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ABSTRACT
In high quality processes, events related to non-quality rarely occur and the times
between these events (TBE) is likely to follow a skewed distribution like the gamma
distribution. In order to monitor TBE data, an Adaptive Exponential Weighted
Moving Average (AEWMA) control chart is proposed in this paper. This chart is
designed to perform well over a range of shifts instead of being only efficient for
a particular shift. An extensive performance analysis shows that, for most shifts,
the Average Run Length (ARL) of the proposed chart performs better than other
already existing control charts. In order to help the quality practitioner, some guide-
lines for choosing the most effective scheme in practice are provided. Finally, an illus-
trative example of the proposed scheme is also presented. Supplementary materials
for this article are available online.
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1. Introduction

As the most important tool in Statistical Process Monitoring (SPM), control charts
are widely used for the monitoring of a process. Traditionally, control charts, such
as the X̄, S2 and R charts, are implemented for the monitoring of continuous
characteristics in a process. For the monitoring of the number of non-conforming
items in a process, the traditional approach is to use attribute charts, such as the
c or u charts, see Montgomery [1]. Nowadays many processes produce a very small
number of non-conforming items, like parts per million (ppm). These processes are
usually called “high quality processes”, where the occurrence of events (the occurrence
of non-conforming items) are usually modelled as a homogeneous Poisson process.
Instead of using the traditional attribute charts for monitoring the number of events,
some researchers suggested to monitor the Time Between Events (TBE) which is, by
definition, an exponential or a gamma distributed random variable in a homogeneous
Poisson process (see Gan [2] and Zhang et al. [3]). TBE control charts have been
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applied in several areas, such as in the monitoring of the inter-failure time in a failure
process (Xie et al. [4]), in health-care management (Xie et al. [5]), in earthquake
occurrences (Santiago and Smith [6]) or in forest fires (Rahali et al. [7]).

Recently, TBE control charts have received much attention for the monitoring
of high quality processes. For instance, Rakitzis [8] proposed a run rules Shewhart
type chart for monitoring exponential distributed data. When process parameters
are estimated, Kumar and Chakraborti [9] studied the conditional properties of a
Phase II Shewhart chart for monitoring TBE type data. Kumar [10] investigated the
properties of a Phase II exponential chart conditioned on a given Phase I sample, by
deriving the exact expression of the distribution function of the conditional average
run length (CARL). In addition, Xie et al. [11] pointed out that, although monitoring
the failure occurrence process using an exponential TBE chart is straightforward, it
may also causes many false alarms if the control limits are too wide and, therefore,
they suggested to increase the sensitivity of such a control chart by monitoring the
time between r ≥ 2 failures, which is know to be a gamma distributed random
variable. Following this, Zhang et al. [3] studied the performance of a Shewhart
Gamma chart. Moreover, based on a class of absolutely continuous exponential
distributions, Ali [12] evaluated the performance of TBE charts in terms of ARL,
the expected quadratic loss, continuous ranked probability and the relative ARL. For
other studies on Shewhart TBE charts, readers may also refer to Zhang et al. [13],
Yang et al. [14], Ali and Pievatolo [15], Ali and Shah [16] and Ali et al. [17].

By only using the information in the current data, Shewart type charts are known
to be able to detect large shifts quickly, while they are rather not sensitive to small
shifts in processes. Apart from Shewhart type charts for TBE data, some studies
on the Cumulative Sum (CUSUM) and exponentially weighted moving average
(EWMA) charts for TBE data have also been conducted to improve the detection of
small shifts. These charts are usually called memory type charts because they also
use past samples information. Gan [2] first studied the properties of the one- and
two-sided exponential EWMA charts. Khan et al. [18] proposed an EWMA control
chart for monitoring exponential distributed data by transforming the sample data
to approximate normal random variables and by constructing the EWMA statistic
using the current and the previous moving average (MA) statistic for each subgroup.
Liu et al. [19] investigated a CUSUM scheme for monitoring TBE data. The idea was
also to transform the TBE data to approximate normal ones and then to apply the
CUSUM scheme on these transformed data. The comparative studies showed that the
proposed scheme had comparable performance with the exponential CUSUM chart.
Qu et al. [20] proposed a weighted CUSUM chart with an additional power parameter
to detect shifts in TBE. The results showed that the efficiency of the proposed chart
can be actually improved by using this additional power parameter. For more research
works on TBE control charts, readers can refer to the review conducted by Ali et al.
[21].

As pointed in Capizzi and Masarotto [22], a single EWMA chart cannot perform
well for small and large shifts simultaneously in the process. To offer a more balanced
detection against different shifts, they suggested an adaptive EWMA (AEWMA)
chart to monitor process shifts. This chart can be seen as a smooth combination of
a Shewhart chart and an EWMA chart. The results showed that this scheme gives
a good protection against a wide range of shifts. From then on, several studies have
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been conducted on AEWMA type charts. Motivated by the work of Capizzi and
Masarotto [22], Shu [23] extended the idea of the AEWMA chart for monitoring
the process location to the case of monitoring the process dispersion. It has been
shown that the AEWMA dispersion chart performs relatively better at both small
and large changes of the process dispersion than the EWMA and other dispersion
charts. Ugaz et al. [24] presented a family of adaptive control charts for monitoring
the mean of a process by using a time-varying smoothing parameter. The proposed
charts are efficient for a wide range of shifts, especially for small shifts. Considering
measurement errors in the quality characteristic, Tang et al. [25, 26] studied the
performance of the AEWMA mean and AEWMA median charts using a linearly
covariate error model, respectively. When the process parameters are estimated
from Phase I samples, the performance of the AEWMA chart was investigated in
Saleh et al. [27] using a Markov chain approach. Moreover, considering the so-called
between-practitioners variability in the estimated process parameters of the AEWMA
chart, the standard deviation of ARL combined with the average ARL measures
were used in Aly et al. [28] to re-evaluate the chart’s performance. Tang et al. [29]
introduced a new adaptive EWMA-type chart for monitoring the count data and
they used a discrete-time Markov chain method to compute the exact run length
properties of the proposed chart. Aly et al. [30] developed an AEWMA control chart
for monitoring Zero Inflated Poisson (ZIP) processes and a Markov chain approach
was used to obtain the properties of the proposed chart. The results showed that the
ZIP AEWMA chart performed better than other competing charts for a wide range
of process shifts. For more recent literatures on adaptive EWMA type charts, readers
may also refer to Tang et al. [31], Tang et al. [32] and so on.

The literatures on the efficiency of EWMA type charts showed that they can
only be constructed to perform well for either small or large shifts and, in order to
circumvent this problem, AEWMA schemes have been proposed and they have been
proven to show a good sensitivity for both small and large shifts simultaneously.
The successful application of AEWMA charts motivates our investigation into the
potential benefits of applying the AEWMA scheme to monitor TBE data. To the
best of our knowledge, AEWMA TBE charts have not been studied in the literature
so far. The purpose of this work is to fill this gap and to increase the sensitivity of
TBE type control charts for both small and large shifts simultaneously.

As it has been shown in Acosta-Mejia and Pignatiello Jr. [33] for monitoring the
process variance or in Xie et al. [4] for monitoring TBE data, a common problem with
two-sided control charts for skewed distributions are their ARL-biased performance
(i.e. some out-of-control ARL values are larger than the predefined in-control ARL
value, see Morais et al. [34]). Since ARL-biased control charts cannot be effectively
used for detecting all shifts in a process, to overcome this issue, one-sided charts
for monitoring skewed distributions have been suggested, see Gan [2], Castagliola
et al. [35], Zhang et al. [36] and so on. Thus in this paper, we consider two separate
one-sided AEWMA charts for the detection of increasing and decreasing shifts in
TBE data, respectively. Actually, if a two-sided AEWMA TBE chart is implemented
for monitoring both increasing and decreasing shifts in the process, control limits of
two-sided AEWMA TBE chart can be chosen following the algorithms in Tran and
Knoth [37] to ensure its ARL-unbiased property.

