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LAKE EQUATIONS WITH AN EVANESCENT OR
EMERGENT ISLAND

LARS ERIC HIENTZSCH, CHRISTOPHE LACAVE, AND EVELYNE MIOT

ABSTRACT. We study the asymptotic dynamics of the lake equations in
the following two cases, an island shrinking to a point and an emerging
island. For both cases, we derive an asymptotic lake-type equation. In
the former case, the asymptotic dynamics includes an additional Dirac
mass in the vorticity. The main mathematical difficulty is that the
equations are singular when the water depth vanishes. We provide new
uniform estimates in weighted spaces for the related stream functions
which will imply the compactness result.

1. INTRODUCTION

The purpose of this paper is to derive the asymptotic lake equations for
the singular limit of an evanescent or emergent island. The lake equations
arise as a 2D model for the vertically averaged horizontal component of the
velocity of a 3D incompressible fluid [I4]. Given a domain © C R? and a
topography (depth function) b: Q — R, the pair (2,b) is called a lake and
the lake equations read

{@(bv) + div(bv ® v) + bVp = 0,

(1.1) div(bv) =0, (bv)-n =0,

where v : Q — R? is the velocity field, p the pressure and m the outward-
pointing unit normal vector on 0. System (ILI]) can also be obtained from
the shallow water wave equations in the low Froude number limit [6]. For flat
topographies, i.e. b is a constant function, the lake equations (L) simply
become the incompressible two-dimensional Euler equations, for which the
well-posedness has extensively been studied, see Wolibner [27] or Yudovich
[28] for initial vorticity in L°°(2). When the depth function b varies but
is bounded away from zero, this analysis may be adapted to establish well-
posedness of the lake equations [22]. More difficult and much more realistic,
Bresch and Métivier [5] obtained the well-posedness on a simply-connected
and smooth domain € for vorticity in L>°(Q2) with varying depth b possibly
vanishing on the boundary of €. This required the use of elliptic techniques
for degenerated equations. Therefore, we refer to (LI) on a lake (Q,b)
with vanishing topography as degenerated lake equations. Subsequently,
the second author with Nguyen and Pausader proved in [20] that the lake
equations are structurally stable under Hausdorff approximations of the fluid
domain  and LP perturbations of the depth b. As a byproduct, the authors
obtained the existence of a global weak solution in a large class of irregular
lakes including not simply-connected domains, namely lakes with islands, as
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2 L.E. HIENTZSCH, C. LACAVE, AND E. MIOT

is recalled in Theorem [[.8 below. Existence of renormalized solutions for
the degenerated lake equations has recently been introduced in [4].

In this paper, we are concerned firstly with the problem of an evanescent
island, namely we aim to describe the limit flow for an island that coalesces to
a point. Our study is motivated by scenarios such as flooding, sedimentation
or erosion of an island due to e.g. extreme meteorologic events. The second
issue we shall address is the adjoint problem where an island appears from
the change of depth induced by geological events such as the birth of a
volcano close to Mayotte [8,21]. This example leads to a sequence of varying
topographies, but our analysis also includes the scenario where the level of
the water is uniformly decreasing. Let us mention that such asymptotic
analysis are not included in [20] where every asymptotical island is connected
with at least two points, with the depth functions only vanishing on the
boundary. Here, we consider an asymptotical topography for (L) such
that € is a punctured lake, namely simply-connected and there exists a
unique point P € Q with b(P) = 0 (see Definition [[2)).

1.1. Definition and sequences of lakes.

Some definitions of lakes. We give in this section precise definitions of the
lakes that will be under consideration in the main results. An island is
said to be degenerated if it is reduced to a single point. We start with
the definition of a lake without degenerated island but with possibly one
non-degenerated island.

Definition 1.1 (Lake without degenerated islands, with at most one non-de-
genrated island). The lake (2,b) is a lake without degenerated islands and
with one non-degenerated island if

(1) Q:= Q \ Z, where Q is an open bounded simply connected subset of
R? and T is a compact, simply connected subset ofﬁ containing at
least two points;

(2) b € L®(Q,R") and for any compact set K C 2, there exists a
positive number O such that b(x) > 0 > 0 on K;

(3) there are small neighborhoods O° and O of Q) and 0T respectively,
such that, for 0 < k <1,

b(z) = c(x) [d(z)]™ in OFNQ,

where c¢(x),d(x) are bounded functions in the neighborhood of the
boundary, c¢(x) = 60 > 0, ap > 0. Here the geometric function d(z)
is O' and satisfies Q = {d > 0} and Vd # 0 on 99Q;

(4) if b vanishes on the boundaries 0Q and 9I, i.e. ay > 0, then the
respective boundary is a C' Jordan curve.

The lake (2,b) is a lake without degenerated islands and without non-

degenerated island if Q) = Q is an open bounded simply connected subset of
R? and b satisfies the same assumptions as above on €.

The second assumption states that the depth function may not vanish in
the interior of the lake, and the third one states that the shore is either of
non-vanishing (ax = 0) or vanishing topography with constant slopes a; > 0.
We notice that up to a change of ¢, 8, we may take d(z) = dist(x, 9Q).
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The first goal of this paper is to treat the asymptotic regime where a
non-degenerated island Z. shrinks to a point P € ) as € tends to zero. More
precisely, the asymptotical lake has no non-degenerated island but b(P) =0
meaning that (2) is no longer satisfied. We specify now the assumptions
on such lakes, refered to as punctured lakes. Without loss of generality we
assume P to be 0. Let 2 be a Jordan domain containing the origin, and let
b be a non-negative function on € such that

b ({0}) = QU {0} or b ({0}) = {0}.
Definition 1.2 (Punctured lakes). The lake (2,b) is a punctured lake (in
0) if
(1) Q:= Q is an open bounded simply connected subset of R?;
(2) b e L>(Q,R") and for any compact set K C Q\ {0}, there exists a
positive number O such that b(x) > 0 > 0 on K;

(3) there are small neighborhoods O° and O! of O and {0} respectively,
such that, for k € {0,1};

b(z) = c(x) [d(z)]™ in OFNQ,

where c(x) is a bounded function such that c¢(x) > 6 > 0 for all
xe€Q, a0 >0 and a; € (0,2). As for the lakes without degenerated
island, we set d(x) = dist(z,0Q U {0});

(4) if b vanishes on 09, then the boundary O is a C* Jordan curve.

As already mentioned, the analysis of [20] does not include the case of
punctured lakes. Indeed, it is required in [20] that the H' capacities of
the islands are positive (which is equivalent to assuming that the connected
compact subset Z is not reduced to points [12, Prop. 2.2]).

We point out that assuming a non-vanishing topography on the island,
namely assuming a; = 0, is not very natural for the applications we have in
mind and would rather be an extension of the analysis developed in [16] for
the 2D Euler equations. The degeneracy b(0) = 0 in the limit topography
is essential for our method, see the uniform estimates in Section only
available for a; > 0.

As showcase topography for a punctured lake is b(x) = |z|® in the neigh-
borhood of 0. For a € (0,1), the depth function |z|* defines a steep beach.
In particular, V|z|* is unbounded for z — 0. For a > 1, we notice that
the depth corresponds to a flat beach; V|z|* is bounded and tends to 0 as
x — 0. We shall assume that a € (0,2) that will ensure that the velocity
field v obtained in the limit is at least an Llloc—fun(:tion7 which will be crucial
to identify curl v, see Section Bl Beyond the radial profiles ||, more general
and realistic depth functions are included in our assumptions.

Remark 1.3. We summarize here some properties of the depth functions
b that will be useful in the sequel. We notice that () in Definition

ensures Vb | € LL (Q) for all ¢ < ﬁ. In particular, N LIH(Q),

which will be important to identify the PDE verified in € (see our first main
result: Theorem [[J). Because of the outer boundary, we can state that

-1
there is some ¢ > 2 such that Vb = € L%(Q) only if ag < 1. However, local
integrability is sufficient for our purpose and we allow any ag > 0.
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The evanescent island. We introduce now the small island problem. Let
(Qe,b:) be a lake with one non-degenerated island Z., which shrinks to one
point. The main application that we have in mind is the flooding of an
island, where the level of water is increasing;:

bei=b—c, Q.:={recQ, b.>0}.

Natural conditions on b would imply that (€2,b.) is a lake with one island
(in the sense of Definition [Tl with ag. = a1 = 1):

Q. =0 \Z., I.={b<e}nB(0,1).

For this example, we observe that QE describes an increasing sequence con-
verging to 2 in the Hausdorff sense.

Remark 1.4. We refer to [I1, App. B] for a short introduction on the Haus-
dorff topology. Throughout this paper, we will not use the general deep
properties of the Hausdorff convergence. We will only use that for any com-
pact set K C €2, there exists ex > 0 such that K C Q. for all € € (0,ex).
For the outer boundary 8?25, we will also use in Section M that Hausdorff
convergence implies y-convergence and the related Mosco’s convergence (see

11l App. C] or [20, App. B] for a brief overview of these notions).

Another situation that we want to include in our analysis is when the
island disappears by erosion, where the topography is deformed by wind,
water, or other natural agents (with possible constant volume of water).

To encompass these two cases, we only assume the following.

Assumption 1.5. Let (Qg,b.) be a sequence of lakes with one non-degenerated
island (as in Definition [[1) and (2,b) a punctured lake (as in Defini-
tion[L2), such that
(1) Q. — Q\{0} in the Hausdorff sense and Qe C Q for all &;
(2) there exists C > 0 such that b.(x) < Cb(x) for all x € Q upon
extending b. by 0 to §;
(3) be — b in LL (2\{0}) and for any K € Q\{0}, there exists O > 0
and e > 0 such that be(x) > 0k for all (x,e) € K x (0,ek].

Here, we require a quite general information concerning the way how the
bottom tends to a degenerated bottom, provided by (1)-(2) Assumption 5]
These assumptions are suitable for the applications given above. Actually,
we will discuss in Section even more general assumptions, but more
technical to state.

As already mentioned, if b. is a constant function (in z), (LI]) reduces
to the incompressible 2D-Euler equations, see [16] 23] for the corresponding
small obstacle problem. Let us note that in these two papers, the authors
required specific information on the shrinking process: the obstacle shrinks
homothetically 7. = €Z;.

The emergent island. Another natural question is to study the situation
where the level of water is decreasing, starting from a case without island
namely such that b > 0 on Qg, b-(0) = ¢ > 0 but at the limit 5(0) = 0.
Therefore, we still consider an asymptotic punctured lake (€2,b) verifying
Definition and the typical situation we want to analyze is b. := b + ¢,
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€ > 0. From a modelling point of view, this scenario is mostly meaningful
if ag < 1. Indeed, for ag € (1,2) the beach and the surface line of the water
form a cusp. Thus, there seems to be no reasonable choice of (€2, b.) leading
to the desired limit topography. For steep beaches, namely ag € (0,1), it
is natural to consider 2. = Q and to notice that (€Q,b.) is a lake without
island with non-vanishing topography : ag. = 0. For ap = 1, one may
consider a sequence of lakes (€2, b.) without island and with ag. = 1.

Another situation that we want to include in our analysis is when the
bottom is deformed (with possible constant level of water). One may think
of an island born from a submarine volcano [8 2I]. A showcase topography
compatible with this configuration is

be(x) = (|]* + &) Fn(x) + b(x)(1 — n(z))

where 7 a cutoff function such that » = 1 on B(0,g9) and n = 0 on
2\ B(0,2ep). The former examples are included in the following general
assumptions.

Assumption 1.6. Let (Q2.,b.) be a sequence of lakes without island (as in
Definition [ l) and (2,b) a punctured lake (as in Definition[L.2), such that

(1) Qe — Q in the Hausdorff sense;

(2) b € L>™(Q.) uniformly bounded and N/ T Vol in LL (Q) for
some q > 2.

Even if Assumption seems weaker than Assumption [[L5], we should be
aware that (2) encodes the emergence process.

1.2. Main results. As for the 2D-Euler equations, the notion of vorticity
plays a prevalent role. Here, we introduce the potential vorticity w as

w = 1curl(v) = 761”2 — %
) N b

which satisfies the continuity equation together with the incompressibility
condition,

(1.2) O (bw) + div(bvw) = 0, div(bv) = 0,
which formally amounts to the transport equation
(1.3) b(Ow+v-Vw) =0, div(bv) = 0.

