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Geometric Approach to b-Symbol Hamming
Weights of Cyclic Codes

Minjia Shi™, Ferruh Ozbudak™, and Patrick Solé

Abstract— Symbol-pair codes were introduced by Cassuto and
Blaum in 2010 to protect pair errors in symbol-pair read chan-
nels. Recently Yaakobi, Bruck and Siegel (2016) generalized this
notion to b-symbol codes in order to consider consecutive b errors
for a prescribed integer » > 2, and they gave constructions and
decoding algorithms. Cyclic codes were considered by various
authors as candidates for symbol-pair codes and they established
minimum distance bounds on (certain) cyclic codes. In this paper
we use algebraic curves over finite fields in order to obtain
tight lower and upper bounds on b-symbol Hamming weights
of arbitrary cyclic codes over [F,. Here b > 2 is an arbitrary
prescribed positive integer and F, is an arbitrary finite field.
We also present a stability theorem for an arbitrary cyclic code
C of dimension k and length n: the b-symbol Hamming weight
enumerator of C is the same as the k-symbol Hamming weight
enumerator of C if k < b < n — 1. Moreover, we give improved
tight lower and upper bounds on »-symbol Hamming weights of
some cyclic codes related to irreducible cyclic codes. Throughout
the paper the length n is coprime to g.

Index Terms— Cyclic code, b-symbol error, algebraic curve,
Weil-Serre bound, irreducible cyclic code.

I. INTRODUCTION

YMBOL-PAIR codes were introduced by Cassuto
and Blaum [2], [3] to combat symbol-pair errors in
symbol-pair channels. This model was used to address chan-
nels with high write resolution but low read resolution, so that
individual symbols cannot be read off due to physical limita-
tions. In this new model the errors are no longer individual
symbol errors, but rather symbol-error pair errors, where in a
symbol-pair error at least one of the symbols is erroneous.
The seminal works [2]—[4] established relationships between
the minimum Hamming distance of an error correcting code
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and the minimum pair distance, constructed some codes for
pair distance and gave decoding algorithms.

The minimum pair distance of linear cyclic codes has been
studied by Cassuto and Blaum [3], Kai et al. [13], and recently
by Yaakobi et al. [19]. In particular, Yaakobi et al. obtained
an elegant result on the pair distance of binary cyclic codes
of dimension at least 2: do(C) > dy(C) + [ ~ 34, (C),
where do(C') is the minimum pair distance of C' and d; (C) is
the minimum (Hamming) distance of C. Moreover, in [19]
they considered the more general problem of consecutive
b-symbol errors instead of only 2-symbol errors for a pre-
scribed integer b > 2. They generalized some results of b = 2
to the case of b > 2.

Let IF, be an arbitrary finite field. In this paper we use alge-
braic curves over finite fields (equivalently algebraic function
fields over finite fields) in order to study lower and upper
bounds on an arbitrary cyclic code C' over F, of length n,
where b is a prefixed integer such that 2 < b < n — 1. Our
main contributions are:

o We obtain tight lower and upper bounds for b-symbol

Hamming weights of arbitrary cyclic codes.

e We give a stability theorem for b-symbol Hamming
weights: if C' is an arbitrary cyclic code of length n
and dimension k, then for any integer b in the range
k < b < n—1 the b-symbol Hamming weight enumerator
of C is the same as the k-symbol Hamming weight
enumerator of C.

« We obtain improved lower and upper bounds for b-symbol
Hamming weights of some cyclic codes related to irre-

ducible cyclic codes.
We also find a connection between maximal and minimal

curves over finite fields and the lower and upper bounds of
b-symbol Hamming weights of arbitrary cyclic codes. Using
this connection and inspired by the important result dz(C') >
%dl(C) of Yaakobi ef al. [19, Theorem 1], we obtain further
inequalities between dp1s5(C) and dp(C) for some cyclic
codes C.

For any code C of length n over F,, there is a canonical
code C® of length n over the alphabet F’ such that the
b-symbol Hamming weight enumerator of C' is the same as
the Hamming weight enumerator of C. This follows naturally
from the definition by an explicit F,-linear map ;. We could
not find this map in the literature and we explain it in
Section 2 below.

The rest of the paper is organized as follows: We give some
preliminaries and further notation in Section 2. We present a
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trace representation of C® in Section 3, that we use in our
proofs. We specialize to a subclass of cyclic codes related to
irreducible cyclic codes in Section 4. This allows us to present
some of our methods in detail and we also get improved
bounds on the b-symbol weights in this subclass. We give
our results for arbitrary cyclic codes in Section 5. We also
have an appendix providing background material on algebraic
function fields that we use in Section 4 and 5. We conclude
in Section 6.

II. PRELIMINARIES

We start by fixing a part of our notation:

o IF,: finite field with ¢ elements.

e n > 3: an integer with ged(n,q) = 1.

e 2<b<mn-—1: an integer.

o For a finite set A, let |A| denote its cardinality.

o C: an [ -linear subspace of . We assume that [C] > 1
omitting the trivial case. C' is called a linear code of
length n over F;. We also refer C' just as code throughout
this paper. Elements of C' are called codewords of C.

o k= diqu C.

We present further notation and preliminaries in the follow-

ing subsections.

A. Hamming Weight, Hamming Distance and Hamming
Weight Enumerator

Let A be a nonempty finite set, which stands for the
alphabet to be fixed. Throughout the paper A becomes F,
or Fb = Fyx - xF,. Let a = (oq,...,0,) € A" and

b times .
B = (P1,-..,0n) € A". The Hamming weight ||a|| of o is
the nonnegative integer

laf| = {1 <i < n:ay #0}.

The Hamming distance d(o, 3) between « and 3 is the
nonnegative integer

d(a,ﬁ) = |{1 < ) <n: (67 7& ﬂz}|

Let C C A™ be a subset with |C| > 2. The minimum Hamming
distance d(C) of C is the integer

d(C) = min{d(e, B) : a, 5 € C and o # [3}.

If C is further closed under addition, then it is well known and
easy to observe that

d(C) = min{||a|| : « # 0}.

Assume that C C A™ is a subset which is closed under
addition. For 0 <i < n, let A; be the nonnegative integer

A =HaeC: flall = i}

The polynomial A(Z) = Ag+A1Z+---+ A, Z" € Z|Z] with
these nonnegative integer coefficients is called the Hamming
weight enumerator of C.

IEEE TRANSACTIONS ON INFORMATION THEORY

B. b-Symbol Hamming Weight, b-Symbol Hamming Minimum
Distance and b-Symbol Hamming Weight Enumerator

Recall that b is an integer with 2 < b < n — 1. Let 7 :
Fy — (Fg)n the map

(ao,...,ai,...,an,l) = ((ao,al,...,ab,l),...,
(i, g, - -;ai+b—1)7 )
(an71;a07 .. 'aanerfl))a

where the indices are modulo n. It is clear that 7, is an
[F,-linear map.

Example 1: For q =
(0,1,1,0,0) € F5 we have

2, n = 3 and a =

m(a) = ((0,1,1),(1,1,0),(1,0,0),(0,0,0),(0,0,1))
S (FQ X ]FQ X Fg)s .

The Hamming weight of m5(«a) over the alphabet A = Fy x
FoxFois1l+1+1+0+1=4 (see Subsection II-A).
Put A = Fy x --- x Fy. Recall that C' C Fy is a linear code
—_———

b times

of length n over F,. Let C(*) = 7,(C) C A™ be the image of
C' under the F-linear map ;. Note that C®) is closed under
addition. Using the notation of Subsection II-A, the Hamming
weight minimum distance of C'®) and the Hamming weight
enumerator of C'®) are well defined. The Hamming weight
minimum distance of C®) is called the b-symbol Hamming
minimum distance of C. The Hamming weight enumerator
of C® is called the b-symbol Hamming weight enumerator
of C. Similarly for a codeword ¢ € C, the Hamming weight
of mp(c) € A™ is called the b-symbol Hamming weight of c.
We also denote C' as C'1).

C. Cyclic Code of Length n Over F, and Its Nonzero Set

We further fix and assume the following from now on
throughout the paper:

e 7 > 2: an integer such that n | (¢" — 1).

o 1 € Fj,: a primitive n-th root of 1.

o (' an arbitrary (if not stated otherwise) cyclic code of

length n over F,.
The existence of r follows by
ged(n, q) = 1.

We need to introduce some basic facts on cyclic codes.
We refer, for example [15], for the details. It is possible
to identify an element (ag,as,...,an—1) € Fy with the
polynomial ag + a2z + -++ + ap—12""1 € Fy[z]. Let R be
the quotient ring of F,[z] given by R = Fy[z]/ < 2" — 1 >.
Using this identification, cyclic codes of length n over I, are
exactly ideals of R.

Let I be the ideal of R corresponding to C'. It is well known
that the ideals of R are principal. Hence there exists a uniquely
determined monic polynomial g(z) € F,[z] of smallest degree
such that g(z)+ < 2™ — 1 >€ I. This polynomial is called
the generator polynomial of C. Recall that k is the dimension
of C over F,. It is well known that degg(z) = n — k and
g(z) | (2™ — 1) in the polynomial ring F,[z].

the assumption that
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As n | (¢" — 1), there is no repeated root of g(z) and g(z)
splits into its linear factors over Fy-. Let S C {0,1,...,n—1}
be the subset such that the roots of g(z) are exactly {n® :
i € S}.Let S be the complement, ie. S = {0,1,...,n—1}\S.
LetU C {0,1,...,n—1} be the subset of cardinality k defined
asU = {—j mod n:j e S}. We call U the nonzero set of C.

Example 2: Let ¢ =4, n =21 and r = 3. Let n € F}; be
a primitive 21-th root of 1. We choose 71 as a root of x°% +
25 + 2t + 2% + 1 € Fo[z]. Let

9(z) = (z=n") (z=0") (= =0") (= ’)
(2= ) (z = 0'7) (2 = 1'°) (2 = n'°)
(z=n") (= =n").
It turn out that g(z) € F4[z]. Namely we have

204027 +0284+6% 27 4+ 25462° (D)
+0% 2t + 22+ 02 + 62,

g(z) =

where 0 € Fy with 6% + 60 + 1 = 0. It is clear that g(z) |
(22 — 1) over Fy. Let C be the cyclic code of length 21 over
F, generated by g(z). Under notation above we have

S {5,7,9,10,13,15,17, 18, 19, 20},

S {0,1,2,3,4,6,8,11,12,14,16}

and hence the nonzero set U of C is given by
U ={0,5,7,9,10,13,15,17,18,19,20}.

