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Abstract

In 2014, Braverman, Kazhdan, Patnaik and Bardy-Panse, Gaussent and Rousseau
associated Iwahori-Hecke algebras to Kac-Moody groups over non-Archimedean local
fields. In a previous paper, we defined and studied their principal series representations.
In 1982, Kato provided an irreducibility criterion for these representations, in the re-
ductive case. We had obtained partially this criterion in the Kac-Moody case. In this
paper, we prove this criterion in the Kac-Moody case.

1 Introduction

1.1 The reductive case

Let G be a split reductive group over a non-Archimedean local field IC. To each open compact
subgroup K of G is associated the Hecke algebra H . This is the algebra of functions from G
to C which have compact support and are K-bi-invariant. There exists a strong link between
the smooth representations of GG and the representations of the Hecke algebras of G. Let K
be the Iwahori subgroup of G. Then the Hecke algebra H¢ associated with K7 is called the
Iwahori-Hecke algebra of GG and plays an important role in the representation theory of G.

Let T be a maximal split torus of G and Y be the cocharacter lattice of (G,T). Let B
be a Borel subgroup of G containing 7T'. Let Tz = Homg,(Y,C*) and 7 € T¢. Then 7 can
be extended to a character 7 : B — C*. If 7 € T, the principal series representation I(7)
of G is the induction of 762 from B to G, where § : B — R is the modulus character
of B. More explicitly, this is the space of locally constant functions f : G — C such that
f(bg) = 76"2(b) f(g) for every g € G and b € B. Then G acts on I(7) by right translation.

Let W" be the vectorial Weyl group of (G,T). By the Bernstein-Lusztig relations, Hc
admits a basis (Z* x T,,)xev.wew~ such that Doy CZ* is a subalgebra of H¢ isomorphic to
the group algebra C[Y] of Y. We identify @, ,, CZ* and C[Y]. We regard 7 as an algebra
morphism 7 : C[Y] — C. Then the algebra Hc acts on I, ¢ = I[(7)X1, I(7) is irreducible
as a representation of G if and only I, is irreducible as a representation of H¢ and I, ¢ is
isomorphic to the induced representation I, = Indg[% (7).

Matsumoto and Kato gave criteria for the irreducibility of I,. The group W?" acts on Y
and thus it acts on T¢. If 7 € T, we denote by W, the stabilizer of 7 in W". Denote by ¢ be
the residue cardinal of K. Let W(;) be the subgroup of W generated by the reflections r,v,
for oV € @Y such that 7(«") = 1, where ®" stands for the coroot lattice of G. Then Kato
proved the following theorem (see [[<at81, Theorem 2.4]):



Theorem 1. Let 7 € T¢. Then I is irreducible if and only if it satisfies the following
conditions:

1 W, =W,
2. for all o € @Y, T(a") # q.

When 7 is regular, that is when W, = {1}, condition (1) is satisfied and this is a result
by Matsumoto (see [Mat77, Théoréme 4.3.5]).

1.2 The Kac-Moody case

Let G be a split Kac-Moody group over a non-Archimedean local field . We do not know
which topology on G could replace the usual topology on reductive groups over . There is
up to now no definition of smoothness for the representations of G. However one can define
certain Hecke algebras in this framework. In [BIX11] and [BKP16], Braverman, Kazhdan and
Patnaik defined the spherical Hecke algebra and the Iwahori-Hecke H¢ of G when G is affine.
In [GR14] and [BGR16], Bardy-Panse, Gaussent and Rousseau generalized these construc-
tions to the case where G is a general Kac-Moody group. They achieved this construction
by using masures (also known as hovels), which are analogous to Bruhat-Tits buildings (see
[GROS]).

Let B be a positive Borel subgroup of G and T' be a maximal split torus of G contained
in B. Let Y be the cocharacter lattice of G, W* be the Weyl group of G and Y+ be the set
of dominant cocharacters of Y. The Bruhat decomposition does not hold on G: if G is not
reductive,

Gt = | | Ki\K;CG.

AeY ++

The set G is a sub-semi-group of G. Then Hc is defined to be the set of functions from
K;\G"/K; to C which have finite support. The Iwahori-Hecke algebra Hc of G admits a
Bernstein-Lusztig presentation but it is no longer indexed by Y. Let Y+ =, cppo w. YT C
Y. Then Y7 is the integral Tits cone and we have Y™ =Y if and only G is reductive. The
Bernstein-Lusztig-Hecke algebra of G is the space BlH¢ = DB ClY] * T,y subject
to to some relations (see subsection 2.2). Then Hc is isomorphic to @, ¢y C[Y ] * T,

—

Let 7 € Te = Homg, (Y, C*). In [Hebh22, 6] we defined the space I(7) of functions f from
G to C such that for all g € G, b € B, we have f(bg) = 76"/2(b)f(g). As we do not know
which condition could replace “locally constant”, we do not impose any regularity condition

—

on the functions of I(7). Then G acts by right translation on (7). Let I, ¢ be the subspace of

—

functions f € I(7) which are invariant under the action of K; and whose support satisfy some
finiteness conditions. We defined an action of H¢ on I . This actions extends to an action of

BL7{ on I ¢ and is isomorphic to the induced representation I, = Ind:;?;,{]c(T). Moreover the

BLY c-submodules of I, are exactly the Hc-submodules of I, (see [Hch21, Proposition 3.1])
and thus we regard I, as a B“Hc-module. We then obtained a weak version of Theorem 1:
we obtained one implication and we proved the equivalence only under the assumption that
the Kac-Moody matrix defining G has size 2 (see [Hébh22, Theorem 3 and 4]). In this paper,
we prove Theorem 1 in a full generality (see Corollary 4.8).

Basic ideas of the proof Let us explain the basic ideas of our proof. We have I, =
D, cw CTy.v,, where v, € I, is such that 0.v, = 7(0).v, for § € C[Y]. For w € W", one



sets

IL(wr)={x € [|0.x =w.r(0).x, VO € C[Y]}.

By the Frobenius reciprocity, Homevy. moa(/r, [w.-) is isomorphic to I (w.T) as a vector
space. Let Ug be the set of 7 € T such that 7(a¥) # ¢ for all ¥ € &Y. Let 7 € Ug. In
[Heb22, Theorem 4.8 we proved that I is irreducible if and only if Endsry.—meqa(/-) = C.1d,
if and only if I,(7) = Cv,.

