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Note that the problem (3.13) can be rewritten as the fixed point equation T , » (¥) = ¥.
For every C' > 0 and ¢ € (0,&p), we define

Vo (C)i= {W eWST () [¥llya < O/}

We will prove that if C' is chosen large enough, then 7T}, - has a fixed point in V. (C') for
small € > 0. By using a standard LP-estimate and since A\. — Ao, he — ho and w. — wp in
C? (Q), we obtain

IRzl = O (IAche (1= xeyr) £ (we)ll ) = O (1 = Xerrlln) = 0 (1/72) (5.5)
as € — 0, uniformly in 7 € T (§). Similarly, for every ¥, ¥, Wy € V. (C), we obtain

1Nz (0)llgyzn = O ([[Xerr (f (Uerr + ) = f (we) = f (we) W) ,), (5.6)
||N6,'y,7' (\Ill) - Ns,’y,‘r (\IIQ)HWz,p = O (HXE,T (f(ﬁs,'y,f + \Ijl) - f(fjs,’y,‘r + \112)
—f/ (ws) (\Ijl _\112))HLP)‘ (57)

By applying the mean value theorem together with Holder’s inequality, it follows from (5.6)
and (5.7) that

k

k
Xe,‘rfl (wa +4 Z BE,%,‘H + \IJ) Z BE/Yi,Ti

i=1 i=1

len " (e + 10| 1920 ) (5.8)

INeyr (1)l ey = O (]

Lr

HNEK%T (\I’l) - Nem'r (‘IIZ)”Wz,p
= O (|Ixer (f' (Ueyir + (1 = 52) U1 + 5200) — f (we) )|, [1%1 = sl o)

of

k
XE,’Tf” (we + t2 Z Bs,ﬁ/i,‘ri + t2 (1 - 32) \IJI + t252\112>
i=1

k
X (Z B 7+ (1 —59) Uy + SQ\I/Q) ||\I’1 — \IJQHCO ) (5.9)
=1

Lp

for some functions sy, sz, t1,t2 : @ — [0,1]. Since 0 < x. - < 1in Q, w. — wo in C° (Q) and
U € V. (C), we obtain

[Xe,r f" (we +519)||,, =O(1). (5.10)
For every j € {1,...,k}, by using (3.10), we obtain
2 1
By r () = — (ln — +0(1 ) 5.11)
&5 J( ¥4 |1'*7'j| () (

uniformly in z € Q\B (75,7:). We let R, := exp (—7,) > r.. Since x.,» = 0 in B (7j,r.),
0<Xer <1inQ, we = wp in Co (ﬁ), ug (0) =0, U, ¥y, Uy € V. (C) and 0 < s1, 59,t1,t2 <
1, it follows from (5.11) that

k k
Xe,‘rf/ (wa +1 Z Be ;i + \I/) Z B&’Yz'ﬂ'ilB(TT,Ra)

i=1 i=1

Re 2 1 p
-0 (75/ f! (tlln—i—o(l)) rdr
re Vi r

P

Lpr
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) 5073/’7? )
=0 [ 1 s o) exp (—o3s) ds
2

e /;

3p+2 8072/7; 2 2
=0 |7t / exp ((ptls — 1) syj +o0 ('yj)) ds
2

e/}

so/(1-6")*
=0 72”“/ exp ((ptis — 1) 57]2 +o(vy))ds | =0(1), (5.12)
8o/ [7. (1+6")%]

k
‘ Xer [ (ws Hty Y B 2 (1—s2) U1 + t252‘1’2>
i=1
P
X (ZBEKH,H + (1 — 82) \Ill + 52‘1’2)13(7_77135)
‘ Lp

=1

fe (2t 1 P
(fyg/ i (7,‘2 In-+o (1)) rdr
Te ’YJ r
5075/7]2'
=0 7{;*’2/ I (tavjs +0(1))" exp (—’YJZS) ds
2

exp ((pt3s — 1) S’)/? +0(v5)) ds)

so/(1-6")*
=0 7‘;”"’2/ exp ((pt3s — 1) S’yJ2 +o0(vj))ds | =o(1) (5.13)
do/[7-(1+67)%]

as € — 0, uniformly in (vy,7) € T¥ (§") x TF (§) and ¥, ¥y, ¥y € V.(C), provided we choose
p such that pdy/ (1 —6)°> —1<0,ie p< (1—46)/d. By using (5.11), we obtain

k

k P
‘ XE,Tf/ (ws +h Z Be ;7 + \Ij) Z Be qi 7 ]-QREJ-
i=1 i=1 Lp
1k
=0 (p Z/ In |z — 7] + O (1)|de) =o0(1) (5.14)
Ve iZ1 YR -

and, similarly,

k
Xs,Tf// (ws + tg Z BE)%,H + to (1 — 82) U, + thgWg)