We also fix the following from now on throughout the paper:
« UC{0,1,..
Note that U and C' determine each other uniquely.

.,n — 1}: the nonzero set of C.

D. Trace Representation of a Cyclic Code

In this subsection we present a trace representation of C'.
We use well known methods, see for example, [16, Chapter 9]
and the references therein.

The cyclic group Gal(F,-/F,) is generated by the Frobe-
nius automorphism x There is an action of
Gal(F4-/Fy) on {0,1,...,n—1}. The action of the Frobenius
automorphism is given as follows: v € {0,1,...,n—1} — ug
mod n € {0,1,...,n — 1}. For any integer v € {0,1,...,
n — 1}, the orbit {u’ modn € {0,1,...,n —1}:0<i <
r—1} of u under this action is called the g-cyclotomic coset of
u modulo n. A subset A C {0,1,...,n—1} is called closed if
u € A implies that ug mod n € A. A closed set is a disjoint
union of g-cyclotomic cosets modulo n.

Recall that U is the nonzero set of the cyclic code C. It is
well known that U is a closed set and hence hence U is a
disjoint union of g-cyclotomic cosets modulo n. Note that the
disjoint decomposition of U into its disjoint subsets, which
are g-cyclotomic cosets modulo 7, is uniquely determined. Let
Up be a subset of U such that there is exactly one element
in Uy for each g-cyclotomic coset modulo 7 in this disjoint
decomposition of U. Note that Uy is not uniquely determined
in general. We call that Uy is a basic nonzero set of C.

We further fix the following from now on throughout the

paper:

— xd.

o Tr:Fy — IFy: the trace map defined as x — x + 29 +
co pd !

Note that Tr is a surjective and F,-linear map.

For Uy = {u1,us,...,u,}, let P(Up) denote the F,--linear
subspace of Fy-[x] defined as

P(Uy) = {a1z" +---+apx"” 1 ay,...,a, € Fgr }.
For f(z) € P(Uy), we use the short notation Tr(f(x)) for the
n-tuple

Te(f(x) = (Te(f(°)). -~

It is well known that we have a trace representation for C'
given by

JTe(f(n" ™)) € Fy.

C={Tx(f(z)) : f € P(Uo)},

where we are free to choose an arbitrary basic nonzero set Uy
of C. Namely, a generic element ¢ = (¢o, c1,...,cp—1) of C
is given by

c="Tr(f(z)) € Fy and f € P(Up).

Hence for f € P(Up), we also use the notation ¢(f) to donate
the codeword

c(f) = (Te(f (1)), Te(f (), ..., Te(f(n" 1))

of C.

Example 3: Let ¢ = 4, n = 21 and r = 3. We keep the
notation of Example 2. Hence 7 € F}; is a primitive 21-th
root of 1 as in Example 2.

All 4-cyclotomic cosets modulo 21 are as follows:

0=1{0}, 1=1{1,4,16}, 2 = {2,8,11},
3=1{3,12,6}, 5 = {5,20,17}, 7= {7},
9=1{9,15,18}, 10 = {10,19,13}, 14 = {14}.

Let C be the cyclic code of length 21 over F, defined in
Example 2. We observe that the nonzero set U of C is a
disjoint union of 4-cyclotomic cosets modulo 21 given by

U = {0}uU{510,17}U{7}U{9,15,18}  (2)

1L{10,19, 13},

where LI indicates that the subsets {0},...,{10,19,13} are
pairwise disjoint. Hence a basic nonzero set Uy of C' is

Uy = {0,5,7,9,10}.

For an arbitrary codeword ¢ = (cg, c1,...,c2) of C C F3L,
there exists f(z) € P(Uy) = {ao + asz® + arz” + agz® +
a10210 : ag, as, ar, ag, a1o € Fys} such that ¢ = ¢ f). Namely
there exist ag, as, ar, ag, a1g € Fys such that

c; =Tr (ao + a5n5i + a7777i + a9779 ‘o alonlo z)

for 0 < ¢ < 20, where Tr is the trace map from Fys onto Fy.
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II1. TRACE REPRESENTATIONS OF C'(?)

Note that the b-symbol Hamming weights of codewords
of C are defined in terms of the Hamming weights of the
codewords of C®) over the alphabets Fg. We refer to Subsec-
tion II-B for a definition of the code C'().

In this section we present a trace representation of C'(%)
where C' is an arbitrary cyclic code over [F, of length coprime
to ¢g. This section is one of the contributions of this paper as
we could not find such an approach for the b-symbol Hamming
weights of codewords of C' in the literature.

First we need a definition.

Definition II1.1: For any integer 0 < ¢t < n—1and f €
P(Uy), let f) denote the polynomial in P(Uy) given by

F0@) = f@n').

We give our trace representation in the next theorem.
We will use this representation in our proofs.

Theorem 111.2: Let C' be an arbitrary cyclic code over [,

of length coprime to g. Let 2 < b < n — 1 be an integer. For
the code C'®) of length n over the alphabet IFZ we have

c® = {(tf ). TV @) : F € PU) }-
. Bn_1) of C®) is given by

8 = (T, T D), T(FO D)) € FY

fePlU),0<i<n-—1
Proof: Let f € P(Up) and ¢(f) € C be the corresponding
codeword of the cyclic code C. We have

c(f) (cosC1ye-vyCno1)
= (Te(f(°), Te(f (")), -, Te(F (")) -

Let ¢ (f) = m (c(f)) be the corresponding codeword of
C®. putting ¢®(f) = (Bo,Bi,---,0n_1) we obtain that
Bi = (Cis Cit1,- - -, Ciyp—1) € FY, where
cive = Tr (f(n'H9))
for 0 </ <b—1and 0 <

Definition IIL.1 that f()(x)
Hence we have that
FOW = Fn'n') = f(n'™*) (5)

for 0 </ <b—1,and 0 <i <n— 1. Combining (4) and (5)
we complete the proof. O

Example 4: Let ¢ = 4, n = 21 and r = 3. Let C be the
cyclic code of length 21 over F4 considered in Examples 2
and 3. We keep the notation of Examples 2 and 3. In particular
n € F}; is a primitive 21-th root of 1. Put b = 3.

For an arbitrary element (8o, 031,...,02) of C®) €
(Fy x Fy x IE‘4)21, there exist ag, as, ar,ag,a1g € Fys such
that

A generic element (5o, . ..

3)

“)

i < n — 1. It follows from
f(nem) for 0 < ¢ <b-—1.

8 = <Tr (a0 + asn® + a4+ agn® + a1o7710i)7

5451 T+Ti 9+91 10+10i)
)

Tr (ao + asn + arn + agn + ajon

Tr (ao + a5n10+5i + a7n14+7i 4 a97718+9'i + a107720+10i)>

for 0 <7 < 20.
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IV. b-SYMBOL WEIGHTS FOR SOME CYycLIC CODES

Throughout this section we assume that C' is a cyclic code
of length n dividing ¢" — 1 whose nonzero set is exactly one
g-cyclotomic coset U in Z/nZ. If U = {0}, then C is a
repetition code and any b-symbol Hamming weight of any
nonzero codeword ¢ of C' is n for any 1 < b <n — 1. Hence
we further assume that there exists an integer 1 <u <n —1
such that u € U.

There is a close connection of the codes of this section to
irreducible cyclic codes. We explain this connection explicitly
after Theorem IV.3 below. It is well known that it is a
notoriously difficult open problem to determine the weight
distribution of irreducible cyclic codes in general (see, for
example, [5]).

First we present a useful stability theorem. We start with
some notation.

For1<t<n-1,letV(t) = SpanFq{l,n“, oty
Note that on the difference of consecutive dimensions we have

(dimg, V(¢ + 1) —dimg, V(t)) € {0,1} for all ¢. (6)

The following definition is useful.

Definition IV.1: Let p be the largest positive integer ¢ such
that dimp, V (t) = t.

The next lemma gives an alternative definition of p and
it shows that 4 is independent from the choice of primitive
n-th root of unity and from the choice of v € U.

Lemma 1V.2: Under notation above, for p given in Defin-
ition IV.1 we have y = dimp, F,(n"), where Fy(n") is the
smallest finite field extension of F, containing n*.

Proof: It follows from (6) and Definition IV.1 that p is
the smallest positive integer ¢ satisfying

"+ € Spang {1,7%,..., 9"V},

for all integers 7 > 0. Equivalently y is the smallest positive
integer ¢ such that Fy[n"] € Spang {1,7",...,n"0"D}.
This means that F,(n") = Fy[n*] = Spang {1,7",...,
nu(t—l)}. 0

Corollary 1: Under notation above, for p given in Defini-
tion IV.1 the following equivalent characterizations hold:

o p = dimg, Fg(n").

o = diqu C.

o 1 is the multiplicative order of ¢ modulo m.

o 4 is the size of the g-cyclotomic coset U (containing )

in Z/nZ.

Proof: The multiplicative order of n“ is m. Hence
we have that dimg, Fy(n") = p if and only if y is the smallest
integer r such that m divides ¢" — 1. In particular this
means that 4 is the multiplicative order of ¢ modulo m

Let U be the nonzero set of C. It follows from the definition
of the nonzero set (see Subsection II-C) that dimp, C' is the
size of U. Note that U is the g-cyclotomic coset containing
u in Z/nZ as the nonzero set of C' consists of exactly one
g-cyclotomic coset by assumption in this section. The size of
U is the smallest integer r such that ¢"u = v mod n. This
means that the size of U is the smallest integer  such that
m divides ¢" — 1. Combining the arguments above we
complete the proof. O
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First we present our stability theorem in the special case
of this section. Basically it says that the b-symbol Hamming
weight enumerators of C' are the same for all b-symbol
Hamming weights if b > dimp, (C). There exists a nonempty
stability region always except the trivial case that dimp, C' =
n — 1. We generalize the next result to arbitrary cyclic codes
in Theorem V.2 below, whose proof is more involved.

Theorem IV.3: Assume that ged(n,q) = 1. Let C be a
cyclic code of length n such that its nonzero set is exactly one
g-cyclotomic coset U of Z/nZ. Assume that U # {0} and let
u € U. Let k = dimp, C. For any integer b in the interval
k <b<mn-—1, the b-symbol Hamming weight enumerator of
C is the same as the k-symbol Hamming weight enumerator
of C.

