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Abstract

Traditionally, probabilistic analysis of voting rules supposes the use of simulation models to gen-

erate preferences data, like the Impartial Culture (IC) or Impartial and Anonymous Culture (IAC)

models. Voting rules based on evaluation inputs rather than preference orders have been recently

proposed, like majority judgment, range voting or approval voting. These voting rules deserve spe-

cific data out of the traditional framework. We propose in this paper several simulation models for

generating evaluation-based voting inputs. These models can cope with dependent and non identical

marginal distributions of the evaluations received by the candidates. A last part is devoted to fitting

these models to real data sets.

Keywords: voting rules, Evaluation based voting rules, Simulation, IC model.

1 Introduction

Voting rules can be seen as functions which aim at determining a winner in a set of candidates considering

preferences of a set of voters. Both social and mathematical approaches consider positive or negative

properties satisfied by a given voting rule as a matter of interest. Studying the properties of voting rules

∗Institute of Engineering Univ. Grenoble Alpes
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can be done either in an axiomatic approach or in a probabilistic approach. The axiomatic approach

supposes to determine which properties characterize a specific voting process, i.e. which properties are

to be observed, and which are not, via formal theorems. The probabilistic approach aims at determining

whether these properties are likely to be observed, i.e. determining the frequency of occurrence of such

properties using a voting rule. This pragmatic approach is based on simulations. Several models exist,

which have been well studied for years. One can refer to Diss and Kamwa [12] for a recent state-of-

the-art of simulation techniques for a probabilistic approach of voting theory. Tideman and Plassmann

[33, 34], Plassmann and Tideman [29], Green-Armytage et al. [19] contain examples of simulation-based

studies of voting rules. All these models are appropriate to study voting rules using preference orders on

candidates as input. But other voting rules have been recently proposed based on evaluations given by

the voters about the candidates, using preference intensities, i.e. evaluations on a given scale, and not

only preference orders. A complete review of both order preference-based and evaluation-based voting

processes can be found in Felsenthal and Machover [16].

We propose in this paper to investigate several methods to simulate evaluation/notation data for

studying evaluation-based voting rules. The aim is double. First, defining simulations, one can study the

occurrence of statistical properties or paradoxes for different voting rules in a general context. Second,

one can model real life votes, to study the behavior of voting rules in specific frameworks.

We first introduce evaluation-based voting methods in Section 2. We discuss about the relevance of

Impartial Culture (IC) framework in evaluations. In this context, voters’ preferences on each candidate

are independent and identically distributed (i.i.d.). Section 3 presents i.i.d. models on evaluation, which

hence yields IC models on preference orders. Dealing with evaluation rather than preferences, the IC

is not the key assumption. It is more appropriate to discuss about the relaxation of either the identity

of the distributions or the independence assumptions. Section 4 is devoted to voter’s preferences on

each candidate differently distributed (but still independent). In Section 5, some models where these

distributions are dependent are explored. We introduce among others copula-based evaluations models

and spatial models. A real data application is given in Section 6. This works ends with a discussion on

relative benefits and drawbacks of these simulation models.

2 Evaluation based methods

Classical voting methods are based on preference rankings. Traditional use of these methods has a

clear historical justification: before the computers, further preferences of voters couldn’t be taken in

consideration for practical reasons. Nevertheless, the information contained in these rankings is very

limited. As a consequence, these classical methods based on preferences are vulnerable to numerous

“paradoxes” [16] and impossibility theorems. The most famous is Arrow’s impossibility theorem [2].
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Alternative methods based on evaluations exist, which are more nuanced and keep more information.

Obtained results are promising and stretch some limits of the classical methods. The three most famous

methods based on evaluations are the approval voting, the range voting and the majority judgment. The

approval voting (see [9] for a complete study) is maybe the most famous of these methods: each voter

evaluates candidates on a scale of 2 grades, which is the simplest possible scale. The voter grades 1 if the

candidate is acceptable, else 0. The voter can then votes for several candidates, even all of them or none

of them, accordingly to his/her convictions. Note that this method is very simple to apply in practice.

The two other methods are based on more nuanced classes of grading, which can be continuous or on

a discrete scale. With the range voting, proposed by Smith [31], the winner is the candidate with the

highest average grade. With the majority judgment, introduced by Balinski and Laraki [4, 5], the winner

is the candidate with the highest median grade. Tie-break situations are, here, a matter of importance

and are taken into account for example in [6] and [15].

Note that approval voting can be seen either as a range voting or as a majority judgment, with a

grading scale reduced to a binary scale 0 or 1.

These evaluation-based voting methods can either be seen as particular cases of a more general voting

methods family which is the deepest voting family. Deepest voting is a new promising family of social

decision functions based on evaluations, which has been introduced and studied in [3]. Let us consider n

voters and d candidates. Each voter can be seen as a point in Rd whose components are the grades for

each candidate. The set of all the voters’ grades is then a point cloud. The key idea of deepest voting is

to consider the grades of the most central voter of the cloud, which can be find by maximizing a depth

function [36]. The associated social decision function simply gives the grades of this innermost voter as

output.

The recent interest in evaluation-based votes yields a need of simulation methods to study their

properties. Hence, our objective is to extend preference simulation procedures to evaluations.

Notations

In the following, we will consider situations with n voters and d candidates. Each voter associates

a grade in a set E to each candidate. Evaluation of voter j for candidate i will be denoted eij , for

i = 1, . . . , d, j = 1, . . . , n. Observations {(eij)i=1,...,d, j = 1, . . . , n} are n independent realizations of a

random variable E = (E1, . . . , Ed), which takes values in Ed. Defining a simulation setting can be seen

as defining a multivariate probability distribution on Ed. We will consider two cases with respect to the

amount of information contained in the set E :

• continuous grades: without loss of generality, E = [0, 1] ;

• discrete grades: without loss of generality, E = {0, . . . ,K} with K ∈ N \ {0}.
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Observe that preference orders can be deduced from evaluations: when there is no ex-aequo, a strict

preference relation on the candidates can be obtained from the evaluations for each voter. In case of

ex-aequo, a total weak order can be obtained from evaluations. Hence, simulating evaluations data lead

naturally to data on orders of preference.