In the subsequent section, control charts for Gamma distributed TBE data
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are introduced and the construction of two one-sided AEWMA TBE charts are
presented using a Markov chain approach. Section 3 studies the design procedures
and performance of the one-sided AEWMA TBE charts. Moreover, some comparisons
are also made with the EWMA and Shewhart charts in this section. Then, a real data
example is implemented to show the usage of the AEWMA TBE chart in Section 4.
Finally, some conclusions and recommendations are made in Section 5.

2. Control charts for Gamma distributed TBE data

2.1. Gamma distributed TBE data

In a homogenous Poisson process, the inter-arrival time Yi, i = 1, 2, . . . , r, between two
consecutive failures is an exponentially distributed random variable with the probabil-
ity density function (p.d.f.) f(y|θ) = 1

θe
− y
θ , where θ is the scale parameter (or mean)

of the distribution. The sum X =
∑r

i=1 Yi of the these r inter-arrival times between
consecutive failures follows a Gamma(r, θ) distribution with the following p.d.f.,

f(x|r, θ) =
e−

x

θ xr−1

Γ(r)θr
, x > 0 (1)

where the mean E(X) and variance V (X) of X are rθ and rθ2, respectively. When
θ = θ0, the process is deemed to be in-control, where θ0 is the known in-control value
of the scale parameter. Without loss of generality, θ0 = 1 is assumed in this paper.
Otherwise, θ = ρθ0(ρ 6= 1) means that the process is out-of-control. An increase (a
decrease) in θ0 corresponds to ρ > 1 (ρ < 1), which is equivalent to an increase (a
decrease) in the expected time between events. Following the work of Xie et al. [11],
our aim is to construct control charts for monitoring changes in parameter θ of a
Gamma distributed TBE random variable. If we are just interested in monitoring the
time between two consecutive failures, the Gamma(1,θ) distribution in Eq. (1) reduces
to the exponential distribution, and the constructed control charts are for monitoring
changes in θ of an exponential distributed TBE random variable. It should be pointed
out that θ0 is assumed to be known here. If this parameter is not known in advance, it
has to be estimated from a preliminary in-control samples. The unknown θ0 case will
be studied in future investigations.

2.2. The EWMA TBE chart for Gamma distributed data

The standard EWMA chart uses a fixed weight λ ∈ (0, 1] to construct the monitoring
statistic Zt = λXt + (1 − λ)Zt−1, t = 1, 2, 3, . . . , where Xt is the sample at time t
and Z0 = rθ0, and the upper (UCL) and lower (LCL) control limits of the EWMA
TBE chart are determined by the constraint on the desired in-control performance.
A process is considered to be in-control when Zt ∈ [LCL,UCL]. Otherwise, when
Zt /∈ [LCL,UCL], the process is deemed to be out-of-control. It can be seen that
when λ = 1, the EWMA-TBE chart reduces to the Shewhart TBE chart.

Moreover, instead of using only a single two-sided EWMA chart for TBE data and
to overcome the ARL-biased problem, Gan [2] suggested to implement two separate
one-sided EWMA TBE charts for exponential distributed data. Similarly, for Gamma
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distributed TBE data, two one-sided EWMA charts are also defined as follows,

• First, an upper-sided EWMA chart for detecting an increase in the TBE data
with the monitoring statistic,

Z+
t = max(rθ0, λXt + (1− λ)Z+

t−1),

with the initial value Z+
0 = rθ0 and the upper control limit UCL+.

• Second, a lower-sided EWMA chart for detecting a decrease in the TBE data
with the monitoring statistic,

Z−t = min(rθ0, λXt + (1− λ)Z−t−1),

with the initial value Z−0 = rθ0 and the lower control limit LCL−.

2.3. Adaptive EWMA TBE chart for Gamma distributed data

Because the EWMA chart cannot be designed to have a good sensitivity at both small
and large shifts simultaneously, by adapting the weight λ in the EWMA statistic as a
function of the prediction error et = Xt−Zt−1 , Capizzi and Masarotto [22] suggested
the AEWMA chart with the following monitoring statistic,

Zt = Zt−1 + φ(et) = ω(et)Xt + (1− ω(et))Zt−1, (2)

where ω(et) = φ(et)/et is the weight of the AEWMA statistic and φ(et) is a score
function. For the sake of simplicity, the score function φ(et) used here is limited to the
Huber’s score function, i.e.

φ(e) =

 e+ (1− λ)× k if e < −k
λ× e if |e| ≤ k
e− (1− λ)× k if e > k

, (3)

where k ≥ 0. Note that when k → ∞, φ(e) ≈ λe and the AEWMA chart converges
to the EWMA chart. When k → 0, φ(e) ≈ e and the AEWMA chart converges to the
Shewhart chart. If other score functions are used, similar methods can also be used
to study the properties of the AEWMA chart.

Similar to the two separate one-sided EWMA charts for monitoring TBE data, two
separate one-sided AEWMA charts are also suggested for monitoring the increase or
decrease in TBE Gamma data. The monitoring statistics are, respectively, given by,

• First, an upper-sided AEWMA chart is suggested for detecting an increase in
θ0,

Z+
t = max(rθ0, Z

+
t−1 + φ(et)) = max(rθ0, ω(et)Xt + (1− ω(et))Z

+
t−1),

with the initial value Z+
0 = rθ0. An out-of-control signal is given when Z+

t

exceeds the upper control limit UCL+ of the chart.
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• Second, a lower-sided EWMA chart is suggested for detecting a decrease in θ0,

Z−t = min(rθ0, Z
−
t−1 + φ(et)) = min(rθ0, ω(et)Xt + (1− ω(et))Z

−
t−1),

with the initial value Z−0 = rθ0. An out-of-control signal is given when Z−t is
smaller than the lower control limit LCL− of the chart.

If the aim is to detect both an increase and a decrease in TBE data, one can also use
the combinations of these two one-sided AEWMA charts.

2.4. A Markov chain method to compute the ARL of the proposed
AEWMA chart

As one of the most widely used criterion, the ARL is usually used to evaluate the
performance of a control chart. The ARL is defined as the expected number of
charting statistics plotted on the chart until for the first time it gives an out-of-control
signal. For fair comparisons, with the same in-control ARL (hereafter denoted as
ARL0), the smaller the value of the out-of-control ARL (hereafter denoted as ARL1),
the better the performance of the control chart. Other metrics, such as the median
run length (MRL) or other percentiles of the run length (RL) values, can also be
used to evaluate the performance of control charts, but this paper only focus on the
ARL metric to conform more with the most SPM literatures.

