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In the paper, we investigate new results on the existence and uniqueness for pseudo almost automorphic and weighted pseudo almost automorphic of mild solutions of a fractional partial neutral functional differential equation in the sense of the Weyl fractional derivative in Banach space. To attack these results, we use the Banach fixed point theorem and fractional powers of operators.

I

From the first ideas about the theory of almost automorphic, pseudo almost automorphic to Stepanov-type -pseudo almost automorphic, what has been noticed, is the growing and prominence of the theory in the field of differential and integro-differential equations [START_REF] N'guérékata | Topics in Almost Automorphy[END_REF][START_REF] Ezzinbi | Massera type theorem for almost automorphic solutions of functional differential equations of neutral type[END_REF][START_REF] N'guérékata | Almost automorphic functions and almost periodic functions in abstract spaces[END_REF][START_REF] Veech | Almost automorphic functions on groups[END_REF][START_REF] Chang | Pseudo almost automorphic and weighted pseudo almost automorphic mild solutions to a partial functional differential equation in Banach spaces[END_REF] and references therein. Renowned researchers such as Diagana, N'Guereketa, Blot, Lizama, Cuevas, Liang, Morphou, Chang, among others, have been shown to be effective and have provided important results for the growth of the area [START_REF] Agarwal | Weighted pseudo almost periodic solutions to some partial neutral functional differential equations[END_REF][START_REF] Agarwal | Weighted pseudo-almost periodic solutions of a class of semilinear fractional differential equations[END_REF][START_REF] Cieutat | Bounded and almost automorphic solutions of some nonlinear differential equations in Banach spaces[END_REF][START_REF] Ezzinbi | Massera type theorem for almost automorphic solutions of functional differential equations of neutral type[END_REF][START_REF] Zhao | Almost automorphic and pseudo-almost automorphic mild solutions to an abstract differential equation in Banach spaces[END_REF][START_REF] Chang | Pseudo almost automorphic and weighted pseudo almost automorphic mild solutions to semi-linear differential equations in Hilbert spaces[END_REF][START_REF] Xiao | Pseudo-almost automorphic mild solutions to nonautonomous differential equations and applications[END_REF][START_REF] Mophou | Weighted pseudo almost automorphic mild solutions to semilinear fractional differential equations[END_REF].

Diagana and N'Guerekata [START_REF] Diagana | Stepanov-like almost automorphic functions and applications to some semilinear equations[END_REF], discussed Stepanov-like almost automorphic concept was extensively utilized to obtain the existence and uniqueness of almost automorphic solutions to the semilinear differential equations ( ) = ( ) + ( , ( )), ∈ R where : ( ) ⊂ → is a densely defined closed linear operator on a Banach space X, which also is the infinitesimal generator of an exponentially stable 0 -semigroup ( ( )), ≥ 0 on and : R × → is -almost automorphic for > 1.

Blot et al. [START_REF] Blot | Weighted pseudo almost automorphic functions and applications to abstract differential equations[END_REF] have introduced the concept of -pseudo almost automorphic functions by defining the ergodicity of a function over a positive measure on R, which satisfies some hypothesis concerning translated sets in R. During these decades, numerous researchers have dedicated themselves to discussing results of existence for almost automorphic, pseudo-almost automorphic and weighted pseudo almost automorphic mild solutions of differential equations with infinite delay [START_REF] Ezzinbi | Massera type theorem for almost automorphic solutions of functional differential equations of neutral type[END_REF][START_REF] Agarwal | Weighted pseudo almost periodic solutions to some partial neutral functional differential equations[END_REF][START_REF] Chang | Weighted pseudo almost automorphic solutions to functional differential equations with infinite delay[END_REF][START_REF] Zhang | Weighted pseudo almost automorphic solutions for non-autonomous neutral functional differential equations with infinite delay[END_REF] and references therein.

In 2010, Zhao et al. [START_REF] Zhao | Almost automorphic and pseudo-almost automorphic mild solutions to an abstract differential equation in Banach spaces[END_REF] investigated the existence of almost automorphic and pseudo-almost automorphic mild solutions to the following equation ( ) = ( ) + 1 ( , (ℎ 1 ( ))) + 2 ( , (ℎ 2 ( )))

where : ( ) ⊂ → is the infinitesimal generator of a 0 -semigroup { ( ), ≥ 0} on a Banach space .