Evaluations versus preference orders

In voting framework based on preference orders, the Impartial Culture model (IC model) seems to be both

the oldest and the most widely used in simulation model. Introduced by Guilbaud [20] in 1952, IC model

supposes that each preference order on the candidates is equally likely to be selected by each voter. Each

individual randomly and independently chooses their preferences, with a Uniform probability distribution

on all orders. The Impartial and Anonymous Culture (IAC) model was introduced by Gehrlein and

Fishburn [17] and Kuga and Hiroaki [21], and supposes that all preferences on the candidates concerning

the whole set of voters are equally likely to appear. As Diss and Kamwa [12] noticed, “both models

are based on a notion of equi-probability, but the elementary events are preference orders under IC and

voting situations under IAC”.

Both IC and IAC models are relevant for voting processes taking a set of preferences as input data. By

contrast, evaluation-based voting processes need a vector of numerical evaluations on the set of candidates.

An extension of IC and IAC models to evaluations is, hence, necessary.

IAC models. Let us first highlight the distinction between IC and IAC models. The difference is that

IC models suppose that the voters’ preferences are independent and identically distributed, whereas IAC

models suppose that each configuration of preferences has the same probability of occurrence.

Let us consider an example with two voters and two candidates. Denote ri the preferred candidate

of voter vi, with ri = j if voter vi chooses candidate cj , i, j = 1, 2. IC models consider that events

(r1, r2) ∈ {(1, 1), (1, 2), (2, 1), (2, 2)} are equally likely, with probability 1/4 for each configuration. By

contrast, IAC models suppose that preferences (1, 1), (1, 2), (2, 2) all occur with the same probability, 1/3.

This is due to the fact that events (r1, r2) = (1, 2) and (r1, r2) = (2, 1) give the same preferences.

The counterpart of IAC with evaluation-based models is less tractable than IC. When E is continuous,

the evaluations may be associated with a continuous distribution. In that case, a given situation with

d candidates has a null probability to appear. Therefore, the definition of IC and IAC are not relevant.

When E is discrete, generating random evaluation situations e.g. with a Uniform probability seems

intractable as the number of possibilities grow exponentially with the number of candidates, evaluation

levels and/or voters. For example, with n = 100 voters giving an evaluation on a scale with K = 7

grades, for d = 3 candidates, there are (73)100 = 3.4 · 10253 possibilities. As stated in [27], generating

random preference orders in an IAC framework is very difficult when the number of candidates is greater
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than 3. Generating evaluation situations in an IAC framework is even more difficult. Therefore this issue

deserves special studies that overcome the aim of this paper and should be treated in a forthcoming work.

IC models. Based on the above considerations, IC models seems much more appropriate to generalize

to evaluation-based voting processes. The natural extension is to consider independent and identically

distributed (i.i.d.) distributions of the d random variables E1, . . . Ed. Indeed, in such a case, the prefer-

ences resulting from the evaluations will satisfy an IC model. It seems obvious that differently distributed

variables Ei, i = 1, . . . , d, yields non IC model on preferences. One can then wonder if Impartial Culture

is obtained if and only if E1, . . . Ed are identically distributed. We will show that dependent and iden-

tically distributed variables are not always leading to IC model on preferences. Hence, reasoning on the

resulting model on preference orders seems too reducing for evaluation-based processes. It appears more

appropriate to discuss about the independence hypothesis and the identity of marginal distributions,

which provides finer information on the evaluations.

3 Independent and identically distributed evaluation models

The simplest case of IC modeling is when voters’ preference orders on each candidate are i.i.d. A natural

extension to evaluation-based voting process is to consider that voters’ evaluations of each candidate are

i.i.d., which we will call an Independent and Identically Distributed evaluations (Ev-IID) model.

Definition 1. Ev-IID model

The Independent Identically Distributed evaluations (Ev-IID) model based on a distribution D on E is

such that random variables E1, . . . , Ed are independent and identically distributed.

For the resulting preference orders, the i.i.d. character is still satisfied.

Proposition 1. Preference orders obtained from Ev-IID models follow an IC model.

The proof of Proposition 1 is obvious and, thus, omitted.

The Ev-IID model does not make any assumption on the distribution used in the model.

3.1 Ev-IID continuous models

When the evaluations are continuous, that is, E = [0, 1], we propose in the following to use Uniform,

truncated Normal or Beta distributions. Other distributions can also be considered, but will not be

studied in this paper for the sake of brevity.

• Ev-IID Uniform model

The Ev-IID Uniform model is an Ev-IID model with Ei ∼ U [0, 1] for all i = 1, . . . , d, where U [0, 1]

is the Uniform distribution on [0, 1].
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• Ev-IID truncated Normal model

The Ev-IID truncated Normal model is an Ev-IID model with Ei ∼ NT (µ, σ) for all i = 1, . . . , d,

where NT (µ, σ) is the Normal distribution, with mean µ ∈ R and standard deviation σ > 0,

truncated between 0 and 1 (see [30] for details).

• Ev-IID Beta model

The Ev-IID Beta model is an Ev-IID model with Ei ∼ B(α, β) for all i = 1, . . . , d, where B(α, β)

is the Beta distribution of parameters α and β, with α > 0 and β > 0.

Figure 1: Simulation examples of Ev-IID evaluations on one candidate for n = 1000 voters with re-

spectively Uniform distribution, truncated Normal distribution (with µ = 0.5 and σ = 0.35) and Beta

distribution (respectively with α = β = 0.5 and with α = 0.7 and β = 0.5).

Examples of simulations using Ev-IID Uniform, truncated Normal and Beta models are presented in

Figure 1 for d = 1 candidate and n = 1000 voters. It can be seen that these three families of distributions

cover a large scope of distributions. Each one has a different shape. Note that the Beta distribution, in

particular, allows asymmetric distributions.

3.2 Ev-IID discrete models

When the evaluations are discrete, i.e. E = {0, . . . ,K}, we propose in the following to use discrete

Uniform, Binomial or Beta-Binomial distributions, which can be seen as the discrete counterpart of the

Uniform, truncated Normal and Beta continuous distributions.

• Ev-IID discrete Uniform model

The Ev-IID discrete Uniform model is an Ev-IID model with Ei ∼ U{0, . . . ,K} for all i = 1, . . . , d,

where U{0, . . . ,K} is the discrete Uniform distribution on {0, . . . ,K}.