For the upper-sided AEWMA chart, a discretized Markov chain proposed in Lu-
cas and Saccucci [38] is used here to approximate its RL properties. This procedure
involves dividing the interval [rθ0, UCL

+] into p sub-intervals (Hj −∆, Hj + ∆], j =

1, 2, . . . , p− 1, p, each with width 2∆, where ∆ = UCL+−rθ0
2p . Similarly, p sub-intervals

of width 2∆, where ∆ = rθ0−LCL−

2p can also be used for the lower-sided AEWMA
chart. It can be seen that Hj is the midpoint of the jth subintervals and we define
H0 as the “restart state” of the chart. The regions above UCL+ (for the upper-sided
chart) or below LCL− (for the lower-sided chart) are considered as absorbing. When
the number p of sub-intervals is large enough (in this paper we choose p = 200), this
approach can effectively evaluate the RL properties of the chart. Then the probability
Qi,j that the control statistic Z+

t (Z−t ) moves from state i to state j in one step is
given as follows,

– For the upper-sided AEWMA chart,

Qi,j =

{
P
(
Z+
t ≤ rθ0 | Z+

t−1 = Hi

)
, if j = 0,

P
(
Hj −∆ < Z+

t ≤ Hj + ∆ | Z+
t−1 = Hi

)
, if j = 1, 2, · · · , p (4)

– For the lower-sided AEWMA chart,

Qi,j =

{
P
(
Z−t > rθ0 | Z−t−1 = Hi

)
, if j = 0,

P
(
Hj −∆ < Z−t ≤ Hj + ∆ | Z−t−1 = Hi

)
, if j = 1, 2, · · · , p (5)

6



Using the score function φ(e) in Equation (3), the inverse function φ−1(z) is,

φ−1 (z) =

 z − (1− λ)× k if z < −λk,
z/λ if |z| ≤ λk,
z + (1− λ)× k if z > λk,

(6)

After some manipulations,the transition probability Qi,j is given as follows:

– If j = 0 (for the upper-sided AEWMA chart),

Qi,0 = P
(
Xt ≤ φ−1(rθ0 −Hi) +Hi

)
,

= F
(
φ−1(rθ0 −Hi) +Hi

)
,

– If j = 0 (for the lower-sided AEWMA chart),

Qi,0 = 1− P
(
Xt < φ−1(rθ0 −Hi) +Hi

)
,

= 1− F
(
φ−1(rθ0 −Hi) +Hi

)
,

– If j = 1, 2, · · · , p

Qi,j = P
(
Hi + φ−1 (Hj −Hi −∆) < Xt ≤ Hi + φ−1 (Hj −Hi + ∆)

)
,

= F
(
Hi + φ−1 (Hj −Hi + ∆)

)
− F

(
Hi + φ−1 (Hj −Hi −∆)

)
,

where F (x|r, θ) = 1
θrΓ(r)

∫ x
0 t

r−1e−
t

θ dt is the cumulative distribution function (c.d.f.)

of X.

Then the transition probability matrix Q with probabilities Qi,j corresponding to
the p+ 1 transient states is,

Q =


Q0,0 Q0,1 · · · Q0,p−1 Q0,p

Q1,0 Q1,1 · · · Q1,p−1 Q1,p
...

...
...

...
Qp−1,0 Qp−1,1 · · · Qp−1,p−1 Qp−1,p

Qp,0 Qp,1 · · · Qp,p−1 Qp,p

 . (7)

The RL distribution of the proposed AEWMA TBE chart can be obtained by the
transition probability matrix Q and the initial probability vector q = (1, 0, . . . , 0), i.e.,
the initial state is assumed to be the “restart state”. Since the (RL) of the AEWMA
TBE chart is a Discrete Phase-type (DPH) random variable of parameters (Q,q), the
p.d.f. fRL(`|Q,q) and the c.d.f. FRL(`|Q,q) of the RL distribution of the AEWMA
TBE chart is (see Neuts [39] and Latouche and Ramaswami [40]),

fRL(`|Q,q) = qᵀQ`−1(I−Q)1, (8)

FRL(`|Q,q) = 1− qᵀQ`1, (9)

where I is the (p+1, p+1) identity matrix and 1 is a (p+1, 1) vector of 1’s. Moreover,
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the expected time to absorption of the Markov chain is ARL = E(RL),

ARL = qᵀ(I−Q)−11. (10)

3. Performance of the proposed one-sided AEWMA TBE charts

In order to investigate the performance of the proposed one-sided AEWMA TBE
Gamma charts, the chart parameters (λ, k, UCL+) or (λ, k, LCL−) have to be selected
first. Following the works in Shu [23] and Su et al. [41], the joint effect of λ and k
on the ARL performance of the AEWMA chart is first investigated to provide some
insight into the choice of the design parameters. Then, the nearly “optimal” design
parameters of the AEWMA chart for both a small shift ρ1 and a large shift ρ2 in TBE
data are obtained using a sequential searching procedure providing a good overall
performance of the chart.

3.1. The joint effect of parameters λ and k

Following the works in Shu [23] and Su et al. [41], several contour plots of ARL1

values for different shifts of the upper-sided AEWMA TBE chart as a function of
parameters (λ, k) are presented in Figure 1 when the desired ARL0 = 200 and r = 2.

(Please Insert Figure 1 Here)

It can be concluded from Figure 1 that, when the purpose is to detect a relative
small increase in the process, for instance, when ρ = 1.2 in (a) and ρ = 1.5
in (b), the ARL1 value tends to increase as λ increases or as k decreases. The
suggested values of λ and k for detecting small increasing shifts in the process are
smaller than 0.2 and are within the range [5.5, 7], respectively. On the other hand,
if the purpose is to detect a relative large increase in the process, for instance,
when ρ = 5 in (d), the ARL1 value decreases as λ increases or k decreases. The
suggested values of λ and k for detecting large increasing shifts in the process
are roughly within the ranges [0.2, 0.7] and [3.5, 5.5], respectively. Similar conclu-
sions of the trends in ARL as a function of λ and k also hold for other cases of
r = 1 (exponential) or r > 2. For simplicity, these contour plots are not presented here.

As the counterpart of the upper-sided AEWMA TBE chart, the ARL1 of the
lower-sided AEWMA TBE chart also shows similar performance as λ and k change,
i.e. if the aim is to detect a small decreasing shift in the process, the ARL1 value
tends to increase as λ increases or as k decreases. On the other hand, if the aim is to
detect a large decreasing shift in the process, the ARL1 value tends to decrease as λ
increases or k decreases. For simplicity, all the contour plots of the ARL1 values for
different shifts of the lower-sided AEWMA chart as a function of parameters (λ, k)
are not presented here.
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3.2. Design procedures of the AEWMA TBE chart

Because the two-stages procedure proposed in Capizzi and Masarotto [22] to search
the optimal parameters of the AEWMA chart is complicated and requires extensive
computations, Shu [23] proposed a sequential searching procedure to find the “nearly”
optimal parameters of the AEWMA type chart. This approach is simple and requires
less computation work. In this paper, we also adopt this sequential searching approach
to the AEWMA TBE chart. Details of the procedure are summarized as follows,

(1) Choose a desired in-control value ARL0, the parameter r of the Gamma distri-
bution, a small shift ρ1 and a large shift ρ2.

(2) Find the optimal value of the smoothing parameter λ of the one-sided EWMA
TBE charts for the specified small shift ρ1 with the constraint on the desired
ARL0.

(3) Choose a small constant α to control the efficiency loss at ρ1 due to the intro-
duction of parameter k. Similar to Shu [23], α=0.05 is also chosen for discussion
in this paper.

(4) Set the smoothing parameter λ of the AEWMA TBE chart to be the same as
the one obtained in Step (2), then find the optimal parameters k and UCL+ or
LCL− of the AEWMA TBE charts that have the minimum ARL1 value at ρ2

under the constraint that the percentage increase in ARL1 at ρ1 is smaller than
α.

