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EFFECTIVE ERDOS-WINTNER THEOREMS FOR DIGITAL EXPANSIONS

MICHAEL DRMOTA*, AND JOHANN VERWEE*

ABSTRACT. In 1972 Delange [8] observed in analogy of the classical Erd8s-Wintner theorem
that g-additive functions f(n) has a distribution function if and only if the two series > f(dq?),
3" f(dg?)? converge. The purpose of this paper is to provide quantitative versions of this theorem
as well as generalizations to other kinds of digital expansions. In addition to the g-ary and Cantor
case we focus on the Zeckendorf expansion that is based on the Fibonacci sequence, where we
provide a sufficient and necessary condition for the existence of a distribution function, namely
that the two series >_ f(F}), > f(F})? converge (previously only a sufficient condition was known

(1)-

1. INTRODUCTION

The classical Erdés-Wintner theorem [13, 14, 17, 16] states that a real valued additive function
f, that is defined by the property f(mn) = f(m)+ f(n) for coprime positive integers m,n, has a

distribution function
1

Fly) = lim —#{n<N: f(n) <y}

if and only if the following three series converge:

Z }’ Z f(ll?)7 Z f(P)Q.

oY e P i< P

This is a proper analogue of Kolmogorov’s three series theorem in probability theory. Recently
Tenenbaum and the second author have studied effective versions of this theorem [32].

The purpose of the present paper is to consider the analogue problem in the context of digital
expansions, where we restrict ourselves to the (common) g-ary digital expansion, to Cantor digital
expansions, and to the Zeckendorf expansion. Both, the prime decomposition as well as digital
expansions are expansions of integers. Whereas the prime decomposition encodes the multiplicative
structure, digital expansions encode — in some way — the additive structure of the integers.

Note that a function is additive if and only if

f---pir) = f(p1") + -+ f(prr),

where p1, ..., p, are different primes and ey, ..., e, positive integers.
In a similar way one defines so-called g-additive functions by

f(d1q€1 +- 4+ drqer) = f(d1q51) +oo f(drqer)7

where ¢ > 2 is a given integer, e; < eg < -+ < e, are different positive integers and dy, ..., d, are
integers digits satisfying 1 < d; <¢—1(1<j<r).

For example, the g-ary sum-of-digits function s,(n), defined by s,(dg”) = d, is g-additive as well
as the g-ary Van-der-Corput sequence v,(n), defined by v,(dq®) = dg=*~!.

The analysis of g-additive functions and their distribution (as well as their multiplicative
counterpart) have attained a lot of attention during the last few decades, see for example
[3, 6, 7,9, 10, 11, 18, 21, 22, 23, 24, 25, 26, 30].

As already indicated, in the present paper we want to focus on analogues of the Erdés-Wintner
theorems for digital expansions and their quantitative versions. For the g-adic case there is already a
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proper analogue by Delange [8] saying that a real-valued g-additive function f(n) has a distribution
function F'(y) if and only if the two series

g—1 q—1
YN fdg) and YD f(dg’)?
§>0d=1 j>0d=1
converge. By applying a Berry-Esseen inequality we present a quantified version of this theorem
and give examples, the most interesting one is related to Cantor-Lebesgue measures (Section 2).

The results for g-ary expansions can be easily extended to Cantor digital expansions with
bounded quotients (Section 3).

Finally we discuss the Zeckendorf digital expansions, where the base sequence are the Fibonacci
numbers (Section 4). This is actually the most challenging case. First of all we give a full charac-
terization for the existence of a distribution function (so far only a sufficient condition was known
[1]). This requires a delicate analysis of Fibonacci-like recurrences with non-constant coefficients.
A quantitative version can be then established under more general hypotheses.

2. ¢-ARY DIGITAL EXPANSIONS

We start with a self-contained proof of the Theorem 1 by Delange [8] since we will use similar
principles later. We then give a quantitative version (Section 2.2) and after an example we discuss
Cantor-Lebesgue measures (Section 2.3).

2.1. The g-ary Erd6s-Wintner theorem.

Theorem 1 (Delange [8]). Let f(n) be a real-valued q-additive function. Then f(n) has a distri-
bution function F(y), that is

Jm # < N | f(n) <y} = Fly), 1)
— 00
if and only if the two series
q—1 q—1
> fdg) and f(dg")? (2.2)
§=0d=1 §>0d=1

converge. In this case the characteristic function p(t) of the limiting distribution is given by
< 1§ s
p(t :/ ™ dF(y) = =Y eitflde’) ) 2.3
w=[ _rarw=1(, 5 (2.3
§>0 d=0

Before (re-)proving Theorem 1 we mention that a theorem of Jessen and Wintner asserts that
such a distribution measure given by F(y) is pure (that is, it is either absolutely continuous having
a density or purely singular continuous, where F' is continuous and has zero derivative almost
everywhere, or consists only of point masses). Note that the last alternative can only occur if and
only if there exists an integer J > 0 such that f(d¢’) =0 for j > J and all d € {1,...q — 1}: in
this case the distribution consists only of finitely many point masses, see [12, Lemma 1.22].

Proof. By Lévy’s theorem it is sufficient to show that the characteristic functions converge for

every fixed t € R :
li - itf(n) _ )
n<N
where the limit function ¢(t) is continuous at ¢ = 0. Since

L—-1 1q 1 ]
L Z O | < Zeitﬂd«m)
q

n<ql 7=0 d=0
it is clear that the limit has to be

tqu
(p .
Jjz qd

(Note that we are using the convention f(0 ) 0.)
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Set
1 q—1 _ 1=
mjq =~ fdd), mi;, = Z (2.5)
19 192
Then by using the relation e® = 1 + ju + O(u?) for real u we have

1q_ i J
10g<q26tf(dq> log(lJrzthquO( mzjq))

=itm;q + O (tg(m + mz’j’q))

= itmjq + O (t2m2;j7q)
provided that j is sufficiently large (depending on t). Note thay by Cauchy-Schwarz’s inequality
[m; ql < ,/mg;jﬂ. Hence if the two series (2.2) converge the limit limy_, ¢,z (t) exists and, thus,

equals o(t). It is an easy exercise (by using the g-ary expansion of N, see also Lemma 3) that the
convergence @ r(t) — ¢(t) implies the convergence (2.4), too. Finally it is not difficult to check
that ¢(t) is continuous at ¢t = 0 (later we will even show that ¢(t) =14 O(t) as t — 0).

Conversely, suppose that we have limy_,o ¢,z (t) = @(t), where (t) is continuous at ¢t = 0.
Clearly we have, t00, limz_,o0 |4z (t)| = |¢(t)], and we can choose to > 0 such that |¢(t)| > & for
all t € [0,t). We now use the fact that 1 — cos(z) = 2sin?(z/2) > 8||2/(27)||? (where |lu|| denotes
the distance from u to the set of integers) and obtain

2

qg—1 ) qg—1

Zeitf(dqﬂ) Z COS (t (f(dlqj) _ f(dij)))

d=0 dy,da=0

q—1
<@ - 22 (1 —cos (tf(dg")))
d=0
q—1 . 2
tf(dg’)
<16y |
= 2w
and
1 q—1 ) 8 q—
itf(dg’
Now, if 0 < t < tg we obtain
1 19 8 |t dqﬂ
Lei=TT[L S e con (-SSP} ey
iz0l9a=o 320 d=0
and, thus,
||t/ (de?)
Sy [ 2.7)

>0 d=0

for some constant ¢; > 0. In particular it follows that the sequence ||t f(dg’)/(2m)||? (1 < d < a- 1,
§ = 0) converges to 0 for all ¢ € (0,]. Actually this also implies that f(dq’) converges to 0. In
particular the sequence f(dg’) is bounded. Thus, we can choose t € (0,to] such that |tf(dg’)| <

for all d and j. By (2.7) this implies that the sum

zz(” Wy

>0 d=0

is bounded and consequently convergent for ¢ € (0, ¢o]. Since ¢ > 0 we also get convergence of the

sum 5 Zg;(l) (dg’)?.