In order to study I, (w.7), for w € W*, it is convenient to introduce **H(T¢) = @, cypro Tw*
C(Y). The elements of BYH(T¢) can be regarded as rational functions from an open subset
of Tt to Hwec = B ewv CTy. Following Reeder, we introduced elements F,, € BLY (Tt),
w € W7, such that for all x € T¢ for which F,(x) is well defined, F,(x).vy € L (w.x).
The group W, decomposes as W, = R, x W(;), where R, is some subgroup of W, called
the R-group. If wi € R,, then F,,, has no pole at 7 and thus F,,,(7).v, corresponds to an
element 1, of End(/;). For w € W(,) however, I, has poles at 7 and thus describing I(7)
requires some works. Inspired by works of Reeder and Keys in the reductive case, ([Rec97]
and [Key82]), we determined

I(1,gen) = {z € I|V0 € C[Y],Yn > 0, (6 — 7(0))".x = 0}.
We proved (see [H(’tl)Ql, Proposition 5.13]) that

(7, gen) @ wwR (7, gen, Wir )),

wRERS

where I (7, gen, W(;)) = (BL’HC N @wewm F, * C(Y)) .v; corresponds to the “Wy-part”
of I(7,gen). We deduced that

@¢wa (1) N I (7, gen, Wi, ))

wrER,

It then remained to prove that I, (7, gen, W(;)) N I.(7) = Cv,, which we achieve in this
paper (see Theorem 4.6). Note that by our description of I.(7,gen, W(;)), proving that
I(1) N I(1,gen, W(-y) = Cv, can more or less be reduced to proving that Iy (1) = Cvy,
where [y = Indé@%(]l), C(Y), is the subset of C(Y') consisting of the elements which have
no pole at 7, 1 : Y — C is the constant function equal to 1 and JZ; C @, cpp» T * C(Y),
is some kind of Bernstein-Lusztig-Hecke algebra associated with 7 (see subsection 3.1 for the
definition of J#;).

We then deduce:

Corollary 2. (see Corollary 4.7 and Corollary 4.8) Let 7 € Uc. Then End([;) ~ C[R,],
where R; = W, /W(;. In particular, End(/;) = CId if and only R, = {1}.

In [Heb21], we studied the submodules and the quotients of I, for 7 € Uz. Many results
were proved only when the Kac-Moody matrix defining G has size 2 or under some conjecture
([Heb21, Conjecture 5.16]). As we prove this conjecture, we can drop the assumption on the
size of the matrix. In particular, [Hébh21, Theorem 5.34 and Theorem 5.38] yield links between
the submodules and the quotients of I, and the right submodules and quotients of End(Z;)
respectively.

Frameworks Actually, following [BGR16] we study Iwahori-Hecke algebras associated with
abstract masures. In particular our results also apply when G is an almost-split Kac-Moody
group over a non-Archimedean local field. In this case, most of the results of this introduction
are true but the formulas are more complicated (they are given in the paper). Corollary 2 is
not necessarily true for almost-split groups, even in the reductive case.
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Organization of the paper This paper is organized as follows. In section 2, we recall the
definitions of the Iwahori-Hecke algebras and of the principal series representations, and we
introduce tools to study these representations.

In section 3, we study the algebra J#; mentioned above and describe I..(7, gen, W)).

In section 4, we prove Kato’s irreducibility criterion.

2 Iwahori-Hecke algebras

Let G be a Kac-Moody group over a non-archimedean local field. Then Gaussent and
Rousseau constructed a space Z, called a masure on which G acts, generalizing the con-
struction of the Bruhat-Tits buildings (see [GROZ|, [Roul6] and [Roul7]). In [BGRI6]
Bardy-Panse, Gaussent and Rousseau attached an Iwahori-Hecke algebra Hz to each masure
satisfying certain conditions and to each ring R. They in particular attach an Iwahori-Hecke
algebra to each almost-split Kac-Moody group over a local field. The algebra Hz is an algebra
of functions defined on some pairs of chambers of the masure, equipped with a convolution
product. Then they prove that under some additional hypothesis on the ring R (which are
satisfied by C), Hr admits a Bernstein-Lusztig presentation. We restrict our study to the
case where R = C. In this paper, we will only use the Bernstein-Lusztig presentation of
Hc. More precisely, we introduce an algebra "MH(T¢) = @@, ey Tw * C(Y), which contains
both BMH ¢ and He. We mainly study BYH (T¢) and BYHc. We do not introduce masures nor
Kac-Moody groups. We however introduce the standard apartment of a masure.

2.1 Standard apartment of a masure

A (finite) Kac-Moody matrix (or generalized Cartan matrix) is a square matrix A =
(@ )i jer indexed by a finite set I, with integral coefficients, and such that :

(Z) Vie ], ;5 :2,
(i) ¥ (i,5) € I*, (i # §) = (aij < 0);
(itd) ¥ (i, 5) € I, (ai; =0) < (aj; = 0).

In the paper, we will also consider infinite Kac-Moody matrices. The definition is the same
except that [ is infinite. However we will only consider root generating systems associated
with finite Kac-Moody matrices.

A root generating system is a 5-tuple S = (A, X, Y, («;)ier, (o) )ier) made of a finite
Kac-Moody matrix A indexed by the finite set I, of two dual free Z-modules X and Y of
finite rank, and of a free family («;);e; (respectively (a;);er) of elements in X (resp. Y') called
simple roots (resp. simple coroots) that satisfy a; ; = a;(e;) for all 7, j in I. Elements
of X (respectively of V) are called characters (resp. cocharacters).

Fix such a root generating system S = (A, XY, (;)ier, () )icr) and set A := Y @ R.
Each element of X induces a linear form on A, hence X can be seen as a subset of the dual
A*. In particular, the «;’s (with ¢ € I) will be seen as linear forms on A. This allows us to
define, for any 7 € I, an involution r; of A by setting 7;(v) := v — a;(v)a; for any v € A. Let
& = {r;|i € I'} be the (finite) set of simple reflections. One defines the Weyl group of
S as the subgroup W of GL(A) generated by .. The pair (W",.) is a Coxeter system,
hence we can consider the length ¢(w) with respect to .7 of any element w of W". If s € .,
s = r; for some unique i € I. We set ay = o; and o) = «’.



The following formula defines an action of the Weyl group W* on A*:
VreAweW' aechA* (wa)lz):=alw o).

Let @ := {w.o;|(w,i) € W¥ x I} (resp. ®" = {w.o)|(w,i) € W" x I}) be the set of real
roots (resp. real coroots): then ® (resp. @) is a subset of the root lattice Q)7 := @ Zoy;

icl
(resp. coroot lattice Qy = @,.; Za;'). By [Kum02, 1.2.2 (2)], we have Ra¥ N®Y = {+aV}
and Ra N ® = {+a} for all a¥ € &Y and « € P.

Reflections and roots We equip (W",.#) with the Bruhat order < (see [BB05, Definition
2.1.1]).

Let Z = {wsw™'|lw € W', s € ./} be the set of reflections of W". Let r € Z. Write
r =wsw ', where w € W? s € . and ws > w (which is possible because if ws < w, then
r = (ws)s(ws)™). Then one sets o, = w.ay € P4 (resp. o) = w.a) € ®Y). Conversely, if
a€dora’ed a=w.a,ora =w.a), where w € WY and s € ., one sets r, = wsw ™'
or rov = wsw~!. This is independant of the choices of w and s by [Kum02, 1.3.11 Theorem

(b3)].

2.2 Iwahori-Hecke algebras

In this subsection, we give the definition of the Iwahori-Hecke algebra via its Bernstein-Lusztig
presentation.