Because b may vanish, equation (3] is a nonlinear advection equation with
a degenerated anelastic constraint. We refer to the paper [4] where stability
estimates are derived for a class of such equations. In [20], it is crucial that
b only vanishes on the boundary, which implies that the div-curl problem is
uniformly elliptic in the interior of the domain.

We notice that in the particular case Q = (0,00) x R and b(r,2z) = r,
system (L3]) formally corresponds to the axis-symmetric Euler equations,
where the quantity % also plays an important role, see [10].

Borrowed from [20], we give now the notion of weak solution to the vor-
ticity formulation (L2]) of (LJ]) that will be used for a given sequence of
lakes and for asymptotic lakes.
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Definition 1.7 (Vorticity formulation). Let (£2,0) be a lake in the sense of
Definitions L1 or 2. Let (v°,w°) be a pair such that

div(bv®) = 0 in Q and bv® - n = 0 on OQ in weak sense (see (Z2)))

and
W e L®(Q), curle® = b’ in the sense of distributions on Q.

The pair (v,w) is a global weak solution of the vorticity formulation of (I.TI)
on the lake (2,b) with initial condition (v°,w°) if

() w e Lo(R, x Q), Vv € IRy I2(9));

(i) div(bv) =0 in Q and bv - n =0 on 0N in weak sense, see ([2.3);
(i1i) curlv = bw in the sense of distributions on Ry x Q;

(tv) for all ® € C°([0,00) x Q) it holds

(1.4) / / Oy Pbwdxdt + / / Vo - buwdxdt + / b’ ®(0)dz = 0.
0 Q 0 Q Q

The divergence and tangency boundary conditions are verified in a weak
sense that will be defined in the following section (namely, in (22]) and in
&3)).

We recall next the result obtained by the second author together with
Pausader and Nguyen in [20, Theorem 1.6]:

Theorem 1.8 ([20]). Let (2,b) be a lake satisfying Definition[I1l For any
W € L*™®(Q) and v € R, there exists a global weak solution (v,w) of the lake
equations in the vorticity formulation on the lake (2,b) with initial vorticity
WO and initial circulation v € R. This solution enjoys a Hodge decomposi-
tion, its circulation is conserved in time and ||wl| oo ®, x0) < [|w° Lo (-

The solutions in Theorem [[.§ are constructed by compactness when we
approximate lakes as in Definition [[LT] by a sequence of smooth lakes. For
such weak solutions, we need to define a generalized notion of tangency and
circulation, see (2.2)) and (2Z.9) later.

Uniqueness of these solutions, called “weak interior solutions”, is not
known to hold. If in addition the lake is assumed to be smooth (b and
the boundary are C3), it is proved in Theorem 2.3 in [5] (see Proposition
2.12 in [20] for not simply connected domains) that a Calderén-Zygmund-
type inequality holds for the solution of the div-curl elliptic problem (24))
below. Therefore, in this case, v is continuous up to the boundary and we
can define the tangency condition v - n = 0 and the circulation |, o7V T in
the classical sense. Moreover, these additional regularity properties allow
one to adapt the proof of Yudovich to obtain the uniqueness of global weak
solution in the class (v,w) € LS (Ry; L2(2)) x LS (R4 x Q), see [5,20]. For
smooth lakes, the L*>-norm of the vorticity and the circulation (Kelvin’s
theorem) are conserved.

The evanescent island. Our first main result characterizes the limit as e — 0
for a vanishing island (see Assumption [[5]). As the domains depend on &,
all functions are intended to be defined on {2 by extension to 0, in particular
on the island Z.. Our first main result reads as follows:
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Theorem 1.9. Let (Q,b:) be a sequence of lakes with one non-degenerated
island (as in Definition [I1), which converges (in the sense of Assump-
tion [LA) to a punctured lake (2,b) (as in Definition [L.2). Given v € R
and w® € L>®(Q), let (ve,w.) be a global weak solution given in Theorem .8
with initial vorticity w® and circulation v € R. As ¢ — 0, there exists a
subsequence, still denoted by (ve,we), such that

Vbove = Vbu  strongly in - L3 (Ry; L2(Q)),
we =" w  weakly-« in  L™®(R4 x Q),

where (v,w) is a solution of the vorticity formulation in Ry x Q, in the sense
of Definition[1.7], except that

curlv = bw + 8 in D'([0,00) x Q).

In addition, v satisfies the Hodge-decomposition B1) andv € L>®°(Ry; LY (€2))
with % =1+ %, where q € [2, é) If further ag € 1[0,1), then v €
1R ().
Several remarks are in order.
(1) The initial velocity field v is uniquely determined by w”| and the

circulation v around Z. by virtue of Proposition Sin?ﬁarly, the
initial data v° for the limiting lake is uniquely determined by w® and
~, see Corollary [A.4]

(2) As in [20], when we consider a sequence of lakes where Q. C Q, we
can state that the weak formulation of the vorticity equation (4]
holds true for any ® € C>°(R, x Q). A byproduct of this theorem
is then a global existence result for the limit system with such test
functions.

(3) For the solutions under consideration in the present paper, additional
difficulties arise close to the origin where b vanishes, hence providing
a suitable weak formulation of the velocity equation turns out to be
a difficult task. Actually, the issues encountered are reminiscent to
the ones occurring for compressible fluids in the presence of vacuum
regions [4]. In Section Bl we obtain the asymptotic velocity equation
for (ILT]) posed on the lake (£2\ {0}, b) and discuss possibly strategies
for the velocity formulation in (£2,5).

(4) Condition (3)in Definition[[2arises naturally to ensure that Cap,-1({0}) >
0, see Lemma 2.8, where the weighted capacity is defined as

1
Cap;-1({0}) = inf /—Vde
pa(oh) = _inf [ 29yl

with B({0}) = {¢p € C(f) : ¢ = 1in a small neighborhood of 0}.

We recall that the unweighted H!'-capacity of a single point van-
ishes. To require that an obstacle has positive H!-capacity is similar
to assuming that the connected compact set is constituted by at least
two points. The notion of positive capacity was exploited for the 2D-
Euler equations [I1] on singular domains and the lake equations [20)]
to obtain non-erasable obstacles. Working with the weighted capac-
ity constitutes a refinement of this analysis that allows us to consider
islands collapsing to a single point for (I.T]).
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Actually, the positive weighted capacity of {0} suggests that it
could be sufficient to consider the target system posed on the punc-
tured lake (2\ {0},b), i.e. where test functions are supported in
'\ {0}, see Proposition B4 and Theorem [£.2] where it suffices to
assume a; > 0. We refer to Remark for a deeper discussion on
the generalized assumptions that include more singular geometries.

We mention that the weight b~! is a Muckenhoupt weight [25]
under Definition if in addition ap € [0,1). There is an exten-
sive literature on weighted Sobolev capacities, we refer the reader
e.g. to the monograph [I7, Section 2] and references therein. In
[26], Munteanu considered degenerated lakes for possibly vanishing
topographies assuming that the depth function b is of class C? up
to the boundary and a Muckenhoupt weight. These assumptions
rule out power law depth functions b = |z|*" and allow only for
logarithmic depth functions such as Q@ = B(0,5/2) \ B(0,1) and
b = log |z|log(3 — |z|).

Ezample 1.10. To illustrate the effect of the degenerating topography, we
consider the radial case with Q@ = B(0,1) and b radial such as b(z) = |z|*.
Then, we have the same harmonic function H as for the Euler equations,
namely the unique function satisfying

div(bH) =0in Q, bH -m=0o0n 9, curlH =J
is H= 222 and VBH € L2(Q). Let be = |2|™ — e, Q. = B(0,1) N {be >

2 a2 3
0}, hence the sequence of islands is given by Z. = B(0,'/%1) and shrinks
homothetically to the origin. Then, H. = H|q,_ is the unique solution to
(1.5)

div(b.H.) = curl H. = 0 in Q, b-H.-n =0 on 0., H. -1tds=1.
0T

One then verifies that /b.H. € L?(f).) uniformly bounded. We remark
that the respective stream function, namely the function ¥. € H}(£2.) such
that V4. = b.H., is uniformly bounded in H'(£2.), whereas for the Euler
equations we have ¢, = 5= In |z[|o. .

This suggests that the degeneracy of b has a desingularizing effect on the
respective stream function. We are thus led to introduce uniform estimates
for v/b.v. = \/E‘lvwg, see Section This corresponds to studying
the respective stream functions in weighted Sobolev spaces. This is quite
natural, since the energy associated to (1)) yields a L?-bound for v/b.v..
The vanishing of b, close to the origin is pivotal for our method as it turns out
to desingularize the respective stream functions. While the small obstacle
problem is L?-critical for the 2D Euler equations (see [IT} [16]), we show
that it is subcritical for the lake equations under suitable assumptions on
the degeneracy of b.

When the bottom is flat and the domain €. takes the form R? \ Z.,
the authors in [I6] managed to solve the elliptic problem (L3 for general
geometries via conformal mapping. In general, it is not clear how to adapt
such an approach for the lake equations (LI), but we refer to [7] for an
interesting integral representation of the Green kernel for (LH]) provided
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that b does not vanish. The paper [7] also studies the presence of a point
vortex in the lake equations and proves that the center of a Dirac mass
moves in the direction of Vb, but without diffuse vorticity (w = 0 therein).
A byproduct of Theorem [[L9]is the existence of a point vortex with a diffuse
part, where the point vortex is stuck to the origin, where Vb = 0 provided
that b is continuously differentiable. Here, b(0) = 0 and the stability of the
point vortex under a uniformly increasing water level yielding b(0) > 0 is an
interesting problem.

Finally, we mention that uniqueness of weak solutions is a delicate open
question for the lake equations posed on non-smooth lakes. Indeed, if the
topography vanishes on the boundary, uniqueness is only known for smooth
lakes [0, 20]. It is not clear whether the Calderén-Zygmund type inequalities
introduced in [5] can be recovered when b(0) = 0. Therefore, the unique-
ness of weak solutions to our limit system for both velocity and vorticity
formulation seems to be a difficult open question, even when v = 0. When
~v #£ 0, the weak solution considered in Theorem contains a Dirac mass
in the vorticity. Even for the Euler equations, uniqueness in the presence
of a Dirac mass in the vorticity is only established when w® is constant in
a neighborhood of point vortex (see [19] for more details). Concerning the
linear case, we mention [4], where a strategy for uniqueness of weak solutions
to linear advection equations of type (3] is pointed out.

The emergent island.

Theorem 1.11. Let (Q,b.) be a sequence of lakes without island (as in Def-
inition[I1]), which converges (in the sense of Assumption[1.d) to a punctured
lake (2,b) (as in Definition[1.2). Given w°® € L*(R), let (ve,w.) be a global
weak solution provided by Theorem with initial vorticity w°. Ase — 0,
there exists a subsequence, still denoted by (ve,w.), such that

Vbove = Vbu  strongly in - LY (Ry; L2(Q)),
we =" w  weakly-« in  L™®(R4 x Q),

where (v,w) is a solution of the vorticity formulation in Ry x 2, in the sense
of Definition[1.7. In addition, v € L>®°(Ry; LY (Q)) with % =1+1 where

loc q’

€ [2, é) If further ag € [0,1), then v € L®(Ry; LP(£)).

We remark that curlv = bw € L* does not include a Dirac mass in
contrast to Theorem As (Qg,b.) is simply connected for e > 0, the
velocity field is uniquely determined by w. and the proof of Theorem [L.11]
simplifies substantially compared to the one of Theorem

Combining our two main theorems, the question of continuity when b, =
b+e and € — 0 is then totally solved when the circulation v is equal to zero.

A related interesting question for v # 0 would be to study the occurence
of an island as in Theorem [[LTT] starting from a sort of vortex-wave system
[24] for the lake equations.