It can be seen that the optimal parameter λ of the EWMA chart is used as the
approximately optimal one for the AEWMA chart. This is due to the attractive
property of the parameter k which can be defined in order to increase the AEWMA
chart’s performance at large shifts, with a large percentage, while causing only a small
loss in the chart’s performance at small shifts (see Shu [23]). Moreover, it should be
pointed out that the above “nearly” optimal design procedure is not intended for
the detection of any particular level of shifts. We will show lately that these design
approach can provide a reasonably good detection performance over the specified
range of shifts [ρ1,ρ2].

For different values of the desired ARL0 and the range of shifts [ρ1, ρ2], Tables
1 and 2 present the optimal parameters of the upper- and lower-sided AEWMA
TBE charts, respectively. These parameters are optimized using the foregoing
procedures. For example, in Table 1, when ARL0 = 200 and r = 1, if a prac-
titioner expects a good overall performance of the upper-sided AEWMA chart
for shifts within the range [1.2, 10], then the “nearly” optimal parameters are
(λ, k, UCL+) = (0.02, 4.900, 1.2063). Here, the parameter λ = 0.02 is first obtained by
minimizing the ARL1 of the upper-sided EWMA TBE chart for a small shift ρ1 = 1.2,
with the constraint on the desired ARL0. This gives the minimum ARL1 = 54.4766
of the upper-sided EWMA TBE chart for ρ1 = 1.2. Then if we choose a constant
α=0.05 and set the parameter λ = 0.02 in the upper-sided AEWMA TBE chart,
the optimal parameters (k, UCL+) = (4.900, 1.2063) are obtained by minimizing the
ARL1 of the upper-sided AEWMA TBE chart for a large shift ρ2 = 10, with the
constraint that the desired ARL0 is satisfied and the ARL1 of the AEWMA chart for
ρ1 is smaller than (1+α)× 54.4766=57.2004. For other cases in Tables 1 and 2, the
optimal parameters (λ, k, UCL+) can be obtained similarly.
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(Please Insert Tables 1 and 2 Here)

From Tables 1 and 2, several conclusions concerning the optimal parameters of the
one-sided AEWMA TBE charts can be drawn as follows,

• For fixed range of shifts [ρ1,ρ2] and ARL0, the optimal parameters (λ, k, UCL+)
or (λ, k, UCL−) tends to increase when r increases, with the exception of the
case ρ1 = 2.5 and ρ2 = 5, where no obvious trend of k can be noted. For example,
in Table 1, when ρ1 = 1.2, ρ2 = 8, ARL0 = 200 and r increases from 1 up to 4,
the optimal parameter λ increases from 0.02 up to 0.05, k increases from 4.900
up to 7.775 and UCL+ increases from 1.2063 up to 4.7800, respectively.
• For fixed values of r, ARL0 and ρ2, the optimal parameters λ tends to in-

crease and k tends to decrease when ρ1 increases. For example, in Table 1, when
ARL0 = 200, r = 1 and ρ2 = 5, the optimal parameter λ increases from 0.02 up
to 0.17 and k decreases from 4.900 down to 4.250 as the parameter ρ1 increases
from 1.2 up to 2.5. This may be due to the fact that a large value of λ or a small
value of k is more sensitive to large changes in ρ1. This is also consistent with
the results in Capizzi and Masarotto [22] and Shu [23].
• For fixed values of r, ρ1 and ρ2, the optimal parameter λ tends to decrease and
k tends to increase when the desired ARL0 increases. For example, in Table 1,
when r = 1, ρ1 = 1.2 and ρ2 = 5, the optimal parameter λ decreases from 0.02
down to 0.01 while k increases from 4.900 up to 6.125 as ARL0 increases from
200 up to 500.

3.3. Comparisons with one-sided EWMA and Shewhart TBE charts

To study the performance of one-sided AEWMA TBE charts, for some combinations
of the design parameters (λ, k, UCL+) and (λ, k, LCL−) presented in Tables 1 and 2,
ARL1 values of one-sided AEWMA TBE charts are shown in Tables 3 to 10 when
ARL0 = 200 and r ∈ {1, 2, 3, 4}. For comparisons, some ARL1 values of one-sided
EWMA and Shewhart TBE charts are also presented in these tables. In our study,
the optimal parameters of the upper-sided AEWMA chart are designed for the
range of shifts [ρ1, ρ2], where a small increasing shift ρ1 ∈ {1.2, 1.5, 2, 2.5} (see the
bolded entry in each table) and a large increasing shift ρ2 = 8. For the lower-sided
AEWMA chart, we consider the optimal parameters designed for the range of shifts
[ρ1, ρ2], where a small decreasing shift ρ1 ∈ {0.9, 0.8, 0.7, 0.6} (see the bolded entry
in each table) and a large decreasing shift ρ2 = 0.1. For example, in Table 3, for
r = 1, the optimal parameters (λ, k, UCL+) = (0.02, 4.900, 1.2063) of the upper-sided
AEWMA chart are obtained following the sequential searching procedure presented
in Section 3.2 when [ρ1, ρ2] = [1.2, 8]. Due to the space limitation, ARL1 values of the
upper-sided AEWMA TBE charts for shifts larger than 5 are not listed in Tables 3 to 6.

(Please Insert Tables Tables 3 to 10 Here)

From these tables, it can be generally concluded that, for small increasing or small
decreasing shifts in the process, the proposed AEWMA TBE schemes perform much
better than the Shewhart TBE charts and perform similarly to the EWMA TBE
charts. For large increasing or decreasing shifts in the process, the AEWMA schemes
perform better than the EWMA TBE charts and perform similarly to the Shewhart
TBE charts. Some detailed conclusions are listed as follows,
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• For shifts increasing from ρ1 up to ρ2, the upper-sided AEWMA TBE chart
either performs better than the upper-sided EWMA chart or the upper-sided
Shewhart chart. For instance, in Table 3, when r = 1, ρ1 = 1.2 and the designed
parameter (λ,k,UCL+) are (0.02,4.900,1.2063), it can be seen that ARL1 values
of the upper-sided AEWMA chart are smaller than the upper-sided EWMA
chart when the shifts are in the range [1.8,5]. For shifts in the range [1.2,3.3],
the ARL1 values of the upper-sided AEWMA chart are all smaller than the ones
of the upper-sided Shewhart chart. Similar conclusions also hold for other cases
presented in Tables 3 to 6.
• As r increases, the range of shifts for which the upper-sided EWMA scheme

performs better than the upper-sided AEWMA TBE chart becomes narrower,
which also means that the AEWMA scheme performs better than the EWMA
scheme in a wider range of shifts. For example, the range of shifts for which the
AEWMA chart is better than the EWMA chart changes from [1.8,5] to [1.5,5] as
r increases from 1 up to 4 (see columns 3 to 5 and 12 to 14 in Table 3). Similar
conclusions also hold for other cases in Tables 4 to 6.

