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RESEARCH ARTICLE - ACCEPTED VERSION

Adaptive observer design for a class of Lipschitz nonlinear
systems with multi-rate outputs and uncertainties - Application to
attitude estimation with gyro bias

Tristan Bonargent*!? | Tomas Ménard! | Olivier Gehan' | Eric Pigeon!

I'Normandie Univ, Unicaen, Ensicaen, LAC

(EA 7478), 6 Bd du Maréchal Juin, Caen, Summary
France. o 2 .. .
2Kad!, Espace Conquérant, 3 Place Jean The design of an adaptive observer for a class of multi-input Multi-output (MIMO)
Nouzille, 14000 Caen, France Lipschitz nonlinear systems with uncertainties and multi-rated outputs is proposed
in this paper. The sampling instants of the different outputs can be asynchronous and
Correspondence
*#Corresponding author: Tristan Bonargent. irregular. The exponential convergence of the proposed observer is proved with the
Email: tristan.bonargent@unicaen.fr help of a Lyapunov approach. The stability is ensured, provided that some condi-

tions, including a persistent excitation condition and a maximum value condition on
the sample rate of each output, are verified. The performances of the observer are
illustrated through simulations of the attitude estimation problem using sensors from

an inertial measurement unit and considering gyro bias.
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1 | INTRODUCTION

Adaptive observers have received a lot of attention during the last decades. These observers are used to simultaneously estimate
the state of a system and some unknown parameters. Their various applications such as fault detection, adaptive control or signal
transmission show the importance of the given problem (see for instance [2, [23]]).

Most of the works dedicated to adaptive observer design consider systems whose output is available continuously with respect
to time. Early contributions have been concerned with linear invariant systems such as in [15] and [17], and thereafter with
linear time-varying systems such as in [27, 26]. A consequent number of papers has then dealt with non-linear systems with
linear parametrization. A first idea has been to seek for new coordinates such that the error dynamics are linear. Such changes of
coordinates are usually related to some canonical forms (see [3}[19,[18]]). Using Lyapunov functions, some other approaches do
not require to linearize the systems. For example, delayed observers have been used in [22]] or high gain design in [25} 4. 8]. Then
the consideration of a larger class of system with non-linear parametrization has received much attention. In fact, in order to deal
with this problem, several approaches have been considered in the literature. Indeed, a min-max optimization algorithm has been
used in [L6] to overcome the limits of the gradient descent method for adaptive systems with concave/convex parametrization.
Similarly, an optimization approach for adaptive control has been used in [14]. Some high-gain based observers have been
proposed for systems with a triangular structure. Indeed, Single-Input Single-Output (SISO) systems have been considered in
[10] and [20] and MIMO systems in [9]. An observer based on the concept of weakly attracting sets has also been presented in
[24], but which does not guarantee the asymptotic stability.

While most of the works consider continuous-time measurements, for real systems, the sensor measurements are usually
available only at discrete instants. Following this paradigm, a full discrete-time approach which allows to reconstruct both the
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state and the unknown parameters in discrete time has been used for linear systems in [[11] and for nonlinear systems in [6} 21]],
for example. Another approach is to consider a continuous estimation using the continuous-time model which is fed by the
discrete-time measurements. This allows to obtain global convergence in many cases, contrary to a full discrete-time approach
which usually lead to only semi-global convergence [1]]. Therefore, several observers which estimate continuously the state from
discrete-time measurements have been proposed. Indeed, a class of state affine MIMO systems with linear parametrization has
been considered in [12] and state-affine SISO systems with non-linear parametrization in [7]. Similarly, an adaptive observer
for another class of MIMO systems has been designed in [28]].

In all the aforementioned works, convergence has been obtained for large classes of systems, however no uncertainty on the
dynamics is considered while it is rather common in practice. Furthermore, the outputs are supposed to be synchronized, which
means that the measurements of the different outputs are all obtained at the same sampling instants. This may not be the case
in practice, since the considered sensors might not be synchronized or have different sampling rates. Thus, one considers in
this paper, the design of an adaptive observer for a class of uniformly observable non-linear MIMO systems with a triangular
structure, dynamic uncertainties and multi-rated outputs. In particular, the outputs can be asynchronous and can have irregular
sampling instants. Using a high-gain approach, the proposed adaptive observer estimates continuously the state of the system
from discrete time measurements. The exponential convergence of the observer is proved with a Lyapunov approach under
a persistent excitation condition and provided that for each output, the corresponding sampling periods are over-valued by a
given bound. An advantage of the followed approach is that it is fairly easy to tune since there are only a few parameters to set.

The remaining of the paper is organized as follows. First, the considered model is presented in Section [2] The proposed
observer and the convergence result are given in Section 3] Simulations of an attitude estimation system using sampled sensors
commonly found in inertial measurement units are provided in Section |4|in order to illustrate the proposed approach. Finally,
Section [} concludes the article.

In the rest of the paper, one respectively denotes 4,,;,(M) and A,,,,(M) the minimum and maximum eigenvalues of M, where
M is a square symmetric matrix. For a continuous matrix valued function ¢ — M (¢) where for each ¢ > 0, M () is a square
symmetric matrix, one denotes A, (M) = sup,sq A< (M (7)) and ilmin(M ) =inf o A, (M ().

max

max

2 | PROBLEM STATEMENT

One considers, in this paper, the class of nonlinear systems whose dynamics are given by

x(1) = Ax(1) + W(u(®), x(1)p + g(u(®), x(1), p) + Be(t) ey

where x € R” is the state, u € R™ is the input, p € RP? is the vector of unknown parameters and ¢ € R? the unknown time
varying uncertainties.
In particular, one assumes that the state x, the unknown parameters p and the uncertainties € can be partitioned as