On the other hand, the theory of fractional calculus, once consolidated, has shown to be extremely important and of great interest in several areas, in particular, involving applications [START_REF] Sousa | Fractional calculus and the ESR test[END_REF][START_REF] Chaudhary | Design of multi innovation fractional LMS algorithm for parameter estimation of input nonlinear control autoregressive systems[END_REF][START_REF] Nikan | Numerical evaluation of the fractional Klein-Kramers model arising in molecular dynamics[END_REF][START_REF] Hassani | An optimization technique for solving a class of nonlinear fractional optimal control problems: Application in cancer treatment[END_REF][START_REF] Almeida | On the necessary optimality conditions for the fractional Cucker-Smale optimal control problem[END_REF][START_REF] Almeida | Modeling some real phenomena by fractional differential equations[END_REF][START_REF] Nemati | A numerical approach for solving fractional optimal control problems using modified hat functions[END_REF][START_REF] Ammi | A finite element approximation for a class of Caputo time-fractional diffusion equations[END_REF]. Furthermore, when it comes to addressing problems of existence and uniqueness of almost automorphic solutions of fractional differential and integro-differential differential equations, what has been noted is an exponential growth in the investigation of these results [START_REF] Sousa | Existence of mild solutions to Hilfer fractional evolution equations in Banach space[END_REF][START_REF] Sousa | Attractivity for differential equations of fractional order and -Hilfer type[END_REF][START_REF] Abbas | Caputo-Hadamard fractional differential equations in Banach spaces[END_REF][START_REF] Lizama | Mild solutions for abstract fractional differential equations[END_REF][START_REF] Boudjerida | Controllability of coupled systems for impulsive -Hilfer fractional integro-differential inclusions[END_REF][START_REF] Balachandran | Controllability results for nonlinear fractional-order dynamical systems[END_REF][START_REF] Balachandran | Stabilizability of fractional dynamical systems[END_REF][START_REF] Suganya | Existence results for an impulsive fractional integro-differential equation with state-dependent delay[END_REF].

Alvarez [START_REF] Alvarez | Weighted pseudo almost automorphic and -asymptotically -periodic solutions to fractional differencedifferential equations[END_REF], investigate the existence of Stepanov-like weighted pseudo almost automorphic mild solutions to the following fractional order integro-differential equation given by

( ) = ( ) + -1 ( , ( ), ( )) ( ) = ∫ -∞ ( -)ℎ( , ( )) , ∈ R,
where is the Caputo fractional derivative of order 1 < < 2 and : ( ) ⊂ → is a linear densely defined operator of sectorial type on a complex Banach space ( , • ). Moreover, the function satisfies | ( )| ≤ -for ≥ 0 and , are positive constants, the function : × × → and ℎ : × → are Stepanov-like weighted pseudo almost automorphic in for each , ∈ , satisfying suitable conditions.

Em 2017 Hattab [START_REF] Hattab | Pseudo almost automorphic solutions of abstract fractional integro-differential neutral equations with an infinite delay[END_REF], investigate the existence and uniqueness of -pseudo almost automorphic solutions of abstract fractional integro-differential neutral equations with an infinite delay given by

( , ) = ∫ 0 ( -) -2 Γ( -1) ( , ) + ( , ), ≥ 0
with initial condition 0 = , where 1 < < 2, ( , ) = (0) + ( , ), : ( ) ⊂ → is a linear densely defined operator of sectorial type on a Banach space , the history : (-∞, 0] → , defined by ( ) = ( + ), belongs to an abstract phase space B defined axiomatically, and , are functions subject to some additional conditions.

In 2018, Alvarez [START_REF] Alvarez | Composition and convolution theorems for -Stepanov pseudo almost periodic functions and applications to fractional integrodifferential equations[END_REF], established a new convolution and composition theorems for -Stepanov pseudo almost periodic functions and investigated the existence and uniqueness of -pseudo almost periodic mild solutions for the fractional integro-differential equation given by

( ) = ( ) + ∫ -∞ ( -) ( ) + ( , ( ))
where generates an -resolvent family { ( )} ≥0 on Banach space , ∈ 1 (R + +), (•) is the Weyl fractional derivative of order > 0 and is -Stepanov pseudo almost periodic.

Motivated by the papers above and by a limited number of works in the area involving fractional operators, in this present we consider the fractional partial neutral functional differential equations abstract

(1.1) D -∞ ( ( ) + ( , (ℎ 1 ( )))) = ( ) + ( , (ℎ 2 ( ))) , ∈ R
where D -∞ (•) is the Weyl fractional derivative of order 0 < < 1, : ( ) ⊂ X → X is called the generator of an -resolvent family S ( ) , ≥ 0 on Banach space. Now we list the following basic assumptions of this paper: (H 1 ) 1. There exists a positive number ∈ (0, 1) such that : R × X → X is continuous and (-) ∈ PAA (R × X, X). Let L (1) > 0 be such that for each ( , ) , ( ,

) ∈ R × X |(-) ( , ) -(-) ( , )| ≤ L (1) | -| .
2. There exists a positive number ∈ (0, 1) such that R × X → X is continuous and (-) = 1 + 1 ∈ WPAA (R × X, ) and there exists positive numbers L (2) , L such that for each ( , ) , ( ,