Putting together our analysis with the stability result in [20], a possible
extension could cover the case of multiple islands with one or several shrink-
ing to a point or appearing (because this island is the lowest), as it was
considered in [23] for the 2D Euler equations.
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The remainder of this article is divided in four sections. Section [2] intro-
duces the Hodge type decomposition and provides uniform estimates for the
stream functions. Section 3] is dedicated to the proof of Theorem [L9] while
Section M provides the proof of Theorem [LTIl Section [ addresses the as-
ymptotic velocity formulation. Finally, Appendix [Al introduces the density
of smooth test functions in the weighted space.

Acknowledgements. This work is supported by the French National Re-
search Agency in the framework of the “Investissements d’avenir” program
(ANR-15-IDEX-02) and of the project “SINGFLOWS” (ANR-18-CE40-0027-
01). E.M. acknowledges the project “INFAMIE” (ANR-15-CE40-01).

2. SETUP OF THE MATHEMATICAL FRAMEWORK AND UNIFORM BOUNDS

2.1. Lakes without degenerated island and elliptic problems. In this
section, we set up the mathematical framework for the study the lake equa-
tions, we refer to [20] for full details and complete proofs. In the follow-
ing, we consider a lake (€., b.) as in Definition [T with at most one (non-
degenerated) island and we recall that we denote by Q. = ﬁe \ Z. in the case
of one island.

As for the 2D-Euler equations, the main ingredient is to use conserved
quantities for the vorticity. To that end, one requires the reconstruction
of the velocity field v. in terms of the vorticity w., through the following
div-curl problem

(2.1) div(beve) =0in Q. curlv. = bw, in Q., bv.-n =0 on 0f..

The second equation reads in D’'(.), whereas the first and third ones have
to be understood in the following weak sense:

(2.2) / be(x)ve(x) - h(z)dz = 0,
Qe
for any test function h in the function space G(£2.) defined by
G(Qe) = {w € L*(Q.) : w=Vp, forsome p € Hﬁ)C(QE)}.

For b.v. € L%().), such a condition in (2.2)) is equivalent to
beve € H(),
where
H(Q.) = the closure in L? of {¢ € C°(Q) | dive = 0}.

This equivalence can be found, for instance, in [9, Lemma II1.2.1] where
it was pointed out that if €. is a regular bounded domain and if b.v. is a
sufficiently smooth function, then b.v. verifies (2.2]) if and only if div(b.v.) =
0 and b.v; - n|pa,. = 0.

Similarly to (Z2), the weak form of the divergence free and tangency
conditions on b.v. € L?(R, x €2.) also reads:

(2.3) Yh € C° ([0, +00); / / x)ve(t,x) - h(t,z) dadt = 0.
Ry JO.
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The first and third conditions in (Z1]) imply that the div-curl problem is

related to the following elliptic problem on the stream function . € Hé(Qa)
1

(2.4) div (b—wg) — f.inQ., & =0ondL.,
€

with the relation b.v. = VJ"l/J5 and where f. will be b.w.. When the depth
function is allowed to vanish at the beaches, ([2:4]) is not uniformly elliptic.
Here and below, we refer to an elliptic problem as degenerated whenever it
lacks uniform ellipticity.

To solve this problem, we first introduce the similar elliptic problem with
Dirichlet boundary condition on the island Z. and the outer boundary

(2.5) div(biwg): fooin Q. € HY(QL),

for which existence and uniqueness is studied in [20] in the following space
1
V-

For shortness, we will often write X, instead to Xp_(£2:). The function
space Xp(Q2) for the limiting topography is defined analogously. We recall
that Xp_(£2) is a Hilbert space with inner product

(f,9)x. :/Q blVf-ngx-

20 X -{venin): —Vierke)).

One of the most important properties showed in [20] is the density of C2°(€,)
in X.. Such a result was stated there for smooth lakes without degenerated
island. We improve the proof in Appendix [A] (in particular Lemma [A.2))
to remark that the density property also holds for lakes considered in Def-
initions [[L1] and The main consequence of the density result is the
uniqueness of solutions for (ZI]) and for the following Hodge decomposi-
tion. The density property in the punctured lake will be also used for the
compactness argument in Section [l

Hence, for a simply connected lake, there exists a unique solution in X,
of (Z4)). However, when the domain (). is not simply connected (i.e. with
islands), the vorticity is not sufficient to uniquely determine the velocity
field, namely to obtain uniqueness in ([24]). We have to analyze functions of
harmonic type.

Definition 2.1. A function ®. is called b.-harmonic if
1

Vbe

®, € H} (), Vo, € L*(9.),

18 solution to
1
div (b—vq>5) —0 in Q. 0.®.—=0 on 00..
€

The space of be-harmonic functions in Q. is denoted Hy_ () (or He).

The condition 0,® = 0 should be understood as the existence of a constant
C such that ® — C'ys € H(Q:) where ;s is a smooth cutoff function as in

[2:8)) below.
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It was proved in [20, Prop. 2.5] that H;_(2.) is a vector space of dimension
equal to the number of islands, which is one when we consider the case of
the evanescent island, see Theorem [[L9 A basis is formed by the function

(2.7) oL € Hp.(Q:) such that @llaz. = 1.

Another basis was also constructed in terms of the circulation. For that, we
introduce the notion of generalized circulation. Let x5 be a smooth cut-off
function such that

(2.8) x5 €CX(Q), xs=1in B(0,9), xs =0 away from B(0,20).

In all the sequel, § > 0 is fixed such that for € small enough Z. C B(0,d) C
B(0,25) C Q. For a lake (£2.,b.) as in Definition [l with one island Z. and
ve solution to (ZI) on (Q,b.) with v/bv. € L%(Q.) and curlv. € LY(.),
the generalized circulation around the island Z; is defined as

(2.9) v(ve) == —/ xs curl v.da —/ Viys - veda.
Qe Qe

The circulation 7 is well-defined as v. € L?(supp(Vys)) and independent
from the choice of xs, see [20, Appendix A]. When v, is sufficiently regular,
this definition reads as the standard circulation y(v.) = — fﬂs curl(xgsve )dz =

Jo, div(xsv)de = ¢, ve - 7 where the last integral is considered in the
counterclockwise direction, i.e. 7 = —n’. Then we introduce v} such that

(2.10) 1/151 € Hp.(Q:) such that = <blvl1/;;> —1.

We are now in position to give the decomposition of the velocity field v,
by means of stream functions in the spirit of a Hodge decomposition, see
Proposition 2.10 in [20].

Proposition 2.2. Let (Qg,b.) be a lake with one island Z. as in Defini-
tion [, v € R and f. € L*(2.). Then there exists a unique vector field v.
such that \/bov. € L*(2.) with

div(beve) =0 in Qz,  bev.-m =0 on 0., (in the sense of ([22)))
and

curlv. = f. in D'(Q), ~(ve) =7,

where y(ve) denotes the generalized circulation of ve introduced in (2.9]).
Moreover, one has a Hodge type decomposition

1 1
—VEy? + . —
be ve b,
where ¥° is the unique solution in X. to [B3), ¥} is the unique function

verifying (ZI0) and

(2.11) v = Vil

e = (v:) +/ﬂ fa(ﬁ;dx?
where ¢} is uniquely defined by 2.1).

The main consequence is that v is uniquely defined by prescribing the
potential vorticity w® and the circulation . Such a result is also valid for
lakes (€2, b:) as in Definition [[.I] without island, for which v. = éVng and
no notion of circulation is needed to uniquely determine the velocity field.



LAKE EQUATIONS WITH AN EVANESCENT OR EMERGENT ISLAND 13

Remark 2.3. The lakes considered in Definition [[1] are slightly smoother
than in [20] because we have assumed ()-(4) in order to ensure the density
of C°(€) in X.. Nevertheless, by the compactness argument in [20], we
already know the existence part of the Hodge decomposition, whereas the
uniqueness part is not necessary for the sequel.

In the same way, Definition allows us to state that v° is uniquely
determined from w" and 7 (see Corollary [A4). If we are not interested by
the uniqueness of the elliptic problems, we can notice that our compactness
analysis will give the existence of the Hodge decomposition without the need
of (4) in Definition For a formulation in © \ {0} we could even expect
to generalize (%) in Definition

2.2. Uniform bounds. In what follows, all functions defined on €). are
intended to be extended by zero to the domain €.

By the property of the solutions constructed in Theorem [[.8 we directly
deduce that the vorticity is uniformly bounded, independently from e:

(2.12) lwell o (ks ) < w0 poo () < w0l Loo (0)-

Next, we provide uniform X.-bounds for the stream functions appearing in
(2110, where the space X; is defined in (2.6]). For that purpose, we exploit
several times that C2°(€2.) is dense in X w.r.t the norm ||-||x_. For a smooth
lake, this density property is proven in [20, Lem. 2.1]. In Appendix [A]
we show that the respective density still holds on lakes characterized by
Definition [[LT], see Proposition [ALTl The density result includes lakes with
non-degenerated islands as in Definition [[LT] and punctured lakes, as well as
vanishing or non-vanishing topographies at the outer boundary.

In both problems (evanescent and emergent islands), we prove a uniform

bound of the solution ¥? to (ZH).

Lemma 2.4. Let (.,b:) be a sequence of lakes with at most one non-
degenerated island (as in Definition [I1), which converges (in the sense of
Assumption LA or LA respectively) to a punctured lake (€2,b) (as in Defini-
tion [L2). There exists C = C(,b) > 0 such that for all € > 0, the unique
solution 1/12 € X. to [ZA) with f. = b.w. satisfies

1
2l gy + || =2
€

< Moo
ey S O =@

Proof. With f. = b.w., (Z3) is satisfied in the sense of distributions for

any test function compactly supported in €).. For a lake in the sense of

Definition [T, C2°(€).) is dense in X, see Proposition[A] so we can choose

¥0(t,-) as a test function in the weak formulation. This gives for a.e. t € R
dz = —/ bewe (t, )2 (t, z)dz

< [Ibewe (8, ) 2 ) 192 (8 ) |22 (02, -

Choosing Q0 = B(0, Ry) large enough such that Q. UQ c Q° for all ¢,
the Poincaré inequality applied on the domain QV yields that there exists

1 2

Vb-

VY2t x)
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Co = C(92°) > 0 such that
12t Mz 0.y = 192(E )2 @0y < CollVRL(E, 200y = Coll VH2(E, )2 (0.

1
vl(t, - .
\/E 6( ) L2(QE)

It follows from (ZI2)), that there exists C; = C(Cp,|Q°|) > 0 such that
|
Vbe

The Poincaré inequality just above then implies

< Collb |12

Vyl(t, )

3/2
< Culbe 132 o 10 2 (0)-
L2(Qe)

192t g ey < CollbellEoe o) 1950 20

The uniform bound of b. (see (2) in Assumptions or respectively)
ends the proof of this lemma. O

For the emergent island, this lemma is enough to derive the uniform

estimate for vb.v. = %Vﬂ/zg.

Corollary 2.5. Let (2., b.) be a sequence of lakes without island (as in Defi-
nition[I1]), which converges (in the sense of Assumption[1.8) to a punctured
lake (2,b) (as in Definition[1.2). Given w°® € L>(R), let (ve,w.) be a global
weak solution given by Theorem with initial vorticity w®. There exists

C = C(Q,b) > 0 such that for alle >0
H\/Eve

For the evanescent island, we have to analyze b.-harmonic functions. The
main novelty of this section are uniform estimates on ¢! and ! in X.
independent of the size of the island. We mention such estimates are not
available for a flat topography b = const, namely for the 2D-Euler equations

[16].

Ezample 2.6. Let Q = B(0,1), r. > 0 such that r. — 0 as ¢ — 0, and
Z. = B(0,r.), i.e. Q. = B(0,1)\B(0,7.). First, consider b, independent
from x such that b, — b with b > 0. Then,

g CHwOHLOO(R+ xQe)*

Lo (R4;L%(Qe))

In |z| be In |z|
1 1 (3

oL = and —

¢ Inr. Ve 2’

where ¢! and 1! solve 1)) and ([ZI0) respectively. We notice that

IVéelizzon) =0, Vel — oo,

as € — 0. The small obstacle problem for the 2D-Euler equations is L*-
critical in terms of velocity and H!-critical in terms of stream functions
[16]. Second, we consider b(z) = |z|* for a € (0,2). A straightforward
computation, see e.g. [I7, Section 2.23|, yields the explicit representations
of b-harmonic functions on €2:
P |zt -1

1_‘x’a—1
Pe re —1 -

and (s

2mo
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One has that

_ Ja=m

1.2 (Qs) 2ra

_ «
L2(Qe) 1 Te

2ra H

|7 =

The example showcases the effect of the degeneracy: for radially sym-
metric and vanishing topography b, the b-harmonic stream functions are
uniformly bounded in weighted spaces.