Proof: Let f(x) = ax™ € Fgr[z] \ {0} be an arbitrary
nonzero polynomial in P({u}). Let c®(f) € C® and
c(f) € C® be the corresponding codewords, where we
refer to Theorem III.2 for the explicit descriptions of the
codewords. Note that

D(f) = (Tl ), (D), -+ T @) -

Putting ¢ (f) = (C(()b) (f)s Cgb)(f); cee Cglbll(f)) € (Fg)n’

for the symbols of ¢()(f) in the alphabet F® we observe that

e(f) = (Tr(an"), Tr(an™), -+ Te(n ™ an")) (D)

Similarly for the symbols of ¢(*)(f) in the alphabet F¥ we
observe that

(1) = (Te(an™), Te(n“an™), - Te(n™ Dan™)) . (8)
Using Corollary 1 we get
Q = Spanz,{1,7",...,n*70"}
= SpanFq{lanuv" .777(b71)u}
Hence if o € Fyr, then
0 = Tr(a) =Tr(n"a)=--=Te(n"* "a) ©)
= 0="Tr(a) =Tr(n"a) =--- = Te(n®*"V"a).

Using (7) and (8) this implies that cgk) (f) contributes to the
Hamming weight of the codeword c(*)( f) of length n over the
alphabet F¥ if and only if cgb)( f) contributes to the Hamming
weight of the codeword ¢(®)(f) of length n over the alphabet
Fg Therefore the values of the Hamming weights (defined
over their respective alphabets) of ¢(*) () and ¢(*) (f) are the
same. This completes the proof. O

Remark 1: We note that Theorem IV.3 (and hence The-
orem V.2 below) has useful engineering consequences in
applications. For example it implies that increasing b for
b-symbol for error correcting does give any further advantage
if b > k for these codes.

Now we explain the connection of the codes of this section
to irreducible cyclic codes. Let m = gecd(u,n) and put
n = n/m. Note that n** = 0+ for i > 0 as p'" =
n"m = 1. For a codeword ¢ = (cg,¢c1,...,¢,-1) € C and

a codeword ¢® = (c”,c”,... ") e €O, let ¢ € Fy

and ¢® € (F,)" be the corresponding elements defined as
the shortenings

c= (607 Cly- -y Cﬁ—l)andé(b) = (C(()b)7 C(lb)7 SRR C%bll)

(10)

to the first n symbols. Let C C IE‘? and C®) C (Fg)ﬁ be the
codes defined as

C={¢:ceClandC® = {c® . O c c®}.  (11)

Using the fact that " = 5“0+ for i > 0 we observe
my(C) = C®). Moreover, between the Hamming weights of
e, ¢ c® and ¢® we have the relations

1

wy () = EwH(c) and wg(c®)) = %wH(c(b)). (12)

Let ¢ = n* € Fj., which is a primitive n-th root of 1.
We observe that C' is the irreducible cyclic code of length
n over Iy, having the trace representation

C = {(Tr(ab), Tr(ab"),..., Tr(ad" ")) 1 a € Fyr }.

These arguments show that C' is obtained from C' via m times
replication so that

C={@ce...,0):ceC}.

Next we study b-symbol Hamming weights of C for
be {1,2,...,dimp, C}, which determine the whole b-symbol
Hamming weights profile of all integers 1 < b < n — 1
as proved in Theorem IV.3. Recall that 1-symbol Hamming
weight corresponds to the usual Hamming weight. First we
consider the case of length n = ¢" — 1.

Theorem IV4: Assume that ged(n, ¢) = 1. Let C be a cyclic
code of length n = ¢" — 1 such that its nonzero set is exactly
one g-cyclotomic coset U of Z/nZ. Assume that U # {0}

and let u € U. Let k = dimp, C. Put N = ged(u,q" — 1)
and N; = ged (%, N ) Let ¢ € C' be an arbitrary nonzero

codeword. For 1 < b < k, let wy(c) denote the b-symbol
Hamming weight of c¢. If Ny = 1, then we have

wy(c) = (¢® — 1)g"°.

If N; > 1, then we have

N —1) [ ¢ = [(N —1)q"/?
_ T _ /2
< we) < {N(;;Z_l 1) V + L(J\SN 1)g JH

Proof: Let f(xz) = az" € Fyr[z] \ {0} be an arbitrary
nonzero polynomial in P({u}). Let ¢®)(f) € C® be the
corresponding codeword.

We use some methods of [12] and further techniques in this
proof. We refer to Appendix A for notation and background on
algebraic function fields. In Appendix A we provide necessary
background on algebraic function fields in order to make the
paper self-contained.

As b < k, it follows from Definition IV.1 and Corollary 1
that dimp, V(b) = b. Let W = {a € Fgp @ Tr(a) =
Tr(nta) = -+ = Tr(n®Vea) = 0}. As dimg, V(b) =
b, W is an F,-linear subspace of codimension b in Fgr.
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Let A(T) € Fu[T] be the monic g-additive polynomial of
degree ¢” which splits in F,- and which satisfies W =
{A(y) : y € Fg}. For some properties, including existence
and uniqueness of A(T'), we refer to [9] and [12, Section 3].

Let F' be the algebraic function field corresponding to
the codeword c)(f) given by F' = F,-(x,y) such that
A(y) = az". Let V. C Fy be the subset consisting of
the roots of A(T'). Note that V' is an F,-linear subspace of
dimension b. Let P C V \ {0} be a subset such that each
one dimensional [F,-linear subspace of V' contains exactly one
nonzero element in V. Then |P| = (¢ —1)/(¢ — 1) and let
P ={01,...,0(gb—1)/(q—1)} be an enumeration of P.

Let j be an integer in the range 1 < j < (¢ — 1)/(q — 1).
Let ¢(0; f) € C be the codeword corresponding to 6;ax". Let
F; be the algebraic function field corresponding to c(6; f)
given by F; = Fg(x,y;) such that y;l —y; = Ojaz™.
It is not difficult to observe that F' is the compositum of
Fi, Fs, ... ,F(qb,l)/(q,l), that is to say the smallest extension
field containing all Iy, Fa, ..., Figo_1)/(q—1)-

There exists exactly one rational place of F' at infinity,
which is the rational place of F' over the rational place of
the rational function field F,(z) corresponding to the pole
of (x). Let N@®)(F) denote the number of affine rational
places of F.

Consider the i-th symbol c§b)(f) = (Tr(f(n)),
Tr(n"f(n)), ..., Te(n®=D (")) € F) of the codeword
c(b)( f) for 0 < i < n — 1. This symbol contributes to the
Hamming weight wg (¢ (f)) of ¢®®)(f) if and only if there
are ¢° distinct rational places of the covering F/F,-(x) over
the place of the rational function field F () corresponding
to the zero of (z — n'). Also there exist exactly ¢ distinct
rational places of the covering F'//F,-(x) over the place of the
rational function field F ;- (x) corresponding to the zero of ().
Hence we get that

(n=wr(?() " +4" = NoO(F).
This is equivalent to

N(aﬁ) (F)

wn(e? () =d - —3 (14)

Recall that j is an integer in the range 1 < j < (¢® —
1)/(qg—1). Again there exists exactly one rational place of F}
at infinity. Let N@®)(F;) denote the number of affine rational
places of F;. For the Hamming weight wy (c(6; f)) of ¢(0; f)

using similar arguments we also get that

N @) (p.
win(e(0,) = o - 2, 15)

Let S and S; be the integers defined via
NED(F)=¢"—S and NCD(F) =¢" —S;.  (16)

It follows from [6, Corollary 6.7] (see also [10, Proposi-
tion 3.6] and [17, Lemma 2.4 and (3)]) that

(¢"=1)/(g=1)

> S

j=1

S = a7
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Here we use the fact that A(T') is a g-additive polynomial
splitting in F-. Using (14), (15) and (16) yields

V o= ¢ —NOD(R)
(@"=1)/(g=1)
(qr —-]V(aﬂ)(fﬁ))

+qwi (e(0;f)))
_ _qr—i-b + qr
(¢"=1)/(a=1)

D

Jj=1

+q wr (¢(6;1))-

This implies that

wy (cP(f) = = (18)

wr (¢(05f))-
Recall that N = ged(u,¢" — 1). Put 7o = ngl and let ¢(0; f)
be the shortening of c(¢;f) to the first 7 symbols as in (10).
Similarly let C' be the shortening of the code C' to the first
symbols as in (11). Note that C is an irreducible cyclic code

of length 7 over F, with N = Lr_:l.
Assume first that N; = 1. Using [5, Theorem 15] we have

(q—1)g" "
N

Using (19) and (12) we obtain that

wr (e(0;f)) = (19)

b
for each 1 < j < =1,
qg—1

wr (e(0; ) = (¢ —1)g" "
foreach1 < j < %. Combining (20) and (18) we conclude
that

b
-1 ,_ T_
mwmzmem=%3ﬂ1=W—0qb
which completes the proof of the case that N; = 1.

Assume next that N; > 1. Using [5, Theorem 24] we have

(0= 1) | AN < a0,

(20)

21

q" + [(Ny —1)q"?]
<(¢g-1)
qN
for each 1 < j < 2=L. Using (21) and (12) we obtain that

(N1 —1)q"/2

Nig—1) [L—N] < wir(e(0;£)

q" + (N — 1)q’"/2JJ
qN

(22)

<N(q—1){

foreach 1 < 57 <
conclude that

%. Combining (22) and (18) we

N=L [q_t(%—;l)q/ﬂ < wy(e(f)) 23)
¢ —1]¢ +[(Ni—1)g?
<N { L qlN I
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As wy(C(f)) is an integer, taking the ceiling and the floor
integer parts of both sides of (23) we complete the proof. [

Remark 2: Let u* be the largest positive divisor ¢ of u
such that ged(t, ¢) = 1. The genus g(F') of the function field
F in the proof of Theorem IV.4 is g(F) = MQ("_U
Hence Serre’s improvement on the Hasse-Weil bound [16,
Theorem 5.3.1] yields

INGCD(F) < q" + 12 ¢"/2).