2.2.1 The algebra PMH(T¢)
Let (0,)ses, (0))sesr € C7 satisfying the following relations:

o if a,(Y) =7, then o, = 0l;

o if 5,t € . are conjugate (i.e if there exists a sequence sy, ..., s, € . such that s; = s,
sp =t and ag, (o), ) = o, (o) = =1, for i € [1,n —1]), then o5 = 0} = 0§ = 0.

As in [Héb22|, we moreover assume that |ogl, |0l > 1, for all s € 7.

Definition 2.1. Let Hyo ¢ be the Hecke algebra of the Cozeter group W° over C, that
18:

e as a vector space, Hwoc = @, cpo Clw, where the T,,, w € W are symbols,

o‘v’sEY‘v’wEW”T*T:{Tsw if fsw) = Hw) +1
’ e (02 = 1)T, + 02T, if L(sw) = {(w) — 1.
Let C[Y] be the group algebra of Y over C, that is:

e as a vector space, C[Y]| =@, CZ*, where the Z* X\ € Y are symbols,

o forall \,u €Y, Z*x ZH = Z ¢,

We denote by C(Y') its field of fractions. For 6 = % € C(Y) and w € W, set
€

wp . — Daey 2
. Z)\eybAZ'LU<A .

Let BYH(T¢) be the algebra defined as follows:

5



e as a vector space, BEH(T¢) = C(Y)@Hyyv ¢ (we write 0 h instead of 0@h for § € C(Y)
and h € HW’L}7(C>’

e BLH(T¢) is equipped with the unique product * which turns it into an associative
algebra and such that, for § € C(Y) and s € ./, we have:

T, %0 —°0xT, = QS(H),

where QS(G) =QT(# —*0) and QT = (03=D)tos(ol—0s" )27

1—z—2f

By [Héb22, Proposition 2.10], such an algebra exists and is unique.

2.2.2 The Bernstein-Lusztig Hecke algebra and the Iwahori-Hecke algebra
Let CF = {z € Alai(z) > 0Vi € I}, T = Uep w.@? be the Tits cone and YT =Y NT.

Definition 2.2. The Bernstein-Lusztig-Hecke algebra of (A, (0s)sc.r,(0L)ses) over
C s the subalgebra ®"He = @yeypew CZ* * T = Bieywens CTw * 27 of PHH(Te).
The Iwahori-Hecke algebra of (A, (0s)scs, (0)scr) over C is the subalgebra He =
@A6Y+,wewv CzZ "« T, = @/\etheWU CT,, x Z* of B¥Hc. Note that for G reductive, we
recover the usual ITwahori-Hecke algebra of G, since T = A.

Remark 2.3. 1. The algebra B“Hc was first defined in [BC1R16, Theorem 6.2] without
defining B H(Tc). Let K be a non-Archimedean local field and q be its residue cardinal.
Let G be the minimal Kac-Moody group associated with S = (A, X, Y, (;)ier, () )ier)
and G = G(K) (see [Rém02, Section 8] or [Tit87] for the definition). Take o5 = 0!, =
V4 for all s € 7. Then Hc is the Twahori-Hecke algebra of G (see [B(110, Definition
2.5 and 6.6 Proposition/). In the case where G is an untwisted affine Kac-Moody group,
these algebras were introduced in [BKFP16]. Note also that our frameworks is more
general than the one of split Kac-Moody groups over local fields. It enables for ezample
to study the Twahori-Hecke algebras associated with almost split Kac-Moody groups over
local fields, as in [BGRI10]. In this case we do not have necessarily o3 = ol = oy = o,
for all s,t € .7.

2. Let s€ .. Then if o, =0, QT = 1_03211% .
3. Let s € . Then Q,(C[Y]) C C[Y] and Q,(C[Y*]) C C[Y*] Indeed, let X\ € Y. Then
QT (7> — 7o) = QT.ZM1 — Z=*Wad) . Assume that o, = o'.. Then

(as(\)—1
z-ies if a,(A) >0
1 — Z—osWad B =0
1—Z- —as(\)—1
—Z% Y 2% i ag(\) <0,
\ 7=0

and thus QT (Z*—Z**) € C[Y]. If ol # oy, then ay(Y) = 2Z and a similar computation
enables to conclude. In particular, B“Hc and He are subalgebras of BVH(T¢).

4. In [Heb22] and [Heb21], we used the basis (Hy)wewe instead of (Ty)wew in the presen-
tation of Hwo c and B"He. Ifw € WY, w = sy ... sy, withk = ((w) and sy, ..., sx € S,

we have T, = 05, ... 05, H,,.



2.3 Principal series representations

In this subsection, we introduce the principal series representations of BXHc.

We now fix (A, (04)ses, (0))ser) as in Subsection 2.2. Let BYH¢ be the Iwahori-Hecke
and the Bernstein-Lusztig Hecke algebras of (A, (05)sc.s, (0%)sc.v) over C.

Let Tt = Homg, (Y, C*) be the group of group morphisms from Y to C*. Let 7 € T¢. Then
7 induces an algebra morphism 7 : C[Y] — C by the formula 7(3", oy axZ?) = >, oy aa7(N),
for Y ayZ* € C[Y]. This equips C with the structure of a C[Y]-module.

Let I, = Indé%c (1) = BVHc ®cpy] C. As a vector space, I, = @, .y Cv,, where v, is
some symbol. The actions of ®“H¢ on I is as follows. Let h =Y, 1o To Py € PYHe, where
P, € ClY] for all w € W". Then h.v, =% .o 7(Py)T,V,. In particular, I is a principal
BL9{ c-module generated by v;.

If A is a vector space over C and B is a set, we denote by A®) the set of families (ay)pep
such that {b € Bla, # 0} is finite. We regard the elements of C[Y] as polynomial functions

on 1¢ by setting:
(O anZh) =) ar(N)
A€Y €Y

for all (ay) € C*). The ring C[Y] is a unique factorization domain. Let § € C(Y) and
(f,g) € C[Y] x C[Y]* be such that § = £ and f and ¢ are coprime. Set D(f) = {7 €

Tc|m(g) # 0}. Then we regard 6 as a map from D(6) to C by setting 0(7) = f(— for all
T € D(0).

If 7 € Tg, let C(Y), { \f,g € C[Y]and g(1) # 0} € C(Y). Let B*H(T¢), =
@wewv T,C(Y), C BLH(TC) Thls is a not a subalgebra of BYH(T¢) (consider for exam-
ple m x Ty = Ty % W . for some well chosen A € YV, s € . and 7 € T¢). It is
however an Hy» 7 — C(Y), bimodule. For 7 € T, we define ev, : BVH(T¢), — Hyo r by
eve(h) = h(1) = 3 ewe Twbu(T) if h =3 o Twbew € PFH(T¢),. This is a morphism of
Hwv r — C(Y),-bimodules.