• Ev-IID Binomial model

The Ev-IID Binomial model is an Ev-IID model with Ei ∼ B(K, p) for all i = 1, . . . , d, where

6



B(K, p) is the Binomial distribution with parameters K and p ∈ (0, 1).

• Ev-IID Beta-Binomial model

The Ev-IID Beta-Binomial model is an Ev-IID model with Ei ∼ BB(K,α, β) for all i = 1, . . . , d,

where BB(K,α, β) is the Beta-Binomial distribution of parameters K, α and β, with α > 0 and

β > 0. The Beta-Binomial distribution is the Binomial distribution in which the probability of

success at each of K trials follows a Beta distribution with parameters α and β.

Examples of simulations using Ev-IID discrete Uniform, Binomial and Beta-Binomial models are

presented in Figure 2 for d = 1 candidate and n = 1000 voters. It illustrates that discrete Uniform,

Binomial and Beta-Binomial models can, indeed, be seen as discrete versions of respectively continuous

Uniform, truncated Normal and Beta models.

Figure 2: Simulation examples of Ev-IID discrete evaluations with K = 7 levels and one candidate for

n = 1000 voters, using respectively Uniform distribution, Binomial distribution (with p = 0.5) and Beta-

Binomial distribution (with α = β = 0.5).

4 Independent and differently distributed evaluation models

As far as the evaluations are i.i.d., Ev-IID models yield IC models when considering only preference orders.

We propose hereafter alternatives to Ev-IID models. The first possibility is to deal with independent

and not identically distributed distributions. Such models will be called Independent and Differently

Distributed evaluations (Ev-IDD) Models. We present these models in this Section.

The second alternative deals with dependent distributions between candidates. This is the object of

Section 5.

In social choice, there occur situations where some candidates divide the voters population between

strongly pro and strongly cons voters, whereas some other candidates are less polarizing. This later can
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be expressed by a smaller dispersion of the evaluations. Figure 3 displays an example of such a situation,

with two different profiles of evaluations. In this Section, the evaluation distribution for each candidate is

independent from the others, but the distributions are not identical. Such models, even if independence

holds, allows different evaluation distributions for each candidates, and they will be denoted as Ev-IDD

models.

Definition 2. Ev-IDD model

The Evaluation Independent and Differently Distributed (Ev-IDD) model based on a distribution D on

E is such that the random variables E1, . . . , Ed are independent and non identically distributed.

The marginal distributions can be different by changing parameters of a given distribution family, or

by changing the distribution family. We choose here to present only models with the same family for all

candidate, changing only parameters. This choice is motivated by the simplicity of use of such models.

4.1 Ev-IDD continuous models

For all i = 1, . . . , d, let Ei be independent random variables on a continuous set E = [0, 1].

We propose two distributions.

• Ev-IDD truncated Normal model

The Ev-IDD truncated Normal model is defined by

Ei ∼ NT (µi, σi), for all i = 1, . . . , d,

where NT (µi, σi) is the Normal distribution with mean µi and standard deviation σi, truncated to

the interval [0, 1], with µi ∈ R, σi > 0, for i ∈ {1, . . . , d}.

• Ev-IDD Beta model

The Ev-IDD Beta model is defined by

Ei ∼ B(αi, βi), for all i = 1, . . . , d,

where B(αi, βi) is the Beta distribution of parameters αi and βi, with αi > 0, βi > 0, for i ∈
{1, . . . , d}.

With these models, the shape of the distributions are, hence, the same as with Ev-IID truncated Normal

and Ev-IID Beta models, displayed in Figure 1. Yet, each candidate can have a different distribution.
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4.2 Ev-IDD discrete models

Similarly, for all i = 1, . . . , d, let Ei be independent random variables on a discrete set E = {0, . . . ,K}.
We propose two distributions.

• Ev-IDD Binomial model

The Ev-IDD Binomial model is defined by

Ei ∼ B(K, pi), for all i = 1, . . . , d,

where B(K, pi) is the binomial distribution with parameters K and pi, with (pi)i=1,...,d ∈ (0, 1)d.

• Ev-IDD Beta-Binomial model

The Ev-IDD Beta-Binomial model is defined by

Ei ∼ BB(K,αi, βi), for all i = 1, . . . , d,

where BB(K,αi, βi) is the Beta-Binomial distribution of parameters αi and βi, with αi > 0, βi > 0,

for i ∈ {1, . . . , d}.

The shape of the marginal distributions are, hence, the same as with Ev-IID Binomial and Ev-IID Beta-

Binomial models, displayed in Figure 2.

As noticed previously, Beta (discrete) distributions and Beta-Binomial (continuous) distributions

enable to consider various shapes of distributions. As an example, the evaluations of polarizing and non

polarizing candidates simulated in Figure 3 result from two Beta-Binomial distributions, with different

parameters.

5 Dependent evaluation models

The second alternative to extend Ev-IID models (and Ev-IDD models) is to remove the independence

hypothesis between the evaluations of each candidate. In such a case, the marginal distributions can be

either identical or different. Hence, these models can be considered as Dependent and Independently

Distributed evaluations models (Ev-DID). But considering non identical distributions provide Dependent

and Differently Distributed evaluations models (Ev-DDD).

Definition 3. Ev-DID model

The Dependent and Identically Distributed evaluations (Ev-DID) model based on a distribution D on E
is such that random variables E1, . . . , Ed are dependent and identically distributed.
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Figure 3: Simulation examples of polarizing and non polarizing candidates on n = 1000 voters obtained

with Beta-Binomial distributions, with respectively α = 0.3 and β = 0.3 for the polarizing candidate and

α = 10 and β = 3 for the non polarizing candidate.

Definition 4. Ev-DDD model

The Dependent and Differently Distributed evaluations (Ev-DDD) model based on a distribution D on E
is such that the random variables E1, . . . , Ed are dependent and non identically distributed.

Such models are detailed below. Note that contrary to Ev-IID models, Ev-DID models do not imply

IC models on preference orders as stated in Proposition 2.

Proposition 2. Preference orders obtained from Ev-DID models do not always follow an IC model.

The counterexample in Table 1 shows two candidates having identical marginal distribution, but

P (E1 > E2) = 1
2 6= P (E2 > E1) = 1

4 , where E1 is the evaluation of candidate 1 and E2 is the evaluation

of candidate 2.