_XI_ x"l
x2 ) x! .
x=|" with x' = :2 , x’jER"", i=1,...,q, j=1,...,4, 2)
> %,
_pl_ | p[l 81 A
p=|:1], p=|:|eRr i=1,...q, e=|:|withe €R", 3)
_pq_ p;;. el
and that the dynamics of x', i = 1, ..., q are given by:

y Alx' +Wi(u, x)p' + g'(u, x, p) + B'e', if p' is not empty @
A'x' + g'(u,x,p) + B'e', if p' is empty



with
[0, 1, 0, ... 0,
Do 0,
A= o0, B=|7| )
. ‘ 0,
: w I,
[0, oo e 0,, i
_ ‘I"l’l ‘Pll,p, | _ g’l' |
=] : : with ‘P’jl eR™M, g'=| 1t | with g; e R™, 6)
i i ’ i
‘Pl/l,,l IP';L,,,[ &;,
Remark 1. It should be noted that p' contains the sub-components of p that were not present in the dynamics of x!, ..., x"!

and that first appear in the dynamics of x’. Then, some p' may be empty if no new unknown parameter appears in the dynamics
of x!. Furthermore, when a new unknown parameter appears in the dynamics of x', it is supposed to appear in a linear way.

2.1 | Structure of the nonlinearities

Leti € {1,...,q}, one now details the structure of the nonlinear functions ¥’ and g’ contained in the dynamics of x'. In
particular, one specifies the dependence of ¥ and g’ with respect to both the state x and the unknown parameters p.
First, the functions W/ and g’ are supposed to have a triangular structure according to the state x both between the sub-states

x!, ..., x9 and for each sub-state x’ between x' , ... ,x;,that is,fori=1,....q,j=1,.... 4,1 =1,...,p;:
gl x.p) = gl x', oo XXXl ) ()
. ) | 1 .
‘P;.J(u,x)z‘l’;’l(u,x s, X! ,x’l,...,x;) 8)
In order to state the structure of g’ according to the unknown parameters p, one first introduces the indices v; eN,I=1,...,p,

representing the sub-components x"v . where pj appears for the first time, that is such that
1

‘Pi,laéOand‘leEOifj;év; ©)]
i .
Similarly to the structure of the nonlinearities with respect to the state, the function g’ is supposed to have a triangular structure
between the sub-components pl,...,p7 and a special structure for each sub-component between p"l, ey pz , that is, for i =
L....,q,j=1,....4,1=1,...,p;:
og; 0g] ‘
—Ww,x,p)=0ifk>i and —(u,x,p)=0ifv, > 10)
opk ap,
Remark 2. The first condition of (I0) means that g;. cannot depend on sub-components of p that did not appear linearly for the
first time in the dynamics of x!, ..., x’ while the second condition means that g;. cannot depend on sub-components of p’ that
did not appear linearly for the first time in the dynamics of x"1 Y ey x;_l.

2.2 | Measurements of the considered class of systems

One assumes that only the first sub-components xi of each sub-state x’ are measured. That is, the measured outputs y* € R"
are given by

Yy =x\ =Cx, withCc'=[1, 0, ... 0,] a1
Moreover, each output is supposed to be sampled at independent and possibly irregular sampling instants, that is:
Y =C'x'@) (12)

yi]) = CIx(th) (13)



4

for I € N, and the sampling instants are assumed to verify

1

1 1 1 . 1 _
to <t <t <.. lim ¢, = 400 and |t1+1

1 1
—t ’<1
IS0 ! 1 M

q q q : q __ q _ 44 q
1, <t; <t,<.., zkfgot’_-l_ooand |t1+1 t1|<TM

3 | MAIN RESULTS

3.1 | Observer design

(14)

5)

In order to design the observer that both reconstruct the state and the unknown parameters of system (I), one first needs to

introduce some notations.

Let us define first a sequence of integers (6, ), .., that will be used for the design of the observer:

e 5, €N, k=1,...,qis defined such that 5q =1land 6, > Ay 16,4
Let us further define

o A(0) = diag (1 B SO )

n;> goi T gsii-n T

o Q.(0) = diag(,; ,;>

i b
0% 00

where 6 is a parameter of the observer.

One now states some identities that will be used in the following for the proof of convergence. The proof of these identities are

given in the appendices.

Proposition 1. The following identities hold true fori =1, ..., g:
(i) C'ATY() =C,

(i1) A,.(G)A"Ai‘l(e) = 0% A,

(iii) A(0)B' = -=—= B,

@iv) Ai(e)‘PiQi“(ﬂ) = 9%y,

A

T . i . . i
Define the observer state X = [fclT x"T] e R"with% e R¥", i=1,...,q. Then,fori=1,...,qand t € [,

e if p' is not empty, the dynamics of & is given by

X1 = AR (1) + V), (1)) (1) + &' (u(t), (1), p(t))

—0°ATNO) (ST + Y (O POYT (1) CT ol (1)

P = -0 O POYTCT o @)

0'(1) = =0 C' (ST + Y () P()YT(1)CT o' (1)
Y1) =06% (A= S7'CTC Y (1) + 07 (u(0), 2(1))
P(t) = —0° P()Y'T()CTC'Y (1) P.(t) + 6% P.(t)

i
tk+1

)

(16)
a7
(18)
19)
(20)

with o,t)) = (%(1) - y(1)), Y/(0) = 0, P,(0) = PT(0) > 0, £(0) € R*" and 4(0) € R? which can be chosen

arbitrarily.

e if p' is empty, the dynamics of %' is given by

$(0) = AR + g W), 0, p0) - 07 A7 O T (211) - (1)

with £/(0) € R*", 5(0) € R” which can be chosen arbitrarily

@D



The matrix S, is the Symmetric Definite Positive Matrix solution of
S, + S, AT + 5,4 -CTC'=0 (22)
Finally, I'" is define by I = S;' C*". It can be shown that I' can be written in the following form:
i,
= : (23)
.,
2

’) = A € R the binomial coefficient.