1For the reader’s convenience we append a proof of this property in the Appendix.



4 MICHAEL DRMOTA*, AND JOHANN VERWEE*

Now the final step is easy. By using the fact that limz .. ¢,z (t) = ©(t) and by taking logarihms
(as above) it follows that the sum

q—1
S g = %ZZf(dqj)

520 720 d=1

converges, too. O

2.2. An Effective Version of the g-ary Erd6s-Wintner Theorem. Clearly, every g-additive
function is determined by the values f(dg’), where d < ¢ — 1 and j > 0. There is one very simple
case that we briefly discuss first. Suppose that only finitely many values f(d¢’) are non-zero, that
is, there exists J > 0 such that f(d¢’) =0 for j < J and all d < ¢ — 1. Then f(n) is periodic with
period g7 and by (2.3) the limiting distribution function F equals F,;. Furthermore, if we write
N =¢’Q +r for some 0 < r < ¢” it follows that

#{n<N:f(n)<yy=Q#{n<q’: f(n) <y} +#{n<r:f(n) <y}
which implies

Fy(y) = %#{n <N:f(n)<y}= QJ\?JF(y) +0 (?\j) =F(y)+0 <?\}]> )

In different terms

1
1En — Flloo < N

which is the optimal convergence rate (the implicit constant depends of f, of course).
From now on we will assume that f(dg?) # 0 for infinitely many instances.

Theorem 2. Let f(n) be a real-valued q-additive function such that the two series (2.2) converge
and that f(dg’) # 0 for infinitely many instances. Set L = |log, N|. Then we have for all real
numbers T > 1 such that h = [log,(TlogT)| < L

IFy — Flloo < Qr (;) TS fdg) | < TVE S S fde (28)

§>L d=0 j>L—h d=0

where Fiy denotes the distribution function of (f(n) : n < N), F the limiting distribution function,
and
Qr(h) = sug (F(z+h) — F(2)) (h > 0). (2.9)
z€E
The implicit constant depends on q.

Note that the upper bound (2.8) refers explicitly to the two series (2.2) and goes to 0 with
N — oo if these two series converge and if Qr(h) — 0 as h — 0 (and with T going slowly enough
to +00). Actually, we can improve the bound (2.8) by

1 L qg—1 ,
Py = Flo < Qe () +7 Y S If(an) (2.10)

j=L—h+1d=0

+T) i Fdg)|+T%) i f(dg’)?

j>L d=0 Jj>L d=0

that is slightly better but also more involved. (Clearly by applying Cauchy-Schwarz’s inequality
and the bound |u| < u? for bounded u (2.10) implies (2.8).)

It seems there is no simple and tight upper bound for Qg (h) in terms of f. Clearly, if F' is
absolutely continuous and F’ is bounded, then Qr(h) < h (which is by the way optimal since we
always have Qp(h) > h for 0 < h < 1). If ¢ € LP(R), then we can use the following upper bound
(see [31, lemme II1.2.9])

1/h
Qr(h) < h/ lo(t)| dt. (2.11)

“1/h
and Hélder’s inequality to obtain Qp(h) < h!/P.



EFFECTIVE ERDOS-WINTNER THEOREMS FOR DIGITAL EXPANSIONS 5

In general we can only use proper estimates for |¢(t)| that are deduced from the product rep-
resentation (2.3) and (2.11). In particular this leads to (2.16) (see Lemma 1). By applying this
bound and by doing also some modifications in order to simplify it for applications we formulate
the following variant. This variant applies in particular if the series

>l zu i) 212)

]>0

converges and does not necessarily give an upper bound that tends to zero if the two series (2.2)
converge.

Theorem 3. Let f(n) be a real-valued q-additive function such that the series (2.12) converge and
that f(dg’) # 0 for infinitely many instances. Set
S(t) ={(d.j) € {1,...,q = 1} x N: |f(dg’)| < 7/|t]} (t > 0).

Then with ¢; = 2/(7*q®) and the abbreviations L = [log, N| and h = [log,(T'logT)], we have for
all real numbers T > 1 such that h < L

T L -
IFx — Flla < 7 / e (a2 Y fad?| arr Y Y isdd)  (213)

(d.5)ES(t) j=L—h+1d=0

T
—|—/1 min 1+ ZZ\f dg?)| 3 exp | —cy t? Z f(dgh)? | at

/T j>Ld=0 (d,j)€S(t),j<L

where Fy denotes the distribution function of (f(n):n < N) and F the limiting distribution func-
tion (the implicit constant depending on q).

We note that the sums
" fldg')? (2.14)
(d,j)€s(t)

could be replaced by the better bound
8 q—
72 5[
720 d=0

see the proof of Lemma 1 below (clearly if (d,j) € S(t) then |[tf(dg?)/(2n)|? = t2f(dg?)?/(47?),
and the other terms are just neglected). However, the sum (2.14) is easier to handle than the sum
(2.15). Nevertheless, there are cases, where we need the better bound (2.15), see Section 2.3.

Our analysis is based on the Berry-Esseen inequality [12, Lemma 1.47] that we state first:

2

(2.15)

Proposition 1. Let F and G be two distributions functions of probability distributions with char-
acteristic functions ¢ and 1, respectively. Then we have for all T > 0

[F = Gllo < Qr (;) +/_i ‘p(t)_w(t)‘ dt.

In order to apply the Berry-Esseen inequality we need some information on the characteristic
functions ¢(t) and @y (t). The proofs of Theorems 2 and 3 will be done in parallel. We first give
an upper bound of ¢(t) in terms of f.

Lemma 1. Let ¢(t) be the characteristic function given by (2.3). Then (with the notation of
Theorem 2) we have

> flde')? ). (2.16)

T 2.2
T ajyes)
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Proof. From (2.6) we directly obtain

L2
8 tf(dg’)
p(t)] < exp ) ZZ Ton
7" 550 a=o
< 2 2 dg’)?
e d = Z fdq)
(d,j)€S(t)

O

Next we consider the difference ¢(t) — pn(t) for |¢t| < 1/T. For this purpose we recall the
definitions of m; , and mg.; , from (2.5). It is easy to obtain the following two representations:

qiL Z f(n) = Zml,qa qiL Z f(n)2 = Z(mg;f,q - mg,q) + (Z mza’]) .

n<qk <L n<ql <L <L

From this we easily obtain the following property.

Lemma 2. Suppose that f(n) is a real-valued q-additive function such that the two series (2.2)
converge. Then we have

1
3 Il = o)
n<N
as N — oo; the implicit constant depends on f.

Proof. Suppose that L = [log, N]. Then N < ¢* < ¢N and we have

EDINIOEFD IO,

n<N n<gl
2
Y =) +a (z m)
(<L (<L
= 0(1).

Recall that m?,q < mg; j.q- Consequently by Cauchy-Schwarz’s inequality

1/2
=3 15l < (; > f(n)2> =0(1)

n<N n<N
which completes the proof of the lemma. O

By definition and the elementary inequality |e® — 1| < |t| we have

1—on(t)] = % Z (1— eitf(n))
n<N
<l 3 17
n<N
= O(|t])-

By taking the limit N — oo we also obtain |1 — ¢(t)| = O(t). This also implies that on(t) —(t) =
O(t) and consequently the ratio (¢ n (t) —¢(t)) stays bounded. In particular, the following integral
can be trivially bounded:
1T 1
/ dt < —.
T T

Note that Qp(1/T) > 1/T. Thus we can neglect the term 1/7T.