5.1 Multinomial and Dirichlet models

Ev-IID and Ev-IDD models suppose that each voter evaluates all the candidates independently, without

any constraint on the evaluations vector. However, an alternative evaluation process consists in dividing

a total score on the candidate evaluations, such that the evaluations sum on the set of candidates is the

same for each voter. The evaluations of each candidate are identically distributed, as the model is totally
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E2

E1
0 1 2 P (E2)

0 0 1/4 0 1/4

1 0 1/4 1/4 1/2

2 1/4 0 0 1/4

P (E1) 1/4 1/2 1/4

Table 1: Example of a joint distribution form a Ev-DID model leading to a preference order non-IC

Model

symmetric, but they are not independent as there is a link between the evaluations of candidates given

by a voter.

Both discrete and continuous models are available, using multinomial distribution in the discrete case

and Dirichlet distribution for the continuous case.

Ev-DDD multinomial models. When the evaluations are discrete, i.e. E = {0, . . . ,K}, the Ev-DDD

multinomial model is the following.

Definition 5. Ev-DDD multinomial model

The Ev-DDD multinomial model is defined by (E1, . . . , Ed) ∼M{K, p1, . . . , pd} for all i = 1, . . . , d, where

M{K, p1, . . . , pd} is the multinomial distribution of parameters K and p1, . . . , pd, with for all i = 1, . . . , d,

pi ≥ 0 and
∑d
i=1 pi = 1.

If parameters pi are different for different i, then the evaluations are not identically distributed, the

associated multinomial model is then an Ev-DDD model. If for all i = 1, . . . , d, pi = 1/d then the

associated multinomial model is an Ev-DID model.

An example of simulation with 3 candidates using different probabilities for the candidates is shown

in Figure 4.

Ev-DDD Dirichlet models. The continuous counterpart of the multinomial distribution is obtained

through the use of a Dirichlet distribution on E = [0, 1]d as follows (see [26] for details about Dirichlet

distribution).

Definition 6. Ev-DDD Dirichlet model

The Ev-DDD Dirichlet model is defined by (E1, . . . , Ed) ∼ Dir{p1, . . . , pd} for all i = 1, . . . , d, where

Dir{p1, . . . , pd} is the Dirichlet distribution of parameters p1, . . . , pd, with for all i = 1, . . . , d, pi ≥ 0 and∑d
i=1 pi = 1..
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Figure 4: Histograms of evaluations for each of d = 3 candidates (n = 1000 voters) in a Ev-DDD Dirichlet

model with probability vector (0.5, 0.3, 0.2).

If parameters pi are different for different i, then the Dirichlet model is an Ev-DDD model. If for all

i = 1, . . . , d, pi = 1/d, then the Dirichlet model is an Ev-DID model.

An example of simulation with 3 candidates using different probabilities for the candidates is shown

in Figure 5. The links between the evaluations of the three candidates is shown in Figure 6.

Figure 5: Histograms of evaluations for each of d = 3 candidates (n = 1000 voters) in a Ev-DDD Dirichlet

model with probability vector (0.5, 0.3, 0.2).

Ev-DID Cumulative Dirichlet model. Suppose that the candidates are so different that each voter

should agree with at least one candidate, and strongly disagree with at least another one. Therefore,

evaluations should be set to 1 for the best candidate score, and 0 for the the worst candidate score. In
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Figure 6: Histograms of evaluations for each of d = 3 candidates (n = 1000 voters) in a Ev-DDD Dirichlet

model with probability vector (0.5, 0.3, 0.2).

this case, the distribution is a cumulative Dirichlet distribution.

Definition 7. Ev-DID Cumulative Dirichlet model

Let E = [0, 1]d. The Cumulative Dirichlet model is defined byEπ(1) = 0

Eπ(i) =
∑i−1
k=1 δk, for all i = 2, . . . , d.

where (δ1, . . . , δd−1) are independent variables from a Dirichlet distribution Dir(1, . . . , 1) on [0, 1]d−1,

and π a random permutation on {1, . . . , d}.

Note that, even if the cumulative Dirichlet model is not based on independent distributions for eval-

uations of candidates, the related distributions for the preferences are i.i.d. That is, the cumulative

Dirichlet model yields an IC model on preferences.

An example of evaluations from a Cumulative Dirichlet model is displayed on Figure 7 and on Figure

8. d = 4 candidates are considered, with n = 1000 voters. Figure 7 shows that all the marginal

distributions, that is, the distributions of the evaluations for each candidate, are the same. They have a

symmetric shape, with a high occurrence of extreme values 0 and 1. On Figure 8, the evaluations of the
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Figure 7: Histograms of evaluations for each of d = 4 candidates (n = 1000 voters) in a Ev-DID

Cumulative Dirichlet model.

Figure 8: Plot of evaluations of Candidate 2 vs evaluations of Candidate 1 (n = 1000 voters) in a

Cumulative Dirichlet Ev-DDD model.
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candidates do not look correlated. Nevertheless, the evaluations are not independent by definition, since

P (E1 = 1 ∩ E2 = 1) = 0 and P (E1 = 1) = P (E2 = 1) 6= 0.

5.2 Ev-DDD truncated Normal model

The idea now is to extend General Ev-IDD truncated Normal models to Ev-DDD models by introduc-

ing correlations between the evaluations for each candidate. This corresponds to correlations between

variables Ei, i = 1, . . . , d. It comes naturally with the Normal distribution, using a covariance matrix.

Definition 8. The Ev-DDD truncated Normal model is defined by

E = (E1, . . . , Ed) ∼ NT (µ,Σ),

where NT (µ,Σ) is the d-multivariate Normal distribution with mean µ and covariance matrix Σ, with

each component truncated to the interval [0, 1], with µ ∈ Rd, and Σ a positive definite matrix in Rd×d.

Observe that Ev-IDD truncated Normal model is a subclass of the model of Definition 8, obtained

when Σ is a diagonal matrix, Σ = diag
(
σ1, . . . , σd

)
. Ev-IID truncated Normal models correspond to

diagonal matrices Σ with the same entry in all the diagonal.