Sh T —
with I, = (k = oo

Remark 3. Equations (T6) and (21)) can look quite different, but it can actually be noted that if ¥/ = 0 in (T6), then equations
(T6) and @ are stréicﬂy equi\(ale_nt. Inde@d, given th¢ structure of I';, it can be shown that if ¥ = 0, then ¢'(1) = —0°T" ¢'(1)
and then ¢'(r) = ™" 07 (%1 (1h) — y' (1)) for 1 € [£, 1} ).

k+1
3.2 | Convergence result

In order to obtain the convergence of the proposed observer, one first needs to make some assumptions about system (I)) and the
observability of the unknown parameters of system ().

Assumption 1. The state x, the control input u and the unknown parameters p are bounded, that is, there exists some compact
sets X C R",U c R™ and A C R? such that for all t > 0, x(r) € X, u(t) € Uand p € A.

Assumption 2. The functions ¥ (u, x) are continuous over U X X and bounded outside U x X.

Assumption 3. The functions g’(u, x, p) are Lipschitz with respect to (x, p) uniformly with respect to u. Their Lipschitz constant
are denoted L;.

Assumption 4. The functions ¥ (u, x) are Lipschitz with respect to x uniformly with respect to u. Their Lipschitz constant are
denoted Ly,

Assumption 5. The uncertainties are bounded, that is, for i = 1, ..., g, there exists K;: > 0 such that
el <« Vt>0. 24)
Assumption 6. Fori =1, ..., g there exists y; > 0 (independent of 8) such that forall# > O and 8 > 0
hin(P7 (1)) 2 % (25)
where «;(0) is a positive function satisfying for all > 0
o(0) > 1and lim a;(6)/6% =0 (26)

Remark 4. Asit was shown in [9,/5]], the assumption@is satisfied under a classical persistent excitation condition as the following
one. For i = 1,...,¢q such that p’ is not empty, the input u is such that for any trajectory of system (16)-(20) starting from
(%(0), p(0)) € X x A, there exists 7' > 0 (independent of §) and T > 0 such that forall t > 0 and 8 > 0

t+£
YT (5)CTCiYi(5)ds > —— . 27)
a, () "

t

One can also note that the assumption |§I can be checked online by computing the minimum of the eigenvalues of Pl.‘l.
Remark 5. In the rest of the paper, the following notations will be used.

W = sup 1" (), )| (28)
[ 24

max
pmax

P i
= Inax. i (29)

The result of the observer convergence proposed in this chapter can now be established.
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Theorem 1. Consider the system (@) under the assumptions|[I|to[6] Assume that 6 > 1 satisfies

05, AmaX(Si)L;’ Ai(l + (Yin'dx)z) + Amax(Si)Lfypinax\/ﬂ_imaX(l’Yi )

> max (30)
44/a,(0) yv/min(4,,;,(S;), 7;) min(A,,;,(S;), 7;)

with 4; the number of sub-components of the i-th block state x', Y’ the upper bound of Y, L; the Lipschitz constant of g’,
L('I, the Lipschitz constant of ¥/, p’  the maximum value of | pfl and y; defined in li Then, if, for each blocki =1, ..., ¢q, the

max
upper bound on the sampling periods Tjw is chosen such that

) 8 + min (4,,;,(S), 7
Ty, < ( ) - 31
V(@) (07(max(1, W, + Y, 0) 4 L1+ b, )+ Lty max (1,Y4,) ) V2
with W the upper bound of ¥/, then there exists a’(8) > 0 and ' > 0, with ' independent of @ and the uncertainties, such

max

that the following inequality holds true

0%

(JEO| + 1A @) < d'@)e™ 5" +67%p (! + -+ + &) (32)
with X' = &' — x', ' = p' — p’ and ! an upper bound of &
Before proceeding to the proof of this theorem, lemmas necessary for the proof of convergence must first be presented. The
proof of both lemmas are given in the appendices.

Lemma 1. Foreachi =1,...,q such that p' is not empty, the corresponding vector Y’ is norm bounded, that is

Y e = SUP 1Y, (u(®), M) < +o0 (33)
120

max

Lemma 2. Let w : [-7,+00) — R be a C' function verifying the following inequality

t

%(wz(t)) < —aw*(t) + b / w?(s)ds +ce™ " + k (34)
-7
witha > 0,6 > 0,7 > 0,¢c > 0,d > 0,k > 0 and 7 < min (%%, \/15 ) Then there exists @ > 0 such that the following
inequality holds true
w(t) < ae ’ + 2k (35)
a

where f = min (g,d).

Let us now move on to the proof of the main result.

Proof of Theorem([I] The proof of convergence is split into three parts. First, some adapted coordinates are defined and their
corresponding dynamics are derived. In a second part, some candidate Lyapunov functions are defined and some over-valuations
involving their derivatives along the error dynamics are obtained. Finally, an induction reasoning is applied in order to obtain
the convergence.

Part 1: Equation error
Let? > 0 and denote fori = 1,...,¢: X' = &' = x, §' = j' — p’ and k; = max {k € Nz, < 1}, then

X'= AR+ g u, %, p, X, p) + P (u, )P — P (u, x)p’ — B'e'(1)
—0%ATO) (ST + Y PYT)CT ol (r) (36)
§= _ga,gi—l(g)PiYiTCiTQi (37)
where g'(u, X, p, x, p) = g'(u, X, p) — &'(u, x, p). In order to simplify the notations in the proof, one does not make difference in

writing between the case p’ empty and p' non empty. Indeed, according to remark it is direct to see that the error equation for
the case p' empty can also be written as equations (36)-(37) by considering that ¥ = 0 and 5’ = 0.