We begin by providing a uniform estimate for the sequence of b.-harmonic
functions ¢! defined by (7)) for lakes satisfying Assumption

Lemma 2.7. Let (Q.,b.) be a sequence of lakes with one non-degenerated
island (as in Definition [I1]), which converges (in the sense of Assump-
tion [IA) to a punctured lake (Q,b) (as in Definition [I.2). There exists
C = C(92,b) > 0 such that for all € > 0 sufficiently small, the unique solu-

tion ¢! to @) satisfies

62w + | =90, <

The proof of the uniform bound is inspired by Lemma 3.2 in [20] where
the existence of ¢! was proved. We reproduce the main steps to show the
e-independence of the bounds albeit the degeneracy in 0.

Proof. Fix § € (0,1) and let x5 € C°(Q) be as in ([2.8]). There exists g > 0
such that for ¢ € (0,ep), one has that x5 = 1 in a neighbourhood of Z..
Define

(2.13) 01 = 6L + xs,

where ¢N§ € X. is the solution to
1_ -~ 1

(2.14) div (b—ngg) = —div (b—VX5> in D'(Q).
&€ €

Existence and uniqueness of ¢! follows from [20], Proposition 2.1]. Indeed, for
regular b. € H\. _(€.), we notice that (2) of Definition [Tl ensures that b, is
bounded from below on supp(Vys) as supp(Vxs) € €. for € > 0 sufficiently
small, hence div(b;1Vy;) € L%(Q.) which allows to solve directly (ZI4I).
For less regular b. € L™ (€. ), existence was obtained by compactness when
we approximate lakes as in Definition [Tl by a sequence of smooth lakes.
Uniqueness is clear as long as C2°(€.) is dense in X., see Proposition [A]

Exploiting again this density of C°(£2.) in X., we may use ¢! as test-
function in (2I4]). Hence,

e |

v/be Lz(g \/—

The Cauchy-Schwarz inequality then yields

\/_

1 _ - 1
Vol —=VXs
VO Vbe

The bound follows from the uniform lower bound for b, in (3) Assump-

tion [LH and x5 € C°(Q2) with supp(Vxs) C Q\ {0}. O

L2(Qe) L2(Qe)
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Next, we provide a uniform estimate for the b.-harmonic functions 1! with
constant circulation. The uniform bound will follow from the observation
that the b~ '-capacity of the limiting island {0} is positive. For a compact
set B C (), the weighted capacity is defined as

1
Capy-1(E,Q) = inf —|Vy|?dz,
pa(B) = it [ 11V
where B(E) = {p € CX(2) : ¢ = lin a neighborhood of E'}.
Lemma 2.8. Let (Q2,b) a punctured lake as in Definition 3. Then,
Capy-1({0},9) > 0.

Let (Q¢,b:) a lake with one non-degenerated island as in Definition[I1]. For
any 0 > 0, there exists C5 > 0 such that the following holds: if (Qe,b:)
verifies

b
Q. C B(0,67Y), |Ibellpec(oy <671, / E(Z)
Q.nB(0,s) Yl

y<o?

then B
Capy-1(Ze, %) = Cs.

Remark 2.9. We notice that any sequence of lakes (£2.,b.) with one non-
degenerated island (as in Definition [[T]), which converges in the sense of
Assumption to a punctured lake (£2,b) (as in Definition [[L2]), satisfies
the assumptions of this lemma. Indeed, for § small enough such that Q &
B(0,671), (1) of Assumption implies that the inclusions hold true for
¢ small enough. The uniform estimate of b, comes directly from (2). The
last property can be also derived from (2) and the fact that a; > 0, see
Definition

Proof of Lemma[Z38. Let ¢ € B({0}). Upon extending ¢ by 0 on R2\Q, one
has the formula

1 T —y
p(x) = o /R2 m - Ve(y)dy,

for all 2 € R?, see [13, Lemma 7.14]. Therefore,

2
4n? = 4% p(0)? = (/ . W(y)dy>

upp(Ve) ly[?

< ysss) (] )

In view of Definition there exist a; € (0,2) and 6 > 0 such that b(z) <
Clz|™ for all z € B(0,0) and

[Warce | e[ Mg Cg ClMLe 0D
Q B(0,6) Q\B(0,9)

[ER 2277 @ 52
Finally, )
C‘;l% < / %\V(p\de.
(H + 5—2) ¢

Taking the infimum over all ¢ € B({0}) completes the proof of the first
statement.
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Reproducing this proof with b, and (). is straightforward, because it is
‘y|2) dy is bounded
independently from e. U

clear that the important assumption is that fQ NB(0,6)

We are now in position to prove the uniform estimates for the b.-harmonic
functions defined in (Z.10).

Lemma 2.10. Let (Q2,b:) be a sequence of lakes with one non-degenerated
island (as in Definition [I1]), which converges (in the sense of Assump-
tion [IA) to a punctured lake (Q,b) (as in Definition [I.2). There exists
C = C(,b) > 0 such that for all € > 0, the unique solution ¥} to [2I0)
satisfies

1920 + o= TV

L2 Qg)
Proof. We recall that due to the vector space structure of H;_(€2:), there
exists {ac}e~0 C R such that

w; = aegb;-

In view of Lemma [2.7] it suffices to show that a. is bounded. To that end,
we notice that the generalized circulation v, defined in ([2.9]) satisfies

1 1
1=7 (—V%pé) = —ae/ —Vys - Volda
be Qe be
1 2
:—ae/ b—|v¢;| dz,
Q. Ye

where we have used that y; = ¢! — ¢L, see [ZI3)), and the fact that C°(£.)
is dense in X, allows us to con81der the equation div(b;1Vel) = 0 tested
against (ﬁ € X.. In virtue of (ZI6), Lemma [27] can be interpreted as a
lower bound of —a.. Next, we seek an upper bound. For that purpose it
suffices to show that there exists ¢ > 0 such that

(2.17) mf/ |v¢€\ dz > ¢ >0,

e>0

(2.16)

and the bound follows from (ZI6]). As (ﬁ; € X. there exists a sequence
e € C(€,) such that ¢ converges strongly to ¢l in X.. It follows that
qﬁé’" = ¢ + x5 converges strongly to ¢! in X. and that

/ Vo’ dz = Tim b—16|v¢;v"|2dx.

Moreover, ¢r™ = 1 in a neighborhood of Z. because x5 = 1 on B(0,6/2) and
¢ = 0. The bound then follows directly from Lemma 2.8 and Remark

1 2
/ - IVol|" dz > Cap,1(Z., Q) > ¢ > 0.
Q. Ye
Therefore, we obtain from (2I7) and (ZI0) that —a. is uniformly bounded
from above, as desired. O

We are now ready to combine the previous lemmas with the conservation
of the circulation and estimates on the vorticity ([2.12]) in the decomposition
(2I0) in order to infer uniform bounds on /b.v. for emergent island.
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Lemma 2.11. Let (Q,b.) be a sequence of lakes with one non-degenerated
island (as in Definition [I1), which converges (in the sense of Assump-
tion [LA) to a punctured lake (2,b) (as in Definition [L.2). Given v € R
and w® € L>®(Q), let (ve,w.) be a global weak solution given by Theorem .8
with initial vorticity w® and circulation v € R. There exists C = C(£,b) > 0
such that for all e > 0

H \/Eve

Here, we notice that this estimate is not sufficient to infer uniform LP
estimates on the velocity field v, (for p > 1) as this would require uniform

estimates on \/Efl in L2(Q.) with ¢ > 2 that we lack unless ag € [0, 1), see
Definition

Proof. The Hodge decomposition (2I1]) allows one to write

1 1
\/EUE(t’ ) = ﬁVLwS(t’ ) + aE(t) \/E

where the first right hand side term is estimated in Lemma 24l In view

of Lemma 210, it is suffices to prove that a. is uniformly bounded. We
observe that

0
Loo (R4 L2(Q0)) SO (I 10 o @y x0) -

vyl

lloe (8)[| oo ) < 17] + CrIbel oo (020 [we | oo (R, x20) |62 22 (600

being bounded in virtue of (2I12]) and Lemma 27 This completes the proof
of Lemma 2171 O

Remark 2.12. The degeneracy of b in 0 is characterised by Cap,-1({0}) > 0.
If Cap,-1({0}) = 0, the analysis is expected to be similar to the small
obstacle problem for flat topographies [16]. On the other hand, for simplicity
and because it is enough for the application that we have in mind, we assume
b: < Cb and Q. C Q in Assumption One may want to generalize the
assumptions on the shrinking process.

We note that all the arguments in this section hold true if we replace
(1)-(2) of Assumption by

(1) Q. — Q\{0} in the Hausdorff sense;
(2i) be € L*°(Q) uniformly bounded;

b
(2ii) there exists § > 0 such that / 5(%)
Q.nB(0,) Yl

In particular, Lemma 28] gives a uniform estimate of the weighted capacity
of the island, which is the main ingredient of our analysis.

In the following section, we will use b. < Cb and 2. C ) to compare the
X, and X norms for all ¢ supported in €).:

Vl? Vl?
ol = [ T2 = [ FEL < oo
Q Qe

Such an inequality will give elegant proofs for the compactness. Neverthe-
less we think that the following analysis could be adapted for the weaker
assumptions listed in this remark. For instance, we do not use such an
inequality in Section @l

We mention several possible generalizations of our theorems. First, it was
noted in Remark 23] that the density of C° in X, is not mandatory to state

dy <61
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the existence of a Hodge decomposition. This density was also used in this
section to infer that some equations in the sense of distributions are also true
tested by some particular functions belonging to X., such as (;5; However,
such a property could be also obtained by compactness in the construction
made in [20]. Hence, one may remove (3)-(4) in Definition [T Second, it
will be noticed later that we could allow a; > 2 in Definition if we are
only interested by the limit formulation in Q\{0}. In particular, we have not
used a1 < 2 in Section 21 At the opposite, assuming that (2ii) above is not
verified entails the loss of the uniform lower bound Capbg_l(Ig, Q) =c>0.
By consequence, a. — —oo in the proof of Lemma 210l To prove a local
estimate of v, in \ {0} would require to prove that ¢! converges locally to
zero. At least in the radial case, see Example 2.6 such a convergence may
not be expected. An example of lakes satisfying the relaxed assumptions
but not (2ii) is given by

0 z€ B(0,¢),
Q. =B(0,1)\ B(0,e), b.:=<1 xze B(0,y2)\ B(0,¢),

z|a 2 € Q\ B(0, /3.

3. COMPACTNESS FOR THE EVANESCENT ISLAND

The aim of this section is to prove Theorem [[L9l To that end, we first
develop an L2-based stability theory for the sequence v/b.v. by exploiting
the Hodge decomposition (Z.IT]).

3.1. Compactness for stream functions. We prove stability for the de-
generate elliptic equation (Z4]), where we need to deal simultaneously with
the singularity of the geometry and the topography.

We recall that €. C Q for all € > 0, see Assumption and notice that

(3.1) b.—b in LP (Q),

for all p € [1,00) from Assumption upon extending b. by zero to € and
interpolating with the uniform L°°-bounds for b. and b. In addition, let
K c Q\ {0}. As €. converges to 2\ {0} in Hausdorff sense, there exists
go > 0 such that for all € € (0,e0] one has K C Q.. Therefore,

(3.2) ’i—i —H b = b -0
. Vb Vb L2 (2\{0}) Vo Vb(v/be + Vb) LP_(2\{0}) 7

for all p € [1,00). ) )
In the following, %V(ﬁé and ¢! are extended by zero to .