Finally we have to deal with ¢(t) — ¢ (t) for 1/T < |t| < T. Since we have no direct access to
©n we have to approximate it by ¢4z, where L = Llogq N | and where we can apply the following
lemma by Delange [8, Proposition 3] (properly adjusted).

e (t) = ¢(t)




EFFECTIVE ERDOS-WINTNER THEOREMS FOR DIGITAL EXPANSIONS 7

Lemma 3. Suppose that f(n) is real-valued and g-additive. Then we have for all integers h > 1
and N > qh

L

o (t) — parn (1)] < qhi £33 max (1 cos(tf(dg))"? (2.17)
j=L—h+1
where L = Llogq N].
We note that [8] states the slightly worse bound
. 1/2
lon (t) — pqrt1(t)| < qhi_l +2V2h j Lz:hﬂ | Jnax (1 — cos(tf(dg’))) (2.18)

The final step in [8] is to apply the Cauchy-Schwarz inequality so that (2.17) implies (2.18).

Since 1 — cos(z) = 2sin®(z/2) < #2/2 we, thus, obtain

L q—1
t) — 1 (t logT j
on (1) |:|0qL+()dt<< SLer 3 S i)
1/T<[t|I<T i

The choice h = [log,(T'log T')| ensures that (log T)/q" < 1/T.
What remains is to consider the corresponding integral over the difference |pg r+1(t) — o(t)].
Obviously we have

b ()= 9(0) = () (1- 20

PgLt1 (t)

where

T ()

g (1) i>L

We can either use the trivial estimate |@p,z+1(t)] < 1 or proceed as in Lemma 1 to get

2 ‘
g (B)] Sexp | ——55t> > fdg)?

T4 apes@), i<

Furthermore, we trivially have |1 — () /@ z+1(t)| < 2 and (by the properties ¢(t) = 14 O(t) and
Qar+1(t) =1+ 0(t) as t = 0) |1 — @(t)/pgr+1(t)| = O(t). This implies

L-e®/pun®] 1
4 Tl

By using the properties e = 1+ iu + O(u?), [e™ — 1| < |u| and 1 + |u| < el (for real u) we
have

q—1
H(lz:e“f(dq )—exp ztz Zqu )+ O tQZ Zqu

j>L qd:O ]>L ]>L
and, thus,
1498 J
IT (500 ) -] o 03157 0| -
J>L d=0 A

+EY - Zqu

j>L
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Since the left hand side is upper bounded by 2 this also implies

q—1 )
I1 <1Ze“f(dq’)> <2y - Zf dg’)?

>\ =0 st

+EY - Zqu

]>L

for some constant ¢’ > 0. This directly provides the upper bound

Wdt«:rz Zqu +12%0 Zqu
1/T<|t|<T i>L >

and completes the proof of (2.10) and consequently that of Theorem 2.
Finally, by using the inequality

K
<D lar—1
k=1

for complex numbers aj with |ax| < 1, we have

11 (;geitquﬂ')) BIESY

J>L d=0 i>L

Z eitfda’) _

M ZZIf(dqj)l

j>Ld 0

provided that the last sum converges. Clearly this estimate completes the proof of Theorem 3.

Example. Suppose that ¢ = 2 and that
< f(P) <eaj”

for j > 1 and some « that satisfies 1 < a < 2, where c1, ¢y are positive constants. For this kind of
asymptotic behavior we obtain
|F — Fx|loo < (log N)' ™

as we will see in a moment.

First we have
Z f 2] Z j72a > C4|t|72+1/o¢

JES(t ]>03\t\1/"“
for proper positive constants c3, 4. Consequently

/OO exp | —ct? Z f(29H?% ] dt = 0(1).

JeS(t)
Thus, the first term in Theorem 3 is bounded by O(1/T).
Next we set T = L' where L = [log, N|. and h = [logy(T'logT)] = (a — 1)log, L +
O(loglog L). In particular this implies that

logT log L 1—
L (e
oh < o <
and (since a < 2)
L log L
T 27 L Ylog L) L™ ¢ L=,
j:;lﬂlf( )| < LT (log L) L™ <« —— <

Finally we have

S If@) < L,

j>L
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and for [t| > 1/T = L'~* we have
Sooserz Y s (0T - L) S gl

jes(t)4<L calt| /o <i<L

which implies that also the last term in Theorem 3 is bounded by L!~¢.
If a > 2 we can do a similar analysis and obtain ||F — Fy /s < vIoglog N (log N)~¢/2.

2.3. Cantor-Lebesgue Measures. We now discuss the binary case ¢ = 2 and the 2-additive
function f(n) that is given by

@)= (20
for some 8 € (0,1). In all cases the limiting distribution F' = Fj is continuous, however, it can be
quite wild in general. Let pg denote the corresponding limiting measure. It is easy to see that yg is
linked to the distribution of ZZO:O +5™ (where the signs are chosen independently with probability
1/2), denoted by vg, by the relation

s (B) = s (28 - 125

for any real Borel set B € B(R). We just have to compare the corresponding characteristic functions.
The following quote is from [27]:

Kershner and Wintner (1935) observed that v is singular for 8 € (0,1/2) since it
is supported on a Cantor set of zero Lebesgue measure (in fact, v is the standard
Cantor-Lebesgue measure on this Cantor set). Wintner (1935) noted that vg is
uniform on [—2,2] for 3 =1/2 and for B = (2 — 1/k)~! with k > 2 it is absolutely
continuous, with a density in C*~2(R). For 8 € (1/2,1) the support of vz is
the interval [—(1 — 8)71, (1 — 8)71], so one might surmise that v4 is absolutely
continuous for all such 8. However, in [15] Erdés (1939) showed that is singular
when S is the reciprocal of a Pisot number (recall that a Pisot number is an
algebraic integer all of whose conjugates are less than one in modulus). This gives
a closed countable set of 5 € (1/2,1) with vg singular.

In the case f(27) = 37 we cannot apply Theorem 3 directly since the (easy) upper bound for
|()| is not sufficient to obtain any bound that tends to zero. Nevertheless, a more careful analysis
provides the following bound.

Theorem 4. Let f(n) be the 2-additive function defined by f(27) = B7, j > 0, where B € (0,1).
Then we have
|F - Fx| <35 N (log N)los(1/8)/log 2
for some exponent c(8) > 0% (and the implicit constant depends on 3, too). Moreover, if F is
absolutely continuous, then we have
|F — Fy|l <g N~ log(1/8)/(log 2+log(2/8)) (log N)log(l/ﬂ)/logZ.

We note that these bounds are certainly not optimal, since ¢ = ¢(3) that we get from the
following proof is usually a very small number. On the other hand, for g = % the resulting sequence
is the Van-der-Corput sequence that has discrepancy of (optimal) order (log N)/N which is much

better than what we obtain in Theorem 4. In general we expect that optimal bounds are of the
form N—¢8)+e() for some &(3) > 0.

In the present case the characteristic function is given by
1+ eitﬁj
t) = _—
o(t) H 5
Jj=20
and consequently
1+ cos tBJ ) 1 ;
_Z J 2
0=T1(F57) <o |5 2w
720 720
2Gérald Tenenbaum mentioned to us that a different approach to the concentration function leads to the esti-

mation ||F — Fy|| < N~ (log N)lo&(1/8)/ 1082 with a relatively simple explicit number &(8). We will discuss this
in the Appendix B.
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It is essential to include the terms |[¢37 /x| for which [¢37] > m/2 although they behave quite
erratic. However, in the average they contribute essentially and this we will use.

Set B = 1/3 > 1 and suppose that T' > 1. Let Jy > 0 be the integer defined by B> < T < B/o+!
Then we have

BJ+1

T Jo 1 ‘
[eoras> [ ew (-5 e/ | a
1 J=0

BY >0
Jo B

= E BJ/
J=0 1

The most important ingredient for the proof of Theorem 4 is the following property.