=1

k
x (Z BE,’Yi»Ti + (1 - 52) vy + 32\112>1QR51,_
i=1
as € — 0, uniformly in (vy,7) € T¥ (§') x T* (6) and ¥, ¥y, ¥y € V(C).
Note that similar estimates as in (5.12)—(5.14) yield (3.16).
By putting together (5.9)~(5.15) and using the continuity of the embedding W?*? (Q) —
C° (Q), we obtain

—o(1) (5.15)
Lr

2
INeyr (D)2 =0 (1 [l20 ) (5.16)
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[N y.r (W1) = Ne oy r (W2)llyyrae = 0 (W1 — Wallyy2) (5.17)

as € — 0, uniformly in (v, 7) € T¥ (§') x TF (8) and ¥, ¥y, Uy € V.(C). Tt follows from (5.2),
(5.5), (5.16) and (5.17) that there exist €1 (p,d,6’) € (0,&0) and C = C (p,,0") > 0 (here we
do not specify the dependence in dy as this number is considered to be fixed) such that for
every € € (0,¢1 (8)) and (v, 7) € T¥ (§') x T¥ (), T - is a contraction mapping on Vz (C).
By the fixed point theorem, we then obtain that there exists a unique solution ¥, , , € V; (C)
to the problem (3.13). By fixing a number p such that 2 < p < (1 — 50)2 /00, the first
inequality in (3.14) then follows from the continuity of the embedding W?2? () < C* ().
By using the Moser—Trudinger inequality together with standard elliptic regularity theory,
we obtain that ¥, , € C»*(Q) N C? (). Furthermore, by symmetry of Q, we, he, Xer
and ﬁgﬁﬁ, we obtain that W, , - is even in x5 and by using the continuous differentiability
of ﬁgyw and x. - in (v, 7), we obtain that ¥, , - is continuously differentiable in (v, 7).

Now, we prove the second inequality in (3.14). Fori € {1,..., k}, by differentiating (3.13)
in ~;, we obtain

A [LE,T (8% [\Ile,'y;r])] = AEhEXE,Tf/(ﬁe,w,T + \Ils,'y,‘r)a% [ﬁe,v,‘r]
+ )\EhSXE,T (f/(ﬁs,%‘l' + \ija%T) - fl (wE) )8’71 [\I/&’Yﬂ'] ) (5'18)

where L. ; is as in (5.1). By using (5.2) and (5.18) together with a standard LP-estimate
and since A\, — Ao and h. — ho in C° (ﬁ), we then obtain

XE,Tf, (ﬁe,w,r + \Ila,'y,‘r)a“/i [UE»’Y,T]

105 92yl =0 |

Lr

+ ‘ Xe,r (f/(Us,'y,T + \I]s,’y,f) - f/ (ws) )8’71 [\1187%7'] Lp

). (5.19)

By using (3.11), we obtain

0, (] = =5 (mle =]+ 0 (1) (5.20)

?

uniformly in z € Q\B (77, 7). By using (5.11) and (5.20) and proceeding as in (5.12)—(5.15),

we obtain
P Re , 2 1 P
=0 ffl—=In=+0(1)) rdr
Lr re Yi r
1

1

7 Qre,r €

XE,Tf/<(757"/7T + \I’Ex'YxT)a'Y’i [(757777—]

uniformly in (v,7) € T* (8') x T¥ (§), provided p is chosen so that p < (1 —§")* /6. On
the other hand, by applying the mean value theorem together with Hélder’s inequality, we
obtain

Xe, T (f/((7€7’777' + \IIE,’Y,T) - f/ (wE) )a’h [\1157"/77']

Oy, [Weyr.r]

<
Lp co

k

k
Xs,‘rf// (ws +1 Z BE,’Yi,'ri + t\IJE,’Yﬂ') (Z B&,%,'ri + \Ile,%‘f)

=1 i=1

x (5.22)

Lp
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for some function ¢ :  — [0,1]. By using (5.11) and proceeding as in (5.12)—(5.15), we
obtain

as ¢ — 0, uniformly in (vy,7) € T#(§’) x TF (5), provided we choose p such that p <
(1 —0")* /6. By putting together (5.19) and (5.21)~(5.23), we obtain