For a nonzero codeword ¢ € C, using the arguments in the
proof of Theorem IV.4 we arrive at the bounds

(¢" = D(u —1) [2¢"2]
q —q - qu

(¢ - D —1)
2

< wy(c)

@~ D~ [24?]
2q¢b

< qr o qrfb 4

The bounds of this remark are comparable to the bounds of
Theorem IV.4. Nevertheless the bounds of Theorem IV.4 are
better in general. We illustrate this in Example 5 below.

It is important to observe that the methods of this remark
is valuable in the following sense. If the assumption of
Theorem IV.4 that the nonzero set of C' is exactly one
g-cyclotomic coset of Z/nZ does not hold, then we cannot
use [5] as in the proof of Theorem IV.4. This corresponds
to the general situation of arbitrary cyclic codes. We consider
arbitrary cyclic codes in Section V, where we develop and use
the methods similar to the methods of this remark.

Example 5: We compare the bounds of Theorem IV.4 and
Remark 2 in the following concrete cases.

eCaseq=3,b=2,r=10,u=11,n=q" — 1.

< 54648.
< 54648.

Theorem 1V.4:
Remark 2:

50336 < wp(c)
50328 < wp(c)

e Case¢q=3,b=2,r=10,u=6L,n=¢q" — 1.

< 65392.
< 65448.

Theorem IV.4: 39528 < wy(c)
Remark 2: 39528 <. wy(c)

e Case q=2,0=2,r=10,u=11,n=q" — 1.

Theorem IV.4: 528 < wy(c) <
Remark 2: 528 < wp(e) <

e Caseq=2,b=2,r=10,u=3l,n=q" — 1.

Theorem IV.4: 93 < wy(c)
Remark 2: 48 < wy(c)

< 1488.
< 1488.

Using the methods in the proof of Theorem IV.4 and (12)
we obtain our bounds for the general length n | (¢" — 1) in
the next corollary.

Corollary 2: Assume that ged(n,q) = 1. Let C be a cyclic
code of length n | (¢" — 1) such that its nonzero set is exactly
one g-cyclotomic coset U of Z/nZ. Assume that U # {O} and
letu € U. Let k = dimp, C. Put m = ged(u,n), N = =m

n

and Ny = ged (q —1 N). Let ¢ € C be an arbitrary nonzero

codeword. For 1 < b < k, let wy(c) denote the
Hamming weight of c¢. If N7 = 1, then we have

b-symbol

m

—(¢"—1)g""

N (24)

wp(c) =

If N1 > 1, then we have
{m@—ﬂ{f—“%—ﬂfﬂww
P qN
[(N1 = 1)q"/?] H .

m(qb — "
< w(o) < { (;Jb1 1) {q + (s

Remark 3: If n = ¢" — 1, then m = N and Corollary 2
coincides with Theorem IV.4.

Remark 4: If m = 1 and b = 1, then Corollary 2 coincides
with [5, Theorem 24].

Remark 5: Note that k& < r as the nonzero set of C' consists
of only one g-cyclotomic coset of Z/nZ in Corollary 2.
Moreover if Ny = 1, then N | (¢ — 1). Hence the b-symbol
Hamming weight % (¢® — 1)¢" =" in (24) is an integer.

If Ny =1, then using also Theorem IV.3 we determine
the b-symbol Hamming weight enumerator of C' not only for
1 < k < b but for the full range 1 < b <n — 1 in this case.

Corollary 3: Keeping the notation and assumptions of
Corollary 2, assume further that N; = 1. For integers b in
the interval 1 < b < n — 1, the b-symbol Hamming weight
enumerator of C' is

m(q®—1)q" P
N

1+ (" -1)Z if1<b<k,

m (g —1)(g—k)
N

1+ (" -1)Z
Proof: Assume first that 1 < b < k, Then we have
wy(c) = B(g® — 1)¢" " using Corollary 2 for any nonzero
codeword ¢ of C. For the zero codeword ¢ = 0 of C' it is
clear that wy,(c) = 0. These imply that the b-symbol Hamming

weight enumerator of C is

ifk+1<b<n—1.

m(g?—1)q" P
N

1+ (F -1z
In particular if b = k, then the b-symbol Hamming weight
enumerator of C' is

m(gh—1)q"F
N

1+ (" - 17 (25)

Using Theorem IV.3, the b-symbol Hamming weight enumer-
ator of C' is exactly as in 25) if k+1<b<n—1. O

Further knowledge on the weight distribution of irreducible
cyclic codes combined with the methods of the proof of
Theorem IV.4 would immediately imply some improvements
on the general bound of Corollary 2. Note that there exists such
knowledge on the weight distribution on irreducible cyclic
codes only for some very special subcases. We present a
collection of such improvements on special subcases in the
next corollary.

Corollary 4: Keeping the notation and assumptions of
Corollary 2, we obtain improved bounds in the following
special subcases. Let ¢ = p°, where p is the characteristic
of Fy. Recall that k = dimy, C.
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o Assume further that N7y = 2. We have:

m(¢® —1)(¢" = q'/?)
| 1

"N
< w(c)
m(¢® —1)(¢" +q"/?)
= { N J '

o Assume further that Ny = 3, p =2 mod 3 and sk =0
mod 4. We have:

m(¢® —1)(¢" = q"?)
| |

N
< wy(c)
m(q® — 1)(q" +2¢"/?)
= { "N J '

o Assume further that Ny = 3, p = 2 mod 3 and sk = 2
mod 4. We have:

{m(q” )¢ — 2q’"/2)]
< wp(e) qu
) EEE L]

o Assume further that Ny = 4 and p = 3 mod 4. We have:

{m(q” —D(¢" - q’"”)}

N
< wp(c)
m(q® = 1)(q" + 3¢"/?)
= { ¢"N J '

Proof: First we assume that N; = 2. We use the
methods in the proof of Theorem IV.4 and we keep its
notation. In particular ¢(*) and ¢® denote the corresponding
nonzero codewords as in the proof of Theorem IV.4. We have,
as in (18), that

( q-1)

! wale(6;1)).

qbfl

wi (¢ (f)) =

¢"—1)/(
2 26)
j=1

Here ¢; for 1 < j < (¢® = 1)/(¢ — 1) are chosen as in the

proof of Theorem IV.4. Using (12) we also have

wi(e(0;1)) = —wi(c(6;)) e

for 1 < j <¢*—1)/(¢g—1). Using [5, Theorem 17] we further
obtain

(¢—D(q" = q"%

qN

<wy(e(0;f)) (28)

(¢—1)(q"+q"?)
gN ’

<
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Combining (26), (27) and (28) we conclude that

m(¢® = 1)(¢" — ¢"/?)
N

o (@ =D +4"7?)
< N .
Taking the ceiling and floor integer parts of both sides of (29)
we complete the proof of the case N; = 2.
Assume next that Ny = 3, p = 2 mod 3 and sk = 0
mod 4. In this case, using [5, Theorem 19] we obtain

(¢—1)(" —q"?) (¢—1)(¢" +2¢""%)
qN qN
instead of (28) of the case IN; = 2. Using the same arguments
with this change we complete the proof of the current case.
Assume next that Ny = 3, p = 2 mod 3 and sk = 2
mod 4. In this case, using [5, Theorem 19] we obtain

(¢ —1)(¢" —2¢"/%) _ (a—1)(" +4¢")
< 3 <
Tt < wn(el; ) <
instead of (28) of the case N; = 2. Using the same arguments
with this change we complete the proof of the current case.
Assume next that Ny = 3, p = 2 mod 3 and sk = 2
mod 4. In this case, using [5, Theorem 20] we obtain

(a=D(@ —q"? (a=1)(a" +34¢"")
aN aN

instead of (28) of the case N; = 2. Using the same arguments
with this change we complete the proof of the current case. []

Now we summarize and compare the bounds of this section.
Theorem IV.4 is a special subcase of Corollary 2 with n =
q" —1. In terms of the bounds, Corollary 3 is a special subcase
of Corollary 2 with N; = 1. Corollary 4 improves Corollary 2
in some concrete cases only if Ny € {2,3,4}. We present
some concrete examples illustrating also these improvements
below.

Example 6: We give concrete examples for the bounds of
Corollary 3 and Corollary 4.

e Case q=2,b=2,r=12, u =11, n = 1365.

Corollary 2: 993 < wp(c) < 1056.
Corollary 4: 1008 < wp(c) < 1056.

e Case q=2,0=2,r=10, u =5, n = 341.

Corollary 2: 240 < wp(c) < 271.
Corollary 4: 240 < wp(c) < 264.

e Case q=3,0=2,r=8,u="7,n=1640.

Corollary 2: 1406 < wp(c) < 1512.
Corollary 4: 1440 < wp(c) < 1512.

e Case ¢ =9,0=3,r =8, u=47, n = 10761680.

10742009 < wp(c) < 10751832.
10745280 < wp(c) < 10751832.

e Case q=2,b=2,r =16, u =17, n = 3855.
2712 < wp(e) < 3072

<wn(e0;f)) <

<wn(e(0;f)) <

Corollary 2:
Corollary 4:

Corollary 2:

Corollary 4 does not work in this case as N; = 17 in
this case.
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Remark 6: As we consider cyclic and hence linear codes
throughout this paper, our lower and upper bounds on the
b-symbol Hamming weights of nonzero codewords mean
lower and upper bounds on the b-symbol Hamming distances
between distinct codewords. Hence our bounds throughout this
paper also correspond to lower and upper bounds on b-symbol
Hamming distance of the codes we consider.

V. b-SYMBOL WEIGHTS FOR ARBITRARY CYCLIC CODES

Throughout this section we assume that C' is a cyclic code of
length n dividing ¢" — 1. Let U be the nonzero set of C' and
let Uy,...,U, be the distinct g-cyclotomic cosets of Z/nZ
included in U. Note that U = U; U Uz ---U U, and p > 1,
where LI indicates that the sets Uy,...,U, in the union are
pairwise disjoint. As in Section IV we assume that U # {0}
in order to avoid the trivial case. Choose u; € U; and put
k; = |Uj| for 1 < j < p. Note that for the F,-dimension & of
C wehave k=Fk +---+k,.

We first generalize our stability theorem (see Theorem IV.3)
to arbitrary cyclic codes. Recall that n € Fy, is a primitive
n-th root of 1. We introduce some notation. For 0 <t <n-—1,
let v; be the vector in IFZT defined as

. 7771‘/up] )

For 1 <t<n-—1,let V(t) C IF{I’T be the F,-linear subspace
defined as

tuy tuo

1 (30)

Vi = [77

V(t) = Spang, {vo,Vv1,...,Vi_1}.