1 .
exp 3 Z ||TBJ7J/7TH2 dr
0<j<J

Lemma 4. Suppose that B > 1 and set (for J > 0)
1 .
Sy(7) = B Z l7B7 /x|*.
A )

Then there exists n > 0 (depending on () such that:
B
/ exp(—Sy (7)) dr < exp(—nJ). (2.19)
1

Proof. The idea of the proof is that the average value of $||z[/ is 1/24. Thus, we can expect that
for most 7 we have S;(7) > nJ for some ) > 0. This would lead to (2.19). However, it is not that
easy to make this heuristic argument rigorous. For this purpose we adopt methods from [4].

We first assume B > 2 (the proof is very similar for 1 < B < 2, even slightly easier). We set

I R
f(z) = i 321 ¢ cos(2mkx) (z € R),
where i1
_ +
L
212 k2

Furthermore, let H > 1 and ~ > 2 be two integers such that
B _ o7 B3 _oxB2H 1 9x > 0.
We also put for z € R and m € N

HY H(m+1)
g(x) = ch cos(2rkz) and Up(x) = Z g((B-1)B'z/T).
k=1 j=Hm+1

For any A > 0, v € {f,g}, and M € N we define

M j j
Suwt)=> ¢ ((B_;)BH B>
j=0

™

and

Yo M) = (B - 1) / exp (ASara () dt.

We have the relation

ABeXp(—SJ(T)) dr = exp (-‘];41> (L),

In order to estimate x (1, J) we introduce a parameter A > 0 and consider x (A, J). Clearly we
have the following inequality for any x > 0,

xf(1,J) < (B —1) exp <‘]2+41) A({tel0,1] : [Syr@)] = ~K}) + (B—1)e",
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where A denotes the Lebesgue measure. By Cernov’s bound we have all A > 0
1

A({tel0.1] £ [T70] > ) < e 0,
which implies
B e J+1
exp (=Sy(r)) dr <e ™My, J)+(B—1)exp | k — ) (2.20)
1
Since |f(z) — g(z)] < 72 H™7 we can estimate (), J) with the help of x4(, J):
AJ
XA, J) < exp <7r2HV> Xg(A, J). (2.21)

It remains to bound x,4. For simplicity we assume that J = pH, where p is an even integer.
Thus, from the representation

p/2 p/2 1
SJg ZU2m<t+) ZUQm 1<t+_1)

and an application of the Cauchy-Schwarz 1nequahty we obtain

1/2 1/2
1 p/2 1 p/2
xg(\, Hp) < /exp A Upm(t+€) | dt /exp A Upma(t+€) | dt
0 m=0 0 m=1

In order to estimate these two integrals, we properly adapt the ideas and results of [4], together
with an observation due to Hartman [20] and a lemma of an article by Takahashi [29]. One first

key step is to use the inequality ¢* < (1 +z + x )e'r‘ z € R, to get

1 p/2 © faint) 2 p/2
0 —o0

m=0 m=0

o rgint\2 P2 Ay (t+€)  N2Uspn(t + €)?
(7)) L0 g 2o

< exp (Cl)\3pH3) /

o0 m=0

Then by using the Fourier expansion of Us,,(t) and the fact that

/0; (S'ltnt)z cos(u(t + a)) dt =0

for all real o and real u > 2 if follows — we skip the technical details — that for some Cs > 0

o . 2 p/2
/ (Smt> 11 (1 n /\UQW;“F@ N A2U2m(t+5)2> dt < (14 Co\2H)"?

oo \ T it 4
and consequently
1 p/2
/ exp | A ZUgm(t—F{) dt<<exp(C’1)\3JH2+C'2)\2J).
0 m=0

This leads then to
Xg(\, J) < exp (C1 X* T H? + Cy A J)
and by (2.21) and (2.20) to

/13 exp (=S (7)) dr < exp <

By choosing k = J/25 and H and ~v suﬂiciently large as well as A > 0 sufficiently small such that

1
O\ + C1 )2 H? <
ﬁZHv‘L 2A+ €1 50

we obtain the proposed result with 7 = min{1/600, A\/50}. O

)‘J 2 3 2
o >+exp< sy T Ce XN T+ Ci N TH >
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A direct application of Lemma 4 gives (where we assume without loss of generality that B > )
T

/D) <1 [ Jeloldr

-T

Jo
< % (1 +> (B eXp(—n))J>

J=0
1
< 7 (B exp(—1))”
< T_n/ log B.

Furthermore we have
L

S < it
j=L—h+1

and ‘

> < B

J>L
so that Theorem 3 gives

|F— Fn|| < T n/10g(1/8) 4 pgl—h < p=n/lee(1/B) 4 T N— e (Tlog ) =

Hence by choosing T = N where ¢y = co(8) = log(1/8)2/ (nlog2 + log(1/8)log(2/8)) we
obtain ||F — Fy|| < N=¢®)(log N)g(1/B)/ 1082 with ¢(8) = nco/log(1/5) as proposed.
Moreover, if F' is absolutely continuous, then Qr(1/T) <« 1/T and we obtain the second upper
bound.

3. CANTOR DIGITAL EXPANSIONS

The purpose of this part is to state an effective Erd6s-Wintner theorem for Cantor numeration
system. In fact, the results and the proofs are very similar to the previous case.

We start by recalling the construction of a Cantor numeration system: we choose a sequence
(an)n>o of integers such that a, > 2 for all n. The so-called Cantor numeration system Q is thus
the sequence (¢,)n>0 defined by go = 1 and ¢, 41 = ay, ¢, for all n > 0, hence ¢, = an—1 - - a1a0.
Then every nonnegative integer n has a unique expansion

n—Zé n)q;, 0<d(n) <a; — 1.
520

The length of N is thus defined by L = L(N) :=max{j > 0:¢; <N < gj11}.
Clearly this type of system is a generalization of the g-adic case by taking a,, = ¢ > 2 for all n.
Furthermore we define ()-additive function by

fldige, + -+ +drge,) = f(dige,) + - + f(drge, ),
where e; < eg < -+ < e, are different positive integers and dy, ..., d, are integers digits satisfying
For example, the Van-der-Corput sequence vg(n) related to the Cantor numberation system @
is defined by vg(dg.) = dg; ;.
A Cantor numeration system is said to be constant-like if the sequence (a,) is bounded.

3.1. Erd8s-Wintner theorem for constant-like Cantor numeration system. In [5] Coquet
proved an Erd8s-Wintner theorem for Q-additive functions when (a,,) is bounded.

Theorem 5. Let f(n) be a real valued Q-additive function with respect to a constant-like Cantor
numeration system. Then f(n) has a distribution function F(y), that is

Jim # {0 < N | fn) <y} = Fly), (3.1)

if and only if the two series

aj—l aj—l

Z > f(dg;) and Z > fldg;)? (3:2)

J>03d1 ]>03d1
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converge. In this case the characteristic function p(t) of the limz’tmg distribution is given by

o(t) = / ity dFy) =[] ( Z ettf(da;) ) . (3.3)

—o0 =0 %4 4=o

It can be proved in the same way as in the g-adic (by using Lévy’s theorem). We note that Barat
and Grabner [2] wrote an alternative proof from ergodic point of view where they could avoid “the
original Fourier analysis techniques”.

We also note that distribution measure given by F(y) is pure and that it consists only of
finitely many point masses if and only if there exists a J such that f(dg;) = 0 for j > J and all
de{l,...,a; — 1} (see [2, Proposition 3]).

3.2. An Effective Erd6s-Wintner theorem for constant-like Cantor numeration system.
As in the g-adic case, if only finitely many values f(dg;) are non-zero, then f(n) is periodic with
period ¢y and by (3.3) the limiting distribution function F equals F,, and we obtain

1
1En — Flloo < )i

which is (again) the optimal convergence rate.
From now on we will assume that f(dg;) # 0 for infinitely many instances. By doing the same
reasoning as for the proof we obtain the following result.