Denote now x' = A,(0)X and ' = Q,;(0)§’, then
X' =09 A% + MO (1, %, 5, x, p) + A, O)P (u, %, x)p" + A0 (u, ) (0)7
— 9°% (Si—l + YiPiYiT) CiT 4 _ g Yil_)iYiTCiTCi)—Ci O Bisi(t) (38)
ﬁt — —95"I)iY"TC"TC">'ci _ eéil)iYiTCiTZi (39)
where A" = (A" = S71CTCY), 2" = (o'(1) — C'x(1)) and W/ (u, %, x) = Wi(u, £) — P(u, ).
Finally, one obtains

X' = 0% A%+ A(0) [, %, b, x, p) + P (u, £, x)p']

+ 00 (u,2)p' — 0 STICT ' + Y5 — 9~ AT DU B (r) (40)

Define ' = X' — Y'5', then
’;Ii =)Lci_Yi—i_Yi;)i 41
= 0% A + A0 [§w,%, p.x, p) + P (u, %, x)p'| —0%S7'CT 2 — 9~ 4 DA BIEN(r) (42)

Part 2: Lyapunov function
Let us now define the candidate Lyapunov functions V'(n',5") = V(") + V;(5") with V/(5") = " S;q' and V(1,5 =
ﬁiTl’i‘l(t)ﬁi. These functions are valid candidate Lyapunov functions since each .S; and Pi‘l(t) are symmetric definite posi-
tive matrices and thanks to assumption @ the eigenvalues of Pl.‘l(t) are lower bounded independently of . Then, the following
equalities hold

I7li — 95i (”iT(Ai _ Si_ICiTCi)TS[ + Sl-(A[ _ Si_ICiTCi)ni)

+20%0TCT 2 + 20T S, (A,0)F) + 20T S, (8,0)¥'p') — 2074 ViyT S, (B'E' (1)) 43)
— _95, niTSini _ Hé’niTC[TCir]i
+20%TCT 2+ 20T S, (A,0)) + 21 S, (A0 p') — 207U T S, (B'E (1)) (44)

where equality (@) is obtained by using equation (22)). Now, by using the Cauchy-Schwartz inequality, the fact that ||C’|| =
[|Bf|| = 1 and assumption one further has

Vi) < =0°n"" S’ = 0" CTC' + 2/ Ao (SO Vi DI AO)E |
i (i i i 0° i(i\[] o
+ 2 Anax (S V] O A, (O o'l + 2m \/ Vi@l

min\*i

+ 2640 [ (SO Vi) 45)

Using the following facts, whose proof is given in the appendices:

~i a(GC .
Fact 1. [[A,(0)8']l < \/TVV(” D+ \/Tzk LIS+ 11551, with

VA (SHL /4 + (Y], )%)

o
/M () 70)
Ch = LA/ A (S)) 7)
V&, 0)C;

LNV 7) + T Ty (194 + 1741 with

Ci — max(S pmax \/_ max(l Ymax) (48)

3 V/min(A. (S). 7,)
Ci=Lip A4V Apn(S) (49)

(46)

Fact 2. [|A,0)% ] <




5|

Fact3. [|2]| < Ci(0) /L. VVi(ds + CL XL, [l ([F0]| +[|5“@)]) ds with

Ci(9) =

Va;(0)6% (max(1, W5+ Y0 )+ LE(L+ Y] )+ Lipl, max (LY ) v
2
min ( V )'min(Si)’ \/)7,)

Ci= (L + Lyp,)

one obtains

yaTom] S, iT
Vi) <—0°n" S’ —

+ 20°%

— 0T CTC'y + 24/a,(0)(CL + CHV' (', 5')

CL9)
+2(CE+ C)\ Vi) Z(”~k‘+”p H)+295m Vier) / Vi(s)ds

Ci — t i1 ) N
\/ﬁm/ ,Z; (“xk(s)H + ||p"(s)||) ds

—(A4;=1)6; i/ 1Y/ (i
+20 “ )lKg )’max(Si) I/II(I’])

Now, let us obtain an over-valuation of the derivative of V2’ One has

I'/zi — ﬁiTPi_lﬁi + ﬁiT})i_lp_i _ p—iTPi—ll')il)i—lp—i

— _05‘-)—CiTciTciYiRI)i—lp—i _

+ HﬁiﬁiTPi—l (PiYiTciTciYiPi _ P[) Pi_l =

_95,» ﬂiT CiTCiYip_

i_ eélp—iTYiTciTciYiﬁi _ eéiﬁiTYiTciTcini _

+20° YA 12l + 077" YT CTCY 5~ 075 T P

< _95, niTciTciYiﬁi _ eﬁlﬁiTYiTciTcini _

C;(G)/ Vi(s) ds+— / Z k(s)||+”p (S)”)ds _96V( )

+26°

Vi)

NG

t—!

M

with CL(9) and C; given by fact and using assumption @
An over-valuation of the derivative of V' can then be obtained as follows

Vi< —6°Vi— 0% (Cii + C'Y'5)" (Cirf + CY'5) +24/a,(0) (C + CL) V'

' -
+200ClOV Y / VVils)ds + \/Vzi (ci+cCi) (”x"H + Hﬁk”>
—Tjw k=1

95, —iTYiT CiTci‘riﬁi

05,‘ p_iTl‘)i_ll)iYiTCiTCi)_Ci + 295,- ﬁiTl)i_IP,'YiTCiTZ,-

95i p_iTYiTCiT CiYiﬁi

. t
2T [ ([ [ o
k=1 .

I—TM
o Ci(9) i %
with C7(0) (\/mmT \/7[) CS - min<\//1|ni|‘6(51),\/}71> .