The following lemma is useful.
Lemma V.1: Under the above notation, we have

. Lol <t <h-1,
dlm]FqV(t):{ koifk<t<n—1.

Moreover, {vq,...,vi—1} is an Fy-basis of V (¢) if 1
k — 1. Also {vo,...,,vk_1} is an F,-basis of V' (t)
t<n-—1.

Proof: Recall that Fg(n"/) denotes the smallest finite
field extension over [F, containing 7“7. For the index of this
extension we have [F,(n") : F,] = k;. Let m;(z) € F,[x]
be the minimal polynomial of 7’ over F,. It is clear that
degm;(x) = k; and the set {m(z), ma(x),...,my(x)}
consists of irreducible polynomials over IF, and the elements
of this set are pairwise distinct.

We first show that dimg, V' (k) = k. Assume the contrary,
and let eg, eq,...,e;—1 € Fy such that

<t<
if £ <

t
k

eovo +e1vi 4+ - +ep_1vi_1 = 0. (31)

Let 1 < 5 < p. Considering the j-th coordinates of the both

sides of (31) we get
eo + e + - +ep_nFVU = 0. (32)

Let h(z) =eg+er 2+ -+ +ep12F7t € F,[x], which is a
nonzero polynomial of degree at most £ — 1. It follows from
(32) that n*s is a root of h(z). Hence we conclude that

h(n“i) =0 foreach 1 < j < p.

As mj(z) is the minimal polynomial of 7% over F, and
h(z) € F,[z] we obtain that

mj(z) | h(z) foreach 1 < j < p.

Recall that {mi(z), ma(x),...,m,(x)} consists of irre-
ducible polynomials over I, and that the elements of this
set are pairwise distinct. These arguments yield that the
polynomial H?:l m;(z) divides h(x) and hence

P
deg h(x) > Zdeg mj(z) = ij =k.
i=1

Jj=1

This is a contradiction as h(x) is a nonzero polynomial of
degree at most k£ — 1.
It is clear that V(¢ —1) C V/(¢) and

0 < dimg, V(t) — dimg, V(¢ —1) <1 (33)

for each 2 < ¢ < n—1. Moreover, V(1) = Spang_{[1,...,1]}
and hence dimg, V(1) = 1. Combining (33), and the facts
dimp, V(1) = 1, dimg, V(k) = k we conclude that
dimp, V(t) = t for each integer ¢ in the range 1 < t < k.
Moreover, these also imply that

{vo,vi,...,v¢}

is a basis of V(¢) for each integer ¢ in the range 1 < ¢ < k.

It remains to prove that V(k +4) C V(k) for 1 < i <
n — k — 1. We prove this by induction on . First we consider
the induction step ¢ = 1. Let m(x) = mq(x)ma(x) - - - my(x),
which is a monic polynomial of degree k. Considering the
coefficients of m(x) let

m(x) = 2f +ep 12"+ 4 erz + e,

where ex_1,...,e1,e9 € Fy. As m(n*i) = 0 for each 1 <
7 < p, the arguments above in this proof imply that

Vi +€r_1Ve_1 +---+e1vy +egvg = 0.

This shows that v, € V(k) and hence V(k + 1) C V (k).
Assume the induction hypothesis that V(k + i) C V(k). Let
h(x) = 2*m(z), which is a monic polynomial of degree k +i.
Considering the coefficients of h(z) let

k(x) = " e 2P 4 ez + e,

where ejyi—1,...,¢e1,e9 € Fy. Similarly we obtain that

Viti + €k, —1Vg,—1+ -+ e1vy +egvg = 0.

This yields vj1; € V(k+i) and hence V (k+i+1) C V(k+17).
This completes the proof. O

Next we present our stability theorem for arbitrary cyclic
codes. Again it says, but now for arbitrary cyclic codes, that
the b-symbol Hamming weight enumerators of C' are the
same (and hence stable) for all b-symbol Hamming weights
if b > dimg,(C) (see also Theorem IV.3). There exists a
nonempty stability region for b except the trivial case that
dim]Fq C=n-1.

Theorem V.2: Assume that ged(n,q) = 1. Let C be an
arbitrary cyclic code of length n and U be its nonzero set
in Z/nZ. Assume that U # {0}. Let k = dimg, C. For any
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integer b in the interval £ < b < n—1, the b-symbol Hamming
weight enumerator of C' is the same as the k-symbol Hamming
weight enumerator of C.

Proof: We use the notation fixed in this section so that
{u1,u2,...,u,} is a basic nonzero set of C. Let f(z) =
a1z +ag 2 4 -+ a,xte € Fopr[z] \ {0} be an arbitrary
nonzero polynomial in P({u,uz,...,u,}). Let ¢®)(f) €
C® and ¢®(f) € C® be the corresponding codewords.
Note that

() = (Tl ). T D). - TP m)))
where f()(x) is defined in Definition II.1. Namely we have
(34)

f(t) (1’) _ ntulal 21 + ntu2a2 22 4t ntupapxup.

Let i be an integer in the range 0 < ¢ < n—1. Let e (f) € Fg

%

be the i-th symbol of the codeword ¢®)(f) € (F%)" so that

O(f) = (), e (9)s - ea (D)

Let y1 = a1n™, yo = an™2,..., Yp = apni“ﬁ all in Fg,.
Note that

) = (@t gt +y,),
+Tr (0™ gy + 0" y2 + -+ 0"y,)
FTr (@D gy, Dy, ¢
_H’(b—l)upyp)).

Similarly for the i-th symbol cl(.k) (f) € IF’; of the codeword
P (f) e (IF’;)" we have

k
) = (Trl+ue++),
+Tr (" g1+ 0" y2 + 0" yp)
+FI\I.(77(/€—1)1L1 m + n(k—l)uzyQ X .8
+n(k—1)upyl)))
Hence cgb)( f) does not contribute to the Hamming weight
of the codeword ¢(®)(f) if and only if
0 = Tr(yi+y2+---+yp)
= Ty +0"y2 + 40"y,

= Tr (n(b—l)luyl + n(b_l)“Zyz 44 n(b—l)upyp) .
(35)
Similarly cgk) (f) does not contribute to the Hamming weight

of the codeword ¢(®) (f) if and only if
0 = Tr(yity2t-+y,)

Tr (0" y1 + 0" y2 + -+ 0" y)p)

- b (n(k_l)“‘lyl gy oy n(’“‘”“"yp) '
(36)

We will prove the following claim at the end of this proof.
Claim 1. The conditions in (35) and (36) are equivalent.
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Assume Claim 1 holds. The weight of the contribution of
the symbol cgb) (f) to the codeword ¢(®)(f) is 0 or 1, which is
identified with the condition in (35). The same holds for the
symbol cl(.k) (f) to the codeword c¢*) (f) and the condition (36).
Using Claim 1 and running through all indices 0 <7 <n—1
we complete the proof.

Now we prove Claim 1. As & < b it is clear that (35)
implies (36). Conversely assume that (36) holds. Let ¢ be an
integer in the range k <t < b — 1. Note that

[ntul ntug ntuw] = v
where v, is defined in (30). Using Lemma V.1 we obtain that
v¢ € V (k) and hence there exist eg,e1,...,ex—1 € F, such
that
U = [p™ ", n"™]
= ¢l 1,...,1]
+61 [nu1777UQ7 s 777u’y]

Fep s |:n(k71)u1 : 77(1c71)u27 o 777(1@71)%} .

Multiplying both sides with [y, ...
inner product in F¥, we get

.Y, using the Euclidean

A = nt’qul + ntuzyQ 4t nt’um,yp
= 60(y1+y2+"'+y/))
+er(n“yr +n"y2 + -+ n"yp) +

tep 1 (nF T gy 4Ty Bty ),

Taking trace of both sides and noting eg, ey, ..
yield

., €Ek—1 € Fq

Tr ("™y1 + 0™ ya + - +1"7y,)
=eoTr(y1+y2+ - +yp)
+e1Tr (n" yr +n"2y2 + - +n"y,)

tepTr (n(k—”“lyl +ot n(k_l)“"yp) . 37
As (36) holds by assumption, we have

0 = Tr(yi+y2+-+yy)
= Tr(n"yr +n0"%y2+ - +n0"y,)

= I (”(k_”“lyl +o n(’“_l)“‘”@/p) :

for these terms in the right hand side of (37). Therefore
using (37) we conclude that

Tr (ntul Y1+ 77tu2 Yo + -+ ntu—y y/)) =0.

This conclusion holds for each integer ¢ in the range k < ¢ <
b — 1, which completes the proof of Claim 1. O]

Theorem V.2 implies that it is enough to study b-symbol
Hamming weights of an arbitrary cyclic code C' of dimension
k only for 1 < b < k instead of the much larger integral
interval 1 < b <n — 1 in general.
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Next we present our bounds on b-symbol Hamming weights
on arbitrary cyclic codes for 1 < b < k. We will need the
following condition if ¢ is not a prime.

Condition V.3: Assume that gcd(n,q) =1 and let 1 < u <
n — 1. Let @ be the g-cyclotomic coset of Z/nZ containing
u, namely % = {ug" mod n: 0 <i<n—1}. Let S(u) be
the subset of 4 given by S(u) = {v € @ : ged(v,q) = 1}. If
u # 0, then we say that u satisfies Condition V.3 if both of
the followings are satisfied:

e S(u) is not empty.

e u=min S(u).

If w = 0, then we say that u satisfies Condition V.3.

Remark 7: If q is a prime, then u satisfies Condition V.3
if u is the smallest element in u. Hence if ¢ is a prime
then Condition V.3 is satisfied automatically as we are free
to choose any element from @ in considering C.

Remark 8: If ¢ is not a prime, then there may be some
g-cyclotomic cosets which do not satisfy Condition V.3.
However, there is a rich collection of nontrivial C' such
that Condition V.3 is satisfied and ¢ is not prime so that
we present our results for arbitrary q. Now we give some
toy examples in order to illustrate why Condition V.3 is
needed in some cases. Let ¢ = 4, r = 2, n = ¢" — 1.
The g-cyclotomic cosets {10} and {2,8} have no element «
such that u satisfies Condition V.3. For the g-cyclotomic coset
Z1 = {1, 4}, the element u = 1 satisfies Condition V.3 and it
is the smallest element of Z; as in the case that ¢ is a prime.
However, for the g-cyclotomic coset Z2 = {6,9}, the element
u = 9 satisfies Condition V.3 but 9 is not the smallest element
of Z,. This is different from the case that ¢ is a prime (see
Remark 7).