Theorem 6. Let f(n) be a real-valued Q-additive function (with respect to a constant-like Cantor
numeration system) such that the two series (3.2) converge and f(dg;) # 0 for infinitely many
instances. Let L = L(N) denote the length of N and h = [log,(TlogT)| (where a is the minimum
of (ayn)). Then we have for all real numbers T > 1 such that h < L(N)

aj—l aj—1

|Fx - Fllo < Qr (;) FTIS LN g+ VR Y Y fg (34)

j>L R j=L—h 7 d=0

where Fy denotes the distribution function of (f(n):n < N) and F the limiting distribution func-
tion. All implicit constants depend on the minimum and mazimum of the sequence (ay)y.

We note that the same remarks as given for Theorems 2 and 3 apply here, too. In particular we
can state an analogue to Theorem 3:

Py Fle< i [ : Jda)*\ 4y S
1Py = Floo < s [ o | —eat® 3 5 fdit ) . L3 irtaa)
(d.j)€Sc () 7 j=L—h+1 d=0
T 2
i 2 f(dqj‘)
+/1/Tm1n 77 Z p Z |f(dg;)| pexp | —cat | Z e dt,
J>L d=0 (d,j)€Sc(t), <L J

where

SC(t) = {(dmj) € {17" < — 1} x N |f(de)| < 7T/|t‘}
and ¢y = 2/72. We do not give the details, we only note that we used the fact that (a,) is bounded
to obtain a result similar to Lemma 2 (which explains the dependence on the sequence (a;), in
Theorem 6). And we also state the following result that is analogous to Lemma 3.

Lemma 5. Suppose that f(n) is real-valued and Q-additive. Then we have for all integers h > 1
and N > q(h]

on () = P (B)] S ————+2v2 ) max (1 —cos(tf(dg;)"?  (3.5)
ar—h+1°"0L—1 ) a;—1
where L = L(N) is the length of N.

Example. The Q-additive function
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defines the van der Corput sequence for a Cantor numeration system (ay,),. Let assume that the
sequence (ay)n is bounded. Then the two series (3.2) certainly converge. It is also possible to
compute the characteritic function of the limiting distribution

B(t) = H <1+Zexp<i_td)>

=0 a; qj+1

1t 1t
g (=) s

0 a; sin (t/24;1)

w 11 2g; sin (t/2q;)
-0 20541 sin (£/2q;41)
o4 Sin (t/2) 7
t/2
that is precisely the characteristic function of the uniform distribution on [0, 1]. In particular, F is
absolutely continuous with density F'(z) =1 (for 0 < z < 1). In particular Qz(h) = min(h, 1).
This corresponds to the well-known fact that the Van-der-Corput sequence is uniformly distri-

bution modulo 1. The distance ||F' — Fi||, is then precisely the discrepancy, for which it is known
that

log N

N
We can find more general and specific results in [19], for example. By applying the methods used
in the proof of Theorem 6, we only obtain

[F = Fyllo <

log N
N1/3
where we have used that fact that Qx(h) = min(h, 1) and where we choose T' = N'/3,

|F — Fn| o <

3.3. A Partial Erd6s-Wintner Theorem for General Cantor Numeration Systems. It
is a natural question what can be said for unbounded sequences (a,). In [5], Conquet stated a
sufficient condition for the existence of a limit distribution.

Proposition 2 (Coquet [5]). Let f be a real-valued Q-additive function. We set, for all j > 0 and
de {]., RN ].}

. _f f(dgy), if |f(dg;)| <1
“dqj){L 7 g > 1

and
i 2
= *(d .
e )

If B; — 0, and the series

aj—l a]—l
Z Z f*(dg;) and Z Z f*(dg;)?
>0 a4 a= >0 a4 4

converge, then f has a limit distribution and its characteristic function is

aj—1
H ( Z exp (itf dqﬂ)) .

%4 920

We already mentioned that Barat and Grabner [2] proved Theorem 5 with the help of ergodic
means. Actually they relate it to a convergence property of a series Y f,(z) that is defined on the
Q-adic integers ¢ € Zg = limZ/q,Z. However, in the non-constant-like case they observe (with

+—

the help of a counter-example) that this relation is no longer an equivalence. It remains an open
problem to formulate an Erdos-Wintner theorem for general Cantor systems.
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4. ZECKENDORF DIGITAL EXPANSIONS

For k > 0 let F}, be the k-th Fibonacci number, that is, Fo =0, F; =1 and Fj, = Fj_1 + Fr_»
for k > 2. By Zeckendorf’s theorem every positive integer n admits a unique representation

L
n= Z §i(n)F;,
i=2

where J;(n) € {0,1} and ¢;(n) = 1 implies d;41(n) = 0; L denotes the length of this expansion.
This is by the way the optimal representation of n as the sum of Fibonacci numbers in the sense
that the number of Fibonacci numbers is minimal. We also recall that the Fibonacci numbers are

explicitly given by
1
. = k+ -1 k—1_—k ;

where v = (14 1/5)/2 is the golden number that satisfies the equation 42 = 1 + 1.
A function f on the non-negative integers is called Z-additive if

L
f(n) = Z f(6i(n)Fy),

that is, f is uniquely determined by f(0) = 0 and the values f(F;), i > 2.

4.1. The Zeckendorf Erdés-Wintner theorem. Our first result is a proper version of the
Erdés-Wintner theorem for Z-additive functions. We note that a partial result was given by [1].

Theorem 7. Let f(n) be a real-valued Z-additive function. Then f(n) has a distribution function
F(y) if and only if the two series

SFF) and Y f(F)? (4.1)
Jjz2 Jj=z2
converge. In this case the characteristic function ¢(t) of the limiting distribution is given by
\/3 ri(t
ot) = LT 2, (12)
Y is2 Y
where ro(t) = 1 and
eitf(Fj)

r(t)

rit1(t) =1+ (j=2) (4.3)

provided that 1;(t) # 0 for all j > 2.

We note that the limiting distribution is purely atomic if and only if f(F;) = 0 for j > J (for
some integer J), see [2, Proposition 11].

As we will see in the discussion below it might happen that r;(t) = 0 for finitely many j and
that we have then a similar infinite product representation for (). In any case the representation
(4.2) is valid for sufficiently small .

Set _
Hy(t) := Z etf ()
n<Fy
Then by defintion we have Hq(t) = Ha(t) = 1 and
Hy(t) = Hy_(t) + T EOH, o) (k> 3). (4.4)

Furthermore if we set
A (f) = 1 eftf(Fr)

(s ) =20 (220 )
and consequently we have

Hi(t) :( 1 0 )Ak1(t)Ak2(t)"'A2(t)< i )

(4.5)

then (4.4) rewrites to
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Next we assume that r;(t) # 0 for all j > 2. We observe that the recurrence (4.3) is equivalent to
the relation 0 0
e (t . Try1(?
) (0 ) =i (0

Hi(t) = ra(t)rs(t) - - - re—1(t)ri(2).
Thus, if we have a limiting distribution then the characteristic function of the limit is given
Vb V5 1 ri(t)

) =—1["

o1 .
p(t) = kll}ngo F—ka(t) = kll}ngo ?Hk t 5 = (4.6)

which leads directly to

j>2

Next let us assume that f(Fy) — 0 as k — oo. (This is certainly implied by (4.1).) By (4.4) this
implies that for every fixed real number to > 0 we have 74 (t) = Hy(t)/Hy—1(t) — v uniformly for
|t| < to. The converse is also true (here we have use again Lemma 9 of the Appendix). In particular
this shows that for every fixed tp > 0 there exists jo such that r;(t) # 0 for [¢| < tp and j > jo. In
the same way as above we obtain

o= mm T 2 (1 <w).

izdor1 !