Figure 9 presents three different simulations based on the same marginal distributions for two candi-

dates (truncated Normal distributions with a mean equal to 0.7 and a standard deviation equal to 0.3):

the first one with independent (uncorrelated) evaluations for candidate 1 and candidate 2, the second one

with a positive correlation with ρ = 0.8 and the third one with a negative correlation with ρ = −0.8.

This model has the advantage to be easy to simulate and to enable to define in a very comprehensive

way the dependence between the evaluations. Nevertheless, this model implies strong restrictions on the

shape of the marginals. To get rid of these restrictions, we propose below to use copula.

5.3 Copula-based Ev-DID and Ev-DDD models

To generalize Ev-DDD truncated Normal model to any distributions (including discrete and continuous

sets E) and introduce dependencies between candidates, one can use copulas. If the distributions of the

evaluations of each candidate are not independent, a multivariate copula can be used to take into account

their dependencies. In a nutshell, a copula is a multivariate cumulative distribution function which has

all its margins uniformly distributed on the unit interval. It can also be applied on transform of random

variables to generate dependence with non uniform marginals. See [18, 25] for a formal presentation of

the subject.

Definition 9. Copula Ev-DDD models

The Copula Ev-DDD models are defined by

E = (E1, . . . , Ed) ∼ C(δ1, . . . δd),
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Figure 9: Simulation examples of Ev-DDD truncated Normal evaluations of d = 2 candidates by n = 1000

voters in 3 situations : uncorrelated (up left), positive correlated (up center) and negative correlated (up

right) evaluations. Marginal distributions are given on the bottom line.

where C is a multivariate copula and δ1, . . . , δd are distributions on E.

Figure 10 presents a simulation based on the use of two different marginal distributions for two

candidates (Beta distribution with parameters (0.7,0.5) for the first candidate and (0.5,0.7) for the second

one), using a Gaussian copula of parameter 0.8 (see below for details).

A strength of copulas is that they allow any marginal distributions. Therefore, the model should

specify both the marginal distribution for each candidate (e.g. with continuous or discrete distributions

of Section 2), and the copula used to model the dependencies between variables. In the following, we

distinguish the cases of a continuous set E and a discrete set E .

5.3.1 Copula Ev-DID and Ev-DDD continuous models

First, one has to choose the copula. Gaussian copulas offer a simple way to model dependencies between

each pairs of candidates, through the correlation coefficients. The dependencies of the copula between
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Figure 10: Simulation examples of Ev-DDD Copula evaluations for d = 2 candidates and n = 200 voters

two variables are exactly characterized by the correlation coefficients. Another interesting copula class

is the checkerboard copula class [10], which represents a good compromise between the richness of the

expression and the complexity of the model. See e.g. [14] for a discussion on the choice of a copula.

Next, marginal distributions must be chosen. One can consider the same distribution for each candi-

date and obtain Ev-DID models, or different distributions following Ev-DDD models. As before, we will

focus on the case where each marginal belongs to the same family, with possibly different parameters, but

different families can be used for different marginals in the same model. We propose three distributions.

• Copula Ev-DID Uniform model

The Copula Ev-DID Uniform model is defined by

E = (E1, . . . , Ed) ∼ C(δ, . . . δ),

where C is a multivariate copula on [0, 1]d and δ is the Uniform distribution on E = [0, 1].

• Copula Ev-DDD truncated Normal model

The Copula Ev-DDD truncated Normal model is defined by

E = (E1, . . . , Ed) ∼ C(δ1, . . . δd),

where C is a multivariate copula on [0, 1]d and δi is the truncated Normal distribution NT (µi, σi)

with mean µi and standard deviation σi, truncated to the interval [0, 1], with µi ∈ R, σi > 0, for

i ∈ {1, . . . , d}.

• Copula Ev-DDD Beta model

The Copula Ev-DDD Beta model is defined by

E = (E1, . . . , Ed) ∼ C(δ1, . . . δd),
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where C is a multivariate copula on [0, 1]d and δi is the Beta distribution B(αi, βi) of parameters

αi and βi, with αi > 0, βi > 0, for i ∈ {1, . . . , d}.

Note that the copula-based Uniform models are Ev-DID models. Indeed, they belong to the Impartial

Culture setting since all candidates have the same distributions. With Copula Ev-DDD truncated Normal

and Ev-DDD Beta models, the marginal distributions are the same as with the associated Ev-IDD models.

Yet, dependence between the evaluation has been added through the copula C.

5.3.2 Copula Ev-DID and Ev-DDD discrete models

Evaluations on discrete scales need the use of specific discrete copulas for simulation, as copulas are

different for discrete and continuous cases. Among others, pair-copulas [28] and Gaussian copulas [7]

have been proposed to simulate dependent discrete data, and therefore can be used also to model discrete

evaluations in a social choice framework.

Following previous discussions, we propose three models based on the same distributions as above.

• Copula Ev-DID Uniform model

The Copula Ev-DID Uniform model is defined by

E = (E1, . . . , Ed) ∼ C(δ, . . . δ),

where C is a multivariate copula on [0, 1]d and δ is the Uniform distributions on E = {0, . . . ,K}.

• Copula Ev-DDD Binomial model

The Copula Ev-DDD Binomial model is defined by

E = (E1, . . . , Ed) ∼ C(δ1, . . . δd),

where C is a multivariate copula on [0, 1]d and δi is the Binomial distribution B(K, pi) with param-

eters K and pi, i = 1, . . . , d, with (pi)i=1,...,d ∈ (0, 1)d.

• Copula Ev-DDD Beta-Binomial model

The Copula Ev-DDD Beta-Binomial model is defined by

E = (E1, . . . , Ed) ∼ C(δ1, . . . δd),

where C is a multivariate copula on [0, 1]d and δi is the Beta-Binomial distribution BB(K,αi, βi)

of parameters αi and βi, with αi > 0, βi > 0, for i ∈ {1, . . . , d}.

Except for the Copula Ev-DID Uniform discrete and continuous models, each of these models allows for

different marginal distributions, for the evaluations of each candidate. Additionally to this non identical

setting, the dependence modeling, through the copula, yields a large scope of models. These copula-based

models appear very rich and adapted for covering much framework of simulations of evaluations.
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5.4 Spatial models

Spatial voting simulations have been developed following the early work of [13]. The model is based

on the use of an euclidean distance between the candidates and the voters, which are described in the

same uni- or multi-dimensional space: the smaller the distance, the greater the preference. Tideman

and Plassmann [32] conclude that a spatial model “describes the observations in data sets much more

accurately” than other models.