T, (1) (5.23)

k
i=

k
Xer f" (ws +t Z B yr + t\IfsmT> (Z Berymi + Ve, 7-)
i=1

1

Lp

1
10r, eyl = O (25 ) + 0 105 [0 lco) (.20
as € — 0, uniformly in (v,7) € T¥ (§') x T (5). By choosing p such that
9 <po L=00)" 5)”
do

and using the continuity of the embedding W?2? (Q) — C* (ﬁ), the second inequality in
(3.14) then follows from (5.24).
Now, we prove (3.15). For every i € {1,...,k}, by differentiating (3.13) in 7;, we obtain
A[LE,T(a‘f‘i [\Il ,’77‘])] —)\ h f( E’YT+\IJ ,"/T)aTL[XET] +A haXan ( a'y‘r_’_\l’ £,Y,T )
X a‘rL [ £,7, ‘r} + A haXs T (f (Us;yn' + \1/5,’)/,7') - f (wa) )aTL [\1157'777'] 5 (525)

where L. ; is as in (5.1). By using (5.2) and (5.25) together with a standard LP—estimate
and since A — Ao and h. — ho in C° (©2), we obtain

||8‘r7 [\Ile,'y,‘r]sz,p =0 <Hf([75,’y,7' + \Ijs,’y,‘r)an [Xs,‘r] e + ‘ Xs,rf/(fjs,’y,‘r + \I]s,’y,‘r)
X 07, [Ue 7] Lt ‘ Xevr (F' (Ueryr + 0oy r) = f (w2))0r, [Oe s 1] B ) (5.26)
It is easy to see that
1
Or [xer] =0 <7,21A(n,ra,rs+r§)) (5.27)
€
uniformly in . By using (3.10) and (3.12) and since §' < 1 — /25y, we obtain
~ 2
0 [0err) = 2 (140 2T w0 () (5.28)
Yi |lx — 7'1|

uniformly in z = (z1,22) € Q\B (7, r:). By using (5.11), (5.27), (5.28) and proceeding as
n (5.12)—(5.15), we obtain

Hf(fje,'y,r + \Ija,'yn—)a‘ri [XE,T] I

1 frete ro 1 1\\?
O<T§p/r5 f(wlnr(lJro(l))JrO(%)) rdr)

§p+2 607?/71’2 2
o5 /5 exp ((ps — 1) 577 (1 +0(1))) ds

p | _
Te 072/v2—(2/92) In(1+rc)

—p 2
O (f};‘fp ln(l +7“5)exp ((p50 _ 1) (5073 +o (7?)))
" v?

€ 7

p




SIGN-CHANGING BLOW-UP FOR THE MOSER-TRUDINGER EQUATION 53

=0 (75 exp (1%50 : + (p - ) 807z +0 (%)))
=0 (72 exp _Pho__ +p—= )07 +o (7 ) =0 (1) ) (5.29)

: (1-4)° : : oK

p
" ~o0 i/ L) @
Ly % Jop, . \|lz =T
R. P
Jri I (21n1(1+0(1))+0<1>) rlpdr>
'Y,L Te Vi r Ye

B 1 2 50/(1—5/)2 P B 9 9 B 1
—O<7p+% /{S - ) exp((ps+§ 1) s +0(%-)> ds| =0 = (5.30)

€ o/[F(1+8")7] €

X&Tf( E’y‘r—"_\:[ls’yfr)aﬂ [ﬁE,W,T]

as € — 0, uniformly in (v,7) € T¥ (§') x T¥ (), provided we choose p such that

p50 3
———+p—-<0 and ——=+
1-ay "2 (1-0)

i.e. max 1JrLQ,g 1+5702 <1<1,
2 (1-6)3 (1-9¢) P

which is possible since ' < 1 — V/20g. Note that in this case, we cannot choose p > 2 and so
W?2P (Q) does not embed into C* (€2). Furthermore, by proceeding as in (5.22)—(5.23), we

obtain
‘ Xe,r (f/ (ﬁa,v,r + \11577,7') - f/ (wa) )an [\1’5,7,7] I =0 (Han [\Da,v,r] HCO) (531)

as ¢ — 0, uniformly in (y,7) € T* (§') x T* (§). By putting together (5.26), (5.29), (5.30)
and (5.31), we obtain

1
Jor [Tl = O (3-) 0 (105 [0 o) (532

as ¢ — 0, uniformly in (v, 7) € T¥ (§') x T (§). By using the continuity of the embeddings
of W% (Q) into C° (Q) and H' (Q), (3.15) then follows from (5.32).