Lemma 3.1. Let (Qc,b.) be a sequence of lakes with one non-degenerated is-
land (as in Definition[11]), which converges (in the sense of Assumption[L7)
to a punctured lake (2,b) (as in Definition [L3). Let ¢! be the unique b.-
harmonic function solution to 21). Then, up to a subsequence
1 1
VNG
where ¢t € Xp(2) is such that div(b=1Ve¢!) = 0 in D'(Q\ {0}).

V(]ﬁé — Vol strongly in LQ(Q),
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Proof. We recall from Lemma 27 that ¢} is the unique b.-harmonic function
on €. such that ¢! = 1 on T, in the sense that ¢! satisfies the decompo-
sition
Os = 0L+ X5,

with xs as in (2.8)) and ¢~6 € X. solution to (2.14). Upon extending (ﬁg
by zero to €2, we conclude from Lemma 27 that ¢! € Ho (©) uniformly
bounded. Therefore, there exists ¢! € HE(Q) such that ¢! — ¢! in H(Q)
up to passing to subsequences Here, we have used in a crucial way that
Q. C Q to infer the Dirichlet boundary condition for gz§1 on 0f). In the next
section, we will need the notion of v and Mosco’s convergences.

Let f. := \/E_1Vq§~; and extend f. by zero to Q. Since f. € L%*(Q)
uniformly bounded from Lemma 27, there exists f € L?(Q2) such that f. —
f in L*(Q) up to subsequences. We wish to identify the weak limit as

= \/571V(51 a.e. on ). To that end, let ¢ € C°(Q\ {0}). The Hausdorff-
convergence of Q. to Q\ {0} in Hausdorff sense yields that supp(¢) C Q.
for e sufficiently small. One has

1 ~ 1 _ -
V¢1,cp> — <_v¢17§0> 9
<\/E : Vb
since /b, | converges strongly to \/5_1 in L{ (@ {0}) for some ¢ > 2,
see (32) and nggé converges weakly in L?(Q). Since f and \/571V<;~51 are

functions belonging to L?(Q), we conclude that they coincide a.e. on €.
By uniqueness of this limit, we do not need to extract a subsequence in the
weak limit f. — f. Such an identification procedure will be used several
times in the sequel.

Finally, ¢! € X,(Q). In addition, we conclude that

1 1 1

—V 1 —_— —v 1 = —
NN ALY
Next, we pass to the limit in the equation verified by ¢! (see Definition 2.I).
As ¢} is b.-harmonic in Q. for € > 0, and €2, converges to Q\{0} in Hausdorff

sense, one has
1
= <div (—w) ,so> ,
be
for all p € C°(Q2\ {0}) and ¢ sufficiently small. We conclude that
(e (7)) == ot o
= (div | — : x
b )" oA A
1
- — / —Vo¢t- —chdx = <div <gv¢1> ,<p> :

for any ¢ € C*(Q\ {0}) as \/E_ \/E_ V¢! forms a weak-strong pair
converging weakly in LL (Q\ {0}) in view of ([32). It follows that

loc

V(' +xs) in L*(Q).

~ 1
/ Vol Vedr = —/ —Vxs - Vedx
ob ob
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for all p € C2°(Q2\ {0}). In particular,
1_ - ~ 1 ~
(3.3) / ~V¢' - Voldx = —/ ~Vys - Volda.
Qb Qb

Indeed, it follows from Proposition [A ] that there exists ¢l € C°(£2.) such

that " converges to ¢! in X, as n — co. Since Q. C Q for all € > 0 from
(1) Assumption [[LO] one has ¢ € C°(2\ {0}) and

€
Vb
where we used (2) Assumption

As VBVt paa) < ClIVE: VoL 120, < € we have that Vb VL
converges weakly to \/571V(51 in L?(Q) and we may now pass to the limit
in (33) yielding that
(3.4) - (w ‘ de = — | SVy; - Vélda,

ob ab

which is equivalent to (2.I5]) when the island is non-degenerated. Since

(V! = V)

lim sup
n—o0

=0,
L2(Qe)

< limsup C H

1 n ~
(Vol — VL)
L2(Q) n—00 be

NS

1 ~ 1 ~ 1 -
/ —Vxs - Voldr = / —Vxs - Volde — / Vs - Votda,
Q. be q be Qb

identities (2.I5]) and (34]) allow us to conclude

2 12
/ 1 dx—>/1‘V¢1‘ da.
nge Qb

Finally, we have shown that

Vol

\;Eng;é — \/LEng;l strongly in  L?(Q).
We obtain
! Vol — LV@SI strongly in  L*(Q)
N RSN )
with ¢! € X3(Q) and div(b~1Vel) =0 in D'(Q\ {0}). O

Next, we show strong compactness for b.-harmonic functions with con-
stant circulation, namely v} solution to (ZI0I).

Lemma 3.2. Let (Qc,b.) be a sequence of lakes with one non-degenerated is-
land (as in Definition[11]), which converges (in the sense of Assumption[L7)
to a punctured lake (2,b) (as in Definition [L3). Let 1! be the unique b.-
harmonic function such that ’y(éVng) = 1. Then, up to a subsequence
1 1
Vbe Vb
where Y1 € X3, (Q) with div(b~'Vipl) = 0 in D'(Q\{0}) and v(3V+iy!) = 1.

Vl/}é — Vi, strongly in LQ(Q),

Proof. For € > 0, the vector space structure of H;_(€2:) implies that there
exists a. € R such that ¢! = a.¢! with ¢! € H,;_(Q.) unique solution to
@7). In the proof of Lemma 210, we have proved that there exists C' > 0
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such that C~! < —a. < C for every € > 0. Hence, in virtue of the Bolzano-
Weierstrass Theorem, there exists a convergent subsequence, still denoted
by ae, converging to a € (—o00,0). From Lemma 3] we conclude that
1 Qe 1
Vo,
Vbe Vbe Vb
strongly in L?(2). Upon defining ¥' = a¢!, we obtain that \/EAV?/);
converges strongly to \/B*IVW in L2(9).
Passing to the limit in the definition of the generalized circulation (2.9)),
we easily conclude that y(3V+yl) = 1. O

a

Vi = —=V¢. —

It remains to show compactness for the sequence 10 solution to [ZH) with
Dirichlet conditions.

By (ZI2), the Banach-Alaoglu Theorem states that there exists w €
L>*(Ry x Q) such that w, —=* w in L®(R; x Q) upon extending w. by
zero on 2\ and up to passing to a subsequence. In particular, it follows

from (B.1)) that
(3.5) Vbew: —=* Vbw, bewe —* bw in L¥(R4; LP(Q))
for all p € (1,00) and up to extracting subsequences.

Lemma 3.3. Let (Q,b.) be a sequence of lakes with one non-degenerated is-
land (as in Definition[I1)), which converges (in the sense of Assumption[L])
to a punctured lake (Q,b) (as in Definition [L2). Let 90 € X. be such that

1
(3.6) div(b—V¢g) = b.w,, in DRy x Q.),
€
where b.w. satisfies B.A)). Then, there is a subsequence € — 0 such that
1 1
vyl — —Vy?  in LE (Ry; LA(Q)),

Vb Vb
where 0 € L®(R.; X3 (2)) such that for a.e. t € Ry

div (%quo(t, -)> () in DQ)\ {0}).

Proof. We recall that Lemma 2.4 yields that ¢ € L®(R,; H}(.)) uni-
formly bounded and ¢ € L*(R.;X.) uniformly bounded. Further, it
follows from (4] and (3.6]) that

div (%V@tibg) = Oy(bewe) = — div(bvewe)

in the sense of distributions. Now, we claim that 9,1/ € L®(R.;X.).
Indeed, the solutions constructed in [5, 20] were obtained by compactness
where at the limit ¢ € WH*(R,; X.). Thus, exploiting that C°(€.) is
dense in X., we can consider 8t¢g(t, -) as a test function in the previous
equation to state that for a.e. t € Ry

1
I

2

Voul(t,)

= —/ bove(t, x)we - VoL (t, x)dx
L2(Q0) Q.
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hence
1
Vo < V/beve |l oo @22 (o)) 10w | oo (R s 1o (000
Ve Loo(Ry12(02)

yielding 0;1)0 € L>°(R; X.) uniformly bounded. In particular, by applying
the Poincaré inequality in Q we have ¢ € WH(R ; H}(.)) uniformly
bounded. Upon extending 1Y and \/%Vﬂ)g by zero on 2 and recalling that
the sequence (2. C Q we recover that there exists 10 € WH(R,; HL())
and a subsequence still denoted by € — 0 such that

Yl ="y in WERR Hp (), ol =" i C(([0,T); L (),
for any T' > 0. Moreover, there exists f € W1°(R,; L(Q)) such that
1
V-
where we can show that f = %Vl/}o a.e. in Ry x ) proceeding as in the proof

of Lemma Bl Therefore, ¢° € WH®(R,; X;(2)). Actually, the previous
proof is the same as in [20] to show that 10 € Wh°(R,; X,).

Next, we wish to pass to the limit in [&8]). Let ¢ € C°(Ry x Q\ {0}),
then there exists T > 0 such that supp(y) C [0,7T) x Q. for all ¢ sufficiently
small as 2, — Q\ {0} in Hausdorff sense. Since b.w. converges weakly-x to
bw in L*°(R; x Q) from (B3]), we obtain that

div (%wﬁ) —bw in D'(Ry xQ)\{0}).
hence, for a.e. t € Ry
div <%V1,Z)0(t, -)> — () in D/(Q\ {0}).

Then, we argue as in the proof of Lemma Bl as C2°(€.) is dense in X, we
know that there exists a sequence of smooth compactly supported ¢,, which
tends to ¥ in the X. norm, which is also true in the X; norm because
be < Cb. Therefore, we have for a.e. t € Ry

—/ lVi/}o(t,gzc)-ng(t,uv)dw:/bw(zﬁ,uv)ng(t,gzc)dgzc.
Qb Q

Vil —=* fin WHR(Ry; L2(Q)),

Next, we notice that the sequence \/E*1Vzp2 is bounded in L>®(R; L*()),
hence it converges weakly-* in L= (R, ; L?(Q)) to a L>L? function which is

a.e. equal to \/E’lvwo(t, -). This allows us to state that for a.e. t € Ry

—H%Vﬂ}o(t, )‘ ;(Q) = /wa(t,x)wo(t,x)dx.

For a.e. t € Ry, we exploit the density of C2° in X, to state that (3.6]) also
holds with /0 as a test function, hence

T 1 012 T 0
/ / " {V¢€{ dzdt = —/ / bew:), dxdt
0 e VE 0 Qe
T T 1 2
- — / / bwi’dzdt = / / = |Vy°|” dadt,
0o Ja 0o Jab




24 L.E. HIENTZSCH, C. LACAVE, AND E. MIOT

where we used the strong L?-convergence of 0. The desired strong L>-
convergence of m‘lvwg follows. O

3.2. Proof of Theorem First, we prove strong convergence to the
target system posed on Ry x Q\ {0}.

Proposition 3.4. Let (Q,b.) be a sequence of lakes with one non-degenerated
island (as in Definition [ 1]), which converges (in the sense of Assump-
tion [LA) to a punctured lake (Q,b) (as in Definition [[2). Given v € R
and W° € L*>®(Q), let (ve,w:) be a global weak solution given in Theorem .8
with initial vorticity w° and initial circulation v € R. As e — 0, there exists
a subsequence still denoted by (ve,w:) such that

Vbove = Voo strongly in - L2 (Ry; L2(Q)),
we =~ w  weakly-x in L (Ry x Q),

where (v,w) is a solution of the vorticity formulation of the lake equations
in Ry x Q\ {0} with initial data (W°,v°) and v(v) = v(v°) =~ and satisfies
the Hodge decomposition

1
7 =~ (V0 4+ aviy! = bw(t,)ptde.
B0 =3 (VH0raTl), ) =+ [ bt )olds

with ¢*, ', ¢° as in Lemmas [31, 3.2 and respectively. In particular,
curl(v) = bw in D'(Ry x Q\ {0}).

Proof. Given a lake (€, b) satisfying Definition [[L2] let (v.,w.) be a sequence
of weak solutions to the lake equations posed on (2., b.) as in Assumption 5]
and provided by Theorem [L8l The weak convergence for w, comes directly
from (212]), which also gives the uniform estimate for w.