Let k be a given dimension parameter. Parameter k should be seen as the number of latent character-

istics which are used to build an opinion on the candidates. Typically, k = 2 or 3, see [1] for a discussion

on the choice of k. Voters v1, . . . , vn and candidates c1, . . . , cd are then randomly uniformly generated as

points inside the hypercube [0, 1]k. Spatial voting is next based on the distances between the generated

points. The closer a voter to a candidate, the higher their evaluation of this candidate.

Definition 10. Ev-DDD Spatial models

Let k ∈ N \ {0}, c1, . . . , cd, v1, . . . , vn be independent realizations from a distribution on [0, 1]k. The

Ev-DDD spatial model for the evaluation eij of candidate ci by voter vj is defined as

∀i ∈ {1, . . . , d},∀j ∈ {1, . . . , n}, eij = f(d(ci, vj))

where d is a distance between ci and vj and f a non-increasing function mapping R+ to [0, 1].

Typically, an intuitive spatial simulation model is given by

• c1, . . . , cd, v1, . . . , vn obtained with a Uniform distribution on [0, 1]k,

• ∀i ∈ 1, . . . , d, ∀j ∈ 1, . . . , n, eij = max{0, (1 − ` × de(ci, vj))} with de the euclidean distance. The

parameter ` defines the decreasing rate of the evaluations with respect to the distance. For example,

` greater than 2 ensures that a voter being on the frontier of the unit cube will give a null score to

a candidate who is on the center of the unit cube.

Other choices than the Uniform distribution on [0, 1]k are possible, as proposed for example in [24], as

well as other choices than the euclidean distance. We choose here to focus on the Uniform distribution

and the euclidean distance for clarity. Other functions f are also possible, as for example the sigmöıd:

∀i ∈ 1, . . . , d, ∀j ∈ 1, . . . , n, eij = (1+eλ(βde(ci,vj)−1))−1, λ > 0 and β > 0. Figure 11 presents an example

of such a function for λ = 5 and β = 2.

For a given position of candidates in [0, 1]k, the spatial model is clearly an Ev-DDD model, since

the marginal distributions are different (see for example Figure 12) and potentially correlated (see for

example Figure 13).

An example of evaluations obtained through a spatial model is presented in Figure 14. Two candidates

and n = 100 voters have been randomly generated in [0, 1]2, that is, with k = 2. Evaluations are then
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Figure 11: Example of sigmöıd transformation with λ = 5 and β = 2.

obtained from the euclidean distance of each voter to each candidate. We propose in Figure 12 histograms

of three different ways to obtain evaluations, based on the same spatial situation (the one described in

Figure 14), for each candidate:

• evaluations in model 1 are obtained using eij = max{0, (1− 2× de(ci, vj))},

• evaluations in model 2 are obtained using eij = (1 + eλ(βde(ci,vj)−1))−1 with λ = 5 and β = 2,

• evaluations in model 3 are obtained using eij = (1 + eλ(βde(ci,vj)−1))−1 with λ = 2 and β = 2.

Spatial models with discrete evaluations on {0, . . . ,K} can easily be obtained from continuous models

by dividing the [0, 1] interval onto the K + 1 intervals. Then if the continuous grade obtained with the

spatial model belongs to the lth interval, the discrete evaluation is set to l− 1. That is, for a continuous

evaluation eij on [0, 1], we consider b(K + 1)eijc as the resulting discrete evaluation, where buc denotes

the smallest integer lower than u. The spatial interpretation of such a process is to determine K spheres

centered on the candidate and to give the evaluation of K if the voter is into the smallest sphere, K − 1

for the second smallest sphere and so on, until 0.
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Figure 12: Histograms of evaluations obtained through the spatial model of Figure 14 and three different

calculation models.

6 Fitting real data

Simulation models proposed above are based on theoretical considerations. Real voting situations do not

follow pure theoretical models. Voters evaluations in real life depend of many latent factors that cannot

be easily modeled. Moreover, the voters do not always have homogeneous behaviors. There may exist

several groups of voters, with different distributions of evaluations of the candidates. Therefore, it is an

illusion to think that a single model can capture a real vote situation.

A guideline for the choice of a specific model could be the following:

1. Fit the marginal distributions of the evaluations of each candidate, E1, . . . , Ed.

2. Test if these marginal distributions can be considered as identical or not.

3. Test the independence of E1, . . . , Ed.

The results of the distributions equality (id. distrib.) and independence tests lead to the cases summarized

in Table 2.
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Figure 13: Plot of evaluations of candidate 2 vs candidate 1 given by each voter, with three different

calculation models.

Figure 14: Simulation example of spatial model, with d = 2 candidates (N is candidate 1 and • is candidate

2) and n = 100 voters in a 2-dimension space (k = 2), obtained through an Uniform distribution on [0, 1]2.
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Identical Distributions = True Identical Distributions = False

Independence = True Ev-IID Ev-IDD

Independence = False Ev-DID Ev-DDD

Table 2: Correspondence between results of statistical tests and models on evaluations.

These guidelines are relevant only in case of small amount of data, as it is well-known that statistical

tests are inclined to systematically reject the null hypothesis when the sample size is too large [22, 23].

As a matter of illustration, we propose in the following two examples of fitting real voting situations

through the proposed models. The first one deals with continuous evaluations, whereas the second one

focuses on discrete evaluations. Note that the high number of voters prevents from the pertinence of

goodness-of-fit tests, as any χ2 test or Kolmogorov test should conduct to reject any regular hypothesis

on the distributions.

6.1 Continuous case

The first example, in a continuous framework, is based on the use of a survey concerning the 2017

presidential election in France. Data are available in [8], and deal with d = 5 candidates with an

evaluation in {0, . . . , 100} by n = 20210 voters. We transform this 0-100 scale into a continuous scale,

replacing any value n = 0, . . . , 99 given by a voter to a candidate by a random value uniformly distributed

between n and n+ 1. Values 99 and 100 are replaced by a random value uniformly distributed between

99 and 100. These values are then scaled to the [0, 1] interval.