2.4 Decomposition of W,
For r = wsw™ € #Z, with w € W* and s € .7, we define Q7 = (Q?) and 0, = o,. This

num

does not depend on the choices of w and s. For r € Z, set (, = —QT + o2 Write ¢, = Cdcn ,

with (™™, ¢d°" are coprime elements of C[Y].
For 7 € Te, set W, = {w € W*| wr =71}, &) = {a’ € PV|¢dn(r) = 0}, D, =

O NPYL, Ziry ={r =rav € Z|a’ € 2/} and

()
Wiy = (Zr) = {r =rav € Z|GE (1) = 0F) C W™

By [Heb22, Remark 5.1], Wiy € W.. When ay(Y) = Z for all s € ., then W(;) =
(W, NZ). Let
RT = {'UJ € W7-|w.¢2/7_)7+ - @2/7_)7_,’_}.

By [Héb21, Lemma 5.2 and 5.3, Wiz is normal in W, and w, = R, x W(;). We defined in
[Heh22, 5.4] a set 7. C # N W,y for which (W(;), ;) is a Coxeter system. We denote by
<, the Bruhat order and by ¢, the length on (W(;),.#;). Then by [I¢h22, Lemma 5.10], for
all w,w" € Wiy, we have w <; w’ implies w < w'.



2.5 Weights and intertwining operators
If 7 € Tt, we denote by End(Z,) the algebra of endomorphisms of BvHc-modules of I,.. Let
I(1) ={x € I.|0.x = 7(0).2V0 € C[Y]}
and
I(r,gen) = {zx € I.|V0 € C[Y], (6 — 7(0))".x =0, Vn > 0} D I.(7).

For s € .7, one sets
F,=T,+ QT € "'"H(T¢).

Let x € I.(7). Define Y, € End(I,) by Y(h.v,) = h.z, for h € BVHc. Then it is easy to
check that Y : I,(7) — End([;) is well defined and is an isomorphism of vector spaces.

Let w € WY. Let w = s;1...s, be a reduced expression of w, with k& = ¢(w) and
S1y...,8c € S Set

Fy="F, .. .F, =T, +QL).. (T, + QL) € ""H(T¢).

Lemma 2.4. (see [Hcb22, Lemma 4.14]) Let w € W?.

1. The element F,, € BYH(T¢) is well defined, i.e it does not depend on the choice of a
reduced expression for w.

2. F,—T, € ""H(Tx)<* = D,_, T.CY).
3. If0 € C(Y), then 0 x Fy = F, ™ 0.

4. If 7 € T is such that F,, € BYH(T¢),, then 0.F,(7).v, = (w.T(0)) Fy(7).v,, for every
6 € ClY].
We set
Ue = {7 € Tc|T (M) # OVr € Z}.
When o, = 0, = /q, for ¢ € Rog, Ue = {7 € Tc|T(a”) # ¢, Vo' € OV},

By [Héb21, Lemma 5.7], if wg € R,, then Fy,, € "'H(T¢), and Fy,(7).v, € I(7). Let
wwR = TF’LUR(T)'VT E End(_[7—>
Set

I(r.gen, W) = | P“Hen @ Fu=C(Y) | .v.. (2.1)
U)EW(T)

which is well defined by [Hc¢h22, Lemma 5.23].

Z Cev, (s, ... % KC5,). v,

keN,s1,..., sKES

By [Héb21, Proposition 5.13 (1)], if 7 € U, we have

(T, gen) @ ¢wR (7, gen, Wir )) (2.2)

UJRGRT



3 Description of I,(7, gen, W)

In this paper, we prove that if 7 € Uc, then I, (7, W(.) := I.(7,gen, W) N I(17) = Cv;, (see
Theorem 4.6) and we deduce information on the submodules of .. To that end, we begin by
describing I-(7, gen, W(;)). For s € .7, let

Ke=F,— (= F,+QF — o2 € B\H(Tp). (3.1)
In [Heb21] and [Heb21], I(7, gen, W) is described in terms of the ev (Ky, * ... x Ky, ).v,,
where s1,...,s;, € /. However, if w € W) and w = s1...5; = s}...s) is a reduced
expression of w, with k = ¢, (w) and sy,..., sk, 5, ...,8), € 7, we might have K, ... KC;, #

K ... Ks . We thus slightly modify the K and define K, for s € %, so that we have
1651 . Iésk = ’63’1 .. .l@s;. This enables us to define l@w, for w € W,y. Let 7 = @wew( : I@w*

C(Y),. We prove that .#; has a presentation very close to the Bernstein-Lusztig presentation
of BLH@.

In order to study I, (7, gen, W(.y), it is then convenient to describe it as a J#7-module. How-
ever, J; is not contained in BvHc. We thus extend the action of %, NBYH ¢ on I, (7, gen, W)
to an action of JZ; on I.(7, gen, W()).

In subsection 3.1, we study %, and in subsection 3.2, we define an action of JZ, on
I(7,gen, W(;y). In subsection 3.3, we prove that there can exist 7 € Ug for which .7 is
infinite.

3.1 Bernstein-Lusztig-Hecke structure on .7,

For s € .7, we set )
Ke=Ks+02=F, +QF ¢ BMH(T¢) (3.2)

Note that if 7(A) =1 for all A € Y, we have .7, = .% and

K, =T, (3.3)

for s € . 3
Let s € . For § € C(Y), set ,(0) = QT(0 — *0). Then similarly as in Remark 2.3 (3)
and [Héb22) Lemma 5.22| we have

Q,(C[Y]) € C[Y] and Q,(C(Y),) C C(Y),. (3.4)
The aim of this subsection is to prove the following proposition.

Proposition 3.1. Let 7 € 1.

1. Let w € Wiy and w = s;1...5 be a reduced decomposition of w, with k = {.(w) and
S1...,8, € .. Then ) ) )
Kp=Ks *...%K,, € BL’H(TC)T

1s well defined, independently of the choice of the reduced decomposition.

Ksw if £.(sw)=/0(w)+1

2. Lets € & andw € Wy. Then KoK,y = - _
(02 = DKy + 02K if £r(sw) = £ (w) — 1.

3. For 0 € C(Y) and s € ., we have
0% Ky =K, %0+ Q(0). (3.5)

9



4. The matrix (as(aTY)) is a (possibly infinite) Kac-Moody matrix.

r,sESr
5. If T € Ug, the space
H= Y Kg#...xK,xCY), = P KuxC(Y),
keN,sy...,sp €S wEW(.,)

is a subalgebra of B*H(T¢) contained in BYH(T¢), .

In particular, @@ K *C(Y), is almost a Bernstein-Lusztig-Hecke algebra as defined

U)EW(T)
in subsection 2.2. Note however that .7, can be infinite (and thus the (as)se.r. and (a))se.s,
are not free), see Lemma 3.11. The proof of this proposition is a consequence of the lemmas
of this subsection below.

Lemma 3.2. Let s € ... Then:
1. K2 =—(1+d?)K,,
2. K2 = (62— 1)K, + 02
Proof. By Lemma 2.4, (3.1) and [H¢b22, Lemma 4.3|, we have
K2 = (Fy = ¢)(Fo =)
= F2 = Fu(Co+°G) + ¢

= (o.(°C) — FulCo 4 °C) + G5,
= (=Fs 4+ () (¢ +°¢) = —(1 + a2)K..