As r increases, the range of shifts for which the upper-sided Shewhart scheme
performs a little better than the upper-sided AEWMA TBE chart becomes
wider. While the upper-sided Shewhart TBE chart performs much worse than the
upper-sided AEWMA TBE chart for small increasing shifts. For example, when
r increases from 1 to 3, the range of shifts for which the upper-sided Shewhart
chart performs a little better than the upper-sided AEWMA chart changes from
[3.4,5] to [2.5,5] (see columns 3 to 5 and 9 to 11 in Table 3), while for a small
increasing shift, like ρ = 1.4, the ARL1 = 44.01 of the upper-sided Shewhart
chart is much larger than ARL1 = 29.24 of the upper-sided AEWMA chart when
r = 1. Similar conclusions also hold for other cases in Tables 4 to 6.
• For shifts decreasing from ρ1 down to ρ2, the lower-sided AEWMA TBE chart

either performs better than the lower-sided EWMA TBE chart or the lower-
sided Shewhart TBE chart. For instance, in Table 7, when r = 2, ρ1 = 0.9 and
the optimal parameters (λ,k,LCL−) are (0.01,2.425,1.8773), it can be seen that
ARL1 values of the lower-sided AEWMA chart are smaller than that of the
lower-sided EWMA chart when the decreasing shifts are smaller than 0.8. For
decreasing shifts from 0.9 down to 0.175, the ARL1 values of the lower-sided
AEWMA chart are all smaller than the ones of the lower-sided Shewhart chart.
Similar conclusions also hold for other cases presented in Tables 7 to 10.
• As r increases, the range of shifts for which the lower-sided Shewhart scheme

performs a little better than the lower-sided AEWMA TBE chart becomes wider.
While the lower-sided Shewhart TBE chart performs much worse than the lower-
sided AEWMA TBE chart for small decreasing shifts. For example, when r
increases from 2 to 4 in Table 7, the range of shifts for which the lower-sided
Shewhart chart performs a little better than the lower-sided AEWMA chart
changes from [0.1,0.15] to [0.1,0.325] (see columns 6 to 8 and 12 to 14 in Table
7), while for a small decreasing shift, like ρ = 0.85, the ARL1 = 146.25 of the
lower-sided Shewhart chart is much larger than ARL1 = 53.21 of the lower-
sided AEWMA chart when r = 2. Similar conclusions also hold for other cases
in Tables 8 to 10.
• For a fixed increasing or decreasing shift ρ, the ARL1 values of the one-sided

AEWMA, the one-sided EWMA and the Shewhart TBE charts decrease as the
value of r increases. For example, in Table 3, as r increases from 1 up to 4,
the ARL1 values of the upper-sided AEWMA TBE chart decreases from 57.19
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down to 28.24 for a shift ρ = 1.2. While, in practice, one has to be careful when
using a large value of r because this means that more observations should be
collected to check the status of the process. This should depend on how long one
can reasonably wait in a given context before a decision has to be made (see Xie
et al. [11]).

3.4. Comparisons with one-sided run rules Shewhart TBE charts

From the research works in Section 3.3, it can be seen that the one-sided AEWMA
TBE charts perform much better than the one-sided Shewhart TBE charts for small
shifts in the process. While it it known that the Shewhart TBE chart’s performance
for the detection of small to moderate shifts can be improved by applying different
run rules schemes, see Cheng and Chen [42], Santiago and Smith [43], Rakitzis [44]
and Kumar et al. [45] and so on. Several run rule schemes were suggested in these
research works, which were only focused on two-sided Shewhart TBE charts. As we
are concerned with one-sided type charts, we suggest to study the performance of the
one-sided run rules Shewhart TBE charts and make some comparisons with one-sided
AEWMA and Shewhart TBE charts. Concerning one-sided run rules Shewhart
charts, Amdouni et al. [46] proposed one-sided 2-of-3 and 3-of-4 Shewhart charts for
monitoring coefficient of variation in a short production run. These run rules can be
concluded as: an out-of-control signal is given if the last n of m monitoring statistics
fall in the interval (a, b), where n ≤ m and a < b. Motivated by this, the performance
of one-sided Shewhart TBE charts with 2-of-3, 3-of-4 and 4-of-5 run rules are also
presented in this section as a comparison with the proposed one-sided AEWMA TBE
charts. A Markov chain approach is used to obtain the run length properties of the
run rules Shewhart TBE charts. More details can be found in Amdouni et al. [46],
Castagliola et al. [47] and Tran [48].

The ARLs of the aforementioned run rules one-sided Shewhart TBE schemes are
given in Tables 11 and 12, along with the proposed one-sided AEWMA TBE charts
and the traditional one-sided Shewhart TBE charts. The 2-of-3, 3-of-4 and 4-of-5 run
rules TBE charts are denoted as RR2,3, RR3,4 and RR4,5 in these tables. The optimal
parameters (λ, k, UCL+) and (λ, k, LCL−) of the one-sided AEWMA TBE charts
are from Tables 3 and 7. Control limits of all other charts are selected to ensure
ARL0 = 200. It follows from Table 11 that all the upper-sided run rules Shewhart
TBE charts perform worse than the upper-sided AEWMA TBE chart. For some
smaller increasing shifts (ρ < 1.5), run rules Shewhart TBE charts perform better
than the chart without run rules. For shifts larger than 1.5, the upper-sided Shewhart
TBE chart generally performs better than the chart with run rules. For example,
when r = 2 and ρ = 1.5, the ARL1 = 21.89 of the 2-of-3 run rules chart is smaller
than ARL1 = 23.79 of the Shewhart chart. While, if ρ = 2.5, the ARL1 = 5.53 of the
2-of-3 run rules chart is larger than ARL1 = 4.92 of the Shewhart chart.

Considering lower-sided TBE charts in Table 12, for shifts decreasing from 1
down to 0.6 (0.6 ≤ ρ < 1), the lower-sided AEWMA TBE chart performs better
than all the lower-sided run rules Shewhart TBE charts. While, for moderate
to large decreasing shifts, especially when r is large, lower-sided Shewhart TBE
chart with or without run rules perform better than the lower-sided AEWMA
TBE chart. For example when r = 4, if 0.15 ≤ ρ ≤ 0.575, the 4-of-5 run rules
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Shewhart TBE chart performs better than the lower-sided AEWMA TBE chart. If
0.125 ≤ ρ ≤ 0.475, both the 2-of-3 and 3-of-4 run rules Shewhart TBE charts perform
better than the lower-sided AEWMA TBE chart. Moreover, it is pointed out that, for
most decreasing shifts except for some large decreasing shifts, lower-sided Shewhart
TBE charts with run rules perform uniformly better than the charts without run rules.

(Please Insert Tables 11 to 12 Here)

3.5. Comparisons with one-sided DEWMA TBE charts

In this section, one-sided Double EWMA (DEWMA) TBE charts presented in
Alevizakos and Koukouvinos [49] are briefly introduced as a comparison with the
proposed one-sided AEWMA TBE charts. The upper-sided DEWMA and lower-
sided DEWMA TBE charts are constructed by plotting only one charting statistic
Zt = λWt + (1 − λ)Zt−1 (Z0 = rθ0), where Wt = λXt + (1 − λ)Wt−1 (W0 = rθ0). To
detect an increasing or a decreasing shift in the process, the statistic Zt is compared
with an upper control limit (UCL+) or a lower control limit (LCL−), respectively.
An out-of-control signal is triggered when the charting statistic Zt falls above UCL+

(for the upper-sided chart) or below LCL− (for the lower-sided chart). For more
details on the properties of the one-sided DEWMA TBE charts, reader can refer to
Alevizakos and Koukouvinos [49].

The ARLs of the one-sided DEWMA TBE charts and the proposed one-sided
AEWMA TBE charts are presented in Tables 13 and 14. The optimal parameters
(λ, k, UCL+) and (λ, k, LCL−) of the one-sided AEWMA TBE charts are from Tables
3 and 7. Moreover, the smoothing parameter λ in the one-sided DEWMA TBE charts
are set to be the same as the ones of the one-sided AEWMA TBE charts and the
control limits of the DEWMA charts are selected to maintain ARL0 = 200.