We recall that by means of the Hodge decomposition one has

1 «
Vbeve = w)—vw’? + ngvw;,
€ €

with
axo:v+/’m%awwamMa
Qe

We proved in Lemma 2.IT] that «. is uniformly bounded in R;. In addition,
we have that 7 is conserved and for all ¢ € C2°((0, 00))

<at045, QD> = —/ / beweat(gbggp)dtdx
0 Qe

:/ / bvswe - V(qﬁégp)dtdx,
0 e

where we have used that (L) is also true for ® € C®(R; x Q) (see
the second remark after Theorem [[9]), the density of C2°(§2.) in X, and
the decomposition ¢! = ¢! + x5. As v/b-v-v/b-w. is uniformly bounded in
L>(0,T; L*(€.)) as consequence of Assumption 5], Theorem[[8, LemmaZIT]
and ¢! € H'(Q.) uniformly bounded from Lemma 27 we obtain a. €
Whee(R,) uniformly bounded. Hence, there exists a € WH°(R,) such
that

(3.8) a: —~*a in WHO(R,), a: > a in Ly (Ry),
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up to passing to a subsequence. Therefore, combining Lemmal[3.2] Lemmal[3.3]
and ([B.8), we conclude that

Vbove = Vbu  strongly in - L2 (R4, L*(Q)),

where v satisfies the Hodge decomposition ([B.7). We have identified « thanks
to Lemma 311

Next, we pass to the limit in (L4]). As Q. converges to 2\ {0} in Hausdorff
sense, given ® € CX°(Ry x 2\ {0}) one has supp(®) C Ry x Q. for all €
sufficiently small. Hence, ([L4]) is verified for ® € C°(Ry x 2\ {0}) and ¢
sufficiently small. The strong convergence of v/b.v. in LIQO (R4 x Q) together
with the weak convergence of b.w. and v/b.w. from (B3] is sufficient to pass
to the limit in (C4]). We notice that as v/b-v? € L?(€).) uniformly bounded,
we can follow the same lines to conclude that /b0 — vbv® in L?(Q) where
v satisfies the Hodge decomposition (B.7)).

Further, if follows from (B.7) that for a.e. ¢t € Ry, we have curl(v(t,)) =
bw(t,-) in D'(Q\{0}). Moreover, due to the previous convergences, one may
pass to the limit in (2:2)-(23]) to get the impermeability and divergence free
condition for v¥ and v. Finally, we observe that passing to the limit in (2.3
yields y(v(t,-)) = v(v°) = v for a.e. t € Ry O

Remark 3.5. As said in the forth remark after Theorem [L9, (v.,w.) con-
structed in Theorem [L.§ verifies (4] also for ® € C°(Ry x Q.). Hence, we
can notice that the previous proof works fine for ® € C°(R; x Q) and we
state that (v,w) satisfies (IL4]) for such test functions.

In the previous proposition, we have stated that (v,w) is a solution to the
vorticity formulation in Ry x '\ {0} for two reasons. First, we think that
it is an interesting notion because the point is a non-erasable singularity in
the weighted norm, which is the natural framework for the lake equation
(see Lemma [2Z8). Second, we need additional arguments to compute curlv
in D'(Q).

Remark 3.6. Up to now, we have never used that a; < 2. Hence, if we are
only interested in the existence of global weak solution in €2\ {0}, we may
relax the assumptions on ai, see also the related Remark for possible
generalizations. The assumption a; € (0,2), namely (&) of Definition
together with Remark yield that v € L>®(R; LY (Q)) with % =1+ %.

loc
If further ag € [0,1) then Vbl e L1(Q) and v € L*®(R4; LP(Q)). If v €
LL (), then we may identify curl(v) in D'(R; x ) which is crucial for
recovering the asymptotic equation on Ry x €.

We need the following property of distributions supported in {0} C Q to
pass to the limit in (I.4]) posed on Ry x Q.

Lemma 3.7. Let Q be an open simply connected set in R? and 0 € Q. Let
T € D'(Q) be such that supp(T) = {0}. Then, there exists a multi-index «
and real coefficients a., such that

T =" aad*,
<k

where k € N is given by the order of T. If in addition T € W~YP(Q) with
p € [1,2), then T = apdp.
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Proof. We remind that a distribution with compact support is of finite order
and [I5] Theorem 2.3.4] yields the first part of the statement. For the second
part, we need to show that T is of order 0. As C1(Q) c W' (Q) c C°(Q),
if follows that the order k of T is at most 1. Assume by contradiction that
k=1, then there exists oy # 0 with [a;| =1 such that T'= 3", 4 aa0%d.
It is then easy to verify that 7' ¢ W~1P(Q). Indeed, it suffices to consider

2

f= |x|1_p’+ e W' (Q) for which the pairing ((a10; 4 a292)dp, f) is not
well-defined when (aj,as) # (0,0), contradicting T € W~1P(Q). Hence
k=0 and T = aydy. O

We are now in position to prove Theorem

Proof of Theorem[I.d. We have already noted in Remark that (L) is
satisfied in D'(R4 x Q). Hence, it suffices to show that curl(v) = bw + vdgy
and the theorem will then follow from Proposition [3.41

As Remark B@lyields that there exists p € [1,2) such that v € L®(Ry; L}, (Q))

and that for a.e. t € Ry,

curlov(t, ) = bw(t,-) in D'(Q)\ {0}),
we state that the distribution defined as T := curlw(t,-) — bw(t,-) is sup-
ported on {0} and belongs to T/Vlgcl’p (©). Hence, Lemma B yields that

T = B for some S € R. Moreover, we have passed to the limit for the
generalized circulation y(v.) to prove that

v="(v(t,-)) = —/ Vixs - o(t, z)dz — / Xsbw(t, z)dx.
Q Q
Thus, we conclude
B = <T, X5> = (curlv(t, ) - bW(t, ')’X(5>

= —/ Vixs - o(t, z)dz — / Xsbw(t, x)der =~
Q Q

which reads
curlv(t,-) = bw(t,-) + 79, in D'(Q),
for a.e. t € R, and then completes the proof. O

Remark 3.8. We finish this section by noticing that the compactness ar-
gument provides us the existence of a vector field 09 verifying vb® €
L*(Q),22) and curlv® = w° +~3y. As the punctured lake under considera-
tion verifies the assumption for the density of C°(€) in X3, Corollary [A.4]
states that such v” is unique. As vV is exactly the same as in Proposition B.4],
we deduce from this analysis, which passes by the formulation in €2, that the
initial data v° is uniquely determined by the curl in \ {0} (namely bw?)
and the generalized circulation (namely ), even if the island is degenerated
(with a; < 2 in order to use Remark [3.0]).

4. COMPACTNESS FOR THE EMERGENT ISLAND

This section is dedicated to the proof of Theorem [[LIIl The proof is
easier than for the evanescent island because the Hodge decomposition is
simpler and we do not need to estimate harmonic functions. The important

informations that we need is that \/5_1 belongs to L{ (2) for some ¢ > 2 and

loc
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that C2°(Q) is dense in X;(€2), both properties coming from Definition [[.2]
see Appendix [Al However, there is a new difficulty when we do not assume
Q. C Q: we have to infer from Hausdorff convergence that the limit of
functions in HE(€2.) satisfies the Dirichlet boundary condition on 9.

Let D C R? be a simply connected smooth open domain such that Q, Q. C
D for all ¢ > 0. We extend w. by zero to D. As before, there exists
w € L*®(R4 x D) such that w, —=* w in L>®(R; x D) up to passing to a
subsequence. From the elementary identity

be—b:\/E\/E(\/EJr\/E)(\/lb_—%)

and the uniform L°°-bounds from Definition and Assumption [[LG we
infer that b — b strongly in L () for all p € [1,00). We also have that
bewe converges weakly star to bw in L°(Ry; LY (Q)) for all p € [1, 00).

Next, we show the analogous of Lemma for the emergent island.

Lemma 4.1. Let (2, b:) be a sequence of lakes without island (as in Defi-
nition[L]), which converges (in the sense of Assumption[1.8) to a punctured
lake (Q,b) (as in Definition[I3). Given w°® € L>(Q), let (v.,w:) be a global
weak solution given in Theorem L8 with initial vorticity w°. Ase — 0, there
exists a subsequence still denoted by (ve,w.) such that

Vbooe = Vouin L (Ry; L),
where v is such that curlv = bw in distributional sense and
div(bv) =0, in €, (bv) - m=0 on 09,
in weak sense, see (Z3). In particular, there exists 1 € L= (Ri;X(2))

such that 1
v= =Vt

b
Moreover, v € LS (Ry; LY () with % =1+ %, where q as defined in

Definition LA If further ag € [0,1), then v € L>°(R4; LP(12)).

Proof. We recall from LemmaB.4land Corollary 25l that /b-v. € L (R ; L?(.))
uniformly bounded and v. = b= 'V, with ¢. € L>®°(R,; X.) unique solu-

tion to (24]) with f. = b.w.. We reproduce the argument in the proof of
Lemma B3 to state that 0 € W1 (R, ; X.) uniformly bounded. Upon ex-
tending by zero, by Poincaré inequality in D we have v? € W1°(R,; H} (D))
uniformly bounded. Thus, there exists v € WL°(R; H} (D)) such that up

to extracting subsequences,

¢g - 1/} in L%C(R-l-vH(}(D))a ¢g — ¢ in Llosc(R+;L2(D))'
As the sequence of domains ). converges in Hausdorff sense to €, it ~-
converges to Q and therefore ¥ € W, (R, ; HE(2)), see [I1, App. C] or

loc
[20, App. B].
Moreover, there exists f € WH*°(R; L%(Q)) such that

1
Vbe
where we can identify f = \/ingo a.e. in Ry x Q proceeding as in the proof
of Lemma Bl Therefore, 1/° € W1(R,; X,(Q)).

Vil =* f in WH(Ry; L*(D)),
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Next, we notice that

<div (b—tvqbg) ,90> = (bewe, )

for all p € C(R4 x Q) and e sufficiently small as consequence of (2.5
and (1) Assumption Exploiting (2) Assumption [l and the weak L%

convergence of \/Elvwg to \/5_1V1/J and the weak-x convergence of b.w.
we pass to the limit as € — 0 yielding

<div (%w) ,so> = (bw, o)

in D'(Ry x Q). Defining v := b~'V1e), we recover that curl(v) = bw in
distributional sense. By virtue of the density of C2°(€2) in X3(£2), one obtains
for any 7" > 0 that

T 1 T
/ /—|V1,Z)|2dxdt:—/ /bw¢dmdt.
o Jab 0o Ja
Finally,

T 1 T
/ / — |Vipe[* dadt = — / / bew-p-dzdt
0 e bE 0 Q
T T 1
—>—/ /bm/zdxdt:/ /—\wy?dmdt.
0o Ja 0o Jab

which implies that v/b-v. converges strongly to vbv in L2 _(R; x D).

Moreover, due to bv = V¢ where ¢ € H}(Q), one may prove that ([2.2)
holds true with v(t,-) for a.e. ¢t € Ry, up to approximate HE(Q) functions
by functions in C2°(Q2). We can also prove that the initial data v¥ satisfies
the Hodge decomposition and (Z2.2)).

Definition[[Z2land Hélder’s inequality yield that v € L>°(R4; L} (€)) with

1p=1/2+1/q. Vb ' € LUQ), ie. ag < 1, then v € L¥(Ry; LP(Q)). O
We are now in position to prove Theorem [LIT] for the emergent island.