Finally, it is dlrect to see that, thanks to assumption@ there exists 67 > 1 such that for any 6 > 67 one has

. . 5i
0% — 24/a,(0)(C} + C)) > 97

which is equivalent to

65

> 4(C) +Cy)

vV (0)

(50)

(G

(52)

(53)

(54)

(35)

(56)

(57)

(58)

(39)



This leads to

%(W) < —%&W+ 0% Ci(0) / VVi)ds + (C: +Cl) i =0+ 171)
) k=1

+05C! / i <||5c"(s)|| + “ﬁk(s)”)ds+9—“f—l>5w<;\/,1max(s,.) (60)
. k=1

=7y,
Part 3: Induction reasoning
Let us now proceed to an induction reasoning on i = 1,...,q, that is, let us prove that the exponential convergence of
N+ 18" -5 (I==" )| + |#"~"||) to a ball, whose radius depends linearly over the uncertainties bounds «/, ..., k=" and

6 with a negative power, when 7 tends to infinity implies the exponential convergence of (||| +||7°||) to a ball Whose radius
depends linearly on Kl , k. More precisely, one will show that fori = 1, ..., g, there exists C’ Cio > 0, with C’ , independent
of 6, such that (||x|| + || P ||) verifies the following inequality:

(IF @+ [76) < CloreT +0¢hy (k! + -+ x) o)

For i = 1, if 8 is taken such as 6 > 67, one has the following over-valuation implying the derivative of V!
_(\/ v < __\/ +0%C)(0) / VVi(s)ds+ 0~ H=Docl /4 (S) (62)

Applying lemmalw1th w=\V!a= 9—] b=6C)(#),c=0,d € Rarbitrary, k = §~4=D2y/3  (S)k! and 7 = 7, ,
shows that there exists C1 > 0 such that \/ V! verifies the following inequality

VVi< C_’gle_T’ + 6749 C_‘llolc; = C’gle_T' + 0‘41516_’1101(61 (63)

with C| | = 24/ 4., (S)). provided that

7,, < min <— i) < B+ min (A (S1)-71) (64)
ACO) 6% ) (@) (0% (max(1, Wh + YL0)+ LA+ Y], 0+ Lyl max (1YL,)) V2
Then, since ([|%![] + [|']]) < 6%~ WW one obtains
(“ '+ “) <ClO)e T +Cl k] (65)
with €} = gt~ %Cl and CJ, = — (\;ZY% =Gl

Now, let us assume that (
well.
If 0 is taken such that § > 6%, using inequality (60) and the induction hypothesis, implies that the derivative of 1/ verifies the

|+ 18N 5 - (%7 + 1A7Y|) verify inequality (6T) and let us prove that (||%/|| + ||5'||) do as
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following inequality:

t
d - 95,- - . - —(A,— i
SV <=2V +07C0) / VVi(s)ds + 6~ 4 \/2,0,(S)
-7,

i—-1

. . 0%k
+(Cy+C)) Z [cge‘T’ +O07%CH (k! + - + Kf)]
k=1
i1 : 0%k
+6°C} / [Cé‘e_Ts + 07 Cp (k! + - + Kf)] ds (66)
k=1 .
t—‘r}w

t
5; ) .
< —97\/ Vi+60%CL(0) / VVils)yds + 0~ 4 i\ /A (S)
t—r;w

-1 7 9% 5
i ik kg (€M —1 -2
o3 [ietscocs e cetn (251
i1
+ 0% Y [(Ch+ CDC + Cirl CR ] (! + -+ 107 (67)
k=1
where the latter inequality is obtained since (6,) is decreasing.

i . . . . . o 0% _ 3
Thus, applying lemma 2| with w? = Vi, a = 2 b = 0%Ci(0), c = ¥, [(Cé +C))Cy + CCy'8 < o 1>] d =% and

k = 0% %=1 Z;;ll_[(Cé +CHCY) + Chzh CF | (kL4 + k7 + 07D\ /3 (), and using the fact that §,_; > 4,5;, shows
that there exists Cy > 0 such that
. 0% _. .
VVi<Cle™ 5+ 0740 Cl (k! + - + &) (68)
. =i i—1 i, i, ik i 1di
with €, = max <[ =1 (€} k4 Czk)Cé‘ + CékTMCé‘] , AmaX(Si)), providing that
} 8 4+ min (A, (S)), 7;
T, < min< i %) < Vi ) . (69)
AGHO) 0% ] @) (07 max(1, W, + Yoy )+ Li(1+ Yo ) Lty max (1Y) ) V2
Since (||%]| + ||7']]) < @“—-Dé M\/ Vi, one obtains
(” ” ||,0 ”) m‘"(m»ﬁ)
. . . 0% . .
(IF+1171]) < Co@e™ 5"+ 07 Clo (e, + - + &) (70)
ith C (9) = 9A—D3, A+Y}.0) Ciand C' = (4750 o
with 65(0) min( Vi) 010 min( A7) 1
This ends the proof. O

4 | EXAMPLE: ATTITUDE ESTIMATION WITH GYRO BIAS

4.1 | Model of the system

One considers here the problem of the simultaneous estimation of the attitude of a rigid body and the gyro bias from the measure-
ments given by an IMU unit. Particularly, the measurements are provided by three commonly used sensors: an accelerometer, a
magnetometer and a gyroscope. The latter is assumed to be corrupted by a constant bias.

The attitude of a rigid body represents the rotation between an inertial reference frame {I} and a body fixed frame {B}. One
then defines the orientation at each time instant t > 0 by a rotation matrix R(#) € SO(3) from {B} to {I}. For the remains of
this study, R(t) will be in R¥3, indeed, the particular structure of SO(3) is not used in the proposed estimation scheme.

The first two measurements (the accelerometer and the magnetometer) can be seen as the result of the rotation between {B}
and {I} of two non co-linear constant vectors. On one side, the measured acceleration a(?) is the resultant of the rotation of the



standard gravity g, that is

a(t) = R"(n)g, (71)
where g, = [0 0 G] T. On the other side the measured magnetic field m(¢) is the resultant of the rotation of the earth magnetic
field m, that is

m(t) = R (t)my, (72)

T . . .
where m, = [ma m, mc] . Another physical quantity can be induced from these measurements, namely, the cross product
between a and m. This cross product is defined as follows:

c(t) = a(t) X m(t) (73)
The following assumption is made on c¢(?):
Assumption 7. For all ¢ > 0, a(f) and m(¢) are non-colinear and then ¢(¢) # 0.