]
Lemma 3.3. Let 0 € C(Y) and s € ... Then
0% Ky =Ky %°0+ Q(0).
Proof. By Lemma 2.4, we have
05K, =0x(F.+Q")
=, %0 +0x QZ
= (F+Q0)°0+Q(0-79)
= s % °0 + Q4(0).
]
Following [Deos9], we define <, on @7, , as follows. If a”, 8¥ € @, |, we write o <, 3"
if there exist k € N, a € R}, 8Y,....0; € ¢/, and ai,...,a, € Ry such that o =

aB" + Zf:l a3y
Let s € W) NZ%. Then by [Hcb22, Lemma 5.13 (2)], we have

s € S ifand only if s. (@7, \ {a}) = [y, \{a}. (3.6)
Lemma 3.4. Let
Ye={a" € ® VB e @) ,, " <, 0" = BV =a'}

Then the map s — « from 7 to 3. is well defined and is a bijection. Moreover, we have

o, C Y Nav. (3.7)

avey,
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Proof. This follows [Deo89, 3. Step 2|.

Let oY € X, (if such an element exists). Let s = rov € Z(-) and f¥ € ® ) ,. We assume
that 7¥ := —s.8" € @7, | Then V= —=pY 4+ ay(Y)a). As Y € O, we necessarily have
as(ﬁv) c N*. Therefore as as(ﬁv (87 +7Y) and 8 <; a,. By definition of X, we deduce
f = a). By (3.6) we deduce that s € 7.

Conversely, let s € .. Let BY € (IDV . be such that ¥ <; . By definition, we can

write a¥ = af¥ + ¥ a;8, where k € N a € R, (a;) € (Ry)" and (8)) € (<I>(T),+)k. Then

k
1
B =—=(a) g 5.87) €@ N,
SB a(as+ CLSﬁZ)E — (1)

i=1

By (3.6), we deduce that ¥ = «a) and thus o) € ¥,. We proved the first part of the

lemma. Then (3.7) can be proved as [Deo89, 3 step 3|, using the fact that «(8Y) € Z, for all
75\/ € q>(7—)

U

Lemma 3.5. The matrix (as(oz)/))rsey is a Kac-Moody matrix.

Proof. Let r, s € .. Suppose a,.(a)) # 0. We have r.a) = o) — a,(a))ey,/. By Lemma 3.4,
r.a) £, o, which implies that «,.(a)) < 0.

Suppose a,(ay) = 0. Then by the case above, ag(a’) < 0. Suppose that a(e,) < 0.
Then

a) = —rs.a) — a(a))a) and a) = @) (rs.a)) + ).
s
If rs.a) € @Y, we deduce that a) <; o, and if rs. ozr, we deduce that o <, o). Since
o), ) € Y., this implies in both cases that o, = a): we reach a contradiction. Therefore
as(a ) = 0 and the lemma follows. O

If a,b are two elements of a ring and m € N, we denote by (a.b)*” the product a.b.a. ...
with m factors.

Lemma 3.6. Let w € Wy and w = r...1; = 51...5; be two reduced writings of w, with
k=/{(w) andry,... 7% S1,...,Sx € S>. Then

K, .. K, =K. K.

Proof. Let r,s € ;. Suppose that the order m of rs is finite. Let h = (K, % Ko )™ — (K *
K, )™ € BLH(Tc). We want to prove that h = 0. Set wy(r,s) = (rs)*™ = (sr)*™. Using
Lemma 2.4, (3.2) and [Hc¢b22, Lemma 4.3|, there exists a family

(Pu)ue(r,s> € (Z[Ura Us] [xs,ua Ly ! |u> u/ S <T, S>])<T7s>

such that

h= 3 Fs P Q1 QD) ) (3.)

ue(r,s)

where the z;,, z,, are indeterminates.
2 M . . .
Let A, = (a (aY) as(Qar)). Then A, is a Kac-Moody matrix by Lemma 3.5 (it

is actually a Cartan matrix since (r,s) is finite). Let X' )Y’ o/ ol «/ af be copies of
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X,Y, o, 5,0/, ). Then &' = (4,,, XY, (al,al), (l, ) is a root generating sys-
tem. Let W’ be the associated Weyl group. We add a prime to all the objects previ-
ously defined when they refer to the root generating system S’. Let 7/ € T{. be defined by
7(\) = 1 for all X € Y’. Then we have .7/, = {r,s} € W'. By (3.3), K. = T/ € BYH(T¢)
and K, = T € BMH(T¢). Moreover (T s T!)*™ — (T! % T')*" = T, —T,, = 0, where
wh = (rs)™™ = (sr)*™ € W’ is the element of maximal length of W’. Therefore if u € W', we
have

Pu((UQ;Tu Y ;T)U,wGW’) = 0.
Let Q" = ZalY ®ZalY and ¢ : Q" — @V be the Z-modules morphism defined by ¢(aY) = «Y
and ¢(a)) = «/. Extend ¢ to a C-algebra morphism ¢ : C[Q"] — C[Q"]. Then ¢ is compatible
with the actions of W’ and (r, s). More precisely, if ¢ : W’ — (r,s) is the group morphism
defined by ¢(r) = r, u(s) = s, we have ¢ (“Q/") = QT forw € W’ and t € {r, s}. Therefore

P (0 (QT), e ("QT)) o) = P ((QFQD) ) =0

for u € (r,s) which proves that h = 0 and hence (K, * K,)*" = (K, * K,)*". By the word
property ([BB05, Theorem 3.3.1]), we deduce the lemma. O

To conclude the proof of Proposition 3.1, it remains to prove (5). By (2) and (3), % =
> keNosp. skeﬂ’C ... % Ky, * C(Y), is a subalgebra of PY¥(T¢). Let w € W,. Let
w = sy ..., be areduced ertlng of w, with k € Nand sy, ...,s; € ;. Then by Lemma 2.4,

Ko#. Ky = (Fo +QL) .. (Fy +QL)=Fu+ > F, %0, (3.9)

v<rw

for some 6, € C(Y'). For h € BN (Tc), h =Y o To * 0,, write
maxsupp(h) = {w € W?|0,, # 0 and Yo' € W*,w' > w, 0, = 0}.

Then by [[¢h22, Lemma 5.24] and (3.9), maxsupp(K,) = {w}, for w € W, and thus
(Iéw)wGW(T) is a free family of BVH (T¢).

By (3.2) and (3), D pengy.spes Ka oo Ky x C(Y), C @wEW( )IC * C(Y),. The
converse inclusion is obtained similarly and thus % D kel ses sy ko x Ko xC(Y),.

.....