Note that (5.29) corresponds to the first identity in (3.17), while the second one follows
from (5.30) together with the already proven (3.15) and (3.16), which yield

pdo P
S _1<o,
2

||f £,7,T D7-1\IJ £,79,T TE:THLP = (75 Hexp( &,7,T )1QT5:THLP ||DT7\I/ Y

This ends the proof of Proposition 3.2.

)=0(.).

6. EXPANSIONS OF THE BUBBLE AND ITS DERIVATIVES

In this section we give a precise asymptotic analysis of spherical solutions, and prove
some useful consequences.

Proposition 6.1. For every v > 0, let B, be the unique radial solution to the problem
AB, = f(B,) inR?
E’)’ (0) =7
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where f (s) := sexp (s?) for all s € R. Set
,u,QY =4y ?exp (—?) and t(r):=In(1+7r*) Vr>0 (6.1)
and let ¢ be the unique radial solution to the problem
Ap=4e™ (> —t+2p) inR?
{sa (0) =0.
Then

B (1) =y L) 2U00) ),

t(r) 1
as y — oo, uniformly in r € (O,ui_l), 6 € (0,1) fized. Furthermore, o (r) ~ —t(r) and
o (r) ~=t'(r) as r — co.

where

Proof. This was originally proven in [8], see Claim 5.1 and estimates (5.8) and (5.9) in
particular (note that the function B., in [8] corresponds to the function B. via the relation
B, (r) = B,(r/2)). The estimates (5.8)—(5.9) in [8] are valid as long as 0 < t(r/u,) < v*—T,
where T, is chosen so that ~y e T =0(1) as v — oo for every k > 0. It is not difficult to

see that this condition is satisfied uniformly for 0 < r < ,ufsy, for any fixed 6 > 0. (]

With regard to the derivative of Ev with respect to -y, we obtain the following:
Proposition 6.2. Let B, 1, t and ¢ be as in Proposition 6.1. Set Z (r) := }1:2 and let
1 be the unique radial solution to the problem

{mp =4e7? (Zo (1 — 4t + 2> + 4p) +2¢) in R?

% (0) = 0.
Then
Zoay ()= 0, B 1)) = Zolr/iwy) + 1) B ),
where
E, (1) =0 <1 Zi(’“)) and E,(r) =0 <71T> (6.3)

as v — 0o, uniformly in r € (0,u§_1), 0 € (0,1) fized. Furthermore, i (r) ~ t(r) and
' (r) ~t' (r) as r — oo.

Proof. We easily see that

AZy, = f/(E'y)ZO,’y in B(0, :uf;y)
Zp(0) =1,

with f (s) = se®. Set
¥ (r)
~2

By (r) o= Zon (y7) = Zo (1) —

and observe that
AZQ = 86721570,
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so that
AE., =12 (B —2y  AY 5—1
v = 13" (By (1) Zogy (11y7) — 8™ Zo — el in B (0,57") 6.4
E, (0) =0.
In order to expand the right-hand side of (6.4) we use (6.2), ¢ = O (1 +t) and recalling that
u?fﬂe”z =4, we find

! (E’Y (/Jv')) = (1+2§2 (MW-))exp( )
t H+0(5 ’
1+2(y_++o . )] ()
1+

de72t [ 1 41
62|:2+2 +O(
wy o LY 72

Using that e® =1 + s+ O(s?)e® for s > 0, we write

74

2

12 t
e’ = ++O(4

t

2

and using that t = O (72) uniformly on (0 u

),

SEHo(HF) Jy 22 (
2

>

) .

We now multiply and reorder, using that exp (t*/7%) > 1, to obtain
— de=2t 1 14 t* 2
£ (B ) = 2 (24 - arag 0 (FE0) ) o
12 2 v
t2
42 1 et 14
=— (2+2(1—4t+2t2+4<p)>+ 5 O( - )
12 e 12 v

Together with (6.4) and using that ¢ = O (1 +¢) (as we shall prove later), we now estimate

I (E“/ (/J"Y')) (

2 + f (E’Y (Nw')) E7>

AE, = Ni (f/ (Ev (Mv')) Zo +

_ Z 2
8¢ 27y —de™? (72 (1— 4t +26% + 4¢) + Vf)