A vector of observations is obtained from a concatenation of the three previously defined vectors. It is given by

a(t)
u(t) = | m(t) | € R™! (74
c(®)
The last measurement is the biased angular velocity w,(¢) of the considered rigid body expressed in {B} and is given by
w,(t) = o(t) + b (75)

where w(t) € R3! is the unbiased angular velocity and b € R3¥! the bias. The bias is considered constant and then b = 0.
The kinematics of the attitude is thus given by the following differential equation involving the angular velocity:

R(1) = R(t)(@(1)), (76)
wl 0 _w3 wz
where o, is the associated skew-matrix of = | @, | and is defined by 0, =| w3 0 -, |€ RS,
Cl)3 _a)z a)l O
Finally, the dynamics of the observation vector can be defined by
0(t) = =S*(@®)(t) = =S (@,)o(1) + S*(B)v(r) (77)
and then:
0(1) = =S (@, ())v(t) — S°(w(1))b (78)
a)(
where S3(w) = diag(w,, oy, w,) € R™ and S°(v) = | m, [ € R¥.
c

X

4.2 | Observer design

In order to apply the proposed observer to the model, one now writes the dynamics in the form of the equation (@) and with its
notations. The system is split in two subsystems. The first one describes the behavior of the angular velocity. In fact, the angular
jerk is considered as an unknown uncertainty. The mathematical model can then be written as follow:

1
X =%

1 1

x! =x

? 13 (79)
X =e¢

T

yoo=x =,

The second subsystem describes the kinematics of the attitude as previously shown in equation (78)). By denoting the gyroscope
bias b as p?, on can write

80
3 s (80)

{xf = —S3(x)x? = $9(x2)p?
1
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As it can be noticed, the first state block does not contain unknown parameters. The dynamics of the estimated angular velocity
%! can thus be written with one equation as in (21). This is not true for the second state block since p? has to be estimated. Then,
the complete observer system is given by

— 0P ATH O e TG (1) - (1)

OESH0!
(1) = =SSP )R(1) — SPEDHH - 02A51(0) (I + Y (O P,(YH (1)) 0°(1)

4 81
1 220 = =6% PYY*" (06 (1) 61
0*(0) = =0% (I, + (O P,()Y* (1)) 6°(1)
Y2() = —0%2 Y2 (1) — 0257 (£3(1))
Py(t) = 0% Py ()Y T (1) Y2 (1) Py(2) + 6% Py(1)
Y1) =20
where T' = |31, [, 6, > 1,6, = 1, A,(8) = diag (13, L1, 92%,113) and A,(9) = I,.
I
Finally, once the observation vector is estimated, the estimated rotation matrix R(f) can be deduced by using
R = C;'53(0) (82)
where C, is a constant and non singular matrix, involving the constant vectors g, and m,,, defined by
0 0 G,
C,=| mJdy; myly mls (83)

-Gmyl; Gm,I; O

4.3 | Simulation results

Simulations of the reconstruction of the attitude with the observer given in equation (81]) have been carried out with generated
measurements. The rotation dynamic is defined by the angular velocity @ depicted on figure[T} The sampling periods of the two
outputs have been taken such that T,L < t]1{+1 - t}( < T]l\/[ and 131 < ti+1 - ti < r}w with Trln = 0.1s, ‘L']lw = 0.4s, T’%’ = 0.2s and

12\4 = 0.6s. The observer’s parameters to be set up, 6 and 6,, have been chosen to # = 2 and 6, = 3. The sampling periods are

presented in ﬁgure Finally, the constant vectors have been taken to g, = [O 0 9.81]T and my = [0.434 —0.0091 —0.9008] "

T

T I
—— First component
——Second

Third component

IRUMANATT

0 30 40 50 60 70 80
time (s)

o

Y

0 1

A\

FIGURE 1 Angular velocity

Two simulations are exposed. The first one is performed in the noise-free case. On the contrary, in the second simulation, white
Gaussian noises are added on the accelerometer and on the magnetometer. Their standard deviations are equal to 6, = 0.16m/ s>
for the accelerometer and o,, = 0.04uT for the magnetometer. These two signals are depicted on figure @

It can be noted that good performances are obtained for both simulations. Indeed, in the noise free case, the estimated attitude
converges very closely to its real value, as it can be seen on fi gurewhere the Euler angles corresponding to R and R are depicted.
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FIGURE 2 Sampling instants for both outputs
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70 80

ot

tlmc (s)
b) Magnetic field with the noise

FIGURE 3 Accelerometer and magnetometer with the added white Gaussian noise

In fact, as expected from the theoretical results, the uncertainties considered on the first subsystem prevent the estimated attitude
to match exactly the generated one. The errors between the estimated outputs and the real outputs and the error ||R(r) — R(?)||,

presented respectively on figures [6] and [ confirm these performances. When the noise is added, the performances are still
decent, but errors are higher, as shown in ﬁgureslil andEl Indeed, one can see that the Euler angles corresponding to R and R,

and represented on figure [5] are not as close as in the noise free case. Regarding the estimated bias, depicted on figures [T0]and
[IT] they are estimated correctly for both simulations, but with less error in the noise-free case.

S | CONCLUSION

An adaptive high gain observer has been proposed in this paper, for a class of non-linear systems with uncertainties and multi-
rated outputs. One of the main features of the proposed scheme is that the sampling periods can be irregular and asynchronous
between different outputs. Another interesting feature is that thanks to its high-gain structure, only a few observer parameters
have to be set: the high-gain parameter 6 and the powers §, associated to each block.