By [[1¢h22, Lemma 5.23], BYH(T¢), * 4, C BUYH(T¢), for s € .. Therefore K, €
BLH(T¢), for w € Wiy and J#; C PEH(T¢),. This completes the proof of Proposition 3.1. O

Remark 3.7. In [l1¢h22, 5.5/, we assumed that T € Ug and that W, = W ;). The assumption
W, = Wiry is actually useless (without any change in the proofs). The assumption T € Uc is
however used to ensure that max supp( w) = {w} (see [Heb22, Lemma 5.24]), for w € Wi
and thus to prove the freeness of (Ku)wew,,,-

3.2 Action of J# on I.(7,gen, W)

We now fix 7 € Ug. Let ;. = GawEW(T) Ko * C(Y), C BYH(T¢),. In this subsection, we

extend the action of % NBYHc on I.(7, gen, W) to an action of J#; on I, (7, gen, W,y) (see
Lemma 3.10).

Let J, = {0 € C(Y).|7(0) # 0}.
Lemma 3.8. Let k € ;. Then there exists 0 € C[Y]\ J. such that 0 x k € B-Hc.

12



Proof. Let w € W(;). We assume that for all v € W) such that v <, w, for all e C(Y),,
there exists 6 € C[Y]\ J; such that 0%k, %8 € B"Hc. Let § € C(Y),. Let s € .7, be such that
v:=sw <, w. Let 0; € C[Y]\ J, be such that 0, %K, %0 € BLH . Let 0y € C[Y]\ J; be such
that I, € BLH ¢, which exists by Proposition 3.1(5). Set O3 = (01x05)%°(01 * 0) € C[Y\T-.

Then *63 = 03, thus Q,(f3) = 0 and hence 03 x g = ICs % 65. Therefore
93*161,)*92]65*93*]6”*92165*92*5(91*92)*91*167, e BM e,

We deduce that for all w € W,y and § € C(Y),, there exists § € C[Y]\ J, such that
H*ICU,*HGBLHO B 5 -

Let now k € ;. Write k = ZweW(T) Ky * 0., with (6,,) € (C(Y),)W®). For w € Wy,
choose 6, € C[Y]\ J, such that 0, % Ky, * 0, € B*He. Set 6 = HweW(T)\éw;éo 0, € CIY]\ JT;.
Then 0 * k € BYH¢, which proves the lemma. O

Lemma 3.9. Let 0 € C[Y]\ J.. Then the map mg : I.(1,gen, Wiry) — I.(7, gen, W)
defined by mg(x) = 0.x, for x € I.(1,gen, W), is injective.

Proof. Let x € I.. Write x = Y 0 Ty V-, Where (a,) € CW") . Let w € W be such
that a,, # 0 and such that for all v € W such that a, # 0, we have v 2 w. Then by [Heh22,
Lemma 2.8|, we have 0.z — a,, T, * vy, € @veW”,va CT,.v,. By [Heb22, Lemma 5.24],

w € Wy C Wr. Therefore vy = 7(0).v, # 0, which proves that 6.2 # 0. Therefore my
is injective. ]
Lemma 3.10. We have the following properties:

1. I (7, gen, Wiyy) = (- N PYHe) v,

2. Ay NPMHe stabilizes I,(7,gen, W(;)) and the action of 7 NPYHe on L.(7, gen, W(,)
extends uniquely to an action of &, on I.(T,gen, W(;)). This action is as follows.
Let © € I.(t,gen, W) and k € J¢;. Write © = h.x, with h € BYHc N oA, Write
kxh=3em., Kb, with (6,) € (C(Y),) W), Then:

kax=k*hv, = Z T(0)K o (7).v. (3.10)

wEW(T)

Proof. By [Heh22, Theorem 5.27|, we have I.(7, gen, W) = ev,(J;).v,.

For w € Wy, write Ky = > oo T * Oy, with 0,, € C(Y) for v € WY and
{v € W"0,., # 0} finite. By [Hc¢h22, Lemma 5.23|, we can write 6,, = i;z:, where
Jows Gow € ClY] and 7(gyw) # 0 for v € W? such that f,,, # 0. For w € W, set
Juw = Hvewwfu,w;ﬁo Guw € C[Y]. Then

evT(lgw) = ev,( Kwgw) and Kuwgw € 7 NV He. (3.11)

1 1
7(9uw) 7(9uw)
Therefore

L(7,gen, W) = (A NPV He) v, (3.12)
which proves (1).
(2) By Proposition 3.1(5), # N BLHc is a subalgebra of BLH¢, which proves that .7 N
BLY{ ¢ stabilizes I, (7, gen, Wiry). For w € Wiy, set Ly, = Ky * g € BLY - N, and set



Let 7 : C(Y), — C be the algebra morphism extending 7 : C[Y] — C. Let M =
IndC(Y (7) be the representation of J#, obtained by inducing 7 to ;. Then

W= @ Kuvs

wEW(T)

where v: € M is such that .v: = 7(0).vs, for § € C(Y),. Let ¢ : M — I.(7,gen, W(,)) be
defined by ¥ (k.vz) = k.v,, for k € Z,. Let us prove that 1 is well defined. Let k € &, be
such that k.v: = 0. We can write k = Y v Ly * 0y, for some (6,,) € C[Y]W). Then
7(0w) = 0 for all w € W(;) and thus k.v, = 0, which proves that ¢ : Z,.v: — I.(7,gen, W(,)
is well defined. Moreover, M = &P CKp.vs = ®w€W(T) CLy.v: = % .vz. Thus v :
M — I (7, gen, W;y) is well defined. Then ¢ is an isomorphism of .Z;-modules. We equip
I(7, gen, W(,) with the structure of a .#;-module by setting k®z = ¢ (k.yp~(z)) for k € 4,
and x € I (1, gen, Wir).
Let w € W(;) and § € C(Y'),. Then

wEW(T)

(Ky % 0) © v, = h(Ky * 0.v;) = 7(0)0(Kyvz) = 7(0) Ky © v, (3.13)

By applying this to § = g,,, we deduce that

V(K guw) Ve = Ky(T).v,. (3.14)

/€w®V7 = I@w*ng)vT = I@w*gw.vT =

1 1 1
7(Gw) 7(Guw) 7(Guw)

Combining (3.13) and (3.14) yields (3.10).
Let k € BMHceNo#,. Write k = > wew,,, Ku*bu, with (0,,) € (C(Y),) W), Forw € Wiy,

write IC,, = =Y ewe Lo # Op ., With (0y0)vews € (C(Y),)W). Then k = i1 Zwewm y *
Oy * 0,y and ZwEW( N 0., € C[Y] for every v € W". Then

kve =Y 7( > Oy 0,)T,v,

veWv ’LUEW(T)

=DV RIS

veWv U)EW(T)

= Y 7(0u)evi( D> Ty bu.)v,
U)EW(T) veWv

= Y m(u)ev (Ky) v, =k @ v,
wEW(T)

by (3.10). Therefore @ extends the action . of B“H¢c N, on (7, gen, W(;)) to an action of
JHy on I (1, gen, Wiry).

