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The walls of combustion systems are usually assumed to be black or gray in radiative calculations, which may introduce large errors. The Planck-function-weighted emissivity is usually used as the gray-wall emissivity when using the Wide-Band Correlated K-distribution (WBCK) method. This approach can demonstrate good accuracy when the emissivity-based optimized band interval proposed by Solovjov (2013, JQSRT)(WBCK-1) is used. To improve efficiency without losing accuracy, a nongray-wall emissivity model is proposed. The accuracy of this model is first demonstrated for the emissivitybased band interval (WBCK-2). An absorption-coefficient-based optimized band interval is then proposed and the accuracy of this band interval coupled with the nongray-wall emissivity model (WBCK-3) is evaluated. The performance of these models is evaluated in three 1D isothermal and homogeneous cases bounded by fly-ash deposit, GH536, and soot deposit and a 3D fuel-air flame bounded by fly-ash deposit. The results show that WBCK-2 is more accurate than WBCK-1 when the number of bands is greater than 1. WBCK-3 can become more accurate than WBCK-1 and WBCK-2 when the number of bands is larger than 2, especially for low wall temperatures. Furthermore, it is sufficient to divide the spectrum into 3 bands for accurate predictions of radiative calculations.

Introduction

Radiative heat transfer plays an important role in high-temperature industrial combustion systems, such as coal-fired boilers and gas turbine combustors [START_REF] Modest | Radiative heat transfer in turbulent combustion systems: theory and application[END_REF]. Most studies assume that the walls of combustors are black or gray in radiative transfer calculations for simplicity in spite of the fact that the wall materials have different spectral emissivity. This simplification may introduce large errors in the prediction of radiative source term and heat flux [START_REF] Wall | The character of ash deposits and the thermal performance of furnaces[END_REF], which may strongly affect the predicted performance of the combustion devices in terms of thermal protection [START_REF] Dannecker | Impact of radiation on the wall heat load at a test bench gas turbine combustion chamber: measurements and CFD simulation[END_REF] and pollutant emissions [START_REF] Ren | Monte carlo simulation for radiative transfer in a high-pressure industrial gas turbine combustion chamber[END_REF]. Therefore, comprehensive and accurate radiative models are necessary for accurately predicting radiative heat transfer in practical problems involving nongray walls and for optimal design of combustion devices.

Radiative heat transfer models with different spectral resolutions, such as the Line-By-Line method (LBL), narrow-band models [START_REF] Goody | A statistical model for water-vapor absorption[END_REF]-[], wide-band models [START_REF] Ströhle | On the application of the exponential wide band model to the calculation of radiative heat transfer in one-and two-dimensional enclosures[END_REF], [] and full-spectrum models [START_REF] Modest | Narrow-band and full-spectrum k-distributions for radiative heat transfercorrelated-k vs. scaling approximation[END_REF], 11]-13], provide different accuracy and computational efficiency [START_REF] Modest | Radiative heat transfer[END_REF]. The benchmark LBL method is rarely applied to practical applications due to the huge requirement in computing resources [START_REF] Chu | A comprehensive evaluation of the non gray gas thermal radiation using the lineby-line model in one-and two-dimensional enclosures[END_REF]. Narrow-band models, such as the Statistical Narrow-Band method (SNB) [START_REF] Goody | A statistical model for water-vapor absorption[END_REF], ], the Statistical Narrow-Band Correlated-K method (SNBCK) [START_REF] Lacis | A description of the correlated k distribution method for modeling non-gray gaseous absorption, thermal emission, and multiple scattering in vertically inhomogeneous atmospheres[END_REF] and the Narrow-Band Correlated K-distribution method (NBCK) [START_REF] Modest | Narrow-band and full-spectrum k-distributions for radiative heat transfercorrelated-k vs. scaling approximation[END_REF], demonstrate the best accuracy in comparison to LBL because of small changes in spectral emissivity within a narrow spectral range for both gases and a solid wall. Although the number of radiative transfer equations (RTEs) of narrow-band models is much less than that of LBL, the computing resources required for solving narrow-band RTEs are still unacceptable in practical applications. Therefore, various computationally more efficient wide-band models and full-spectrum models have been developed. Full-spectrum models, such as the Full-Spectrum Correlated K-distribution method (FSCK) [START_REF] Modest | Narrow-band and full-spectrum k-distributions for radiative heat transfercorrelated-k vs. scaling approximation[END_REF], the Spectral-Linebased Weighted-Sum-of-Gray-Gases method (SLW) [START_REF] Denison | A spectral line-based weighted sum of gray gases model for arbitrary RTE solvers[END_REF] and the Weighted-Sum-of-Gray-Gases method (WSGG) [START_REF] Johansson | Account for variations in the H2O to CO2 molar ratio when modelling gaseous radiative heat transfer with the Weighted-Sum-of-Grey-Gases Model[END_REF], provide the highest computational efficiency at the cost of some accuracy for practical problems involving nongray walls [START_REF] Solovjov | Efficient cumulative wavenumber model of radiative transfer in gaseous media bounded by non-gray walls[END_REF], 17]. Wide-band models have a great potential for achieving the best compromise between efficiency and accuracy for practical problems with nongray walls. For example, Solovjov et al. [START_REF] Solovjov | Efficient cumulative wavenumber model of radiative transfer in gaseous media bounded by non-gray walls[END_REF] proposed a method to optimize band interval according to the spectral emissivity for the expansion of SLW named the cumulative wavenumber model, in which only a few RTEs need to be solved. Fonseca et al. [START_REF] Fonseca | Application of the WSGG model to solve the radiative transfer in gaseous systems with nongray boundaries[END_REF] separated gray gases into several groups according to a presumed emissivity, followed by solving RTE with the WSGG method. The banded method was employed by Bordbar et al. [START_REF] Bordbar | Line by line based band identification for non-gray gas modeling with a banded approach[END_REF], 19] to solve such problems as well. It was shown that those methods provide a good compromise between accuracy and efficiency for nongray wall problems.