Remark 9: In our proofs in the rest of this section we apply
Hasse Weil bound to Artin-Schreier type curves

Aly) =a1 " +ag 22 + -+ + apz?, (38)
over Fr, where A(y) are certain additive polynomials. Con-
dition V.3 guarantees that the curve in (38) is absolutely irre-
ducible over F,-. This is automatically satisfied by choosing
the smallest choice of w; in each g-cyclotomic coset of C' if ¢
is a prime. If ¢ is not a prime and Condition V.3 is not satisfied,
then we need to consider further methods. For example,
if the curve in (38) has irreducible components, then applying
Hasse-Weil bound to all of the irreducible components gives
similar bounds on the weight of the cyclic code. However, this
would be very complicated depending on {1, us,...,u,} as
we need to consider all (a1, as, ..., a,) € F;,\{(0,0,...,0)}.
There is a general method presented in [11] that uses involved
symbolic computations and tools from algebra for studying all
possible irreducible components in order to get such bounds
on the weight of the cyclic code. If p = 1, then all these are
simple and implicitly used in Remark 2.

We first consider the case of length n = ¢" — 1 as we
use methods from algebraic function fields (see also [18]).
We extend our results to arbitrary length n | (¢" — 1) in
Remark 14 below.

In the next theorem we present our bound in the case
b < min{ki, ko,...,,k,}. Note that this case is much more

general than the case of Section IV. Indeed it is possible, for
example, that k; = ko = ... = k, and p is a large positive
integer.

Theorem V4: Let C be an arbitrary cyclic code of length
n = ¢" — 1 over F,. Let Uy = {u1,u2,...,u,} be a basic
nonzero set of C. Assume that Uy # {0} and each element
of Uy satisfies Condition V.3. Put u* = max{u1, us,...,u,}.
Letn € [ be a primitive n-th root of 1. For 1 < j < p, let k;
be the index [F,(n"i) : F,] of the field extension Fy(n"7)/F,.
Let ¢ € C be an arbitrary nonzero codeword. For 1 < b <
min{kq, k2, ..., kpy}, let wy(c) denote the b-symbol Hamming
weight of c. We have

(¢ =1 =1)|2¢""?]
2q¢b

< wp(c)

(¢" = 1)(u" —1) [2¢"]
2q®
Proof: Let f(z) = a1 z** + ay a*2 + .-+ +
a,x" € Fgr[z] \ {0} be an arbitrary nonzero polynomial in
P({u1,...,u,}). Let ¢®(f) € C® be the corresponding
codeword. Recall that

< qr . qrfb +

f(t) (x) _ ntulal .Tul + ntug as .TuQ o+ ntupapxup (39)

for 0 <t <b— 1, where f(O(x) = f(z). Let L C F[z] be
the F,-linear subspace of polynomials defined as

L = Spang {f (), fM(2),..., OV (@)},

First we show that dimp, L = b. Indeed assume the contrary
that there exists (eg,e1,...,e,—1) € Fy \ {[0,0,...,0]} such
that

eo f(z)+eq f(l)(x) + -+ eb,lf(bfl)(x) =0.

Note that the polynomial in the left hand side of (40)
has monomials with possibly nonzero coefficients only at
a2 o at. As f(x) # 0, there exists at least one
coefficient aj, such that a;, # 0. Using (39), (40) and the
coefficient of the monomial z%o in the left hand side of (40)
we obtain that

(40)

eo + e1n"io + egn? Yo 4 .. 4 =D — (41)

Let e(x) € F,[z] be the nonzero polynomial of degree at most
b — 1 such that

e(r)=ey+er x+---+ ep_1a’ L.
Let mj,(z) € Fg4[z] be the minimal polynomial of 7%
over F,. Let kj, = degm,,(z). Note that b < kj;, by the
assumption b < min{kq,ks2,...,b,}. Using (41) we obtain
that e(n"0 ) = 0 and hence mj, (z) | e(z). However, this is a
contradiction as dege(x) < b—1 < kj,. This completes the
proof of the statement that dimp, L = b.

For 0 < ¢ < b—1, let Fy be the algebraic function field
Fy = Fgr(x,y¢) such that y/ — y, = f(x). Let g(Fy) denote
the genus of Fy. Using Condition V.3 it follows from [16,
Proposition 3.2.8] that g(Fy) < W.
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Let F be the algebraic function field F =
For (2, 90,%1,---,Yo—1), which is the compositum of the
function fields Fy, Fy,..., F,_1. Let g(F') denote the genus
of F'. As dimp, L = b, it follows from [6, Corollary 6.7] (see
also [10, Proposition 3.6] and [17, Lemma 2.4 and (3)]) that

o(p) < LD,

Let N @) (F) denote the number of affine rational places of F.

As in the proof of Theorem IV.4, for the Hamming weight
wrr (¢ (f)) of ¢®(f) we have

(42)

N(aﬁ ) ( F)
¢
Moreover, there is only one rational place of F' at infinity.

Hence using (42) and Serre’s improvement on the Hasse-Weil
bound [16, Theorem 5.3.1] yields

wi (P (f) =q" - 43)

b _ 1 *_1
INGH (R < g7 + ué“) 12 ¢772]. (44)
Combining (43) and (44) we complete the proof. O

Remark 10: There is a codeword of C' such that the genus
bound (42) is tight. Indeed let f(z) = ajz™* +ag "2+ -+ -+
a,xts € Fgr[2]\{0} such that the coefficient a* corresponding
to z*" is nonzero. Then the genus bound in (42) becomes
equality. This always holds if p = 1 and we have equality

_ @-D@ -1
g(F) = 2
in (42).

In the next remark we explain how Theorem V.4 generalizes
an important result of Yaakobi et. al., namely [19, Theorem 1],
to arbitrary b and arbitrary ¢ for some cyclic codes.

First we recall that an algebraic function field F' with full
constant field [, is called a maximal function field if it attains
the upper bound of Hasse-Weil inequality. Namely if N (F)
denotes the rational places of F' and g(F') denotes the genus
of F, then F' is a maximal function field if and only if

N(F) = 1+q" +2g(F)q"/2

in Remark 2 instead of the inequality

It is a difficult open problem to characterize all maximal
function fields (see, for example, [8], [9], [16]).

For 1 < b <n-—1,letd,(C) denote the minimum b-symbol
Hamming weight wj(c) of codewords as ¢ runs through all
nonzero elements of C. Note that d(C') is the b-symbol
Hamming minimum distance of C. Similarly let D;(C') denote
the maximum b-symbol Hamming weight w(c) of codewords
as ¢ runs through all nonzero elements of C'.

Remark 11: For any fixed b, there are cyclic codes satisfying
the conditions of Theorem V.4 such that the lower bound on
wp(c) of Theorem V.4 is tight. For instance these codes can
be constructed using some maximal algebraic function fields
as follows. Note that there are various examples of algebraic
functions fields F' = Fgr(z,y) of the form A(y) = f(x),
where A(y) is a given g-additive polynomial of degree ¢
splitting over F,r and f(x) € Fyr[2] is a suitable polynomial.
For example if we choose m and put » = 2m, then for
any divisor v | (¢™ + 1) we obtain a maximal function
field as a subcover of the Hermitian function field H =
Fy2m (,7) given by y?" 4y = 27" We refer, for example,
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to [1], [8], [9], for the details. Hence if wuq,uo,...,u, are
chosen so that u* becomes a divisor of (¢ + 1), then there
is a codeword of C' corresponding to a maximal function field
of the form A(y) = a12™ + aga™ + --- + a,a™* with full
constant field IFy» for some coefficients ay,...,a, € Fg-, not
all zero. This implies that the lower bound of Theorem V.4 is
tight.

For a given 1 < b < min{k1, ko, ..., k,}, let C be a cyclic
code such that the lower bound of Theorem V.4 is tight for b.
Then for the minimum distance d;(C) of C' we have

¢ =1

d(C)=q" —q" " - 7 1)g"/2.

(u* — (45)
For 6 > 1 and assume that b+ 0 < min{k;, ko,...,k,} and
hence we are in the range for application of Theorem V.4. For
(b+9)-symbol minimum distance dp45(C') using Theorem V.4
we obtain

b3 1)

dpi5(C) > g —q "0 = (qu(u* —1)g"/% (46)
Using (45) and (46) we obtain that
(qb+6 _ 1)

db+6(c) > de(c)- 47)

For ¢ = 2 and b = § = 1, then the inequality in (47)
coincides with [19, Theorem 1], which holds for arbitrary
binary cyclic codes of dimension at least 2. We have many
further inequalities in (47) for various values of b, § and q.
For ¢ = 2 and some small values of b and J, the inequality
in (47) gives
3 7 7
d>(C) > §d1(c)’ ds(C) > Zdl(c)’ ds(C) > ng(C).

Here if ¢ = 2, and b = § = 1, then we get the constant 3/2
above, which corresponds to [19, Theorem 1]. For ¢ = 3 and
some small values of b and J, the inequality in (47) gives

4 13 13
d2(C) 2 3di(C), ds(C) 2 5-di(C), ds(C) = 15d2(C).

In the next corollary we show that if d;(C) is tight for some
1 < b <min{ks, ks,...,k,} in Theorem V.4, then all d,(C)
are tight for 1 < ¢ < b. Note that there exist C' and b such
that d;,(C) is tight (see Remark 11).

Corollary 5: We keep the notation and assumptions of
Theorem V.4. Assume that there exists an integer b such that
1 <b<min{ki,ks,...,k,} such that

oy (@ =D —1)q"”?
q - qb .