where 7;(t) satisfies the same recurrence (4.3) as above for j > jo, and where we can compute
Tjo-l—l(t) by " ( )
jo+1(F
Tjo+1(t) H, @)
Next we will study the recurrence (4.3) in more detail. For this purpose we use the following
notation:
e = N (t) = et Fe) 1, er = ex(t) :=rp(t) — .
Then (4.3) rewrites to
me— (v = Dex
Ek+1 = Y+ en . (4.7)
Note that — for notational simplicity — we skip the dependence on t. Further note that r(t) — ~
is equivalent to g, — 0.
In order to quantify the above considerations on the non-zeroness of r4(t) we note that |ng| =
letf(Fk) — 1] < 2y — 3 and |ex| < v — 1 implies |y + €| = 1 and consequently

k1] <Imel+ (v —=Dler] €2y =3+ (v - 1) =7 -1

Lemma 6. Suppose that f(Fy) — 0 as k — oo. Then the condition that the two series (4.1)
converge is equivalent to the statement that the two series

Z gj and Z le;|? (4.8)
Jj=zjo Jj=jo
converge, where jo is chosen in a way that €; # —v for j = jo.
Proof. Since f(F;) — 0 we also have that ¢; — 0, and we can assume that |¢f(F})| < 7 and
lej] < 4 for j > jo. By using the inequalities 2 |2| < |e® — 1| < |z| (for |z| < 7) it directly follows
that
> Injl? < oo ifand onlyif > f(Fj)? < co.
Jj=0 JjZjo
and by applying the expansion €' — 1 = iz +O(2?) (for x — 0) it also follows that the series N
is convergent if and only if the series > j f(F}) is convergent.
— %, and with L = (y —1)/(y —

v ) < 1 we have
< [nj-1l + Llej-l

Since |¢;| < 4 it follows that |y +¢;| > i
le5]
and by iteration
J—Jo
5l < D Imje L 4 LI790 e, .
=1
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Consequently
Jj—Jo o
DolelP<2d 0 > el s IFFTP 427 PO e 2
JjZjo JjZjo k=1 Jj2jo
- o
=2 ) L[HH > [mj—ellmj—] +2 7 _jOLz
k,0>1 j=jo+max{k,l}
Z | |2 +2 |€j0|2
< 1-12 j _ 2
JZJjo

where we have used the Cauchy-Schwarz inequality to derive

> mi—ellmi—&l < Injl*-

j=jo+max{k,l} Jj=Jjo

Thus, if the series 3 In;]? is convergent, then the series > le;|? converges, too.

The converse statement is much easier to prove. From (4.7) and the assumption |¢;| < 5 we
obtain

€;
nj = ;J 8541 +EjEim (4.9)
and consequently
n;] < e1lejl + ealejal

for some positive constants ¢, ce. Hence, if the series > j |5j|2 is convergent, the same property
holds for the series In;|%.

Next assume that the two series . 7; and }_, In;|? converge. As argued above this implies
that the series > j \5j|2 converges, too. By the Cauchy-Schwarz inequality this also implies that

the series . £;¢;41 converges. Hence, by using the fact that ¢; — 0 (as j — 00) and the relation
(4.9) it follows that the sum

Z%—( +7>_ Zm Z€JEJ+1+€L—€M+1

j=L

can be made arbitrarily small and, thus, Cauchy’s criterion implies the convergence of the series
Zj €j-

Again the converse implication is easier to obtain. If we assume that the two series Zj €;
and ) lej]? converge then by using (4.9) it directly follows that the series > ;m; converges. We
just recall that the series > j |nj|2 converges, too. Summing up this completes the proof of the
lemma. |

We are now in the position to prove Theorem 7. Suppose first that the two series (4.1) converge.
Then by Lemma 6 the two series (4.8) converge, too, which implies that the infinite product

17 I ()

Jjzjo+1 JjZzjo+1
converges. Thus, by (4.6) the limit
@(t) = klim PFy (t)
—00

exists (where pn(t) := (1/N) > _yexp(it f(n))). As in the g-adic case, this also implies that
en(t) = o(t) (see Lemma 8). Finally, the limiting function ¢(¢) is continuous at ¢ = 0 (for
example, Lemma 7 implies that ¢(t) = 1+ O(t) as t — 0) and the conclusion follows thanks to
Lévy’s theorem.

Now we assume that f(n) has a limiting distribution. This implies that Hy(t)/F) — ¢(t), where
©(t) is the characteristic function of the limiting distribution. By (4.4) this implies that e**/(Fx) — 1
as k — oo and consequently (also by using Lemma 9 in Appendix) f(Fy) — 0 as k — oo.
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The convergence to ¢(t) can be also rewritten to

Y5 i (1 0>Ak<t>Ak_1<t>---A2<t>(}). (4.10)

Let ||All2 := /p(AA*) denote the spectral norm of a matrix A (here p denotes the spectral
radius and A* the Hermitian conjugate). It is easy to see that ||A;(t)||o = 7. However we have
|Aj11(8)A;(#)]]2 < v exp(—c|n;+1]?) for some constant ¢ > 0 since

Aj (A () (A1 (D) A; (1) = ( SH+mjt1 T4 3+ M4 )

3474 2
(5= 21— cos(tf(Fiy1))) 3 (1— et Fren)
= 3 N (1 o efitf(FjJFl)) 2

and the spectral radius satisfies

_ _ ) — (1 — eitf(Fit1)
p (P2 ) PO ) <yt contes () <0 P

for proper constants ¢’ > 0, ¢” > 0. Hence by taking norm at (4.10) and by grouping consecutive
matrices together we obtain (similarly to the proof in the g-adic case) that

tf(;zj) - tf(];jrj+1)

Jjz1

2 2

< |o(t)] < min ¢ exp —CZ
Jjz1

1
2
which implies (as in the g-adic case) that the series >, f (F;)? converges. At this point we can
now argue as in the proof of Lemma 6 and observe that the series }_; [e; (t)|? converges, too. We

choose t > 0 sufficiently small such that the representation (4.2) holds. Thus, the series Zj g;(t)

converges and consequently by Lemma 6 the two series (4.1) converge which completes the proof
of Theorem 7.

4.2. An Effective Version of the Zeckendorf Erdés-Wintner theorem. Similarly to Theo-
rem 2 we can formulate a quantitative version for Zeckendorf additive functions that are, however,
slightly weaker.

Theorem 8. Suppose that f(n) is a real-valued Z-additive function such that the series
i) (4.11)
j>2

converges. Set L = flog,y(\/gNﬂ and h = [log,(TlogT)|. Then we have for all real numbers
T > 1 such that h < L/2

[y~ Flae < Qe/T) + 22 4 S0 (5(5y) (412)
§>L—2h+1

where Fn denotes the distribution function of (f(n) : n < N) and F the limiting distribution
Sfunction.

We note that there is also an analogue to Theorem 3 that is of the form

1 /T log N L
1Py =Pl < 7 [ o |-t 3 fF)? | @+ B2+ S 5m) @)

jeS(t) j=L—-2h+1

T 1

+/ min § ——, STfE) pexp | —e2t® > f(F)? ] dt,

1/T +i =~ L

j=zL—h JES(t),j<L—h
where

St)={j=2:[f(F)] < /[t]}
and co > 0 is some constant.

Remark 1. By choosing h = ﬂogV(Tlog NlogT)] in the two previous upper bounds, the term
log(N)/T disappears.
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The main differences between Theorems 2 and 3 and Theorem 8 are the additional term
(log N)/T and the need of the assumption (4.11), at least for the upper bound (4.12) (the up-
per bound (4.13) works in principle in all cases). Both seem to be artefacts of the proof, however,
it seems that the current proof methods are not strong enough to overcome these artefacts. Nev-
ertheless, the proof uses quite the same ideas as that of the previous theorem. The main technical
difficulty is to handle non-commutative matrix products.