The Planck-function-weighted emissivity at the wall temperature is usually used as the gray-wall emissivity to ensure the conservation of radiative energy at the wall [START_REF] Modest | Radiative heat transfer[END_REF]. This gray-wall emissivity model can achieve good accuracy when combined with the emissivity-based optimized band interval mentioned above [START_REF] Solovjov | Efficient cumulative wavenumber model of radiative transfer in gaseous media bounded by non-gray walls[END_REF] for nongray wall problems too. To further improve computational efficiency without significantly losing accuracy, some methods have been proposed recently. For instance, Fonseca et al. [START_REF] Fonseca | A simplified approach to compute the radiative transfer in a participating media bounded by non-gray walls[END_REF] used a radiating medium mean temperature, rather than the wall temperature, as the Planck temperature to obtain the gray-wall emissivity. Liu et al. [START_REF] Liu | A wavenumber subinterval grouping strategy compatible with non-gray metal wall boundaries used in multi-scale multi-group full spectrum k-distribution gas radiation model[END_REF] proposed a grouping strategy to improve the correlation between the absorption spectrum of the radiating medium and the emission spectrum of the nongray wall and then solved RTE with the Multi-Scale Multi-Group FSK method (MSMGFSK). It was shown that these two methods can demonstrate good accuracy and computational efficiency.

The objective of this work is to propose a nongray-wall emissivity model for the Wide-Band Correlated K-distribution (WBCK) method and compare this nongray-wall emissivity model with, on one hand, benchmarks solutions obtained from LBL calculations and, on the other hand, the gray-wall one, i.e., the Planck-function-weighted emissivity, in three 1D isothermal and homogeneous cases and a 3D fuel-air flame. All the 1D test cases are bounded by nongray walls composed of three typical materials found in industrial combustion devices, namely fly-ash deposit, GH536, and soot deposit, while the 3D case is bounded by walls coated with the soot deposit. Similar to the treatments of Solovjov et al. [START_REF] Solovjov | Efficient cumulative wavenumber model of radiative transfer in gaseous media bounded by non-gray walls[END_REF] and Fonseca et al. [START_REF] Fonseca | Application of the WSGG model to solve the radiative transfer in gaseous systems with nongray boundaries[END_REF], the present WBCK method is formulated by generating the Planck-function-weighted wide-band k-distribution. This article is organized as follows. The second section presents the theoretical background. The third and fourth sections are devoted to the comparison of different models in three 1D cases and one 3D fuel-air flame, respectively. Section 5 summarizes the conclusions drawn from the present work.

Theoretical background

WBCK RTE

The spectral RTE in participating and non-scattering media can be written as:

𝑑𝐼 𝜂 𝑑𝑠 = 𝜅 𝜂 (𝜙) [𝐼 𝑏𝜂 (𝑇) -𝐼 𝜂 ] (1) 
where 𝜂 is the wavenumber, 𝐼 𝜂 is the spectral radiative intensity along path s, 𝐼 𝑏𝜂 is the spectral Planck function, 𝜅 𝜂 is the spectral absorption coefficient, and 𝜙 is the vector of local state variables consisting of temperature, T, total pressure, P, and mole fraction vector, 𝑥.

Similar to the full-spectrum k-distribution function, the wide-band k-distribution function, 𝑓 𝑚 , which is weighted by the Planck function, is defined as [START_REF] Modest | Narrow-band and full-spectrum k-distributions for radiative heat transfercorrelated-k vs. scaling approximation[END_REF][8]:

𝑓 T 𝑃 ,𝜙,𝑚 (𝑘 𝑚 ) = 1 𝐼 𝑏,𝑚 (T 𝑃 ) ∫ 𝐼 𝑏𝜂 (T 𝑃 )𝛿 (𝑘 𝑚 -𝜅 𝜂 (𝜙)) d𝜂 𝜂 𝑢,𝑚 𝜂 𝑙,𝑚 (2) 
where (3) Thus, the cumulative function 𝑔 𝑚 is a monotonically increasing function varying between 0 and 1.

The RTE in the wavenumber-space can be converted into the reordered form in the reference g0-space by multiplying with 𝛿(𝑘 𝑚 -𝜅 𝜂 (𝜙 0 ))

𝑓 𝑇 0 ,𝜙 0 ,𝑚 (𝑘 𝑚 ) , followed by integrating over all the wavenumbers belonging to the mth band:

𝑑𝐼 𝑔 0 ,𝑚 𝑑𝑠 = 𝑘 𝑚 * (𝑔 0 )[𝑎 𝑚 (𝑔 0 )𝐼 𝑏,𝑚 (𝑇) -𝐼 𝑔 0 ,𝑚 ] (4) 
where the subscript 0 refers to the reference state. In Eq. ( 4), 𝐼 𝑔 0 and the non-gray stretching factor, 𝑎 𝑚 (𝑔 0 ), are expressed as:

𝐼 𝑔 0 ,𝑚 = ∫ 𝐼 𝜂 𝛿(𝑘 𝑚 -𝜅 𝜂 (𝜙 0 ))𝑑𝜂 𝜂 𝑢,𝑚 𝜂 𝑙,𝑚 𝑓 𝑇 0 ,𝜙 0 ,𝑚 (𝑘 𝑚 ) (5) 
𝑎 𝑚 (𝑔 0 ) = 𝑓 𝑇,𝜙 0 ,𝑚 (𝑘 𝑚 )

𝑓 𝑇 0 ,𝜙 0 ,𝑚 (𝑘 𝑚 ) = 𝑑𝑔 𝑇,𝜙 0 ,𝑚 (𝑘 𝑚 )

𝑑𝑔 𝑇 0 ,𝜙 0 ,𝑚 (𝑘 𝑚 ) (6) 
The conventional correlated reordered absorption coefficient scheme proposed by Modest et al. [START_REF] Modest | Narrow-band and full-spectrum k-distributions for radiative heat transfercorrelated-k vs. scaling approximation[END_REF] is used here to obtain the correlated reordered absorption coefficient 𝑘 𝑚 * using the following explicit equation:

𝑔 𝑇 0 ,𝜙,𝑚 (𝑘 𝑚 * ) = 𝑔 0 (7) 
Because the reordered absorption coefficient, 𝑘 𝑚 * , is a monotonically increasing function of 𝑔 0 , the total radiative intensity, I, can be obtained using a N-point quadrature scheme: 𝐼 = ∑ ∑ 𝑤 𝑛 𝐼 𝑔 0 ,𝑚,𝑛 𝑁 𝑛=1 𝑀 𝑚=1 [START_REF] Modest | Narrow-band and full-spectrum k-distributions for radiative heat transfercorrelated-k vs. scaling approximation[END_REF] where M and N are the number of bands and quadrature points, respectively, and 𝑤 𝑛 is the weight of the nth quadrature point. It should be pointed out that the WBCK method degenerates to FSCK when M = 1.