Then for any integer 1 < ¢ < b we have

(¢" = D(ur =1)g"?
q '

Proof: 1t follows from the proof of Theorem V.4, there
exists f(z) € P({u1,us,...,u,}) such that the function field
F =Fu (2,90, Y15, Y1), where yf —y; = () for 1 <
i < b—1, is a maximal function field. For 1 < ¢ < b—1, let F}
be the subfield of F defined as Fy = Fyr(x, Yo, Y1, - - -, Yo—1)-
It is well known that subcovers of maximal function fields are
maximal as well [14]. Hence Fy is a maximal function field (of

dp(C) =q" —

d/(C) _ qr _ qr—f _
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a different genus in general). The proof of Theorem V.2 (see
also Remark 11) implies that its bound on d;(C') is tight. [

Remark 12: Note that in Corollary 5, if the equality on
dy(C) holds for some 1 < b < min{ki,...,k,}, then all
equalities on the minimum distances d¢(C) hold and these
values decrease as ¢ decreases. However, in the other direction
there is a natural bound by Theorem V.2 and it is important
to assume that b+ 0 < min{ks,...,k,}. Indeed if the bound
of Theorem V.2 on d,(C) is tight for an integer 1 < b <

. b+s .
min{ky, ko, .., kp}, then dyys > {5t dy(C) if b+ 6 <
min{ky, k2, ..., k,}. However, it follows from Theorem V.2

that dp4541(C) = dpys5(C) if b+ 0 > k1 + ko ... + k.

We also recall that an algebraic function field F' with full
constant field F,, is called a minimal function field if it attains
the lower bound of Hasse-Weil inequality. Namely if N (F')
denotes the rational places of F' and g(F') denotes the genus
of F', then F' is a minimal function field if and only if

N(F)=1+q" —29(F)q"/>

Again characterization of all minimal function fields is a
difficult open problem and we have minimal functions fields in
the form of maximum function fields mentioned above. There-
fore considering minimal function fields instead of maximal
function fields we have analogous results of Remark 11 and
Corollary 5 on the maximum distances D (C).

Remark 13: For any fixed b, there are cyclic codes satisfying
the conditions of Theorem V.4 such that the upper bound on
wp(c) of Theorem V.4 is tight. For existence we use similar
arguments as in Remark 11 and minimal algebraic function
fields instead of maximal algebraic function fields.

For a given 1 < b < min{ki, ka,...,k,}, let C be a cyclic
code such that the upper bound of Theorem V.4 is tight for b.
Then for the maximal distance D, (C) of C' we have

b

-1
DMD:¢—¢*+254M—U¢@ 8)
For § > 1 and assume that b + § < min{ki, ks, --- ,k,}. For
(b+0)-symbol minimum distance dp15(C) using Theorem V.4

we obtain

(qb+6 _ 1)

Dyys(C) <q" — ¢ "0 + qﬂg(w—mw?<@>
Using (48) and (49) yield
(qb+6 _ 1)
Dy15(C) < WDb(C)-

We present the next corollary on maximum distances, which
is an analog of Corollary 5. Its proof follows using similar
arguments together with minimal function fields instead of
maximal function fields. Note that it is also well known that
a subcover of a minimal function field is minimal [14].

Corollary 6: We keep the notation and assumptions of
Theorem V.4. Assume that there exists an integer b such that
1 <b<min{ki,ks,...,k,} such that

¢’ —)(u* = 1)q"/?

Dy(C) =g — g7 + & g’

Then for any integer 1 < ¢ < b we have

(¢ = D(u" —1)g'”
q" '

Dy(C)=¢q"—q" "'+

We can assume that

ki <ks <--- <k, (50)

without loss of generality. It follows from Theorem V.2 that
there is no need to consider b-symbol weights if k1 + ko - - -+
k, < b <mn — 1. Hence there are exactly p + 1 regions given
below to consider for the full b-symbol weight profile of C":

Region 0: 1 <b <k,
Region 1: k1 < b < ko,
: &1V
Region p —1: k,_1 < b <k,
Region p: kp<b<ki+ko+ - +k,.

It follows from (50) that Region 0 corresponds to Theorem V.4.
Next we consider the remaining p regions. We need the
following notation in order to present our results for the
remaining regions neatly. For integers b,u € N, let L,U :
N x N — N be the functions defined as

(¢ — 1)(u* — 1) |27 J
2q¢b ’

L(b,u) _ qr _ qr—b _ \‘

and

Ubu)=q —¢ "+ {(qb — D —1) qur/zJJ |

2¢°

Note that the functions L and U depend also on ¢ and r, which
we consider to be fixed. Moreover, these functions correspond
to the lower and upper bounds of Theorem V.4. It is easy
to observe that as the second parameter v increases (and the
first parameter b is fixed), L(b, u) is a decreasing function and
U(b,u) is an increasing function.

We are ready to present our bounds for Region 1 in the next
theorem.

Theorem V.5: We keep the notation and assumptions of
Theorem V.4. We also assume that (50) holds without loss
of generality. Recall that v* = max{ui,...,u,} and ws(c)
denotes b-symbol Hamming weight of a nonzero codeword ¢
of C. If b is an integer in Region 1, i.e. k1 < b < ko, then we
have

min {L(b, u™), L(k1,u1)}

wp(c)

<
< max{U(b,u"),U(ki,u1)}

Proof: Let f(x) be an arbitrary nonzero polynomial in
P({ui,u2,...,y,}). Let fi(xz) and g(x) be the uniquely
determined polynomials in P({ui,us,...,y,}) such that
fi(z) = a1 2", g(z) = agx™ + -+ + apa’ and f(z) =
fi(x)+ g(z). At least one of the polynomials f1(x) and g(z)
is nonzero.

If g(x) # 0, then, as b < ko =
we have

dimg, Span{ f(z), f(z),..., fE"V(2)} = b.

min{kQ; k37 RN kp}’
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Moreover, using the methods of the proof of Theorem V.4 we
obtain that

L(b,u") < wp(c) < U(b,u™). (52)

If g(x) = 0 and fi1(z) # 0, then it follows from Theorem V.2
that wy(c) = wy, (¢) as k1 < b. Using Theorem V.4 for kq,
we obtain that

L(ki,u1) <wp(e) < U(k,uq). (53)

Combining (52) and (53) we complete the proof. O

These methods apply for all regions in (51). It becomes
more complicated to state these bounds for Region j as j
increases. Next we consider Region 2.

Theorem V.6: We keep the notation and assumptions of
Theorem V.4. We also assume that (50) holds without loss
of generality. Recall that v* = max{ui,...,u,} and ws(c)
denotes b-symbol Hamming weight of a nonzero codeword ¢
of C. Let b be an integer in Region 2, i.e. ko < b < k3. Our
bounds in this region is presented depending on two cases as
follows:

Case b < k1 + ko: We have

min{L(b, u*), L(b, IIlELX{Ul7 ’U,Q}), L(kg, ul), L(kﬁl, ’U,l)}
< wp(c) <
maX{U(ba U*)v U(ba ma'x{ula UQ})v U(k27 ul)a U(kla ul)}

Case k1 + ko < b: We have

min{L(b,u"), L(k1 + ko, max{uy, us}),
L(k2,u2), L(k1,u1)} < wp(c) < max{U(b,u"),
U(/fl -+ k‘g, max{ul, Ug}), U(kg, UQ), U(/fl, ul)}

Proof: Let f1(z) = a1z™*, fo(x) = agz™? and g(x) =
azx™ +---+a,x" be the polynomials with coefficients from
Fgr so that their sum f(z) = fi(z) + fa(x) + g(x) is not the
zero polynomial.

If g(x) # 0, then we have that dimp, Span

{f(), fO(2),...,fCV(z)} = bas b < min{ks,...,k,}.
Using Theorem V.4 we obtain that
L(b,u") Swy(c) <U(b,u"). (54)

Assume that g(x) = 0 and b < k1 + ko. If as # 0, then using
Theorem V.2 and considering the subcases a; # 0 and a1 = 0
we obtain

min{ L (b, max{u,ua}), L(ka, u2)}

< wp(c) < max{U (b, max{ui,uz}), U(ka,u2)}. (55)
If ag = 0, then a; # 0 and using Theorem V.2 we get
L(k1,u1) < wp(c) < U(kr,ur). (56)

Combining (54), (55) and (56) we complete the proof of the
case b < ki + ko.

Next we assume that g(z) =0 and k1 + k2 < b. If a1 # 0
and ao # 0, then using Theorem V.2 we get

L(ky + ko, max{ui,uz}) < wp(c)
< U(ky + ko, max{ui,uz})

(57)
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If as # 0 and a; = 0, then similarly we have

L(k2,u2) < wp(c) < U(ka, uz). (58)
Finally if as = 0 and ay # 0, then we have
L(k1,u1) < wp(c) < U (K, ur). (59)

Combining (54), (57), (58) and (59) we complete the proof of
the case b < k1 + ko. O

Example 7: Let ¢ = 2, r = 12, n = 4095, p = 2,
u; = 3 and us = 5 under notation of Theorem V.6. Using
Theorem V.6 we obtain that

92880 < wa(c) < 3264,
3360 < ws(e) < 3808,
3600 < wy(c) < 4080.

Theorems V.4, V.5 and V.6 present a method to obtain
explicit formulas for the bounds on wy(c) for Region i with
17 > 3 in (51). It is clear that presenting explicit formulas
like in these theorems becomes more involved as the region
number ¢ increases. We refrain ourselves from presenting
explicit formulas for Region ¢ if 3 < ¢ < p as they just use
the same ideas and only become more complicated to state.
Nevertheless the proofs of Theorems V.2, V.4, V.5 and V.6 give
a method to derive lower and upper bounds on the b-symbol
Hamming weights of arbitrary nonzero codewords of C' using
algebraic curves. Hence we solve this problem for all regions
in (51) implicitly. For any practical situation, and Region i
with 3 <1 < p, the methods of this section would be enough
to obtain explicit formulas as in Theorems V.4, V.5 and V.6.

Next we extend all of our previous bounds in this section
to cyclic codes of length n | (¢" — 1). Let C' be a cyclic code
of length n | (¢" — 1) over F,. Let Uy = {u1,ug,...,u,} be
a basic nonzero set of C. Assume that Uy # {0} and each
element of U, satisfies Condition V.3. Let N = =1 For

n
integers 0 < ¢ and 0 < u < n — 1, it is easy to observe that

ug' =u mod n <= uN¢'=uN mod (¢" —1). (60)

Let U = {u1 N,u2 N,...,u,N}. Using (60) we get that
Up is a basic nonzero set for a cyclic code C of length
nlN = ¢" — 1 over F,. Moreover, each element of Uo satisfies
Condition V.3 for the length ¢" — 1. Let f(z) = aja™ +
asx™ + -+ 4+ ap,at € P(Up) be a nonzero polynomial.
Let ¢(f) € C be the codeword corresponding to f(z). Put
f@) = ez N 4 agz®> N 4 .. a,zveN € P(Up). Let
¢(f) € C be the codeword corresponding to f(z). As in
the proof of Theorem IV.4 we conclude that for any integer
1 <b<n-—1 we have

1 A

w(el(f)) = (),

where wy(c¢) and wy(¢) denote the b-symbol Hamming weight
of ¢(f) and &(f), respectively. These arguments yield the
following theorem, which generalizes Theorem V.4.