_ opp 22 1+t
We now go back to (6.5) and, still using that ¢ = O (72) on B (0, u§_1)7 we bound

f/ (Ev (MW')) =0 (:26_2“_%> ,

5

+2 4
N <O(|E7|) +0 <1 ;Lf >> . (6.6)

Multiplying by v* and using ODE theory, we see that
YE, — Ey in CL. (Rz) .

so that
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In particular, for any fixed T' > 0 and for v large (v > 70 (T')), we have
C(T) (1)
~A o

|E,| < and |E.| < on [0,77]. (6.7)

From now on, it is understood that v > o (T'), so that (6.7) holds. In order to prove (6.3),
observe that the first identity in (6.3) follows from the second one and (6.7) by integration
over [T, r]. Then, for T, M > 0 to be chosen later, set

_ M
R, :=sup {r € (T,u‘ff iE |Eﬁ{ (p)| < i Vp € [T,r]}.
We shall prove that for 7" and M suitable, we have R, = ug_l for every ~ sufficiently large.
Arguing by contradiction, assume that R, < ,ufsfl, so that in particular
M
- Ryt

|EL(R,)| (6.8)

By definition of R, using (6.7) and integrating, we get
"M c(T) Mt(r)
ErﬁET—l—/—dpSi—i- on [T,R,]|. 6.9
B, 0 <18, @+ [ < S 2 on (1) (6.9
With the divergence theorem, (6.6) and (6.9), we now bound for ¢ € [T, R,],

2nrE!, (r)| < |27TE! (T)| —|—/ |AE, (x) dx|
B(0,r)\ B(0,T)

2rTC" (T o2 [~ ~ (14t
“74()+/ e <C’|E,Y+C( s >)da:
Y B(0,r)\B(0,T) Y

’ 2 42
S 21T C (T) CM e_gt_;'_?tdx

4 2% JB(o.m\B(0,T)
1 g 2~
+ = eTEC(C(T) + 1 + 1Y) da
7" JB(0,r)\B(0,T)
_.2rTC’(T) + (L) (1)
: 4

B v v

+ (6.10)

Observing that
2

t
—2t+?§—(1—|—5)t and e_gttk:O(l) onB(O,,ui_l), vk >0,

we bound

+2
/ e ke = 0 / e~ (H3)tdg | = or (1),
B(0,u5\B(0,T) B(0,T)°

with op (1) — 0 as T' — oco. We can therefore choose T sufficiently large (independent of
M) so that
M

(Iy) < =~

Then, choosing M sufficiently large (depending on T'), so that
M
27TC' (T) + (IL,) < ”7
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and dividing by 27 in (6.10), we finally obtain
M
T|EI(T)|§W7 VTG[T,R»Y],

which for » = R, is a contradiction to (6.8). Therefore R, = ,ufsfl.
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To prove that ¢ (r) ~ ¢ (r) and ¢’ (r) ~ t' (r) as r — oo, we recall from [15, Lemmas 15

and 16] (see also [8, Lemma 5.1]) that if ¢ is radially symmetric and solves
A =de™ (g +29),
with g (r) = O ( (lnr)k) as r — oo for some k > 1, then

r r3 T

k
b (r) = Blr + 0 (r), w/<r>—5+0<“”) ) pi=2 [ Zuegs
RQ

as r — oo. With g = Z, (1 — 4t 2% + 4<p) we compute
_ — 16
/ Zoe Hdy = T, / Zoe 2 dtdy = —°
R2 3 R2 9

_ 70 _
/ de_2t2t2da? =T and / de_2t4<pdx =—
R2 27 R2

4r
277
so that g = 2.

Let us see a few consequences of the above estimates.

Proposition 6.3. Let Fv, JT Zy and Zo,~ be as in Propositions 6.1 and 6.2.

0€(0,1), a,b >0 and t, (r) = t(r/pny), we have

/ exp (Ei)ﬁi (1 +0 (%)) dr = 47y""2 + 0 (’Yb_4) 7
B(0,r) ¥

as v — oo, uniformly for yp, <r < ufsy. Moreover,

/ f (Ev) Zo,ydx =
B(0,r)

as v — 00, uniformly for ypu, =o(r) and r < ug, and

/ I (By (2)) idm =47+ 0 (1)
B 2+ |z 7

as v — 00, uniformly for yu, <r < ,ufr.