We now prove the uniqueness of such an action. Let & be an action of JZ; on I.(7, gen, W(,))
such that k @z = k. for all k € P*Hc N 4 and © € I (7,gen, W(,)). Let k € ;. Let
0 € C[Y]\ J, be such that 6 * k € BLH¢, which exists by Lemma 3.8. Then

Oxk)e=Oxk)pz=00(kav,) =0.(k@v,).

By Lemma 3.9 we deduce that k @2 = m, "' (0 x k.z). This proves that @ = ® and concludes

the proof of this lemma.
U
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3.3 Examples of 7 for which .%; is infinite

The set " is a root system in the sense of [MP59, 4 Remark|. Then @7, is a subroot system
of @V in the sense of [MP89, 6]. Tt is proved in [MP89, Example 1] that the bases of a subroot
system of a root system admitting a finite basis need not be finite. However, we do not know
if the root system given in this example is of the form <I>(VT), for some 7 € Tr. Suppose that
os = o, for all s € 7, then &) = {a” € ®¥|7(a”) = 1}. Thus if 7 € T, ¢/, is closed
in the sense that for all oV, 8V € Q(VT), if ¥ + Y € ¢V, then oV + BY € (ID(VT). We may ask
whether this property ensures the finiteness of .. We prove below that this is not the case.
For w € W, set Nov(w) = {a" € ®Y|w.a¥ € PV}

Lemma 3.11. Let A = (a;;)ijep,ap be an invertible Kac-Moody matriz such that for all
i,j € [1,4], ai; < =2, forall (i,j) € [1,4]\{(4,3)}, ai; is even and as3 is odd. We assume
that A = @, , Ra), which is possible since A is invertible by [Kac9/, 1.1]. Let ht : A — R
be defined by ht(> i mia)) = Yoo mi, for (n;) € R Let q be a prime power and set
o; =0, =/q fori € [1,4]. Let 7: Y — {—1,1} be defined by 7(A\) = (=)™ for XA € V.
Let W' = {ry,m3) C W". Then {wrsryrsw=w € W'} C .. In particular, %, is infinite.

Proof. Let w € W’ and v = wraryrsw™". Then by [Kum02, 1.3.14 Lemmal|, wrz.cf € Ngv (v)
and Ngv(v) \ {wrs.ay} C {u.a)|u € W i € [1,3]}. We have r3.af = af —aqzay. Moreover
if i € [1,2], mi(ay — assay +2QY) C ay — agsef +2QY. In particular, wrs.ay € af —
aszay +2QY and T(wrs.of) = 1. Now if i € [1,3] and j € [1,4], r;.(oy +2Q") C o +2Q".
Therefore 7(u.of') = =1 if w € W*. In particular, Ngv(v) N @y = {wrs.arf } = {)} and by
[Heh22, Lemma 5.13 (2)], v € .. Using [Kum02, 1.3.21 Proposition| we deduce that .7 is
infinite. O

4 Kato’s irreducibility criterion

Let 7 € Uc. Let x € I.(7,gen, W(;)). Write z = ZweW(T) awKow. Vs, With (aw) € CW). Let
supp(z) = {w € Wiz | ap # 0} and £-(x) = max{/,(w) | w € S}. We set £,(0) = —o0.

Let « € I.(7,gen, W,)). We define ord,(x) as the minimum of the k& € N such that for all
01,...,0, € J,, we have 0, ...0;.x = 0. We will see in Lemma 4.3 that ord,(z) € N for z €
I(7,gen, W(;y). The aim of this subsection is to prove that I.(7, W(;)) := I.(7,gen, W) N
I:(7) = Cv. (see Theorem 4.6). We actually prove that for all z € I.(7, gen, W(;)), ord,(z) =
(-(z) + 1. We then deduce Kato’s irreducibility criterion (see Corollary 4.8).

For s € .7, , we set

2
g —_=

S, T

(0 = 1)+ os(or — 07 )7()).

NN

When o, = o/, then 7(o)) = 1 and 0/ _ = 07 — 1.
As we assumed that [0/, [o7| > 1, for all s € ., we have o . # 0 for every s € .. Indeed,

we have o/ . = 0 if and only if o, = 0 = &1 or 0, # 0, and 0, = —o;". We have .7, C %)
and thus 7(aY) € {—1,1}. If 7(a)) = —1, then o, # ¢/, and 6% — 1 + 0,(0), — o )7 (—a)) =
02 —1—o04(0, — o) =0 if and only if ¢/, € {0y, —0;'} if and only if o, = —o .

Lemma 4.1. Let s € ., and A € Y. Then

T(Qs(2Y) = T(A)oy ras(N). (4.1)
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Proof. We have

. 1 — Z—as(Naf
Q, (2" = -1 —ohYz ) ———

s( ) ((U ) + US(U O ) ) 1— Z—2ag/
We have 7(a)) € {—1,1}. If ag(N) is odd, then o, = o and 7(c)) = 1 (since the denominator
of QT is then 1 — Z=°¥). We then conclude with Remark 2.3 (3). If a,(\) is even, a
computation similar to the one of Remark 2.3 (3) enables to prove (4.1).
U

For h € A, h =Y Ky * 0, with (6,) € CW) we set £,(h) = max{l,(w) | O, #

0}.
Lemma 4.2. Let w € W,y. Fiz a reduced writing w = sy ...s; of w, with k = {.(w) and

S1y...ySp € Sr. Fori € [1,k], set v; = s1...8;-1, U; = Siy1...5,. Let E = {i € [1,k] |
0-(v;0;) =k —1}. Let 0 € C(Y'). Then there exists h € J, such that {.(h) < k —2 and

wEW(T)

05 Ky =Ku*" 0+ Ky, * %) + h. (4.2)

€ER

In particular if 0 € C(Y), we have

0.K,.v, = 7(0) IC v+ 7( Z oy o, (v ICMZ v, + hv,. (4.3)

i€l

Proof. We prove it by induction on k. If k = 0, this is clear. We assume k& > 1. Set w’ = ws;,
and 0, = v;s, for i € [1,k — 1]. Assume that we can write

k-1

0 * ]éw’ = ]éw’ * w”le + Z Iévm;’. * v 1(231' (v;19> + h/,
i=1

where 1/ € BVH(T¢) and £, (k') < k — 3. By Proposition 3.1 (3), we have

0 % Ko e+Z/cw, £ 0, (0)) + Ky,

where

i=1 UEW(.,.)|Z-,-(’!))§]€—2

Moreover by Proposition 3.1, £, (h' % l@sk) < k — 1. By eliminating the i such that ¢, (v;7;) <
k—1in (4.4), we deduce (4.2).
Using Lemma 4.1, we deduce (4.3).

16



Lemma 4.3. Let v € I.(7,gen, W(;)), 0 € T and w € W". Then (.(0.x) < {(x) —1. In
particular we have ord,(x) < {.(x) + 1 for all x € I.(7,gen, W(yy).