WBCK boundary conditions

In this study, it is assumed that the walls reflect radiation diffusely and such an assumption has been used in many numerical studies [START_REF] Zhao | A transported probability density function/photon Monte Carlo method for high-temperature oxy-natural gas combustion with spectral gas and wall radiation[END_REF], []. Consequently, the boundary condition of RTE in the wavenumber-space (Eq. ( 1)) is given as

𝐼 𝜂,𝑤 = 𝜀 𝜂 𝐼 𝑏𝜂 (𝑇 𝑤 ) ⏟ emission term + (1 -𝜀 𝜂 ) 1 𝜋 ∫ 𝑛 ⃗ •𝑠 <0 𝐼 𝜂 |𝑛 ⃗ • 𝑠 |𝑑Ω ⏟ reflection term (9)
where 𝜀 𝜂 is the spectral emissivity of the wall, 𝑛 ⃗ is the unit vector normal to the wall and towards the medium, and the subscript w refers to the wall.

Gray-wall emissivity model

In most previous studies, the walls are assumed to be black or gray in radiative calculations [START_REF] Zhao | A transported probability density function/photon Monte Carlo method for high-temperature oxy-natural gas combustion with spectral gas and wall radiation[END_REF], ], i.e., the wavenumber dependence of wall emissivity is completely neglected. Similar to the derivation of Eq. ( 4), the boundary condition in the reference 𝑔 0 -space can be given by: 𝐼 𝑔 0 ,𝑚,𝑤 = 𝜀 𝑚 𝑎 𝑚,𝑤 (𝑔 0 )𝐼 𝑏,𝑚 (𝑇 𝑤 ) ⏟ emission term [START_REF] Ströhle | Assessment of the re-ordered wide band model for non-grey radiative transfer calculations in 3D enclosures[END_REF] The Planck-function-weighted emissivity at the wall temperature is used as the gray-wall emissivity, which is expressed as [START_REF] Modest | Radiative heat transfer[END_REF] 𝜀 𝑚 = 

+ (1 -𝜀 𝑚 ) 1 𝜋 ∫ 𝑛 ⃗ •𝑠 <0 𝐼 𝑔 0 ,𝑚 |𝑛 ⃗ • 𝑠 |𝑑𝛺 ⏟ reflection term

Nongray-wall emissivity model

In practical applications, the emissivity of walls normally varies with wavenumber. In this case, the emission term in Eq. ( 9) can be integrated over a wide band as 

where 𝜀 𝑚 * (𝑔 0 ) is expressed as:

𝜀 𝑚 * (𝑔 0 ) = 1 𝑓 𝑇 𝑤 ,𝜙 0 ,𝑚 (𝑘 𝑚 ) • 1 𝐼 𝑏,𝑚 (𝑇 𝑤 ) • ∫ 𝜀 𝜂 𝐼 𝑏𝜂 (𝑇 𝑤 )𝛿 (𝑘 𝑚 -𝜅 𝜂 (𝜙 0 )) 𝜂 𝑢,𝑚 𝜂 𝑙,𝑚 𝑑𝜂 (13) 
Therefore, the boundary condition in the reference 𝑔 0 -space can be rewritten as

𝐼 𝑔 0 ,𝑚,𝑤 = 𝜀 𝑚 * (𝑔 0 )𝑎 𝑚,𝑤 (𝑔 0 )𝐼 𝑏,𝑚 (𝑇 𝑤 ) + (1 -𝜀 𝑚 * (𝑔 0 )) 1 𝜋 ∫ 𝑛 ⃗ •𝑠 <0 𝐼 𝑔 0 ,𝑚 |𝑛 ⃗ • 𝑠 |𝑑𝛺 (14) 
It is easy to anticipate that it is important to account for the nongray-wall emissivity when the emission term of Eq. ( 9) is much larger than the reflection term. However, for most combustion devices, the reflection term can also be important. Therefore, the importance of considering the nongray-wall emissivity needs to be evaluated under different wall and medium thermal conditions.

Methods for determining the band interval of WBCK 2.3.1 Emissivity-based method

The optimized band interval method proposed by Solovjov et al. [START_REF] Solovjov | Efficient cumulative wavenumber model of radiative transfer in gaseous media bounded by non-gray walls[END_REF] is obtained through minimization of the following objective function

∑ ∫ |𝜀 𝜂 -𝜀 𝑚 | 𝜂 𝑢,𝑚 𝜂 𝑙,𝑚 𝑀 𝑚=1 𝐼 𝑏𝜂 (T 𝑤 )𝑑𝜂 → min (15) 
where the band emissivity, 𝜀 𝑚 , is calculated by Eq. [START_REF] Denison | A spectral line-based weighted sum of gray gases model for arbitrary RTE solvers[END_REF]. In this study, 100 cm -1 is chosen as the band variation step to obtain the optimized band interval for simplicity.

Absorption-coefficient-based method

The selection of emissivity-based method (Eq. ( 15)) may become inaccurate for low temperature walls. Taking the virtual spectral absorption coefficients and spectral emissivity distribution along the wavenumber shown in Fig. 1 as an example, supposing that there are two identical peak spectral absorption coefficients over the entire spectrum locating at 2500 cm -1 and 7500 cm -1 , and the spectral emissivity increases linearly from 0 to 1 for the wavenumber of 0 -10000 cm -1 . It can be seen that the spectral emissivity at the peaks of spectral absorption coefficient are 0.25 and 0.75, as shown in the left frame of Fig. 1(a). The emissivity-based method (Eq. ( 15)) for a wall temperature of 500 K decomposes the spectrum into two bands with the spectral ranges of 0 -1400 cm -1 and 1400 -10000 cm -1 . The right frame of Fig. 1(a) shows that the correlated reordered absorption coefficient in the g0 space, 𝑘 𝑚 * , of the 2nd band is 0 when g0 < 1, and is equal to the value of peak absorption coefficient in the left frame of Fig. 1(a) for g0 = 1. The nongray-wall emissivity in the g0 space, 𝜀 𝑚 * , of the 2nd band is 0 when g0 < 1, and is equal to about 0.25 for g0 = 1 according to Eq. ( 13) due to the Planck function weight. This shows clearly that the emissivity-based method introduces large errors for prediction of emissivity at the large absorption coefficients.