—4r +o0(1)
42

Given

(6.11)

(6.12)

(6.13)

Proof. Using Proposition 6.1 and noticing that ¢ = O (1+1¢), t, = O (¥*) in B(0,r) for

r < ug, we write

22

exp (E?y) _ e[v*t%Jro(l:;w”? _ 672672t76%+0<%) _ ﬁ (1 +0 <t'2y

where we used the inequality |e* — 1| < || e/*! to estimate

eo<%> - 1’ =0 (t%> e%.

,)/2

)

(6.14)
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Further, we use Proposition 6.1 together with (1 4+ z)* = 1+ O (x) uniformly for x = O (1),
to bound

- £\ )" 14+6,\\" )"
meo(B)) = (ro(57) (ro(B))
Y y Y
1 " a+b 1—|—t2
7b<1+o< i ”)) =+4"[1+0 - (6.15)
Y Y
We can then estimate the left-hand side of (6.11) as
4e—2t 1+ 2
/ |10 (e | e
B(0,r) 37 gl
de2t 1+ 2 dr [Tm 2
[ (o () )= 5 [
B0,r/uy) Y v vy 0 (1+ p?)

1‘/wﬁ )O<u+t36t@w®>dx_wnv+UDw

4—
’YbB

+
Using that r > ~yu, one computes
T -2
(1), = Jb (1+0(v77),

and using that 0 < ¢t/4% < (1—46+o0(1)) in B(0,r/u,) as v — oo, uniformly for r < ,ufi,
and observing that (1 -+ ¢?) (1)t ¢ 1 (R?) for every ¢’ > 0, one has

1 1
(II), =0 / 1+ 12) g~ t(F0+0(1)) :o() (6.16)
74 B(o,r/w( ) vt

as v — oo, uniformly for r < ug, so that (6.11) is proven.
In order to prove (6.12) we use Proposition 6.2 to expand Zy ., and compute

/ 7' (B,) Zode = / 0, [f (B,)] do = / AZy.de
B(0,r) B(0,r) B(0,r)
= AlZ
Jron 2 (0 G) 30 () 72 () )
(B ()2 ()
Hy ey 2
A direct computation shows

2
1
5 (2)-0(5) (3
Hey My r Y
as y — oo, uniformly for v/, = o (r). Using that

V) =1 () (1 +o() = o

2
:;(14—0(1)) as s — 00,

we obtain

/7777[} <Mv> =2+4+0(1).



SIGN-CHANGING BLOW-UP FOR THE MOSER-TRUDINGER EQUATION 59
Finally, from the second part of (6.3), we infer

()0 () o(3)

Summing up, (6.12) follows at once.
It remains to prove (6.13). Using (6.14) and (6.15), we write

2
2x7

f (B, (z)) ———dz
/B<o.,r> () K2 +
2 t2 ﬁ 2
= 4y2%e? / (1 +0 (1 +2t7)> e P [140 % en? (yl) dy
B(0,r) v v oy

- L+ (5
= / 16e 3ty%dy +0 (/ — € ¢(3 ch)y%dy) =: (I)’Y + (I1),
B(0,r/py) BO,r/uy)

To compute (1) -» we observe that its value does not change if we replace y1 with y2, so that

/by

1
=4r+o0(1)

1+2p?
(), = f/ 16e 3 2> dy = 167 tep
2 /B0 /uy)

4(1+p2)°

p=0

as v — oo, uniformly for » > yu,. The term (II), can be estimated as in (6.16) since

y? < el so that
t i(46to(1)) 1
(II)’Y = O 76 © dﬂf = O 5
B(0,r/py) Y Y

as v — oo, uniformly for r < /ﬁy. O
Proposition 6.4. Let B., and i, be as in Proposition 6.1. Given §y € (0,1/2), we have
_ 582
/( o (By ()?) |2] da = O (2P0~ 200 tet)y (6.17)
B(0,r

as v — oo, uniformly for r = 0O (,ugo).

Proof. Let t, be as in Proposition 6.2. Using Proposition 6.1, we write

o) o (|12 ro (T )] ) <ot ol
v v
o ot (2-t2/7°) S 5
= (/J%’YQ) , forr=0(u), (6.18)
Then, using that
ty (r) < (1—6+0(1)7%, forr=0 (u), (6.19)

together with a change of variables, we get

_ 9 e_tw (2_tw/"/2)
/ exp (B, (z)7) |z|dz = O / —— |7|dz
B(0,r) B(0,r) HYY
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—o(u/ lydy>_o<u/ lyl dy )

— . S .