It can be seen from Table 13 that the upper-sided AEWMA TBE chart performs
better than the upper-sided DEWMA TBE chart for the detection of large shifts in
the process. While for the detection of small shifts in the process, the upper-sided
DEWMA TBE chart is better than the upper-sided AEWMA TBE chart. For
example, when r = 2, if ρ ≥ 1.4, the ARL1 values of the upper-sided AEWMA
TBE chart are smaller than the ones of the upper-sided DEWMA TBE chart. While
for the detection of small shifts (ρ ≤ 1.3), the ARL1 values of the upper-sided
DEWMA TBE chart are smaller than the ones of the upper-sided AEWMA TBE
chart. In addition, for other optimal parameters (λ, k, UCL+) of the upper-sided
AEWMA TBE charts from Tables 4 to 6, similar conclusions can also be drawn
from the ARL1 comparison of two upper-sided TBE charts. For simplicity, these
results are not presented here. Moreover, these conclusions drawn for the upper-sided
TBE charts also apply for the lower-sided AEWMA TBE chart and the lower-
sided DEWMA TBE chart. For example, in Table 14, when r = 2, if ρ ≤ 0.350,
the ARL1 values of the lower-sided AEWMA TBE chart are smaller than the
ones of the lower-sided DEWMA TBE chart. While for other values of ρ, the lower-
sided DEWMA TBE chart performs better than the lower-sided AEWMA TBE chart.

(Please Insert Tables 13 to 14 Here)
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4. A real data example

In this section, a real data example from Hellenic Air Force (HAF) presented in
Alevizakos and Koukouvinos [49] is used to illustrate the implementation of the
proposed charts. As a critical quality characteristic, the time X between consecutive
accidents of the F-16 supplied by Greece from 1988 to 2017 are recorded in Table 15.
It can be noted that the first accident happened at 1456 days after the first accept
of F-16. It is assumed that θ0 = 1500, which means that the process is in-control
if an accident occurs about every four years on average. By using the chi-square
goodness-of-fit test, it has been tested that the TBE data in Table 15 follows a
Gamma(1,615) distribution, see Alevizakos and Koukouvinos [49]. Then the specified
decreasing shift is ρ = 615/1500 = 0.41 in the out-of-control process in this case.

(Please Insert Table 15 Here)

In order to give good protection against the shift ρ = 0.41, the lower-sided
AEWMA TBE chart is designed for the shift range [0.6,0.1], leading to the optimal
parameters (λ, k, LCL−)=(0.07,0.9,0.6544) when ARL0 = 200 and r = 1 (see Table
2). As a comparison, the designed parameters (λ, LCL−) of the lower-sided EWMA
TBE chart and lower-sided DEWMA TBE chart are (0.07,0.6414) and (0.07, 0.8326),
respectively. In addition, if Shewhart TBE charts are used for the process monitoring,
the lower-sided Shewhart TBE chart with 4-of-5 run rules is suggested as it performs
better than the Shewhart TBE chart with 2-of-3 or 3-of-4 run rules for the detection
of a shift size ρ = 0.41. It can be noted from Table 12 that the designed control limits
LCL− of the lower-sided Shewhart TBE chart without and with 4-of-5 run rules are
0.005 and 0.2425, respectively.

Since all the conducted discussions in this paper assume θ0 = 1, the real dataset in
Table 15 has to be scaled by dividing them by 1500. These scaled data are presented
in Table 16 along with the corresponding charting statistics of the lower-sided
AEWMA, EWMA and DEWMA TBE charts. From Table 16, it can be noted that,
at time t = 12, the statistic Z−12 = 0.6534 (see the bolded entry) of the lower-sided
AEWMA chart is smaller than LCL− = 0.6544, which implies that a decreasing shift
in the process happened. For the lower-sided EWMA and DEWMA TBE charts, the
13th and 15th charting statistics Z−13 = 0.6286 and Z15 = 0.8228 (see the bolded
entries) are smaller than the corresponding control limits LCL− = 0.6414 and
LCL− = 0.8326, respectively.

(Please Insert Table 16 Here)

Figure 2 displays the corresponding lower-sided AEWMA, EWMA and DEWMA
TBE charts, along with the Shewhart TBE chart with and without run rules, for the
real dataset. As it can be seen from graphs (a), (b) and (c) in Figure 2, these three
charts detect the shift after the process running for some time and the AEWMA TBE
chart detects the decreasing shift in the process a little quicker than the EWMA and
DEWMA TBE charts. While we can also observe from the graph (d) that no point
is below the LCL− of the Shewhart TBE chart and from the graph (e) that, points
2,4,7,15 and 16 are below the LCL− of the 4-of-5 run rules Shewhart TBE chart.
Considering the schemes of the Shewhart type charts with- or without run rules,
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there is no shift detected by Shewhart TBE charts.

It is pointed out that the advantage of the AEWMA TBE chart is for the detection
of a wider range of shifts. If the actual shift size is not ρ = 0.41, say for example
ρ = 0.3, the ARL1 values of AEWMA, EWMA, DEWMA, Shewhart and 4-of-5
run rules Shewhart TBE charts are obtained as 9.57, 10.44, 12.95, 60.35 and 11.97,
respectively. This also shows the advantage of the AEWMA TBE chart.

(Please Insert Figure 2 Here)

5. Conclusions and recommendations

In this article, one-sided AEWMA charts are proposed for monitoring TBE data
based on the Gamma distribution. The proposed one-sided AEWMA TBE charts
can be seen as a smooth combination of a Shewhart TBE chart and an EWMA TBE
chart. A Markov chain approach is used to obtain the run length properties of the
chart and the “nearly” optimal parameters of the one-sided AEWMA TBE charts
are presented. We also compared the performance of the proposed schemes with the
one-sided EWMA and one-sided Shewhart TBE charts. The numerical results showed
that the one-sided AEWMA TBE charts either perform better than the EWMA TBE
chart for moderate to large shifts or perform better than the Shewhart TBE chart for
small shifts. Compared with Shewhart TBE charts, the losses of one-sided AEWMA
charts for the detection of large shifts is negligible compared with the improvement
for the detection of small shifts. Moreover, through the comparison of the one-sided
AEWMA TBE chart and the one-sided DEWMA TBE chart, it can be concluded
that the one-sided AEWMA TBE chart performs better than the one-sided DEWMA
TBE chart for the detection of large shifts in the process. While for the detection of
very small shifts in the process, the one-sided DEWMA TBE chart performs better
than the one-sided AEWMA TBE chart. Finally, we applied the AEWMA TBE chart
to a real example.

It should be pointed out that many other issues can also be studied in future
research works. For instance, other one-sided modified AEWMA control charts can
be used to monitor the TBE data and the properties of the proposed scheme need
to be further investigated when the process parameters are estimated from in-control
samples. In addition, when two one-sided AEWMA TBE charts are simultaneously
used or a two-sided AEWMA TBE chart is used, the ARL-biased problem will be
investigated in the future.
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Table 1. Optimal parameters of the upper-sided AEWMA TBE chart for shift range [ρ1, ρ2] when ARL0 ∈
{200, 370, 500} and r ∈ {1, 2, 3, 4}

ARL0 = 200
r = 1 r = 2 r = 3 r = 4

ρ1 ρ2 λ k UCL+ λ k UCL+ λ k UCL+ λ k UCL+

1.2 {5,8,10,13} 0.02 4.900 1.2063 0.03 6.175 2.3883 0.04 7.075 3.5800 0.05 7.775 4.7800
1.5 {5,8,10,13} 0.05 4.650 1.4230 0.09 5.725 2.8828 0.11 6.400 4.2330 0.14 6.950 5.6628
2 {5,8,10,13} 0.11 4.300 1.7885 0.18 5.100 3.5394 0.25 5.550 5.3477 0.30 5.825 7.0813