Proof of Theorem [L.11. We notice that Lemma [Tl states that the Hodge
decomposition v = %Vlw with ¢ € L>(0,T; X3(Q2)) holds, curlv = bw in
distributional sense and

div(bv) =0 in €, (bv) - m=0 on 09,

in weak sense (2.3)). It remains to pass to the limit in (IL4]). To that end, we
recall that (7) in Definition yields that Q. converges to Q in Hausdorff
sense. Hence, any ¢ € CX (R4 x Q) satisfies supp(¢) C Ry x Q. for e
sufficiently small. Exploiting the strong Lfoc—convergence of v/bv., the weak-
x L°°-convergence of w. and the weak L{’OC—convergence of bew., we pass to

the limit in (I4]). This ends the proof of Theorem [LTI1 O

Remark 4.2. In the previous proof, it is not obvious to show that (4]
is valid for test functions supported up to the boundary ¢ € C(R, x Q)
because it is not clear how to extend them as a test function in C2° (R, x Q.).
This is easy if Q. C Q for all ¢ sufficiently small.
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Nevertheless, such an extension is not very interesting because we have
already obtained the global existence of the limit system for such test func-
tions in Theorem [[L9l Moreover, it was proved that in [20, Prop. A.5], that,
if the solution is regular enough, it suffices to verify the equation for test
functions in C°(R4 x ) to prove that the equation is also true for test
functions in C2°(Ry x ) and that the solution is unique. Of course, the
main challenge consists in proving suitable regularity properties, for instance
by adapting the Calderén-Zygmund inequalities for lakes with degenerated
islands.

5. VELOCITY FORMULATION

This section discusses the e-limit for the velocity formulation of (LII). To
recover the asymptotic equation satisfied by the limit velocity field v on the
limit lake, one may consider two strategies,

e pass to the limit in the velocity formulation;

e pass to the limit in the vorticity formulation, see Theorem and
Theorem [LTT] respectively, then recover the velocity formulation
from the vorticity formulation.

Due to the degeneracy of b in 0, both strategies face major mathematical
difficulties when considered on 2. Therefore, we first provide a rigorous
result for the limit equation for v posed on €\ {0}, namely with the lake
reduced to the support of b, i.e. where the depth of the lake is positive, and
second we discuss possible strategies leading to a velocity formulation on €.

We limit our consideration to the case of a collapsing island including the
creation of a point vortex, the case of the emergent island can be treated
similarly with minor modifications.

5.1. Velocity formulation on the support of the depth function. On
the lake (Q\ {0},b), we introduce the following notion of weak solutions.

Definition 5.1. Given the lake (2,b) of Definition L3, let v° be a vector
field such that v/bv® € L*(Q)
div(be?) =0 in Q, W' n=0 on 09Q,

in weak sense, see ([22)), and curl(v®) € D'(Q\ {0}) with b=t curl(v?) €
L2 (Q\{0}). A welocity field v is called a global weak solution to the velocity
formulation of (L) in (Q\ {0},0) if

(1) curl(v) € D'(Ry x Q\ {0}) with b~ curl(v) € LS (RT x Q\ {0}) and

Vbu € I®(Ry; T2(9));
(2) div(bv) =0 in Q and bv - = 0 in IQ in weak sense;
(3) the velocity formulation of (L)) is verified in distributional sense,

namely for all ® € C([0,00) x 2\ {0}) such that div(®) = 0 it
holds that

(5.1) /OOO/QU P+ (bvwv): V (%) dadt —i—/QvOCD(O)dm = 0.

For the scenario of the evanescent island, we obtain the following.
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Theorem 5.2. Let (Q,b:) be a sequence of lakes with one non-degenerated
island (as in Definition [I1), which converges (in the sense of Assump-
tion [LA) to a punctured lake (2,b) (as in Definition [L2). Further, we
assume b € I/Vlifo(QE) and b — b in VVlifo(Q \ {0}). Let (ve,we) be a
sequence of global weak solutions to (B on (Qg,be) with initial vorticity
bt curlv? = W and circulation .

As e goes to 0, there exists a subsequence \/b-v. which converges strongly

to Vbu in LIOC(R+;L2(Q)) where
vlwo vlq,z) a.e. in Ry x Q

is a global weak solution to (|5:[|) in (2\ {0},b) with initial data v° and in
particular curl(v) = bw in D'(Ry x 2\ {0}).

Existence of a global weak solution to the velocity formulation on (€2, bc)
with initial data (w?, v?) under consideration follows from [20, Theorem 1.6].

Proof. We notice that for both € > 0 and the limit lake, the velocity v,
and v respectively are uniquely determined by the vorticity w. and w re-
spectively and the circulation ~, see Proposition 2.21and Remark B.8 More-
over, it follows from [20l Theorem 1.6] that (v.,w.) is a weak solution of
(C4). Hence, Theorem yields that v/b.v. converges strongly to v/bv in
L% (Ry; L2()) where v is given by ([B.7) and bo satisfies the divergence free
condition ([22)) in weak sense. Next, we pass to the limit in (5.I). The Haus-
dorff convergence of 2. to Q\ {0} implies that given ® € C°(Ry x Q\ {0}),
one has supp(®) C Ry x Q. for all ¢ sufficiently small. Therefore, (G.1])
is satisfied in particular for any ® € C°(Ry x Q\ {0}) and ¢ sufficiently
small. In particular, div® = 0 on .. Next, v. converges strongly to v in

LIQOC(]RJF, 1OC(Q \ {0})) for all p € [1,2) as
1
- —b\/gve

where /b v, converges strongly in L2 (Ry; L?(Q2)) while N/ converges
strongly to Vb ' in LY (2 \ {0}). For any divergence free & € C°(R; x

loc

2\ {0}) we conclude that

/ /veﬁtQ)dxdt—)/ /v(?t@dxdt
0 Q 0 Q

as € — 0. For the term involving the initial data, it suffices to notice that

Vbevl € L%(€,) converges strongly in L2 (€2\{0}), hence v¢ = \/E‘l\/@)g
converges strongly in Lj. (2\ {0}) for p € [1,2). It remains to pass to the
limit in the convective term

o0 > @
(5.2) / / (\/Eve ® \/Evs) : (V— ——® Vb&) dzdt
0 € bt’;‘ bE b{;‘

which is possible by the L? convergence of v/b.v. and that

vé & Vb, Ve & Vb
_ = 2T _ 292" in L™(Q .

The proof is complete. O
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We notice that Theorem may also be proven by adapting the second
strategy mentioned, namely to recover the velocity formulation from the
vorticity formulation on the lake (2 \ {0},b).

5.2. Formal velocity formulation on the limit lake. The nonlinear
term (B.2) is in general not well-defined when considered on the limit lake
(©,b) and for divergence-free test-functions ® € C°(R4 x Q). Even, when
only the circulation-free part of the velocity field is considered, this difficulty
persists. For the respective problem for the 2D Euler equations, the asymp-
totic equation for the circulation-free part of the velocity field for the 2D
Euler equations was derived in [16] exploiting regularity properties stemming
from the explicit Biot-Savart law. For the lake equations, no explicit general
representation of the kernel is known (see [7] for a result in this direction)
and Calderon-Zygmund type inequalities are only proved for smooth lakes
[5, 20]. We recall that v satisfies the Hodge decomposition ([B.7)). Let

1 1 1
Vreg = 3V (@ =)V v 1= VI
such that v = vreg+Vsing. It follows from Theorem [ that vyeg is circulation-
free, more precisely
(5.3)  div(boreg) =0, bureg-n =0, curl(veg) = bw in D'(Ry x Q).
Therefore,
curl(bvreg) = 2ViVo - \/Evreg + b’w € LP(Q),
with 1/p = 1/2 + 1/q, where g as in Assumption As div(bvreg) = 0 and
Vbureg € L®(Ry; L2(2)), the standard Calderén-Zygmund in Q (assuming

o0 € CLY) allows us to state buyeg € L°(Ry; WHP(Q)). In particular, there
exists p € (1,2) such that

bVreg € L°(Ry; LP(Q)),  treg € LRy WEP(Q\ {0})).
On the other hand vgi,g is such that \/Evsing € L*(Q) and
(5.4)  div(bvsing) =0, bvging -1 =0, curl(vsing) = o in D'(Ry x Q).

These regularity properties are insufficient in order to recover the evolution
equations for v,eg or v. However, we provide a formal computation to obtain
an asymptotic equation for wves that is inspired by [16] Section 5. We
observe that for u,w smooth vector fields such that div(bu) = div(bw) = 0
one has

div(bu@w) = b(Vu)w = 2b(Vu)**¥™w+b(Vu) w = bwt curl(u) +b(Vu) T w.

We compute,

div(bu ® w + bw @ u) = bw* curl(u) + bu’ curl(w) + b(Vu)Tw + b(Vw) T u
= bw™ curl(u) 4 but curl(w) 4 bV (u - w).

In particular, it follows from (5.3]) that

div(bvreg @ Ureg) = (bvreg)lbw + gV|vreg|2,

hence 1
curl <E div(bvyeg ® vreg)) = div(Vregbw).



32 L.E. HIENTZSCH, C. LACAVE, AND E. MIOT

Note that the second contribution lacks a rigorous definition under the reg-
ularity properties considered here. Taking into account (&.4]), we formally
infer

diV(bUreg & Using+bvsing X Ureg)
— (bouing)* Ul (0rcg) + (Btreg) Ul (0sing) + BV (trcg - ting)
= (bvsing)lbw + W(bvreg)lcso + bV (Vreg * Vsing)-

In general, v(bvyeg(0))* 0o lacks to be well-defined. Formally, one concludes
that

1
curl <E div (bUreg ® Vsing + DUsing @ Ureg) — yvreg(())l&)) = div(vsingbw).

It is then straightforward to compute

0 =0 (bw) + div(vregbw) + div(vsingbw)
1
=curl <6tvreg + b div(bvreg @ Ureg + DUreg @ VUsing + DUsing @ Ureg)

- rVUreg(O)l(SO) s

amounting to ([([L2)) for (v = Vreg + Using, w). Finally, one has

1.
athreg + Vreg ° ereg + E dlv(bvsing & Ureg + bvreg 2 Using) +Vp = WUreg(O)L(SO-

As vpeg(0) is not well-defined unless additional regularity, as available for
smooth lakes [B [20], is proven, the previous computations are not rigorous.
Note that vyeq € W,2P(9) with p > 2 would be sufficient.

An alternative approach consists in replacing the weak formulation (G.1)
by the weak formulation of (LI]) for test-functions ® € C°°(2) such that
div(b®) = 0 and b® - n = 0. More precisely,

[e.e]
(5.5) / /(bv)-@tfb—l—(bv@v) : V‘1>+pdiv(b<1>)d:cdt+/ (w?)-®(0)dz = 0.
0 Q Q

Note that the pressure term cancels out for the chosen class of test-functions.
The nonlinear term in (B.5]) is well-defined for v of finite energy, in particular
for v as in Theorem Nevertheless, (B.5]) comes with two major flaws for
our asymptotic analysis. First, reconstructing (B.5]) from the vorticity for-
mulation (IF]) seems to be difficult in the context of low regularity. Second,
if one aims to perform the e-limit by writing (5.5) for € > 0 and passing to
the limit, one notes that the admissibility of the test-function is highly sensi-
tive to both the geometry 2. and the depth b. through the incompressibility
condition div(b.®) = 0. Thus, one is led to consider approximate weak so-
lutions for € > 0 with several error terms. These appear in particular for

the pressure term
oo
/ /p6 div(b-P)dxdt
0o Ja

that requires an accurate control. Due to the lack of uniform ellipticity for
the equation

divdiv(b.ve ® v) = div(b:Vpe),
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uniform estimates for the pressure are hard to obtain. While this strategy
does not suit well for the stability problem considered here, in [I] the author
relies on the viscous version of ([B.1]) to prove existence of weak solutions to
the viscous lake equations posed on a simply connected lake (€2,b) with b
power law type Muckenhoupt weight.

To conclude, it remains therefore an interesting and challenging question
to derive the asymptotic velocity formulation on the lake (£2,0) and test-
functions whose support includes 0.

APPENDIX A. DENSITY OF SMOOTH FUNCTIONS

The aim of this appendix is to show that C'2°(£2) and C2°(£2.) are dense in
Xp(92) and Xp,_ (€2) respectively. It was shown in [20] that C2°(€2.) is dense
in Xp_(€) provided that (£2,b:) is smooth. Firstly, we extend the proof
of [20] to lakes without degenerated island as in Definition [Tl Secondly,
we infer the respective density property in X3 for the punctured lake, as in
Definition [.2] for which we need to also deal with the degeneracy of b in 0.