We focus on three candidates: François Fillon (FF), Benoit Hamon (BH) and Emmanuel Macron

(EM) (who finally won the election). Illustrations of the observed distributions are presented in Figure

15.

Marginal distributions. We first propose to model the marginal distributions, using either uniform

distributions, or Beta distributions. The Truncated Normal distribution does not seem adequate with

these data, since, as illustrated in Figure 15, the shapes of the distributions are far from a Gaussian

curve. Note that the estimation of mean and standard deviation of a Truncated Normal distribution

leads to incoherent values, and therefore the marginal distributions can’t be fitted by any Truncated

Normal distribution.

The Uniform distribution does not need any parameter estimation. The Beta distribution (Definition

3.1) depends on two parameters α and β. These parameters can be estimated using the method of

moments. Let m denote the sample mean and s the sample standard deviation. Then parameters α and

β can be estimated respectively by α̂ = m
(
m(1−m)

s2 − 1
)

and β̂ = (1−m)
(
m(1−m)

s2 − 1
)

.
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Figure 15: Histograms of observed evaluations of d = 3 candidates given by n = 20 210 voters at the

French 2017 election.

Table 3 gives the Kolmogorov-Smirnov statistic, corresponding to the distance between the distribu-

tion of observed evaluation and the distribution of simulated evaluation. The smaller the distance, the

more the model fits the sample distribution. One can see that the Beta model is the most adequate in

any case, and that the distribution of the evaluations of the candidate EM better fits any models than

other candidates. Note that the critical value for α = 0.05 is equal to 0.009 and the critical value for

α = 0.01 is equal to 0.011.

FF BH EM

Uniform marginals, Ev-IID or Ev-DID models 0.572 0.359 0.180

Beta marginals, Ev-IDD or Ev-DDD models 0.265 0.113 0.113

Marginals from nonparametric Copula Ev-DDD model (40) 0.270 0.151 0.113

Marginals from nonparametric Copula Ev-DDD model (101) 0.006 0.007 0.008

Table 3: Kolmogorv-Smirnov statistic. The number of intervals is provided in parenthesis for nonpara-

metric Copula Ev-DDD models.

Dependence Let us now focus on the independence between the evaluations. Evaluations given to

FF and BH are negatively correlated, whereas evaluations given to FF and EM are slightly positively

correlated, and evaluations given to BH and EM are not correlated, as one can see in Table 4. Hence,

the independence assumption is not realistic and we consider Copula-based Ev-DDD models in order to

capture the coupling between the 3 evaluations. We consider two Copula Ev-DDD models:
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Parametric Copula Ev-DDD model. We consider first a Normal copula, with marginal distributions

fitted by Beta distributions as established above, and correlation coefficients equal to the observed

correlation coefficients shown in Table 4. It has the advantage to be parametric and to provide a

reproducible modeling.

Non parametric Copula Ev-DDD model. We also consider a checkerboard copula model, which

does not require any assumption on the marginal distributions. The marginal distributions are

simply the sample distributions, divided into k classes. We tried k = 101 to recover the initial

discrete values on the 0-100 scale, and, as suggested in [10], we also tried k = 40. In practice it is

often efficient to fit a dataset but not appropriate to generate a predictive modeling.

Since the parametric Copula model is based on Beta distributions, the Kolmogorov-Smirnov statistics

for the fitting of the marginals has already been calculated previously. Concerning the non parametric

approach, the marginal distributions are the empirical distributions with a division in 40 or 101 classes

(i.e. a Uniform distribution in each class, with the empirical probability to belong to each class). The

resulting statistics of the Kolmogorov-Smirnov test are presented in Table 3.

One can see that the non parametric Copula model better fits the data than the parametric Copula

model, at least when the number of class is big enough. This is not surprising due to the parametric/non

parametric nature of the models.

Table 5 displays the correlation coefficients obtained with the two modelings. One can also see that

the correlation coefficients obtained by the non-parametric approach are closer to the observed correlation

coefficients than with the parametric approach.

FF BH EM

FF 1 -0.41 0.30

BH -0.41 1 0.0008

EM 0.30 0.0008 1

Table 4: Correlations between candidates at the French 2017 presidential election.

As a conclusion, Copula DDD-models are more appropriate. A non-parametric approach better fits

the data, but a parametric approach seems more appropriate to generate a simulation model.

6.2 Discrete case

We study data from the Comparative Studies of Electoral Systems project (https://cses.org/), and

especially from the “module 5” which consists in surveys about 38 elections between 2016 and 2020

worldwide. Future voters are invited to evaluate several candidates competing at each election. The
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FF BH EM

FF 1 -0.33 0.23

BH -0.33 1 0.002

EM 0.23 0.002 1

FF BH EM

FF 1 -0.41 0.30

BH -0.41 1 0.01

EM 0.30 0.01 1

Table 5: Correlations between candidates obtained with copula Ev-DDD models at the French 2017

presidential election. On the left, correlations obtained with a Normal copula and Beta marginals, on the

right correlations obtained through the use of a checkerboard copula with empirical marginal distributions

and 40 classes.

CSES - module 5 dataset includes evaluations of candidates by voters on a discrete 0-10 scale. Hence,

with a re-numeration, E = {1, . . . ,K} with K = 11. As a matter of example, we selected candidates B,

F and G from the 2019 general elections in Denmark. A basic treatment has been necessary to remove

missing answers, leaving 1108 voters (from 1345) who have given an evaluation to the three candidates.

Marginal distributions. We first propose to model the marginal distributions on the 3 candidates

using three different models: Uniform distributions, Binomial distributions and Beta-Binomial distribu-

tions.

The Binomial distribution (Definition 3.2) needs the estimation of a parameter p, which can be

estimated by p̂ = m/K, where m is the sample mean and K is the number of scales in the evaluations.

The Beta-Binomial distribution (Definition 3.2) needs the estimation of parameters α and β, obtained

as follows: α̂ = Km−m2−s2
K(s2/m−1)+m and β̂ = (K−m)(K−m−s2/m)

K(s2/m−1)+m , with m the sample mean and s the sample

standard deviation [35].

Figure 16: Bar plots of observed values for d = 3 candidates at the Danish 2019 election.
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Table 6 gives the χ2 statistics of the distances between the distribution of observed evaluation and

the distribution of simulated evaluation. The smallest the distance, the more the observed distribution is

fitted by the model. One can see that the Beta-Binomial distribution better fits the data for candidates

F and G, whereas the Uniform distribution is the best for candidate B. Figure 16 shows bar plots for

observed distributions.