To improve the accuracy of the nongray-wall emissivity for large absorption coefficients that correspond to large reference g0, an absorption-coefficient-based method is proposed here. The main idea of the proposed method is to put large absorption coefficients at different wavenumbers into different wide bands, as show in Fig. 1(b). If the two peak absorption coefficients are divided into two different bands, typically 0 -5000 cm -1 and 5000 -10000 cm -1 , then 𝜀 𝑚 * of the 1st and 2st band is equal to 0.25 and 0.75 when g0 = 1 respectively, which is much more accurate than that of emissivity-based method. For practical radiating medium, the spectral absorption coefficients of CO2 are mainly concentrated in 4 spectral positions, the proposed band interval determination method may provide good accuracy. The optimization procedure is illustrated in Fig. 2, which is for 10% CO2 (the left frame) and 10% H2O (the right frame) at 2500 K and 1 atm as examples. In these two examples, it is assumed that the wall surface emissivity increases linearly between 0 ~ 1 at a wavenumber of 0 ~ 10000 cm -1 . The entire spectrum is divided into 4 bands.

Firstly, the narrow-band mean absorption coefficients over spectral bands of 200 cm -1 is calculated by Eq. ( 16) and the four maximum absorption coefficients, 𝐴 𝑚 , is marked in order in its magnitude.

𝜅 𝑚 ′ = 1 𝜂 𝑢,𝑚 -𝜂 𝑙,𝑚 ∫ 𝜅 𝜂 d𝜂 𝜂 𝑢,𝑚 𝜂 𝑙,𝑚 (16) 
Secondly, the wavenumber delimiters of all wide bands, 𝑃 𝑚 , are determined as the spectral locations of the minimum absorption coefficient between the adjacent maximum absorption coefficients, 𝐵 𝑚 , as show in Fig. 2(a) and Fig. 2(b), which takes the third band with an absorption coefficient greater than 0.1 cm -1 (marked by blue dashed line and related vertical pink lines) as an example. It can be seen that the wall emissivity in the wavenumber-space lies in a very small range of 0.34 ~ 0.37 for Fig. 2(a) or 0.33 ~ 0.37 for Fig. 2(b). The relatively high concentration of large absorption coefficients in each wide band makes the associated spectral wall emissivity vary weakly, which results in the reordered wall emissivity is very close to the true value in wavenumber space at larger reference g0 positions.

The reason for choosing the spectral bands of 200 cm -1 as narrow band rather than a narrower one, such as 100 cm -1 , is that the profile of the narrow-band mean absorption coefficients over 200 cm -1 is smoother than over 100 cm -1 , which helps locate the 𝐴 𝑚 and 𝐵 𝑚 . However, it should be pointed out that the choice of narrow-band width in Eq. ( 16) is not critical since it only slightly affects the wavenumber between two adjacent wide bands. 

Results and discussion of one-dimensional cases

It is natural to expect that different boundary conditions have different impacts on the predicted radiative source term and heat flux. Here three typical combustor surface materials with different spectral emissivities are considered to compare the accuracy of WBCK-1, WBCK-2 and WBCK-3, including GH536 at 1000 K [START_REF] Kong | Normal spectral emissivity of GH536 (HastelloyX) in three surface conditions[END_REF], fly-ash deposit at 1093 K [START_REF] Markham | Measurement of radiative properties of ash and slag by FT-IR emission and reflection spectroscopy[END_REF], and soot deposit with a thickness of 1 μm [START_REF] Liebert | Spectral emittance of soot[END_REF] (hereafter named as BC-1, BC-2 and BC-3, respectively). Fly-ash deposit, which is typically found in coal-fired boilers, is a non-metallic material. Its spectral emissivity decreases with increasing the wavenumber, as shown in Fig. 3. GH536 [START_REF] Kong | Normal spectral emissivity of GH536 (HastelloyX) in three surface conditions[END_REF], as one of high-temperature alloys, is usually applied to gas turbine combustion chambers. Its spectral emissivity increases smoothly with increasing the wavenumber, Fig. 3. In hydrocarbon fuel combustion systems, soot deposit is often seen on the walls. Its spectral emissivity increases as the wavenumber increases as well, Fig. 3. The accuracy of WBCK-1, WBCK-2 and WBCK-3 with one (i.e., FSCK), two, and four bands is investigated, and the influence of the number of bands will also be discussed later. Fig. 3 The spectral emissivity of fly-ash deposit at 1093 K [START_REF] Markham | Measurement of radiative properties of ash and slag by FT-IR emission and reflection spectroscopy[END_REF], GH536 at 1000 K [START_REF] Kong | Normal spectral emissivity of GH536 (HastelloyX) in three surface conditions[END_REF], and soot deposit with a thickness of 1 μm [START_REF] Liebert | Spectral emittance of soot[END_REF].

In this section, three one-dimensional isothermal and homogeneous cases are investigated, which includes a pure CO2 case, a pure H2O case, and a CO2-H2O mixture case, as shown in Table 1. The discrete-ordinates method (DOM) along with the S8 angular discretization scheme [START_REF] Modest | Radiative heat transfer[END_REF] is used to solve RTE. The spectral absorption coefficients of radiating gases are derived from the HITEMP 2010 database [START_REF] Rothman | HITEMP, the high-temperature molecular spectroscopic database[END_REF] and the HAPI code [START_REF] Kochanov | HITRAN application programming interface (HAPI): a comprehensive approach to working with spectroscopic data[END_REF]. The range of wavenumber covers from 200 𝑐𝑚 -1 to 10000 𝑐𝑚 -1 and the wavenumber interval is set to 0.02 𝑐𝑚 -1 in LBL calculations, which has been proven to be a good compromise between accuracy and efficiency [START_REF] Chu | A comprehensive evaluation of the non gray gas thermal radiation using the lineby-line model in one-and two-dimensional enclosures[END_REF]. The 32-point Gauss-Chebyshev scheme is selected to reduce the error induced by quadrature scheme. For both the gray and non-gray boundary conditions, iteration is necessary in solving the RTEs due to reflection of incident radiative heat flux at walls. The convergence condition for all the bands is 𝑚𝑎𝑥 (

𝐺 𝑚 𝑄 -𝐺 𝑚 𝑄-1 𝐺 𝑚 𝑄 ) < 10 -6 ( 17 
)
where Q is the number of iterations and Gm is incident radiation of the mth band evaluated as 𝐺 𝑚 𝑄 = ∑ ∑ 𝑤 𝑛 𝑢 𝑗 𝐼 𝑔 0 ,𝑚,𝑛,𝑗 𝐽 𝑗=1 𝑁 𝑛=1 [START_REF] Bordbar | Line by line based band identification for non-gray gas modeling with a banded approach[END_REF] where 𝑢 𝑗 is weight of the jth ordinate and J is the number of angular ordinates. Table 1. Description of the thermal conditions in the three one-dimensional cases.