BOr/n) (14 [y*)* ™" B/ (14 |y*) oW
1—-28604o0(1)

— r _ 360—26240(1)

a (Mﬂ{ (/‘7) ) _O(u’y )

as 7 — oo, uniformly for r = O (ufyf’), which proves (6.17). O

7. POINCARE-SOBOLEV INEQUALITIES

The standard Poincaré-Sobolev inequality on S? says that for every p € [1,00) there
exists Cp > 0 such that for every ¢ € H'(S?) with [, ¢dvs: = 0, we have

2

v <c, ([ 1voras) . (r1)
SZ SQ

Pulling back the spherical metric onto R?, we can also rewrite (7.1) as
I3
2

/|¢|pe_2td$§0p (/ |V¢|2dx) , (7.2)
R2 R2

for every ¢ € D2 (R?) such that [y, ge~>!dax = 0, where ¢ (z) := In (1 + |2|°), so that
4e=2@) = 4(1 4 |x|2)72 is the conformal factor of the pull-back metric.
We will need a perturbed version of (7.2), where we replace e~ with suitable scaled

versions of exp (Ei)

Lemma 7.1. Let (x:)e>0 be a sequence of functions in R? such that for every q > 1, we
have x. — Xo as € = 0 in L7 (R?, e~ ?!dz), i.e.

/ Ixe — xo0|?e " *dx — 0
R2
for some function xo in R? and further assume that

/]R2 xoe 2tdx # 0. (7.3)

Then, for every p € [1,00), there exists a constant C > 0 (depending on p and (xc)) such
that for € > 0 small enough, the following holds:

/ |p|P e *tdx < C (/ [Vol|? dx) ’ (7.4)
R2 R2

for every ¢ € DY? (R?) such that [, ¢x.e”?tdx = 0.
R

Proof. Assume by contradiction that there exists a sequence (¢.). in D2 (Rz) such that

/2 |pe|Pe 2 dr =1, / bexee 2tdr =0, 15%/ |V |*dx = 0. (7.5)
R R- R

Let IT : S — R? be the stereographic projection. By the first equation in (7.5), the average
of ¢. oIl on S? is bounded, so by the Sobolev-Poincaré inequality and weak compactness, up
to a subsequence, ¢. o Il — ¢ o IT strongly in L9 (S?), in LP(S?), and weakly in H'(S?), for
some function ¢y € LP(R?, e~2'dx). By lower-semicontinuity of the Dirichlet integral we get



SIGN-CHANGING BLOW-UP FOR THE MOSER-TRUDINGER EQUATION 61

[V(¢ooIl)||12(s2) = [[VollL2(r2) = 0, so that ¢ is constant, non-zero since ||¢o o || 1 (s2) =
1. Then, we obtain

0:/ qﬁsxse*%d:c%/ (;So)(oe*ztdx = Xgefztdx:(),
R2 R2 R2

contradicting our assumption. ]

Proposition 7.2. Let Ew ty and t, be as in Propositions 6.1 and 6.2. Let ¢ € D12 (R2)
be such that

/ f(By)pdz =0 (7.6)

"

for r such that py =o(r) andr =0 (ufsy") for some 0y € (0,1). Then for every p € [1,00),

we have p
73 1 bl
/B(Om) exp (BS) (1+1,) ¢l dz = O (72 (/}R |V¢|2d:v> ) : (7.7)

Proof. With Proposition 6.1 we can rewrite condition (7.6) as

1+t ot 4+ jo(tt
0:7/ <1+O< +27)>6726 2t7+’y2+0( vzw)qﬁdx
B(0,r) Y

4 1+t o 2 14t 4 ~
= 7/ <1 + O (t)) e 2412 +O(17+2 )¢(Hw')dx = 7/ efztxfyz,bdy,
Y JB(0,r/ ) Y Y JRr2

where @ (y) = é(pvy), and we claim that

1+t 12 it
Xy = 1B(0,r/u) (1 o ( 72 )> 6W2+O( *) — X0 =1

in LY(R? e %dx) for 1 < ¢ <

1
. (7.8
s (7.8)
Indeed, it is clear that x4 — xo pointwise, while we can uniformly bound x, by a function
in L7 (R?, e~ ?'dz) as follows. By using (6.19), we obtain

xy =0 (e%) =0 (615(1—60-&-0(1)))7 so that x? = O (etQ(1—50+0(1)))’

On the other hand,

1
tq(1—8o+o(1)) ,—2t 7, _ —t(2—q+gdo+o(1)) 7,. —
/]1&2 e e “dx = /R2 e de = /R2 0 (1 1 |x4—2q+2q50+0(1)> du

=0(1) ford—2¢+2qy>2, ie 1<g<

1—4do’
so that (7.8) follows by dominated convergence.