Theorem V.7: Let n be a divisor of ¢" — 1. Let C' be
an arbitrary cyclic code of length n over F,. Let Uy =
{u1,u2,...,u,} be a basic nonzero set of C. Assume that

Uy # {0} and each element of Uy satisfies Condition V.3.
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Put N = L;l and u* = max{uy,uz,...,u,}. Let n € Fy.
be a primitive n-th of 1. For 1 < j < p let k; be the
index [Fy(n"/) : F,] of the field extension Fy(n*/)/F,. Let
¢ € C be an arbitrary nonzero codeword. For 1 < b <
min{ky, k2, ..., ky}, let wy(c) denote the b-symbol Hamming
weight of c. We have

1 <qr gt - {(qb —1)(u*N —=1) LQqT/2JJ>

N 2qb

< wy(c) <

b u* o r/2
qu_qr_b%(q DN =) |29 JJ)

In the following remark we explain how we obtain our
bounds for length n | (¢" — 1) using our earlier bounds in
this section.

Remark 14: Note that the bounds of Theorem V.7 are
obtained from the bounds of Theorem V.4 after applying the

following two simple operations in order:
i) change u* to u*N and get the numbers L’ and U’ in

place of the lower bound L and the upper bound U of
Theorem V.4,

ii) divide the numbers L’ and U’ obtained in step i) by N =
=1 ip order to get the lower and the upper bounds of

Theorem V.7.
This method applies to all our bounds in Theorems V.4, V.5

and V.6 and we obtain explicit lower and upper bounds for
Regions 0, 1 and 2 in (51) for any n dividing ¢" — 1. Also our
arguments after Theorem V.6 regarding the remaining regions,
Region ¢ with 3 < ¢ < p, hold for any length n dividing
q" — 1. Therefore we implicitly solve the problem of obtaining
formulas on lower and upper bounds of b-symbol weights for
these regions if n is an arbitrary positive number dividing
q - 1.

VI. CONCLUSION

Let C' be an arbitrary cyclic code of length n over I, with
ged(n,q) = 1. Let b be an integer with 1 < b < n — 1.
We gave tight lower and upper bounds for b-symbol weights
of nonzero codewords of C' using algebraic curves over finite
fields. We obtained a stability theorem for arbitrary cyclic
codes so that the weight enumerator of b-symbol Hamming
weights of C' is the same as the weight enumerator of k-symbol
Hamming weight of C' if £ < b < n — 1. We improved our
lower and upper bounds on b-symbol weights of codewords
of general cyclic codes for some special subclasses of cyclic
codes.

There are still many open problems which require fur-
ther work in this subject. It is a natural open problem to
compute b-symbol Hamming weight enumerators of cyclic
codes. Construction of explicit classes of optimal cyclic
codes for prescribed b-symbol would also be interesting.
Moreover, generalizing our bounds to the repeated root case,
i.e. ged(n, q) # 1 is open.

APPENDIX

In this appendix we provide necessary background on
algebraic function fields in order to make the paper

self-contained. For further details we refer, for example,
to [7], [16].

Let K be a finite field. An algebraic function field ' over
K is a finite extension of the rational function field K(x) such
that any element of F' that is algebraic over K is in K. Here
K is called the constant field of F. If [F : K(x)] = m, then
there exists a polynomial h(T) = ho + T + - + by, 7™ €
K(z)[T] of degree m such that F' = K(z,y) and the minimal
polynomial of y over K(z) is h(T). We also call F' as an
algebraic function field without mentioning K if it is clear
that the constant field is K from the context.

The simplest algebraic function field is F' = K(x), where
[F:K(z)] = 1.

A valuation ring of F' is a ring O C F such that

i) KCOCF, and

i) forany z € F\{0} we have thateither 2 € Forz~! € O.

Example 8: Assume that F' = K(z), the rational function
field. Let r(z) € K[z] be an irreducible polynomial. Then the
set

a(x)
@) = :
" { b()
is a valuation ring of F'
Let O be a valuation ring of F'. The group of units of O is

a(x),b(z) € Klz], r(x) 1 b(x)}

O = {u € O : there exists v € O such that uv = 1}.

It is well known that O is a local ring, that there exists a unique
maximal ideal P of O, which is given by P = O\ O*.

A place P of F is the maximal ideal of a valuation
ring O of F. Conversely the valuation ring O is also
uniquely determined by its place P as follows: O =
{ze F\{0}:27! ¢ P} U {0}. We denote it Op and call
it the valuation ring of P.

Let P be a place of F. There exists an element ¢t € P such
that P = tO. This elements is not necessarily unique. Such an
element is called a local parameter of P. As P is the maximal
ideal of its valuation ring Op, the quotient ring Fp = Op/P
is a field. F}, is called the residue field of P. It is well known
that F}, is a finite extension of K and the extension degree
[F, : K] is called the degree of P. If the degree of P is one,
then we also call that P is a rational place.

Example 9: Assume that K = F, and F = F,(x),
the rational function field over IF,. There are exactly q + 1
rational places (degree one places) of I' and they are given as
follows:

i) For a € [Fy, let

p(,:{%:

where a(z) and b(x) € Fy[z]. These form ¢ (affine)
rational places of F'.
ii) There is one rational place at infinity of F'. It is defined

as

where a(x) and b(z) € F[z].

ala) =0, bla) # 0} , (61)

;, dega(r) < deg b(x)} , (62)
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In general, for m > 1, an arbitrary place of Fy(z) of degree
m, different from P., is obtained as follows. Let r(z) € F,[x]
be an irreducible polynomial of degree m. Then

a(z

Py = {%x;  r(@) | alz), r(wa(x)} |
where a(z) and b(x) € Fylz]. is a degree m place of F.
The notation in (61) and (63) coincide for degree one places:
Py =Py o if v €F,.

Let P be a place of F. Let Op be its valuation ring and O
be the group of units in Op. We choose a local parameter ¢
of P. The discrete valuation vp is a map corresponding to P,
which is defined as

vp: F — ZU{oco}
n  if there exists n € Z
and u € OF such that z = t"u,
oo otherwise (or equivalently if z = 0)

(63)

VAR e d

It is well known that vp is independent from the choice of the
local parameter.

Assume that ' and F' are algebraic function fields with the
same full constant field K. Assume further that £ is a finite
extension of F. Let P be a place of E. Then P’ = PNF is a
place of F'. Moreover the residue field F'p is a finite extension
of the residue field Fpr. The extension degree [Fp : Fp/] is
called the inertia degree of P|P’ and its is denoted as f(P|P’).
In particular P is a rational place of E if and only if P’ is a
rational place of F and f(P|P’) = 1. Moreover there exists
an integer e such that

vp(z) = evp/(z) for all z € F.

This integer is called the ramification index of P|P’ and it
is denoted as e(P|P’). Conversely if @ is a place of F', then
there are a finite number of places @1, ..., Qy in E such that
Q;NF=Q for 1 <i</. A fundamental fact is that

¢
> e(@ilQ)F(QilQ) = [E : F.
i=1
Let s > 1 be an integer. Let F' be an algebraic function field
with full constant field Fy. Let F'-F s be the smallest extension
of I’ containing [F,s. Note that for s = 1 we have F' = F'-F,.
Let N(F'-F,-) denote the number of rational places of F'-F .
The Hasse-Weil bound [16, Theorem 5.2.3] states that there
exists a nonnegative integer g(F'), which depends only on F,
such that for each positive s integer we have

IN(F-Fgs) — (¢* + 1) < 29(F)g*/2. (64)

The integer g(F') in (64) is called the genus of F. The
definition of genus using (64) is not very common, which
is an arithmetic method of definition. This definition requires
the presentation of the Hasse-Weil bound for all constant field
extension F' - F,s with s > 1. When we state the Hasse-Weil
bound, we usually refer to the version of (64) with s = 1
only. Alternative definitions of genus would require further
background like Riemann-Roch Theorem and ramification
theory, which we do not need in this paper.

There is an improvement of the Hasse-Weil bound, which is
Serre’s improvement (see [16, Theorem 5.3.1]). It states that
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if I is an algebraic function field with full constant field [F,
then

IN(F) = (g+1)] < g(F) |2 ¢"/2] (65)

Let F' be an algebraic function field with full constant field
F,. Assume that F' is an extension of the rational function
field F,(z). Let P be a rational place of F. Recall that F,(z)
has exactly ¢ 4+ 1 rational places. The affine rational places
of F,(x) are P,; where o € Fy, and P, defined in (61) in
Example 9 above.

In general we call that P is an affine rational place of F
if PNF = P, for an « € F;. Otherwise we call that P is a
place of F' at infinity.

Example 10: Let r > 2 be an integer. Let a(z) € F,r[z]
be a polynomial of degree coprime to g. Let = Fyr (2)[y]/ <
y9—y—a(z) >. Then F/F,(x) is a field extension of degree
g and the full constant field of I is F .

As in Example 9, for ao € Fyr, let P, be an affine rational
place of IF,~, which corresponds to the irreducible polynomial
x — a € Fyr[x]. Let Py denote the remaining rational place
of Fyr (x), which corresponds to the pole of z € F,r(x).

The following characterization of all rational places of F
is known. Recall that Tr : F,» — I, is the trace map = —
z4+2l+4--+27 _Forae F4~ and the affine place P, of
F,(x) we have two cases to consider:

e Case Tr(a(a)) = 0: In this case there are exactly
g rational places Qu,1,Qa,2,.-.,Qq,q of F such that
Qa,iNF =P, foreach 1 <i<r.

o Case Tr(a(a)) # 0: In this case there is no rational
place @ of F' such that Q N ' = P,.

Moreover there is a unique rational place (), of F' such that
QR NF = Py

Let N (F) denote the number of affine rational places
of F'. These arguments imply that

NPy = N(F) -1
and

NG (F) = g|fa € Fyr : Tr (a(a))}].
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