We start with two lemmas that are analogues to Lemma 2 and to Lemma 3.

Lemma 7. Let f(n) be a real-valued Z-additive function such that the two series (4.1) converge.
Then we have

=3 15 = 00) (4.14)

as N — oo.

Proof. We choose Fy, such that F;,_y < N < F}, and will prove that

> 1f ()] = O(FL).

n<Fr,

Clearly this implies (4.14).
For this purpose we consider first the sums

By definition of f we obtain the recurrence

Sk = Z f(n) + Z f(Fr—1+n)

n<Fr_1 n'<Fg_2

= Sk—1+ Sk—2+ Fi—af (Fr—1)

which leads (by induction) to

k—1
Sk =Y Fr_eFi1f(Fo). (4.15)

=2

The representation can be used to prove Sy = O(F}) but we will (4.15) directly.
Similarly we can treat the sum of squares. From the recurrence

To= Y f)?P= > fm)P+ Y. f(Fe+n)

n<Fy n<Fj_1 n'<Fp_o

= Sk1+ Sk—2+ Frof(Fr—1)* + 2S5—of (Fx_1)

we obtain (again) by induction

k—1 k—1
Tp =Y FooeFo1 f(F)? 42 FooySeo1 f(FY).
(=2 =2

The first sum can be easily handled:

k—1

k-1
> P iFpaf(F)? =0 <7k1 > f(F€)2> = O(Fy).
1=

=2
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For the second sum we use (4.15) and obtain

k—1 k—14¢-2
QZkaeseAf(Fe) =2 Fo¢Fp_j 1 Fi_1 f(Fo) f(Fj)
=2 (=2 j=2
2 &8 k—¢ k—t41 0k
- — P (S1)E
5V/5 ;; ( )
X (YT () ) (T 4+ (1)) F(FD f(F)
-2 k—10-2 g hole=2
=2 E)f(Fj) + —= R 1) f(F) f(F
5V 2 2 OB+ 55 3 5 SE )
g h-1l-2 g h-1l-2
b= YOS AR () I () f(F) + ——= PR ()R (F) £ (F)
SVh 5 j=2 Vh 5 j=2
g hole=2 g hole=2 ‘
+ N Z ZV’C*%H( U f(F) f(Fy) + NG Z7%72%]“(*UkiHJHf(Fe)f(FJ)
(=2 j=2 (=2 j=2
9 k—140—2 9 k—11£-2
to oz VIR R (F) f(Fy) + VG VRN () £(Fy).
=2 j=2 (=2 j=2
Since
k—1¢0—2 Wi= 2 = k—1
R:= FENE) =5 | D FE) | =5 D FF)* =Y f(F)f(Fj-)
(=2 j=2 j=2 j=2 j=3
and

it follows that R = O(1) and, thus, the first part of the sum is of order O(F}). The other parts
can be handled even more directly. For the sake of shortness we only discuss the next three terms
(that are also asymptotically most significant). The remaining four terms are really easy to bound.
First we have

k—1¢-2 ‘ ' k—3 ‘ 4 k—1
P TH(Y FENFE) = YA () Y F(E)
=2 j=2 =2 L=j+2
k—3
=Y AHIF(EIO()
j=2
k—3 k=3 1/2
-0 ( P f(Fg)Q)
j=2 =2
= O(Fy).
Second, we obtains
k—16-2 _ _ k-3 k—r—1
R (1) (R F(F) = S A (1) S F(F ) S ()
=2 j=2 r=2 j=2
k—3 k—1
=0 ZVk_% f(FJ)2
r= j=2



EFFECTIVE ERDOS-WINTNER THEOREMS FOR DIGITAL EXPANSIONS 21

And third, we get
k—1¢

E
—

i—
PRI (E) Y F(E)

J

no

PR )R (R ()

I|
N

-2
=2 j=2

>
[
- N

VR F(F) O

~
||
N

k-1 k-1 1/2
~o( (S s ar)

=2 =2
= O(Fy).
Finally by Cauchy-Schwarz’s inequality we obtain

1/2
> 1fm) < F ( > f(n)2> =0 ((FLT1)"/?) = O(Fy)

n<Frp, n<Fr,

as required. This completes the proof of the lemma. O

Lemma 8. Suppose that f(n) is real-valued and Z-additive. Then we have for all integers 1 < h <
L/2

L
log N
on(t) = om, ()] S Crot 4 Cy > (1= cos(tf(Fy)"/?
v j=L—2h+1

where L = ﬂog,y(\/g N)] and Cy and Cy are two absolute positive constants.

Proof. For r > 2 we set

and

T 1 7 n
o (1) = e
n<N

The difference ¢n(t) — ¢r, (t) is now estimated in the following way:

[on () = or, (O] < [on(t) - (0]

L—1 Fr_p—1 Fr_ph_o ; o
¥ \wﬁv (0 = i om0, (0 — TS o, (@) (410
Fr_p_1 Fr_p_1

+

fYL,h,Q ‘QPFthfl(t) — PFL (t)’ + PYL,h,Q ’@Fthfz(t) — YFL (t)’ :
Note that FL,hfl/’yL_h_2 + FL,h,Q/’yL_h_l =1.

We consider now the four parts on the right hand side of (4.16) separately. For the first part we
observe that f(n) = fr_p(n) if n < Fr_p. Iif n > Fr_j; then we have

eitf(n) _ gitfoon(n)| _

H et f(G;(m)Fy) _q
jzL=h
L

N

GitF (35 () Fy) _ 1)

L
-2 Z \/1 — cos(tf(8;(n)Fy))
—IL—

h
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and consequently

L
en(t) - (L h) ’ <V2 Z v/1—cos(tf(F

j=L—h

Next we use the fact (see [28]) that for every r > 2 there exists a partition of [0,1) into F,
intervals I,.(k), 0 < k < F,, of lengths |I.(k)] = v*" if 0 < k < F._; and |I.(k)| = 7" if
F,._1 < k < F, such that

{ny} € (k) if and only it (85(n), ds(n), .., 6r—1(n)) = (32(k), G3(K), ., 6r_1(K)).

Since the discrepancy of the sequence {nvy} is of order (log N)/N we, thus, obtain

SO(t) = Z #{n < N: *5\7;7} € Ir(k)}eitf(k)

k<F,

5 (o (EEXY) e
k<F,

F,. log N

_ i1 () "

= Z |T-(k)|e +O( N )
k<F,

Clearly we have

i Frfl F’r‘72 i
Z L, ()| i or, ,(t) + Fe HEDep ()
k<F,

which implies (by setting r = L — h)

log N
vz

L—h Fr_p1 Fr_h o .
‘905\/ )(f) S h- SPFL_h- (t)7W6nf(FL_h_l)wFL7h72(t) <C

for some constant C' > 0.
For the final part we recall the defintion (4.5) of the matrices Ay, = Ag(t). We further set

(1)

and note that ||A — Ag||2 = |nx| and ||Ak||2 = ||All2 = . For exmaple, we have

L L
JA" = ALAL 1 Appalla <A DD A=Al =" > Il

j=L—h+1 j=L—h+1

Note also that A" = "M + O(y~") where M is the matrix that projects to the direction (v, 1)
and satisfies M2 = M. By using the relation F/Fy_; =" + O(y*"~2L) and the decomposition

F
ArAp—1--- Az—FLI:h
=(ApApL 1 Ap_p — AMAL WALy As

+ (A" =MD AL AL 1 Ag + O L

Ap pAp_po1-Ag=ApAp 1 Ay =" A Ap_pq - Ao+ O(*F)

= (ApAp—1-Ap—ps1 — AN AL Ap_p_1 - As
+ "M = DAL _pAp—p—1-+ Ao + O(¥*"E) + O (2721