Case Number of subcases

Length L (m)

Internal temperature (K) Wall temperature (K) 𝑥 𝐶𝑂 2 𝑥 𝐻 2 𝑂 Boundary condition (a) BC-1 1 (b) 1 2500 300 -2000 0.1 0 BC-2 (c) BC-3 (a) BC-1 2 (b) 1 2500 300 -2000 0 0.1 BC-2 (c) BC-3 (a) BC-1 3 (b) 1 2500 300 -2000 0.1 0.2 BC-2 (c) BC-3
Three metrics are used to evaluate the accuracy of the three WBCK models, including the local relative error of radiative source term (LE(x)), the total absolute relative error of radiative source term (TE), and the error of heat flux at the right wall (EF). These quantities are defined as: 

LE(x) = -𝛁•𝑞̇𝑅
where L is the length of computational domain.

The pure CO2 case

Firstly, a pure CO2 case (Case 1) is considered, as shown in Table 1. The gaseous medium bounded by the two walls consists of 10% CO2 (balanced by N2) at 2500 K and 1 atm, while the wall temperature is varied from 300 K to 2000 K. Figure 4 shows the variation of TE with the wall temperature. From the top frame of Figure 4, it can be seen that TE of 1-band WBCK-1 decreases firstly as the wall temperature increases. After reaching the minimum at about 1400 K, 1100 K and 1000 K for BC-1, BC-2, and BC-3, respectively, it increases as the wall temperature further increases. In contrast, TE of 1-band WBCK-2 (or WBCK-3) decreases firstly with increasing the wall temperature and then remains very small (using BC-1) or negligible (using BC-2 and BC-3) at sufficiently high wall temperatures.

The values of TE of 2-and 4-band WBCK-1 display different trends for different wall materials. For BC-1 and BC-3, TE of 2-and 4-band WBCK-1 drops sharply with increasing the wall temperature till around 500 K, and then oscillates around a certain low value at higher wall temperatures, as shown in the middle and bottom rows of Figures 4(a) and 4(c). For BC-2, TE of 2-and 4-band WBCK-1 first decreases quickly to a minimum around 800 to 1000 K wall temperature but then increases quickly at a similar rate with increasing the wall temperature. In contrast, the TE values of 2-and 4-band WBCK-2 first decrease quickly with increasing wall temperature till around 500 K and then remain nearly constant close to zero with further increasing the wall temperature for all the three surface materials. In terms of TE, the accuracy of 2-band WBCK-3 is almost the same as 2-band WBCK-2, while the accuracy of 4-band WBCK-3 remains excellent regardless of the wall temperatures. In conclusion, 1-, 2-and 4-band WBCK-2 and WBCK-3 are much more accurate than their WBCK-1 counterparts, 2-band WBCK-2 is as accurate as 2-band WBCK-3, and 4-band WBCK-3 displays better accuracy compared with 4-band WBCK-2, especially at low wall temperatures below about 500 K. Figure 5 shows the variation of EF of different models and surface materials with the wall temperature. For all the three surface materials, EF of 1-band WBCK-1 first decreases in magnitude with increasing temperature till reaching zero but then increases in magnitude with further increasing the wall temperature. On the other hand, EF of 1-band WBCK-2 (or WBCK-3) decreases in magnitude with increasing temperature and then remains very low close to zero at wall temperatures above 1000 K, regardless of the surface materials, as shown in the top row of Figure 5. Similar to the results shown in Figure 4, the EF values of 2-and 4-band WBCK-1 display different trends for different surface materials. For BC-1 and BC-3, the EF values of 2-and 4-band WBCK-1 first decrease in magnitude with increasing wall temperature and then fluctuate around zero at wall temperatures above about 800 K. As shown in the middle and bottom rows of Figure 5(b), the EF values of 2-and 4band WBCK-1 for BC-2 increase nearly monotonically with increasing the wall temperature, similar to 1-band WBCK-1. The performance of 2-and 4-band WBCK-2 and WBCK-3 models evaluated in terms of EF is similar to that observed in TE shown in Figure 4. In summary, WBCK-1 is consistently less accurate than WBCK-2 and WBCK-3, regardless of the number of bands, wall temperature, or the type of wall materials, i.e., it is necessary to consider the spectral behavior of wall emissivity of the three typical wall materials. When the spectrum is divided into 2-bands, the accuracy of WBCK-2 and WBCK-3 is very similar. However, WBCK-3 is very accurate when the spectrum is divided into 4 wide-bands, regardless of the wall temperature or the wall material. Figure 6 shows the distributions of radiative source term for wall temperature of 500 K and boundary condition of BC-3, corresponding to conditions marked by the vertical cyan dashed lines in Figures 4(c To explain why WBCK-2 is more accurate than WBCK-1, the left frame of Fig. 7 displays the 2nd-band spectral absorption coefficient of 2-band WBCK-1, the normalized spectral Planck function, 𝐼 𝑏𝜂 /𝐼 𝑏 (Tw = 500 K), and the spectral emissivity of BC-3 as a function of wavenumber. The right frame of Fig. 7 shows the reordered absorption coefficient, 𝑘 * , and the 2ndband reordered emissivity of WBCK-1 and WBCK-2 as a function of 𝑔 0 . As is known, larger absorption coefficients are in general more important than smaller ones in radiative heat transfer, as shown in WBCK RTE (Eq. ( 4)). The spectral absorption coefficients of CO2 at the 4.3 μm band (i.e., centered at 2410 cm -1 ) are much larger than those at other spectral positions [START_REF] Modest | Radiative heat transfer[END_REF], which means that the spectral emissivity near 2410 cm -1 has a great impact on the predicted radiative heat transfer. The gray horizontal dashed line marks the absorption coefficients larger than 0.05 cm -1 (𝜅 for the wavenumber-space and k* for the g0-space). The cyan horizontal dashed lines mark the corresponding range of spectral emissivity, which is from 0.62 to 0.65 (see the left frame of Figure 7). The emissivity of WBCK-2 for absorption coefficients larger than 0.05 cm -1 is between 0.62 and 0.64, and very close to the spectral emissivity in the wavenumber-space. As for WBCK-1, the emissivity of WBCK-1 is 0.59 due to the influence of spectral Planck function weighting (see the red line of left frame of Figure 7). In other words, the emissivity of WBCK-2 is more accurate than that of WBCK-1, resulting in better accuracy of WBCK-2 than WBCK-1. Furthermore, from Fig. 6(c), it can be found that LE(x) of 4-band WBCK-3 is negligible, while LE(x) of 4-band WBCK-2 remains nearly constant around 1%. This is attributed to the different band intervals of WBCK-2 and WBCK-3. For WBCK-2, the four bands are 200-900 cm -1 , 900-1400 cm -1 , 1400-2000 cm -1 and 2000-10000 cm -1 , while for WBCK-3, the four bands are 200-1300 cm -1 , 1300-2700 cm -1 , 2700-4300 cm -1 and 4300-10000 cm -1 . Figure 8 displays the 4th-band emissivity of 4-band WBCK-2. The gray horizontal dashed lines mark absorption coefficients that lie between 0.001 cm -1 and 0.01 cm -1 , and the cyan horizontal dashed line indicate the spectral emissivity of BC-3 (between 0.75 and 0.78, see the left frame of Figure 8). However, the emissivity predicted by WBCK-2 is around 0.69, and is much smaller than the spectral emissivity in the wavenumber-space. Figure 9 shows the 3rd-band emissivity of 4-band WBCK-3. The emissivity of WBCK-3 ranges from 0.75 to 0.77. In other words, the reordered emissivity predicted by WBCK-3 shows better agreement with the spectral emissivity in the wavenumber-space than it predicted by WBCK-2. This explains why WBCK-3 is more accurate than WBCK-2 at a low wall temperature. 