As already pointed out in Section 2] the density of C2°(Q2) in X;(Q2) is im-
portant to ensure the existence and uniqueness of the Hodge decomposition.
Even if the existence could also be derived by compactness, which is enough
to prove Theorem [[L9, we deem that it is interesting to consider a domain
where we have the uniqueness of the linear elliptic problem. Moreover, in
Section Ml we use this density in the compactness argument, which allows to
avoid the comparison between X, and X norms (see Remark [2.12]).

To encompass both type of lakes and to provide a generalization suitable
for future works, we propose here a density result for the following lakes:
the lake (Q,b) is a lake with N,4 non degenerated islands 9Z* (N,q € N)
and N, degenerated islands localized at x, (N; € N)

Nna
(1) Q:=Q\ (U Ik>, where © is open bounded subset of R? and ZF
k=1
are disjoint compact simply connected subsets of ?2, such that 6?2,
0T is a non trivial Jordan curve (i.e. not reduced to points);
(2) zpeQforalp=1,...,Ng;
Ng

(3) b € L>®(2,RT) such that, for any compact set K C Q \ U{xp},
p=1
there exists positive number 6 such that b(z) > 0 on K;

(4) there are small neighborhoods O° O* and O, of 09, dI* and {zp}
respectively, such that, for 0 <k < Nygand 1 <p < Ny,

b(z) = c(z) [d(z)]* in OFNQ, b(z) = c(x)|r — x| in O,NQ,
where c(z) > 6 > 0 for all x € Q, d(z) = dist(x,09), ar = 0 and
ap > 0;
(5) if b vanishes on the boundaries 99, OZ* (i.e. if a; > 0) then the
respective boundary is a C! Jordan curve.

Of course, the case Ny = 0 or N,y = 0 is allowed. The aim of this
appendix is to prove the following proposition.
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Proposition A.1. Under the assumptions listed above for the lake (£2,b),
the set

Ng
{90 €C(Q), V=0 1in U B(zp, R) for some R > O}
p=1

1s dense in

1

@) ={venio : -

Vi € L2(Q)}

w.r.t. the norm || - || x, Q) = H%HLQ(Q).

We divide this proof in three steps.
Step 1: Hardy inequality close to boundaries with vanishing topography.

In this first step, we derive an estimate in the neighborhood of the bound-
ary where a; > 0

00 = {xe U o ogd(x)gR},
kE[0,Npa] | ar>0

where we prove an Hardy type inequality.

Lemma A.2. There exists Ryg,C > 0 such that the following inequality
holds for every f € X,(Q2) and any positive R € (0, Ry):

16728 /D)l 202 < IO~V 12002

Proof. Such a lemma was proved in [20] for smooth lake. We reproduce the
proof here in order to show that the weakened assumptions on the lake are
sufficient.

We start with the following claim: there exists Ry, C' > 0 such that for
any f € H(Q), any positive R € (0, Ry) and any k € [0, Nyg] such that
ap > 0, there holds that

(A1) |f(2)]?dz < CR2/ IV f(z)* dx.

/(9kﬂ(8923\893) OkNONa R

Indeed, the C! regularity of Z; for aj > 0 (resp. N if ag > 0) allows us to
apply the tubular neighborhood theorem to change variable in terms of the
distance. In particular, for Ry small enough, d is a C' function. Therefore,
the claim follows directly from the fundamental theorem of Calculus and
the standard Holder’s inequality at least for smooth compactly supported
functions. By density, it extends to HE(€2).
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Next, by (A, we can write

b= 5 Lo ()
L2(8Q neN* aQ21 "R\agg—nR d(ﬂf) b(ﬂf)
< 5 (RQ_n)_(ak+2)/ \f(x)\z de
0 n%* k|§>0 OrN(0291—n g \Oy—n )

<Y Y (R /O IV

neN* klap>0

<c Z/ S (R | Vi) de.

OrNOR \ en+ d(z)<21-"R
Since the summation in the parentheses in the last line above is bounded
by (4)~% /(2% — 1) hence by Cbil, the integral on the righthand side is
bounded by ||b=1/2V f||? 1200y The lemma is thus proved. O

Step 2: approzimation in Xy by fonctions which are constants close to the
degenerated islands

We cannot expect the same kind of estimate in the neighborhood of a
degenerated island O, because the standard Hardy inequality is critical in
L? in dimension two. So we approximate any function in X;(£2) by functions
in X;(€2) which are constant in the neighborhood of z),.

Lemma A.3. For any e > 0 and ¢ € X(2), there exists ¢ € Xp(Q) and
R > 0 such that Vo =0 on UévilB(xp,R) and || — | x, <€

Proof. Let € > 0 and ¥ € X3(Q2) fixed, by the dominated convergence theo-
rem, there exists R. > 0 such that

)

I

L2( B(:z:p,RE))

for any p.

We introduce x a smooth cutoff function such that x(z) = 1 if |z| > 1
and y(z) = 0 if |z| < 1/2. As the following computation is true for any
b e ()

/ CVx(@) - (VH)(Rex + @) da
B(0.)\B(0,})
N / div [X(@)(VE) (R + )| de
B(O,)\B(0,})
= / (VE)(Rex + xp) - n(z) do(x)
9B(0,1)

= / div [(VJ‘iﬁ)(Rgx + xp)] dx =0,
B(0,1)
we have by density that for any ¢ € H}():

/ Vx(z) - (VY)(Rex + 2p) dz = 0.
B(0,)\B(0,3)
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It is known thanks to the Bogovskii operator [2, 3] (see [9, Theorem III.3.1]),
that there exists C' > 0 depending only on the domain A := B(0,1) \
B(0,1/2) such that the problem

div Fy(z) = Vx(z) - (VY)(Rex + 2,), F € H(A)
has a solution such that

1Bl < C[VxC) - (VH0)(Re - +a)|

L2(4)

Extending Fj, by zero in the exterior of A, we define
= T —xp (T =T
F(z):= ;X( R )V?/)(:C) + (7}%6 >

where we verify that F = 0 in U,B(x), Re/2),

curl F(z) = — div F*
= = [0 (52T) Vi) - (v B) (T2 2)] =0

R4 R. R.
in D'(Q). Indeed, we have div xV+1 = Vx - V44 when ¢ € C2°(€), hence
by density we get the same equality in D'(2) when ¢ € H}(Q).

Moreover,

F -V \Z1
vl

£2(Q) g”% L2(UpB(p,Re))
(S (52

R? 1/2
<N+ C( X 1B o)
p

2

> 1/2
L2(B(zp,Re)\B(zp,Re /2))

R2 1/2
<eNy + C(Z R?a" IVx() - (VEg)(R. - +$p)||%2(A)>
p

1 12
<eNa + C(Z 7 ||WH%Q(B(m,,,RE>\B(m,,,RE/2)>)
p

< Ce,

<eN, —i—CH@
e Vb 220, By Ry

where C' depends only on £ and b.

As Fis curl free in Q and @k Fords= @k Vi-rds =0forall k € [1, Ny,
there exists ¢ € L?(Q) such that Vo = F. Rigorously, the trace of Vi) may
not be defined, nevertheless we can show that the generalized circulation of
F is well zero. Moreover, V(¢ —1)) = 0 in the connected set Q\U,B(z,, R.),
so we can choose ¢ = v in Q\U,B(x),, R.) which satisfies the same boundary
condition, i.e p € HZ(Q) verifies Lemma [A3] O

Thanks to the two previous lemmas, we can now adapt the proof of [20].

Step 3: proof of Proposition [A1]
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Proof. Fix e > 0 and ¢ € X3,(Q2). First, we use Lemmal[A.3lto introduce ¢ €
X3(2) such that Vy =0 on U,B(xp, R) for some R > 0 and ||7) — || x, < €.

Second, we construct a cut-off function y € C'(f2) such that y = 1 on
UpB(2p, R) Ug,—0 O, x = 0 in 99 for some R € (0, Ry) and

(A.2) 11 =x)¢llx, <e.

This y is constructed in [20] and is a consequence of Lemma[A.2l We copy it

here for convenience of the reader. Since ¢ € X;(2), there exists a positive
R, such that

dx

(A.3) / IVo(z) | — < €2

oQp, b(x)

Let us introduce a cut-off function n € C*°(Ry) such that 0 < n < 1,
n(z)=1if z > 1 and n(z) =0 if z < 1/2 and define

X(x) = U(diSt($a aQO)/Ré)’

where 0€)g is the boundaries where the bottom vanishes U4, ~00Zy, (with

possibly 8?2) Clearly, x € C'(2) thanks to the C! regularity of 9y and
verifies well the properties listed above (A.2]). In addition, we note that
V(1 =x)¢] = (1 —x)Ve — pVy. It then follows by (A3]) that

9 5 dx 5 dzx 9
/ﬂ (1= X(@)P Vo) o < /B R

Meanwhile using the fact that

Vx| = [R: prf (dist(x, 9Q0)/Re) V()| < [(p/d) (@) Loy |7 ]| o
and Lemma [A.2] we obtain

zd_w / ‘90(95)‘261_35 - 2d_95
Jle@veres <l [ < [ ety

2
< Cg?,

which ends the proof of (A.2]).

Next, we split xp = xX¢ + x(1 — X)¢ where ¥ € C}(Q) such that Y =1
on UpB(zp, R).

Second, we notice that y(1 — X)¢ belongs to H(Q) and b(z) > 0 > 0
on his support. By definition of H{ there exists f € C°(Q2), such that
1f—x(1—=X)pllx, <OV2f —x(1 — ¢l < e Due to the support of
X(1 — X)¢ we can assume that f =0 on U,B(zp, R/2).

Third, we simply approximate the compactly supported function xx¢
with its C2° mollifier functions. Indeed, if the mollifier parameter is small

enough, xx¢ * { = ¢ in B(xp, R/2) so the support of V(X)Zgo * §5> is at a
distance n > 0 from 9Q U, {z;}, so the convergence in X3(£2) norm comes
from the convergence in H' norm and Assumption (3) in the beginning of
this appendix.

These three arguments give a C2° function f + xx¢ * & which is at
distance Ce of 1 in the Xj norm and which is constant on U,B(z,, R/2).
This completes the proof of Proposition [A]l O
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The density property allows one to readily infer existence and uniqueness
of solutions to the degenerated elliptic problems on (£2,b) by reproducing
the arguments of [20, Section 2].

Corollary A.4. Let (2,b) be a lake with one degenerated island as in Defi-
nition[.A Then, the Hodge decomposition provided by Proposition[2.2 holds
true on (€2, b).

Alternatively, we notice that we could have performed our analysis of
Section [Blin a smaller space:

X,(2\ {0}) = the closure for the X, norm of C°(Q2\ {0}),

where the density is then encompassed in the definition. In general, the
equivalence between )?b(Q \ {0}) and X3(f2) does not hold and is a delicate
question, see e.g. [29]. On a related note, we remark that X,(€2\ {0}) #
)?b(Q) while H}(2\ {0}) = H(Q) which is related to the positive weighted
b~ l-capacity of {0} and the removability of the singularity in {0}. In partic-
ular, implementing the compactness argument in X,(€2\ {0}) would allow

one to state that the stream-functions satisfy ¢',¢° € )/E,(Q \ {0}), to be
compared with Lemma B3] and respectively. However, we do not require
this additional information for our asymptotic analysis. In particular, we
can notice that in Section @, ¢° € X,() and clearly not in X;,(Q \ {0}).

Furthermore, as Cap,-1({0}) > 0, for any ¢ € X3,(Q2) one may choose the
quasi-everywhere continuous representative, i.e. ¢ is continuous on sets of
positive capacity and in particular in 0. We refer to the review paper [1§]
and the monograph [17].

We finish this appendix by noticing that we do not need to assume a, < 2
to prove Proposition[A.Tl Of course, the obvious corollary of this proposition
is that C2°(Q) is dense in X, because C2°(2) is a larger set than the set
appearing in this proposition. Nevertheless, we should be aware that C2°(£2)
is included in X} if and only if a, < 2 for every p. To show this equivalence,
it suffices to consider test functions whose the gradient is constant in the

neighborhood of {0}.
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