2.5 {8,10,13} 0.17 4.025 2.1370 0.28 4.600 4.2430 0.37 4.675 6.3942 0.45 4.225 8.6824
5 0.17 4.250 2.0761 0.28 4.725 4.1883 0.37 4.675 6.3942 0.45 4.550 8.5146

ρ1 ρ2 ARL0 = 370
1.2 {5,8,10,13} 0.01 5.725 1.1427 0.02 7.075 2.3332 0.03 8.000 3.5398 0.04 8.775 4.7541
1.5 {5,8,10,13} 0.04 5.425 1.4074 0.07 6.550 2.8278 0.10 7.325 4.2697 0.12 7.925 5.6408
2 {5,8,10,13} 0.09 5.050 1.7553 0.16 5.950 3.5384 0.21 6.475 5.2488 0.26 6.850 6.9887

2.5 {8,10,13} 0.14 4.775 2.0778 0.24 5.475 4.1598 0.32 5.750 6.2372 0.39 5.700 8.3706
5 0.14 4.950 2.0425 0.24 5.525 4.1413 0.32 5.750 6.2372 0.39 5.700 8.3706

ρ1 ρ2 ARL0 = 500
1.2 {5,8,10,13} 0.01 6.125 1.1541 0.02 7.500 2.3550 0.03 8.450 3.5711 0.03 9.200 4.6573
1.5 {5,8,10,13} 0.04 5.825 1.4289 0.07 6.975 2.8656 0.09 7.750 4.2369 0.11 8.375 5.6148
2 {5,8,10,13} 0.09 5.400 1.7908 0.15 6.350 3.5301 0.20 6.925 5.2472 0.24 7.325 6.9249

2.5 {8,10,13} 0.13 5.125 2.0663 0.22 5.875 4.1074 0.30 6.225 6.1837 0.37 6.275 8.3035
5 0.13 5.300 2.0353 0.22 5.925 4.0904 0.30 6.225 6.1837 0.37 6.275 8.3035

Table 2. Optimal parameters of the lower-sided AEWMA TBE chart for shift range [ρ1, ρ2] when ARL0 ∈
{200, 370, 500} and r ∈ {1, 2, 3, 4}

ARL0 = 200
r = 1 r = 2 r = 3 r = 4

ρ1 ρ2 λ k LCL− λ k LCL− λ k LCL− λ k LCL−

0.9 {0.3,0.2,0.1} 0.01 1.775 0.9139 0.01 2.425 1.8773 0.02 2.925 2.7291 0.02 3.525 3.6793
0.8 {0.3,0.2,0.1} 0.02 1.550 0.8511 0.04 1.950 1.6421 0.05 2.525 2.4630 0.06 3.150 3.2788
0.7 {0.3,0.2,0.1} 0.04 1.175 0.7604 0.07 1.675 1.4675 0.10 2.300 2.1557 0.12 2.875 2.8862
0.6 {0.3,0.2,0.1} 0.07 0.900 0.6544 0.12 1.500 1.2494 0.16 2.075 1.8776 0.19 2.600 2.5352

ρ1 ρ2 ARL0 = 370
0.9 {0.3,0.2,0.1} 0.01 2.450 0.8898 0.01 3.225 1.8431 0.01 3.650 2.8097 0.02 4.100 3.6211
0.8 {0.3,0.2,0.1} 0.02 2.025 0.8201 0.03 2.425 1.6595 0.04 2.675 2.4891 0.05 3.250 3.2935
0.7 {0.3,0.2,0.1} 0.04 1.550 0.7222 0.06 1.750 1.4753 0.08 2.350 2.1926 0.10 2.925 2.9083
0.6 {0.3,0.2,0.1} 0.06 1.050 0.6567 0.10 1.550 1.2727 0.14 2.100 1.8780 0.17 2.650 2.5264

ρ1 ρ2 ARL0 = 500
0.9 {0.3,0.2,0.1} 0.01 2.725 0.8787 0.01 3.575 1.8267 0.01 4.050 2.7891 0.02 4.475 3.5906
0.8 {0.3,0.2,0.1} 0.02 2.250 0.8058 0.03 2.675 1.6356 0.04 2.900 2.4597 0.05 3.300 3.2644
0.7 {0.3,0.2,0.1} 0.03 1.650 0.7559 0.05 1.825 1.5135 0.07 2.375 2.2226 0.09 2.975 2.9367
0.6 {0.3,0.2,0.1} 0.06 1.175 0.6386 0.09 1.575 1.2912 0.13 2.125 1.8888 0.16 2.675 2.5303
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Table 13. ARL1 values of the upper-sided AEWMA and DEWMA TBE charts when ARL0 = 200 and

r ∈ {1, 2, 3, 4}
r = 1 r = 2 r = 3 r = 4

AEWMA DEWMA AEWMA DEWMA AEWMA DEWMA AEWMA DEWMA
ρ λ 0.02 0.02 0.03 0.03 0.04 0.04 0.05 0.05

k 4.900 - 6.175 - 7.075 - 7.775 -
UCL+ 1.2063 1.0250 2.3883 2.0781 3.5800 3.1482 4.7800 4.2300

1.00 200.00 200.38 200.00 200.09 200.00 200.01 200.00 200.18
1.10 96.50 72.56 77.47 60.34 66.82 52.47 59.76 47.14
1.20 57.17 42.98 41.14 33.96 33.18 28.54 28.24 24.93
1.30 39.05 30.98 26.73 24.53 20.96 20.57 17.49 17.76
1.40 29.24 24.83 19.52 19.75 15.11 16.58 12.49 14.28
1.50 23.23 21.21 15.29 16.94 11.75 14.17 9.67 12.25
1.60 19.23 18.72 12.54 14.98 9.59 12.54 7.86 10.85
1.70 16.39 16.89 10.61 13.60 8.08 11.39 6.61 9.82
1.80 14.27 15.47 9.19 12.50 6.98 10.49 5.69 9.04
1.90 12.64 14.39 8.10 11.64 6.14 9.76 5.00 8.42
2.00 11.34 13.50 7.24 10.93 5.47 9.17 4.45 7.89
2.10 10.28 12.76 6.54 10.30 4.93 8.66 4.00 7.47
2.20 9.41 12.12 5.97 9.82 4.49 8.25 3.64 7.10
2.30 8.68 11.60 5.48 9.38 4.12 7.87 3.34 6.78
2.40 8.05 11.09 5.07 9.00 3.81 7.55 3.09 6.50
2.50 7.51 10.65 4.72 8.66 3.54 7.25 2.87 6.25
2.60 7.04 10.29 4.42 8.36 3.31 7.01 2.68 6.02
2.70 6.63 9.96 4.15 8.08 3.11 6.77 2.52 5.82
2.80 6.27 9.63 3.92 7.81 2.94 6.56 2.38 5.65
2.90 5.95 9.35 3.71 7.59 2.78 6.36 2.26 5.48
3.00 5.66 9.09 3.53 7.39 2.64 6.19 2.15 5.33
3.10 5.40 8.86 3.36 7.19 2.52 6.02 2.05 5.19
3.20 5.17 8.63 3.21 7.01 2.41 5.88 1.97 5.05
3.30 4.96 8.42 3.08 6.85 2.31 5.73 1.89 4.94
3.40 4.76 8.25 2.96 6.70 2.23 5.61 1.82 4.82
3.50 4.59 8.06 2.85 6.55 2.14 5.49 1.76 4.72
3.60 4.42 7.90 2.75 6.41 2.07 5.37 1.71 4.62
3.70 4.27 7.74 2.65 6.28 2.01 5.26 1.66 4.53
3.80 4.14 7.58 2.57 6.17 1.94 5.16 1.61 4.44
3.90 4.01 7.46 2.49 6.05 1.89 5.07 1.57 4.36
4.00 3.89 7.32 2.42 5.95 1.84 4.98 1.53 4.28
4.10 3.78 7.21 2.35 5.84 1.79 4.89 1.50 4.21
4.20 3.68 7.09 2.29 5.74 1.75 4.80 1.46 4.14
4.30 3.58 6.97 2.23 5.65 1.71 4.73 1.44 4.07
4.40 3.49 6.86 2.18 5.56 1.67 4.66 1.41 4.00
4.50 3.41 6.76 2.13 5.49 1.64 4.59 1.38 3.95
4.60 3.33 6.67 2.08 5.40 1.61 4.52 1.36 3.89
4.70 3.25 6.57 2.04 5.32 1.58 4.46 1.34 3.84
4.80 3.18 6.48 2.00 5.26 1.55 4.40 1.32 3.78
4.90 3.12 6.39 1.96 5.18 1.52 4.34 1.30 3.74
5.00 3.05 6.32 1.92 5.12 1.50 4.28 1.29 3.68
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Table 14. ARL1 values of the lower-sided AEWMA and DEWMA TBE charts when ARL0 = 200 and
r ∈ {1, 2, 3, 4}