The pure H2O case

The second test case (Case 2) contains pure H2O as the radiating gas, whose thermal conditions are given Table 1. The medium is composed of 10% H2O (balanced by N2) at 2500 K at 1 atm, while the wall temperature is varied from 300 K to 2000 K. Figures 10 and 11 display the variations of TE and EF with the wall temperature. It can be seen that the trends of TE and EF of 1-band WBCK-1 and WBCK-2 (or WBCK-3) are consistent with those observed in Case 1, i.e., TE and EF of 1band WBCK-1 decrease in magnitude firstly as the wall temperature increases. After reaching the minimum, they increase in magnitude with further increasing the wall temperature. In contrast, TE and EF of 1-band WBCK-2 (or WBCK-3) decrease continuously with the increase of the wall temperature. Different from the pure CO2 case, 1-band WBCK-1 shows better accuracy than 1-band WBCK-2 (or WBCK-3) except for BC-2 and BC-3 with a high wall temperature. This may be attributed to the different radiative characteristics of CO2 and H2O. Compared with CO2, which radiates predominately in four spectral regions [START_REF] Modest | Radiative heat transfer[END_REF], H2O radiates almost continuously over the entire spectrum. Overall, the 2-and 4-band WBCK-2 models are more accurate than the corresponding WBCK-1 models, except when BC-3 is the boundary material. For BC-3, the values of both TE and EF of 2-and 4-band WBCK-2 are almost the same as those of WBCK-1 when the wall temperature is lower than 1000 K and 700 K, respectively. The 2-band WBCK-3 model displays lower accuracy than both WBCK-1 and WBCK-2; however, when the entire spectrum is divided into 4 bands, WBCK-3 is more accurate than WBCK-1 and WBCK-2. 

The CO2-H2O mixture case

In the final 1D test case (Case 3), the medium is a CO2-H2O mixture and the thermal conditions are also given in Table 1. The gaseous medium consists of 10% CO2 and 20% H2O (balanced by N2) at 2500 K and 1 atm, while the wall temperature is varied from 300 K to 2000 K. 

The influence of number of bands

As displayed above, WBCK-3 shows worse accuracy than WBCK-2 when the spectrum is divided into 2 bands; however, it displays significantly better accuracy when the number of bands reaches 4. In this section, the influence of the number of bands is investigated for Case 3 at the wall temperature of 300 K and 1500 K.

Figure 14 and 15 shows the variation of TE with the number of bands. It can be seen that, for BC-1 and BC-3 at wall temperature of 300 K, TE of both WBCK-1 and WBCK-2 decreases with increasing the number of bands, though somewhat gradually, while it displays much weaker dependence on the number of bands for BC-2. TE of WBCK-3 drops rapidly with increasing the number of bands from 1 to 3 for all the three wall materials and then remains close to zero as the number of bands further increases beyond 3.

For the wall temperature of 1500 K, the TE trends of WBCK-1 are the same as it performed in Fig. 14. In contrast, the TE trends of WBCK-2 and WBCK-3 are almost consistent with those of WBCK-3 in Fig. 14,i 

Results and discussion of a three-dimensional fuel-air flame

In this section, the accuracy of 1-and 4-band WBCK-1, WBCK-2 and WBCK-3 in a 3D enclosure containing a fuel-air flame [START_REF] Bordbar | Improved banded method for spectral thermal radiation in participating media with spectrally dependent wall emittance[END_REF], [], ] is evaluated. The combustion chamber is a rectangular enclosure of 2 m × 2 m × 4 m. The wall temperature is set to 300 K [START_REF] Liu | Numerical solutions of three-dimensional non-grey gas radiative transfer using the statistical narrow-band model[END_REF], and BC-1 is used as the wall material here, which is different from Refs. [START_REF] Bordbar | Improved banded method for spectral thermal radiation in participating media with spectrally dependent wall emittance[END_REF], [], ]. A mixture of 10% CO2, 20% H2O and 70% N2 is uniformly distributed in the combustion chamber. The temperature profile within the combustion chamber is axisymmetric, which is given by Equations ( 22) and ( 23) 𝑇 = (𝑇 𝑐 -𝑇 𝑒 )𝑓(𝑟 𝑐 /𝑅) + 𝑇 𝑒 (22) 𝑓(𝑟 𝑐 /𝑅) = 1 -3(𝑟 𝑐 /𝑅) 2 + 2(𝑟 𝑐 /𝑅) 3 (23) where 𝑇 𝑐 is the temperature along the centerline (0, 0, z), 𝑇 𝑒 is the temperature at the exit of combustion chamber (z = 4 m), 𝑅 is the radius of 1 m. The temperature along the centerline of combustion chamber increases linearly from 400 K at z = 0 to 1800 K at z = 0.375 m, then it decreases linearly to the 800 K at z = 4 m. The gas temperature in the corner regions, where rc > R, is set to the exit temperature of Te = 800 K.