= (ApAp 1+ Ap_pyr — AMAL ALy Ay
V(M = I)(Ap—pAp—n—1- Ap—onp1 — AM)Ap_gp - Ay
AM — D) MAL _ap, -+ Ag + O(v= 721,
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(where I is the 2 x 2 identity matrix) and by noting again that (M — I)M = 0, we, thus, obtain

L
F _
JALAL—1- Ay — = Ap pAp_p1-- Agllz <772 Z Inj
Fr_p ,
j=L—h+1
L—h
e AR W U R o) Chld
j=L—2h+1
and consequently
yE-2 - 2h
lor, (1) —or (DI <V2 = Y0 Il + 067"
L =L oh+41
L
< Z \/1 = cos(tf(Fy)) +~ 2"
j=L—2h+1
The same estimate holds if we replace h by h+ 1 or h + 2.
Summing up, this completes the proof of the lemma. |

We are now ready to prove Theorem 8 that runs along the same lines as the proof of Theorems 2
and 3, in particular we use (again) the Berry-Esseen inequality. Instead of the upper bound (2.16) we
get (with the help of the representation (4.10) and the bound ||4;(t)A;11(t)]|2 < v exp(—c|n;|?))
the estimate

e Sexp | =182 D f(F)?
JeS(t)
which leads to an upper bound for Qr(1/T).

From Lemma 7 we get ¢(t) — on(t) = O(|t|) which can be used to estimate the integral
S0 dle() — on ()] dt.

The integral fl/T<|t|<T |%|<p(t) — on(t)] dt is (again) split into two parts:

t) — t t) — t
o) (O orl)_en()
1/T<|t|<T 1/T<|t<T

dt.

For the second part we apply Lemma 8. Note that we choose h < L/2 in a way that
logT log N/v" < 1/T. For the first part we need proper bounds for the difference o(t) — @p, (t).
For t — 0 we certainly have

o(t) ‘

60) = o1, (0] = lor, 0] |1~ 20

<ltlexp [ =it > f(F)?
j<L,j€S(t)

By using the matrix product representation we also obtain (for all t)

() = pr, ()| < exp [ =182 > f(F))?
J<L,j€5(t)
Finally by using the same methods as in the proof of Lemma 8 we get

L—h—1

) —er @l < 3 Inil-"" | [ 4@ +067™

jzL-h 9

<t DY f(Fplexp | —cit* > f(E)P | +0(7)

j=L—h j<L—h,jeS(t)
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Hence, we obtain

t) — t T 1
/ Mdt(/ min { ——, Z |f(F})| p exp —cot? Z f(Fj)2
2] 1T 1+t &, L
1/T<L[ELT 1z jeS(t), j<L—h
logT
N2h

Note that log T//v*" < 1/T and so we are done.

Example. Again we consider the most easy example (similarly to the g-ary case). We suppose
that

c1j “ < f(Fj) <caj™®

for j > 2 and some « > 1, where ¢y, ¢y are positive constants. By applying Theorem 8, choosing
h depending on N as in Remark 1 and by calculations that are very similiar to the g-ary case we
obtain

(log N)1—« forl <a<2,
1F = Fivlloe < { Vioglog N(log N)% for a > 2.

Remark. They are open questions how improve Theorem 8 and how far Theorems 7 and 8 can
be generalized to base sequences G, that satisfy linear recurrences with constant coefficients. It
should be certainly feasible to handle base sequences (G,,) that are given by Gp = 1, G; = a and
Gnio = aGpi1 + G, (n > 0), where a > 1 is a given integer, but even this case seems to be very
involved.

Acknowledgment. The authors are very grateful to Lukas Spiegelhofer and to Gérald Tenenbaum
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APPENDIX A

The following property is probably well known, however, we could not find a proper reference.
We thank Lukas Spiegelhofer (TU Wien) and Gérald Tenenbaum (Nancy) for the following two
nice proofs.

Lemma 9. Let be n > 0 and let (an)n be a sequence of real numbers such that, for all T € (0,n)]
|7 an| — O,
where || - || is the distance to nearest integer function. Then a, — 0.

1st Proof (Spiegelhofer). By contradiction, we assume that a,, does not converge to 0. This means
that there exist € > 0 and an infinite set I of natural integers such that |a,| > € for n € I. Without
loss of generality we can asssume that e < 1/7.

We define the following sets

A, = {7’ € (0,n) : |ITanl > %6}

If n € I we observe that A(A4,) > n/3, where A denotes the Lebesgue measure. We just have to
remark that a, - A,, results from a,, - (0,n) by cutting out < a,, -7+ 1 many intervals of length less
or equal than ne/3 < 1/3. Thus,

1\ ne 2n
AA) Zn—(n+— )L zn- =1
(An) =1 (n+an) 5 =0 3
Let us now consider the following sets

By i={r € (0] :Yn=m, ¢ A} =0\ J An

nzm

Note that B, C By41. Since || 7ay|| — 0 it follows that there exists m = m(7) such that 7 € B,,.
Hence, |J;_y B = (0, 7). Consequently the continuity of the Lebesgue measure implies

Tim AB) =AU Ba | = A(00) = (4.17)
m=0

However, for all m > 0, there exists n > m with n € I. By definition B,, C (0,7n] \ A,, which
implies A (B,,) < n— A (Ay) < 2n/3, whence the contradiction to (4.17). O
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2nd Proof (Tenenbaum). By assumption |7 a,| — 0 (for 7 € (0,n]). Hence, the functions f, (1) =
1 — cos(27T a,,) converges pointwise to 0 on this interval. By Lebesgue’s theorem it follows that,

as n — 0o,

1 /77 fa(r)dr=1-— sin(2m1 an) — 0.

1 Jo 2m1) ay
Thus, the sequence (ay), has to be bounded. Consequently, if 7 > 0 is sufficiently small we
have |7 ay|| = |7 ayn| which implies that that |7 a,| — 0. Of course this also proves a, — 0 as
proposed. O

APPENDIX B

In Theorem 4 an explicit value for ¢(/) is not given. However, Gérald Tenenbaum mentioned to
us that one can use, for example, the following explicit bound

|F — Fy| < N~¢®(log N) St

where

o5) - loal1/8) 1o (2
Tog(1/5) log(2/5) + log(D?

Proof (Tenenbaum). We first observe that Qr(1/T) can be upper bounded by the concentration
function Qg,, (1/T) associated to the convolution of independent Bernoulli random variables X,,
0 < n < M, with P[X,, = 0] = P[X,, = "] = . We choose M = [log(T")/log(1/8)] so that
BM > 1/T. Next let R = 1+ |log(4)/log(1/8)], so that 8% < 1/4. Then Qg,,(1/T) is also the
concentration function associated to the convolution of the laws F,, 0 < a < R, where F, is the

law of
> X,.

0<n<M,n=a mod R
However, for each a, the values of these random variables are ordered lexicographically and the
gaps are > M > 1/T. So we have Qr, (1/T) < 2= M/%_ Since the concentration of a convolution
product does not exceed that of the factors, we get

Qr(1/T) < Qr, (1/T) < 2~ 108(1)/(08(1/5)(1+l0a(4)/ log(1/8))) _ p~eo(8),

where loz2
og
¢ =—.
"= oa(a/8)
According to (2.10) we, thus, have (with L = |log, N| and h = |log, (T logT)])

log(1/B) ___ log(1/8) log(1/8)
22

|F — Fy|| < T—B) 4 TpE~r « p=coB) L TI+ 7052~ N Tlx2 (logT) ™ 1os?

Hence by choosing
log(1/8)/ log 2
T = N 1+log(1/B)/log 2+cq(B)

we finally obtain
co(B)log(1/B)/log2 log(1/8) log(1/8)

|F — Fy|| < N~ THea/ oa 2reo (log N) 107~ = N~ (log N)“Tos>

as proposed.