r = 1 r = 2 r = 3 r = 4
AEWMA DEWMA AEWMA DEWMA AEWMA DEWMA AEWMA DEWMA

ρ λ 0.01 0.01 0.01 0.01 0.02 0.02 0.02 0.02
k 1.775 - 2.425 - 2.925 - 3.525 -

LCL− 0.9139 0.9950 1.8773 1.9934 2.7291 2.9499 3.6793 3.9425
1.00 199.84 202.24 199.63 201.29 199.97 200.78 200.04 199.99
0.975 165.99 134.07 153.46 113.70 145.60 117.03 138.89 109.90
0.950 138.83 94.66 119.95 74.48 108.56 79.34 99.64 71.46
0.925 116.97 71.41 95.40 53.57 82.97 58.03 73.95 51.70
0.900 99.32 56.27 77.20 41.33 64.98 45.67 56.73 40.60
0.875 85.00 46.33 63.55 33.81 52.12 37.67 44.90 33.61
0.850 73.35 39.08 53.18 28.72 42.75 32.39 36.56 28.98
0.825 63.81 34.00 45.20 25.18 35.79 28.66 30.51 25.66
0.800 55.96 30.19 38.97 22.46 30.53 25.88 26.02 23.28
0.775 49.47 27.19 34.05 20.43 26.47 23.69 22.60 21.45
0.750 44.07 24.90 30.12 18.92 23.29 21.97 19.93 19.93
0.725 39.56 23.00 26.93 17.61 20.75 20.55 17.82 18.71
0.700 35.76 21.46 24.31 16.59 18.70 19.40 16.10 17.72
0.675 32.54 20.21 22.14 15.72 17.01 18.43 14.69 16.84
0.650 29.80 19.13 20.32 14.98 15.60 17.57 13.51 16.09
0.625 27.45 18.25 18.78 14.32 14.41 16.84 12.50 15.41
0.600 25.43 17.44 17.46 13.78 13.39 16.18 11.64 14.85
0.575 23.67 16.74 16.32 13.28 12.51 15.60 10.89 14.32
0.550 22.14 16.15 15.33 12.85 11.75 15.08 10.24 13.85
0.525 20.80 15.60 14.46 12.43 11.08 14.61 9.65 13.43
0.500 19.62 15.10 13.69 12.08 10.48 14.17 9.13 13.04
0.475 18.57 14.66 13.00 11.74 9.95 13.78 8.66 12.68
0.450 17.63 14.26 12.38 11.44 9.47 13.41 8.23 12.35
0.425 16.79 13.89 11.83 11.15 9.04 13.08 7.84 12.05
0.400 16.04 13.56 11.32 10.90 8.64 12.77 7.47 11.76
0.375 15.35 13.24 10.85 10.66 8.28 12.49 7.13 11.50
0.350 14.73 12.95 10.43 10.43 7.95 12.21 6.81 11.26
0.325 14.15 12.67 10.03 10.23 7.65 11.96 6.50 11.03
0.300 13.62 12.42 9.67 10.03 7.37 11.71 6.20 10.82
0.275 13.13 12.18 9.33 9.84 7.11 11.47 5.90 10.59
0.250 12.68 11.95 9.02 9.65 6.87 11.26 5.61 10.36
0.225 12.26 11.74 8.72 9.45 6.63 11.09 5.30 10.16
0.200 11.86 11.53 8.45 9.28 6.40 10.96 4.96 10.04
0.175 11.49 11.34 8.21 9.13 6.19 10.81 4.54 9.99
0.150 11.15 11.17 8.00 9.04 6.05 10.54 4.01 9.93
0.125 10.82 11.06 7.81 9.00 5.99 10.21 3.41 9.71
0.100 10.48 10.99 7.51 9.00 5.93 10.02 2.75 9.25

Table 15. Time between consecutive accidents of F-16 from December 1 of 1988 to December 31 of 2017

No. X(Days) No. X(Days)
1 1456 9 499
2 231 10 587
3 691 11 561
4 122 12 547
5 718 13 448
6 1147 14 1561
7 225 15 53
8 706 16 280
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Table 16. The scaled dataset and the corresponding values of the monitoring statistics of different TBE

charts

AEWMA EWMA DEWMA
No. X/1500 Z−t Z−t Zt
1 0.9707 0.9979 0.9979 0.9999
2 0.1540 0.9389 0.9389 0.9956
3 0.4607 0.9054 0.9054 0.9893
4 0.0813 0.8477 0.8477 0.9794
5 0.4787 0.8219 0.8219 0.9683
6 0.7647 0.8179 0.8179 0.9578
7 0.1500 0.7711 0.7711 0.9447
8 0.4707 0.7501 0.7501 0.9311
9 0.3327 0.7209 0.7209 0.9164
10 0.3913 0.6978 0.6978 0.9011
11 0.3740 0.6751 0.6751 0.8853
12 0.3647 0.6534 0.6534 0.8690
13 0.2987 0.6286 0.6286 0.8522
14 1.0407 0.6574 0.6574 0.8386
15 0.0353 0.6139 0.6139 0.8228
16 0.1867 0.5840 0.5840 0.8061
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Figure 1. Contour plots of the ARL1 values of the upper-sided AEWMA chart for Gamma TBE data when
ARL0 = 200 and r = 2.

33



0 2 4 6 8 10 12 14 16

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1
AEWMA TBE Chart

(a) AEWMA TBE chart

0 2 4 6 8 10 12 14 16

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1
EWMA TBE Chart

(b) EWMA TBE chart

0 2 4 6 8 10 12 14 16

0.8

0.82

0.84

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1
DEWMA TBE Chart

(c) DEWMA TBE chart

0 2 4 6 8 10 12 14 16

0

0.2

0.4

0.6

0.8

1

1.2
Shewhart TBE Chart

(d) Shewhart TBE chart

0 2 4 6 8 10 12 14 16

0

0.2

0.4

0.6

0.8

1

1.2
Shewhart TBE Chart with 4-of-5 Run Rules

(e) Shewhart TBE chart with 4-of-5 Run Rules

Figure 2. Lower-sided TBE charts for the scaled TBE dataset in Table 16
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