The number of computational grids is 17 × 17 × 24. The grid is uniformly distributed in the x and y directions, and nonuniformly distributed in the z (streamline) direction. The details of grid are consistent with those used in Liu [START_REF] Liu | Numerical solutions of three-dimensional non-grey gas radiative transfer using the statistical narrow-band model[END_REF]. DOM with the T4 [START_REF] Thurgood | The TN quadrature set for the discrete-ordinates method[END_REF] angular discretization scheme is used to solve RTE. NBCK with band interval of 50 cm -1 is used as the benchmark because the computational resources required by LBL in this 3D case are unacceptably large The 8-point and 16-point Gauss-Chebyshev quadrature schemes are used for the NBCK and WBCK methods, respectively. The emission-weighted temperature is chosen as the reference temperature when using the WBCK method [START_REF] Modest | The full-spectrum correlated-k distribution for thermal radiation from molecular gas-particulate mixtures[END_REF].

Figure 16 displays the radiative source terms along the enclosure centerline (0, 0, z) predicted by NBCK (bounded by black walls and BC-1), 1-band WBCK-1, 1-band WBCK-2, and 4-band WBCK-1, WBCK-2 and WBCK-3. It can be found that the wall material (black or non-black) has some effects on the radiative source term near the wall, as shown in Figure 16(a) (compare the results of NBCK with the black walls and BC-1). The results of 1-band WBCK-1 and WBCK-2 are almost the same, as already observed in Figure 12, and the maximum LE(x) in magnitude is about -8.7% and -8.8%. The predictions of 4-band WBCK-1 and WBCK-2 are also almost the same, Fig. 16(b), which is also similar to the results shown in Fig. 12. When using 4 bands, WBCK-3 can effectively improve the accuracy of WBCK-1 and WBCK-2. The maximum LE(x) in magnitude of WBCK-1, WBCK-2 and WBCK-3 are -8.8%, -9.0% and -1.2%, respectively, as shown in the top frame of Fig. There are obvious discrepancies between the NBCK results for the two boundary conditions (black wall vs. BC-1). For the black walls, the maximum flux along the line of (1 m, 1 m, z) is 20.5 kw/m 2 , which is consistent with the result of Porter et al. [START_REF] Porter | Evaluation of solution methods for radiative heat transfer in gaseous oxy-fuel combustion environments[END_REF], while for BC-1, the maximum net flux is lower at 16.1 kw/m 2 . Similar to the radiative source term along the center line (0, 0, z), 1-band WBCK-1 and WBCK-2 predicted undistinguishable results but with large errors. When using 4 bands, WBCK-1 and WBCK-2 yield significantly better accuracy than their 1-band counterparts and their results are very close to each other as well. When the spectrum is divided into 4 bands, WBCK-3 offers the best accuracy among the three WBCK models investigated. 

Conclusions

In this work, a nongray-wall emissivity model is proposed within the framework of the Wide-Band Correlated K-distribution method. In addition, an absorption-coefficient-based strategy is developed to optimize the band intervals. Three 1D isothermal and homogeneous cases bounded by the fly-ash deposit, GH536, and soot deposit and a 3D fuel-air flame bounded by a rectangular enclosure bounded by fly-ash deposit coated walls are considered as test cases to evaluate the accuracy of WBCK-1, WBCK-2 and WBCK-3 for different numbers of bands up to 4 in the prediction of radiative heat transfer. The LBL and NBCK results are obtained and used as the benchmarks in the one-and three-dimensional cases, respectively. The following conclusions can be drawn from this work:

(1) WBCK-2 improves the accuracy of WBCK-1 when the number of bands is larger than 1. For 1-band WBCK (i.e., FSCK), WBCK-2 is more accurate than WBCK-1 in the pure CO2 case, while they show the opposite trends in the pure H2O and CO2-H2O case.

(2) When the entire spectrum is divided into 2 bands, WBCK-3 demonstrates the worst accuracy among the models and thermal conditions investigated.

(3) When the spectrum is divided into 4 bands, WBCK-3 is more accurate than WBCK-1 and WBCK-2 for low-temperature wall. For high-temperature wall, both WBCK-2 and WBCK-3 agree well with the benchmark.

(4) For the three types of typical wall material of nongray emissivity encountered in practical combustion systems, it is sufficient to divide the entire spectrum into 3 or 4 bands when using WBCK-3 for accurate predictions of radiative heat transfer.

  AbbreviationsFSCK Full-Spectrum Correlated K-distribution LBL Line-By-Line MSMGFSK Multi-Scale Multi-Group FSK NBCK Narrow-Band Correlated K-distribution RTE radiative heat equation SLW Spectral-Line-based Weighted-sum-of-gray-gases SNBCK Statistical Narrow-Band Correlated-K
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 1 Schematic diagram of band interval determination method. (a) Emissivity-based band interval (b)Absorption-coefficient-based band interval

Fig. 2

 2 Fig. 2 Schematic diagram to illustrate the absorption-coefficient-based band interval.
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 34 Fig. 4 Variation of TE predicted by different WBCK models and for different wall surface materials with the wall temperature for Case 1.

3 Fig. 5

 35 Fig. 5 Variation of EF predicted by different WBCK models and for different wall surface materials with the wall temperature for Case 1.

  Figure6shows the distributions of radiative source term for wall temperature of 500 K and boundary condition of BC-3, corresponding to conditions marked by the vertical cyan dashed lines in Figures4(c) and 5(c). Apart from the conclusions mentioned above, it can be seen that the 4-band WBCK-1 and WBCK-2 models show different trends of LE(x). To be more specific, the LE(x) values of WBCK-1 and WBCK-2 at the mid-point of computational domain are almost the same, while LE(x) of WBCK-1 and WBCK-2 near the wall are obviously different. This is the reason why the TE values of 4-band WBCK-1 and WBCK-2 are almost identical, while the EF value of 4-band WBCK-1 is slightly smaller in magnitude than that of 4band WBCK-2.

Fig. 6

 6 Fig. 6 Distributions of the radiative source term of Case 1 for 500 K wall temperature with BC-3 as the boundary material.