We can then apply Lemma 7.1 to 5, so that (7.4) holds. On the other hand, for any
r € [1,00),

—2
/ exp (B2) (1 + 1) 9" de
B(0,r)

1 _opyp t2 14t ~ 1 ~
:7/ e 2t+;2+o(w2)(1+t)|¢\pdx: 7/ Xy |0lPe?tdx, (7.9)
7" JBO,r/ 1) v JRr2
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where, as in (7.8) we have

S Z+o(L) - 2 -2t
Xy = 1Br/p,) (1 +1t)er ) — 1+t in LYR* e *"dx)
for ¢ <1/ (1 — ), and with Holder’s inequality, we obtain

1
7

[wlirean< ([ gezar) ([ o)’ =o((42v@ﬁ2>
0 (( v¢|2)2> :

Substituting into (7.9), we then obtain (7.7). O

IS}

o

8. PrROOF OF CrLAIM 3.1

From (3.2), (6.2) and the divergence theorem, we get

Aeypr = =218, = (r2) = —21ro\/Ache (70) B, (VAche (7)) = ‘E +0 (13> .

Yi Ve
(8.1)
Considering that
1
In\. =0(1) and Inp, = —5712 —Invy +0(1),
from (6.2), we infer
- 21 )+ In(Ahe (74 1
B (R = - LAl R ED) o (1)
2Inr. 2Inwy; 1
= — nr — n’y +O<)7 (8'2)
Vi Yi e

which together with (3.3) and (8.1) gives

2Iny; 1 2In%y, 1
CE,’Yi,Ti = - ik +0 () = _LnVe +0 <> .
Vi Ve Vi Ve

This proves (3.10). Further, Proposition 6.2 gives

Bn, [Ae i mi] = =21/ Aehe (70)05, [BL, (VAche (7o) ]
_ Ao (s LN_ 4 (1
- ﬁ+0<@>+o(ﬁ>_ Zro(5):

— — 2Inr.  2In~y; 1
Dy, [B'n(\/ Ache (7'11)7"5)] =——+— 10 <2> )

Vi Yi

Similarly,

so that

8%' [CE,’Yiﬂ'i] = 6% [Ew( Ache (71‘)7"5)] +

21ny; (1) 2In%y (1)
= +0|= )= £4+0( =),
7 72 7 72

1
T 6’%‘ [AE,%‘,‘H] In Te
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which proves (3.11). To prove (3.12), we observe that

AE,'yi,n = Ashs (7-71)/

B(?iwrs)

! (EEKW ,TT) dx = 21\ he (T5) /TE f(EW( Ache (ﬁ)r))rdr
0

/ V Ache (7—71?)7'5

0

f (Ew (r) )rdr. (8.3)

=27

By differentiating (8.3) in 7;, we obtain
87'1' [A51'Yi77'i] = 7T)‘€ar1h€ (7—7) T?f(g’% ( V )‘EhE (?Z)TE)) (84)
By using (8.2) together with the definition of r., and using that ~; > (1 — ¢’) 7., we obtain

V2 1(B,, (VA ) = O (7 exp (j (nr. + I + 0 (1))2))

K2

=0 (’ys exp (21an (1 4ol +4lnzi)>)
Vi Vi
72
=0 (exp (—6ofy§ (1 - 50,73 +o (1)) + lnfye)>
J 1
= O exp _6075 1-— ﬁ + (0] (1) =0 (a) (85)

uniformly in (y,7) € T¥ (8') x TF (6) for all a > 0, provided ¢ < 1 — /3. By using (8.4)
and (8.5) and since A. = Ao and h. — hg in C* (), we obtain the first part of (3.12). By
differentiating C. , -, in 7; and using (6.2), (8.4) and (8.5), we then obtain

\/Zaxl hs ?i Te = —
a‘ri [Cs,’nm] = H(g—))B;’ ( V Aehe (Ti)Ts)

1 1 Oy, he (73) |0z, he (73)|
— —O0r; Ag T 1 —_— = — L S ! )
27‘_81 [ 3Yis 1] n’/’g ha (Tz)'Yz +O ( 71:

which gives the second part of (3.12). This ends the proof of Claim 3.1.
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