Sufficient conditions have been provided to ensure that the estimation error converges inside a ball whose radius depends on the
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FIGURE 4 Euler angles for the first simulation
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FIGURE 6 Errors between real and estimated outputs for the
first simulation
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FIGURE 8 Errors || R(t) — R(t)|| for the first simulation
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FIGURE 5 Euler angles for the second simulation
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FIGURE 7 Errors between real and estimated outputs for the
second simulation
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FIGURE 9 Errors || R(t) — R(t)|| for the second simulation

external disturbances and can be rendered as small as desired by properly setting 6. Moreover, the performances of the observer
have been validated on a practical problem, namely, the simultaneous estimation of the attitude of a rigid body and the gyro bias.
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FIGURE 10 Estimated and real gyroscope bias for the first
simulation
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APPENDIX
A PROQOFS OF THE IDENTITITES

The identities to prove are:

2.
3.

4.

Let us prove them:

1.

A(0)B =

A(O)

1. One has

C'AT\(0) =
A,.(e)AiA;l(e) =

% (/1 -1

Q'(0) =

95"Ai,

Bi

(20 2

‘Ao =11, 0, ...

0.6 T T T
04 "\\ AVMVA AA A VAVM At~AA AAA A M A A\ vf\,\v‘.\vﬂ Mn J\MVV/\
A At vav T
0.2 -1
0 1 1 1 1 1 1 1
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time (s)
a) First component
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0 -h PN A A 7
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-1 .
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FIGURE 11 Estimated and real gyroscope bias for the second

simulation
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2. By proceeding in a similar way, one has:

I, 0, - .. On, 0, I, 0, 0, |1, 0, - - 0,
0, =1, : A :
AOAAT(O) =] : .o : : .0, || : :
: “ 0, : A .0,
1 8;(4;—1
| 0,, -0, g In, 10, o e 0, 110, .. 0,0 i )In,
[ n; In,- On,- On,- i _Ini n, e Oni
. 1 . .
[N GT}I", : O”i 96i I"I :
= “ 0n> : :
. 1 :
gl || - O
0, 0, 110, ... 0, 954D,
— 95[Ai
3. One has
L, 0, ... 0,, 0 0
L : n n;
O"i 99 I"x : :’ : 1
= : - : = ’ = i
A (OB =] : RN 0. 0, v
: 0, I’ e
1 n; 5i(4i=1) T n;
On, . On, 05iGi—) " n; 4
4. The product can be written as:
(1, 0, ... .. oM 0 L 0
1 . i i PRV .
On, Eln : LPl,l lPl,p[ 0 g%~ :
AOOV'QT(O) =] ¢ : : : : :
. i i
: 10,1[ lP/l,,l lP/l,,p,- 5();
l\/
:O”i n; gaii-n N L 0 i 0 6%
eéiviqji aﬁ’vjlpi 05'\’,’,[1111'
1,1 1 Lp;
— 95'(V‘i—j+])\1ﬁ 95’(v{—j+l)qﬁ Qéi(vlin_j*—l)l{ﬂ
Ji1 ’ Jil : Jspi
81 (vi =2+ i 8 (Vi—A+Dgyi &' (v, — A+ Dy
%™ ‘PA,.,I AN ‘PM e 07 T/l,-,pi_

Thus, using the equation@])that fori=1,....q,j=1,...,4,1=1, ...

o if j =i then 97/ VW = 97 W

, p; one obtains:

o . P St _ adhwi
o otherwise if j # v), then ¥, | = 0, and thus 6°“*DW! =0, ; = 0°¥' |

Which prove that A,(0)¥'Q1(9) = 6°¥,.

B PROOF OF LEMMA

Consider the change of variable such that

Thus, the dynamic of Y’ is given by

Vi = 4 = 571 DT + 9 (u

Y”(t):Y”( ! >

0%

(BI)

(B2)
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This permits to show that
t

Yi(r) = 1Y1(0) + / A=y @(9%) : ( = ))ds (B3)
0

where A" = A’ — Si‘lciTC". Since, according to assumption [2} the function W' is norm bounded and since the matrix A’ is
Hurwitz, Y’ is bounded and its upper bound is independent of 8. This concludes the proof.

C PROOF OF LEMMA
Let us first deal with the case b = 0. In this case, one has
%(wz(t)) < —aw*(t) +ce ¥ + k (C4)
Define now the following candidate Lyapunov function
O(w) = w(1) (C5)
Its derivate can be overbounded as follow
O(w) < —g@(w) +ee ¥ 4k (C6)

Solving the equation y(¢) = —g y(t) + ce™¥" + k and applying the comparison lemma [13, lemma 3.4 p102] show the result for
b=0.
Let b > 0, and let us denote ¢ = =, f = 2 <em:l > and y = 1 — g, then, one has

N AR
0<p<? <1+\/—a1—1> 7

<ty (C8)
a
<1--L (C9)
V2
Inequality is obtained by using the fact that
e <1+ V2x, Vxe< ;) (C10)

and since 7 is chosen such that 7 < ——, this ensures that at € (O, %) Inequality (C9) is obtained by using the fact that 7 is

V2a
\/_ la

b
One has proven until now that § € (0 1- \/5> which directly implies that y € ( 7 1).

chosen such that 7 <

Let us now define the following candidate Lyapunov function

T t
O(w,) = w () + b / / e w2 (Vydvd s (C11)
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where w,(s) = w(t + s), s € [—7,0]. Then, its derivative can be over-valued in the following way

T

T t
Ow,) = %(wz(t))—bya / / )2 (Wydvds + b / B wk(t) — wi(t — s)ds (C12)
0

t

<|-aw*®)+b / w(s)ds + ce™" + k|- ya (0w, — w (1))

+b <em - 1) WA (t) — b/ w(s)ds (C13)
ya
< —ya®(w,) — aw?(t) + yaw*(t) + b (ea -1 ) w ) +ce™ + k (C14)
<-2ow, + <—a +7-L a1 - y)> w(t) + ce™ + k (C15)
2 V2
< —g@)(w,) - <1 - é) yaw*(t) + ce " + k (C16)
< —g@(w,) +ee +k (C17)

Xt

Inequality (CI4) is obtained by using the fact that the function x — < = ) is continuous on (0, +oc0) and increasing, and

v € (0, 1). Inequality (CIJ) is obtained by using the fact that f =1 —y and y € (%, 1).