B F G

Uniform 43.8 236.3 204.8

Binomial 14476.3 53236.7 4607.2

Beta-Binomial 120.3 78.5 126.8

Table 6: χ2 distance between the observed distributions of the evaluations and the simulated distributions

of d = 3 candidates and 3 simulation models at the Danish 2019 election.

Dependence. As in the continuous case, the evaluations are not independent, as one can see in Table

7. We use a discrete copula to capture the dependence between teh evaluations of candidates. First the

marginal distributions are fitted as described above by a Beta-Binomial distribution. Then, a discrete

copula is used to model the correlation between candidates. The obtained correlations are presented in

Table 7, and bar plots are presented in Figure 17.

B F G

B 1 -0.58 0.63

F -0.58 1 -0.40

G 0.63 -0.40 1

B F G

B 1 -0.57 0.65

F -0.57 1 -0.41

G 0.65 -0.41 1

Table 7: Correlations between the evaluations of each candidates at the Danish 2019 election. On the left

the observed correlations, on the right the correlations obtained with a Copula Ev-DDD Beta-Binomial

model.

The discrete copula captures the dependence structure, but may introduce overfitting of the depen-

dence, when generating simulated observations. No parametric modeling, among the ones proposed, are

well adapted in such context.

6.3 Spatial representation

The spatial model introduced in Section 5.4 can also be used as a representation of candidates and voters

in the same space. However, the experiments show that it is difficult to simulate new data from a spatial
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Figure 17: Barplots of observed evaluations between candidates B and F (left) and candidates B and G

(right) at the Danish 2019 election.

representation: even if the spatial representation of the voting situation is accurate, it is not an easy task

to identify the latent space (its dimension k and its metric) nor the distribution of the voters in the voting

space. Suppose the dimension k known, that the metric is given, and let us focus on the distributions of

voters in the latent space. We propose a two steps process, to simulate new data:

1. estimate both candidates and voters positions into a k-dimensions space, for example by the use of

the SMACOF method [11].

2. estimate the distribution of voters into the k-dimensions space, in order to generate new voters with

the same distribution.

The second step needs to fit a multidimensional distribution. The fitting is not done directly on the data

but on the latent positions obtained with the first step. This can be done for example with a Copula

model, as previously.

We choose hereafter to consider k = 2, and the euclidean distance. The spatial representations

obtained by the SMACOF algorithm respectively on the continuous and discrete data are shown in

Figure 18.

Hence, from real data, we have calibrated the parameters of a spatial model, which allows generating

new data. Note that the intrinsic dimension and the used distance are to be set by the user. Some post-

hoc measures of the quality of the adjustment are available for comparing different choices [11, chapter
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Figure 18: Spatial representation of candidates (filled bullets) and voters of the French 2017 election

(left) and the Danish 2019 election (right) with by the SMACOF algorithm.

4].

7 Conclusive recommendation

7.1 Synthesis

Let us recall the four setting of simulations which are proposed here:

• Ev-IID models, Definition 1, where the evaluations are i.i.d.,

• Ev-IDD models, with independent non identically distributed distributions, Section 4,

• Ev-DID and Ev-DDD distributions, with correlations, Section 5, which includes:

– the multinomial and the (cumative or not) Dirichlet models,

– the truncated Normal model,

– copula-based models, where the choice of the copula is necessary,

• the Spatial models, where the parameters to fix are the latent dimension, the distribution in this

latent dimension, the distance and the mapping from the distance to the set of evaluations.
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Next, for Ev-IID models, Ev-IDD models and Copula Ev-DDD models, the marginal distributions of the

evaluations have to be chosen. The different families proposed here are summarized in Table 8.

Marginal continuous distributions Parameters

Continuous Uniform U [0, 1] ·
Truncated Normal NT (µ, σ2) (µ, σ)

Beta B(α, β) (α, β)

Marginal discrete distributions Parameters

Discrete Uniform U{0, . . . ,K} ·
Binomial B(K, p) p

Beta-Binomial B(K,α, β) (α, β)

Table 8: Marginal distributions proposed for the distribution of the evaluations in Ev-IID models, Ev-IDD

models and Copula Ev-DDD models.

7.2 Conclusion

As explained in the preamble, simulations can be done in two different settings.

• On the one hand, simulations can be done without any specific context, and the tuning of the

distribution of the evaluations is let free or determined by external considerations. One has therefore

to choose a model and set the parameters to arbitrary values. Examples of such simulation settings

have been proposed with the description of each model above (Sections 3 to 5.4).

• On the other hand, one can wish to simulate observations in harmony with real data. In that case,

an adjustment of the model to the observed data is necessary. The aim is therefore 1) to choose

the appropriate model 2) to infer the model parameters from the available data. This situation is

detailed in Section 6.

We introduced in this paper several models to simulate evaluation-based voting data in a probabilistic-

based analysis perspective of evaluation-based voting rules. Three main families of distributions were

proposed for the marginal distributions of the evaluations, in a continuous setting and in a discrete setting.

On the contrary to preference orders models, where the key notion is the impartiality, a more refine

discussion is needed for evaluation-based processes. Independent and identically distributed modeling

(Ev-IID models, Section 3) yields Impartial Culture on preferences, but there are two possibilities for

relaxing this assumption. We propose first to distinguish either the marginal distributions are identical

or not (Ev-IDD models, Section 4). Such models do not imply Impartial Culture on preferences. Next,

introducing dependence (Ev-DDD models, Section 5) creates more complex models. We give examples

of dependent distributions with identical marginals (Ev-DID models) which provide Impartial Culture

on preferences. In particular, we introduce Copula Ev-DID and Ev-DDD models which allow to model

the dependence between the evaluations. The variety of modeling described here offers the possibility of
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studying the properties of evaluation-based voting processes with an extensive probabilistic approach. It

also provides new IC and non IC simulation approaches for preferences, since preferences orders can be

deduced from evaluations. Finally, as some proposed settings are parametric, they can be fitted to real

dataset to deduce more realistic frameworks. We present examples of such an approach on real data for

continuous and discrete evaluations (Section 6).
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