Proof. This follows from (4.3). O

Lemma 4.4. We assume that there exists p € C* such that

o, € PRY, (4.5)
forall s € .#. Let w € W;). Then ordT(Iéw.vT) =l (w)+ 1.
Proof. Pick A € C} and set 0 = 7N —7(\) € J,. Forv € W), we define C,, € C by

6 K, ov, = Cpv,,

which is well defined by Lemma 4.3. Fix a reduced writing w = s; ... s of w, with k = £, (w)
and si,...,s, € /. We want to prove that C,, # 0. We assume that for all v € W,
such that E ( ) < L-(w), we have C, € (T(\)p)*@R%. For i € [1,k], set v; = s1...5,_1,
0; = Sip1...Sk Let B = {i € [1,k]|¢;(v;v;) = k — 1}. Then by Lemma 4.2 and (4.1), we

have o
Co=> 7(Q, (" 0)Cls
i€E
Z s, (Nl vias, () Cu,
i€eE

If i € E, we have ((v;s;) > {(v;) and thus by [[Kum02, 1.3.13 Lemmal, v;.a5, € ®. Therefore
vz.asi(k) € Zo. We deduce that C,, € (7(\)p)*R%. In particular, C,, # 0 and ord, (K,,.v,) >
(-(w) 4+ 1. By Lemma 4.3 we deduce that ord,(K,.v,) = £, (w) + 1.

U

Lemma 4.5. Let x € I.(1,gen, W(,)) and s € #,. Then ord,(K,.z) < ord,(z) + 1.

Proof. We prove it by induction on ord,(x). If ord,(z) = 0, then z = 0 and it is clear. We
assume that ord.(z) > 0 and that for all y € I (7, gen, W,y) such that ord,(y) < ord,(x),
we have ord, (Ks.y) < ord.(y) + 1. Let 6 € J.. By Proposition 3.1 (3), we have

0.K,x =K, 50.x + Q,(0).x,

for 6 € J,. Moreover ord,(*6.x) < ord,(z) and thus ord,(K,.*0.z) < ord.(*6.z) + 1 <,
ord.(z) by assumption. Moreover, ord, ( s(0) ) < ord,(x), therefore ord,(0.K,.x) <
ord, (z) for every 6 € J. and thus ord,(K,.z) < ord,(z) + 1. Lemma follows.
U
Let x € I.(7, gen, W())\{0}. Write z = ZweW(.r) Ky Ve, Let M = {w € supp(z) |l (w) =
0 (2)}, Ny = |M] and LT(z) = 3, .y @KoV
Theorem 4.6. Let 7 € Uc. We assume that (4.5) is satisfied and that |og|,|ol] > 1, for

all s € . Let v € I.(1,gen, W) \ {0}. Then ord,(z) = (;(x) + 1. In particular,
I(7,gen, Wiry) N I(1) = Cv, and [Heb21, Conjecture 5.16] is true.

Proof. It N.(x) = 1, this is Lemma 4.4 and if ¢,(x) = 0, this is clear. We now assume that
N:(z) > 2 and that for all y € I.(7, gen, W(;))\ {0} such that £, (y) < ¢;(z) or N;(y) < N(x),
we have ord,(y) = (;(y) + 1. Let M = supp(LT(z)). There are two cases:
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1. there exists s € .¥ such that for all w € M, sw <, w,
2. for all s € ., there exists w € M such that sw >, w.
We first assume (1). Then we can write
= Kea +a",
with £, (2') = (. (z) — 1, £;(2") < £, (2") and sv >, v for all v € supp(a’). Let 6 € J,. Then
0.0 =K% 0.0+ Qu(0).2" +0.2". (4.6)

By Lemma 4.3, we have (,(°0.2") < (.(2) — 1. For all v € supp(*0.2'), if sv <, v, then
C(Cs * Kyvr) < Lo(v) < £:(°0.2") < €(2') — 1 by Proposition 3.1 (2). Therefore for all
v € supp(Ks *° 6.) such that ¢.(v) = ¢, (2'), we have sv <, v. Therefore

supp (LT(K * *0 * 2)) N supp(LT(2")) = 0. (4.7)

Take A € Y such that a,(\) = 1 and set § = Z* — 7(\) € J,. Then by Lemma 4.1,
T(Qs(é’)) = 7(A)o?l as(A) = 7(N)o? and thus by combining (4.6) and (4.7), we obtain that
0.(0.K,.x) = £.(z'). By assumption we deduce that ord, (6.K,.z) = ¢,(z') + 1. Consequently
ord, (K,.x) > £,(z) 4+ 1 and by Lemma 4.3 we deduce that ord,(K,.z) = £,(z) + 1.

We now assume that we are in the case (2). Let w € supp((LT(z)) and s € .# be such
that sw <, w. Set 2/ = K .. Then by assumption we have ¢,(z') = £,(z) + 1 and thus

supp (LT(2")) C s.supp (LT (x)) \ {sw}.

In particular NV, (2') < N;(x). By our induction assumption we deduce that ord,(z') =

(- (') +1={.(x) + 2. By Lemma 4.5 we have that ord,.(z) > ord,(z') — 1 > ¢, (x) + 1. By

Lemma 4.3 we deduce that £,(x) + 1 = ord,(z). This completes the proof of the theorem.
U

Note that the above proof can be simplified in the case where W(;) is finite. In this
case, denote by wy, the maximal element of W(;) (for the Bruhat order <;). Let z €

(7, gen, W) \ {0}. Let w € supp(LT(2)). Set y = Kygw-1.2. Then supp(Kugw-1-7) > w.
By Lemma 4.4, ord, (Ky-1.2) = £, (wo) + 1. By Lemma 4.5, we deduce that

ord,(z) > ord,(y) — l(wow™") = €-(wo) + 1 — (L(wo) — £(w™")) = L(w) + 1.

By Lemma 4.3, we deduce that ord,(x) = ¢, (x) + 1.

We obtain a version of the Knapp-Stein dimension theorem in our frameworks:

Corollary 4.7. (see [Sil78]) Let 7 € Uc. Then

I.(1)= @ CFyp-Vr.

wRrER,
If moreover o, = o, for all s € ., then Endy_moa(I;) ~ C[R,].

Proof. This follows from [Hch21, Proposition 5.13 (2) and Proposition 5.27]. O

18



Note that under the notation of [Hc¢h21]|, Theorem 4.6 implies that I.(7,W(;)) = Cv,.
We can thus apply the results from 5.3 to 5.6 of [Héb21|, when 7 € Ue. In particular, we

have a description of the submodules and the irreducible quotients of I, when 7 € Uc, see
[Heb21, Theorem 5.38|.

We also obtain Kato’s irreducibility criterion:

Corollary 4.8. (see [Kat81, Theorem 2.4])
Let 7 € Te. Then I, is irreducible if and only if:

1. 7 € Ue,
2 Wiy = {1}.

Proof. By [Hch22, Proposition 4.17 and Theorem 4.8], if I, is irreducible, then W, = W,
and 7 € Uc. Conversely, let 7 € Ug be such that Wiy = W.. Then R, = W, /W) = {1} and
by Corollary 4.7, I.(1) = Cv,. By [Hch22, Theorem 4.8] we deduce that I is irreducible. [
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