Fig. 7

 7 Fig. 7 The prediction of 2nd-band emissivity of two-band WBCK-1 and WBCK-2. The left frame displays the 2nd-band spectral absorption coefficient, the spectral Planck function and the spectral emissivity of BC-3. The right frame shows the reordered absorption coefficient and the 2nd-band emissivity of WBCK-1 and WBCK-2.

Fig. 8

 8 Fig. 8 The prediction of 4th-band emissivity of 4-band WBCK-1 and WBCK-2. The left frame displays the 4th-band spectral absorption coefficient and the spectral emissivity of BC-3. The right frame shows the reordered absorption coefficient and the 4th-band emissivity of WBCK-1 and WBCK-2.

Fig. 9

 9 Fig. 9 The prediction of 3rd-band emissivity of 4-band WBCK-3. The left frame displays the 3rd-band spectral absorption coefficient and the spectral emissivity of BC-3. The right frame illustrates the reordered absorption coefficient and the 3rdband emissivity of WBCK-3.3.2 The pure H2O caseThe second test case (Case 2) contains pure H2O as the radiating gas, whose thermal conditions are given Table1. The

The 2 -

 2 and 4-band WBCK-1 models display different trends of TE and EF for different boundary materials, as in the pure CO2 case. For BC-1, both TE and EF of 2-and 4-band WBCK-1 first decrease sharply and then remain close to zero as the wall temperature further increases. For BC-2, as shown in the middle and bottom rows of Figures 10(b) and 11(b), TE and EF of 2-and 4-band WBCK-1 first decrease in magnitude then increase in magnitude with the wall temperature increases. As for BC-3, both TE and EF of 2-and 4-band WBCK-1 first decrease and then oscillate with increasing the wall temperature. In contrast, TE and EF of 2-and 4-band WBCK-2 and WBCK-3 decrease nearly monotonically in magnitude as the wall temperature increases regardless of the wall material, which are similar to Case 1.
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 310311 Fig. 10 Variation of TE predicted by different WBCK models and for different wall surface materials with the wall temperature for Case 2.

3 Fig. 12 3 Fig. 13

 312313 Fig. 11 Variation of EF predicted by different WBCK models and for different wall surface materials with the wall temperature for Case 2.3.3 The CO2-H2O mixture caseIn the final 1D test case (Case 3), the medium is a CO2-H2O mixture and the thermal conditions are also given in Table1. The gaseous medium consists of 10% CO2 and 20% H2O (balanced by N2) at 2500 K and 1 atm, while the wall temperature is varied from 300 K to 2000 K. Figures12 and 13display the variations of TE and EF with the wall temperature. The trends of TE and EF of 1-, 2-and 4-band WBCK-1, WBCK-2 and WBCK-3 are consistent with those observed in Case 2. The performances of 1-, 2-and 4-band WBCK-1, WBCK-2 and WBCK-3 are also similar to those in the pure H2O case (Case 2) as well. In other words, 1-band WBCK-1 is more accurate than 1-band WBCK-2 (or WBCK-3), the 2-and 4-band WBCK-2 models demonstrate better accuracy than the 2-and 4-band WBCK-1 models, and the 2-band WBCK-3 model is less accurate than the 2-band WBCK-2 model; however, WBCK-3 can become very accurate when the entire spectrum is divided into four bands, especially at low wall temperatures.
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 314 Fig. 14 Variation of TE with the number of bands for Case 3, in which the wall temperature is 300 K.

Fig. 15

 15 Fig. 15 Variation of TE with the number of bands for Case 3, in which the wall temperature is 1500 K.
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Fig. 16

 16 Fig.[START_REF] Solovjov | Efficient cumulative wavenumber model of radiative transfer in gaseous media bounded by non-gray walls[END_REF] The radiative source term distributions along the enclosure centerline (0, 0, z) of the fuel-air flame predicted by NBCK (bounded by the black walls and BC-1), 1-band WBCK-1, 1-band WBCK-2, and 4-band WBCK-1, WBCK-2 and WBCK-3.

Figure 17

 17 Figure17displays the net heat fluxes along the centerline of a side wall, (1 m, 1 m, z), by NBCK (bounded by the black walls and BC-1), 1-band WBCK-1, 1-band WBCK-2, and 4-band WBCK-1, WBCK-2 and WBCK-3. There are obvious discrepancies between the NBCK results for the two boundary conditions (black wall vs. BC-1). For the black walls, the maximum flux along the line of (1 m, 1 m, z) is 20.5 kw/m 2 , which is consistent with the result of Porter et al.[START_REF] Porter | Evaluation of solution methods for radiative heat transfer in gaseous oxy-fuel combustion environments[END_REF], while for BC-1, the maximum net flux is lower at 16.1 kw/m 2 . Similar to the radiative source term along the center line (0, 0, z), 1-band WBCK-1 and WBCK-2 predicted undistinguishable results but with large errors. When using 4 bands, WBCK-1 and WBCK-2 yield significantly better accuracy than their 1-band counterparts and their results are very close to each other as well. When the spectrum is divided into 4 bands, WBCK-3 offers the best accuracy among the three WBCK models investigated.

Fig. 17

 17 Fig. 17 The radiative heat flux along the line of (1 m, 1 m, z) predicted by NBCK (bounded by the black walls and BC-1), 1-band WBCK-1, 1-band WBCK-2, and 4-band WBCK-1, WBCK-2 and WBCK-3.

  𝜂 𝑢,𝑚 and 𝜂 𝑙,𝑚 are the upper and lower limits of mth band, 𝐼 𝑏,𝑚 (T 𝑃 ) (=∫ 𝐼 𝑏𝜂 (T 𝑃 )d𝜂 𝑔 𝑚 , which represents the fraction of spectrum whose spectral absorption coefficient is lower than an absorption coefficient variable 𝑘 𝑚 , is expressed as:

	𝜂 𝑢,𝑚 𝜂 𝑙,𝑚	) is the spectrally-integrated
	Planck function of the mth band.	
	The cumulative wide-band k-distribution function of the mth band, 𝑔 𝑇 𝑃 ,𝜙,𝑚 (𝑘 𝑚 ) = ∫ 𝑓 𝑇 𝑃 ,𝜙,𝑚 (𝑘 𝑚 ′ 𝑘 𝑚 ′ )𝑑𝑘 𝑚 0	
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