—dt

Solving the equation y(t) = —g ¥(t) + ce™ + k and applying the comparison lemma [13| lemma 3.4 p102] concludes the proof.

D PROOF OF FACT[1
One has

1A,0)8' > = 20-20 Do gt (D18)

A; i—1 J Di
< YLD (Z (=412 + Ilﬁ"ll)) + (Z ||fc,;||2> + D AP (D19)
j=1 k=1

k=1 I=1vi<j
i—1

iL')Z(Z IIi"||2+IIﬁ"II)>

J
+ Z(Lt )2 <Z 0 2(j—=1)6;+2(k—1)s; ”x ”2>

k=1

A bi ) '
+ Z(L;)Z 2(/—1)5,»+2v,'5i ”/3; ”2 (DZO)
Jj=1 I= 1V<j
A i-1
< (L} 22 K (1% 01 + Ilﬁk||2)> + (%112 + ||p"||2)] (D21)
j=1 =1

< (L4 K (= 0% + 15 )> + (A" + (1 + (Y’m)2)||,3"||2)] (D22)
1

k
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where inequality (DT9) is due to the structure of g given by (7) and (I0) and inequality (D22)) is obtained by using the fact that
%' =5’ +Y'p' and lemmal[l] Finally, one obtains

, : = , vie) 1+ DV
18,0 17 < @4, (2, (IFEIP + 154 I1P) ) + @4 | <= + e (D23)
¢ k=1 £ j'min(‘gi) imin(Pi_l)
, - . ACOIEAC)CEXC (DY A())
< (LA, ( (11 + ||ﬁk||2)> + (L, ( PG —— (D24)
k=1 min\*; Vi
i @@L A,(1+ (YL )%
< (LI YA <k |2 k|2 ! 8 ! MY iyl 5 D25
<L’ (; (924 07497) ) + — e — 55— ) (D25)
where inequality (D24) is obtained by using assumption [6|and remark [4]
E PROOF OF FACT[2
Similarly to the proof of fact[I] one has
AV
1A,0)F 1> < Z6’_2("_1)5'|I‘1’§||2 o' lI? (E26)
=1

A i-1 j
< Z(Lfy)z l(Z ||5ck||2) + (Z 9—2(,-—1)5,."56;(”2)] ) (E27)
j=1 k=1 k=1
2 i-1
< (LY () D, KZ ||5ck||2> + ||>‘c[||2] (E28)
j=1 k=1

i—1
< (L) (Pl A KZ ||5<"||2) + 7' I* + (Y;,agzuﬁ"nz)] (E29)
k=1

where inequality (E27)) is obtained by using the structure of ¥’ given by (8) and the notation introduced in remarkand inequality
(E29) is obtained by using the fact that X' = 5’ + Y5’ and lemma [l} Finally, one obtains

L _ _ - Vi) (XL VI
i in2 i N2 i 2 ~k2 1 max 2
1A ' |7 < (L) (py,,, ) 4 K; (Bl >+ (ﬂmin(Si) + G P (E30)
A . -l Vi) a0 Vi)
i N2/ Al 2 ~kn2 1 2 max 2
< (L)X ol )%, K; [ ) + ( N - (E31)

o il @ (O)(LL)X (Pt A, max(1,(YE )
< L 20 i 2)'[ ~k2 + i ¥ 'de ! max Vi ,’_, E32
(L)) <sz %1 ) e TNEANS ', 5" (E32)

where inequality (E3T) is obtained by using assumption [6]and remark [4}

F PROOF OF FACT3

The derivative of z' is given by
=0 - C'X () (F33)
=-C' (0% A'X + A, O + P01+ 0%W ) (F34)
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Then, noticing that z/(#, ) = 0 yields

t

() = — / C' (0% AKX (s) + A0 (s) + Pi(s)p'] + 07 (5)7") d's (F35)
2@l < / |c7 (67 A% () + A(O)[E'(9) + P ()0 + 07 W ()7 || ds (F36)

M

Proceeding as for fact and using the fact that ||C'A’|| = 1 and using the notation ¥

max

and pinax as in remark yields
t

Izl < / CIF N+ ¥ 17O + (LA G+ 17O + Ly, IF G ) ds

1

/2 LLAIRESI + 154D + Lol IR | ds (F37)

5], and then

max

Using the fact that X' = n' + Y’p and using lemma gives ||x'|| < |l#']l + Y!

t

1200 < [ (0 + Ll + Ligh)) ol
+ / (95 (T:nax + Y:nax) + (Ll (I+ Y:nax) + L, pmaxY;nax ) “ﬁI(S)“dS

* / Z (L + Ligplyo ) IR + LLIF0)1| s (F38)

: OO Y ) (LY )+ Liypl Y ))

(95 +L1 + L pmax) - ( max max max WP max © max -
t—T},, mm(S) mm(P l)
t .

+ [ 3L+ Lot I + 15N s (F39)
t—r;w k=1
‘ <96 + L+ L pmax) : Ve, (0) (95 (Pl T Yo + (Ly(L+Y O+ Lf},p;'naxY;'nax)> :
< / Vi) + Vi(s)ds
P V Amin(Si) \/71
i—1
(L + Lipl ) [ X NF N+ 176N ds (F40)
k=1

M



21

where inequality (F40) is obtained by using assumption [6]
Using the inequality \/Z + \/B < \/5 a + b for a, b > 0, one obtains

| Va9 <051 (max(LW, + Y0 )+ L+ Y )+ Lipl max (1, Y;‘nax)) P
[EAGY _ V2 / Vi(s)ds
min <\//1mm(s,.), N2 ) 2
Ty
+ (L L) [ 3 IR+ 17O ds (F41)
—7h, k=1
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