) ∈ R × X |(-) ( , ) -(-) ( , )| ≤ L (2) | -| and | 1 ( , ) -2 ( , )| ≤ L 1 | -| . (H 2 ) 1. ∈ PAA (R × X, X
) and these exists a positive number L (1) such that for each ( , ) , ( ,

) ∈ R × X | ( , ) -( , )| ≤ L (1) | -| . 2. = 2 + 2 ∈ WPAA (R × X,
) and there exist positive numbers L (2) , L 2 such that for each ( , ) , ( , The main contributions of this paper are to investigate the existence and uniqueness of pseudo almost automorphic and weighted pseudo almost automorphic mild solutions to Eq.(1.1) solutions. In other words, by means of the basic assumptions (H 1 ) -(H 5 ), we will attack the following results: Theorem 1.1. Assume the conditions (H 1 ).2, (H 2 ).2 and (H 4 ) are satisfied, then the problem (1.1) has a unique weighted pseudo almost automorphic mild solution on R provide that

) ∈ R × X | ( , ) -( , )| ≤ L (2) | -| . and | 2 ( , ) -2 ( , )| ≤ L 2 | -| . ( H 
(1.2) := (-) L (2) + 1- -Γ ( ) L (2) + L (2) < 1
where Γ (•) is the gamma functions.

Theorem 1.2. Assume the conditions (H 1 ) ( 1), (H 2 ) ( 2) and (H 3 ) hold, then the problem (1.1) has a unique pseudo almost automorphic mild solution on R provide that

(1.3) (-) -L (1) + 1- -Γ ( ) L (1) + L (1) -1 < 1.
In the rest, the paper is organized as follows: Section 2, we present some fundamental concepts about: almost automorphic functions, pseudo almost automorphic functions, definition of Weyl fractional derivative and fractional integral, among other essential definitions. In this sense, some important results are presented that we used throughout the paper. In section 3, we will attack the main results of this paper, i.e., about some conditions (see (H 1 ) -H 5 ) and through the results presented in the preliminary section, in particular, via Lebesgue contraction and dominated convergence theorem, we prove new results on existence and uniqueness for pseudo almost automorphic and weighted almost automorphic of mild solutions of a fractional partial neutral functional differential equations of the form Eq.(1.1).

P

In this section, we introduce some basic definitions, notations, lemmas, which will be used in what follows. Throughout the paper , let (X, |•|) be a Banach space and C (R, X) stand for the collection of continuous functions from R into to X. We denote by BC (R, X) the Banach space of all bounded continuous functions from R into X endowed with the supremum norm defined by B C (R,X) := sup ∈R | ( )|. Furthermore, BC (R × X, X) is the space of all bounded continuous functions ℱ : R × X → X [START_REF] Chang | Pseudo almost automorphic and weighted pseudo almost automorphic mild solutions to a partial functional differential equation in Banach spaces[END_REF].

Let denote the set of all functions (weights) : R → (0, ∞) , which are locally integrable over R such that > 0 almost everywhere. For a given > 0 and for each ∈ , we set [START_REF] Pazy | Semigroups of linear operators and applications to partial differential equations[END_REF] ( ,

) = ∫ - ( ) .
We denote by ∞ the set of all ∈ with lim →∞ ( , ) = ∞ and the set of all ∈ ∞ such that is bounded and inf

∈R ( ) > 0.
Is is clear that ⊂ ∞ ⊂ , with strict inclusions. Let 0 ∈ ( ), then it is possible to define the fractional power (-) , for 0 < ≤ 1, as a closed linear operator on its domain ((-) ). Furthermore, the subspace ((-) ) is dense in X and the expression

|X| = |(-) | , ∈ ((-) )
defines a norm on ((-) ). Hereafter we denote by X the Banach space ((-) ) with norm | | . Definition 2.1. [START_REF] Agarwal | Weighted pseudo almost periodic solutions to some partial neutral functional differential equations[END_REF][START_REF] Chang | Pseudo almost automorphic and weighted pseudo almost automorphic mild solutions to a partial functional differential equation in Banach spaces[END_REF] A continuous function ℱ : R → X is said to be almost automorphic if for every sequence of real numbers ∈N there exists a subsequence ( ) ∈N such that

( ) := lim →∞ ℱ ( + )
is well defined for each ∈ R and lim

→∞ ( -) = ℱ ( )
for each ∈ R. The collection of such functions will be denote by AA (X).

Definition 2.2. [36]

A continuous function ℱ : R × → X is said to be almost automorphic if ℱ ( , X) is almost automorphic for each ∈ R uniformly for all ∈ B, where B is any bounded subset of X. The collection of such functions will be denote by AA (R × X, X).

Lemma 2.3. [21] AA (X) , • A A (X) is Banach endowed with the supremum norm given by

ℱ A A (X) = sup ∈R |ℱ ( )| .
The notation PAA 0 (X) stands for the spaces of functions

PAA 0 (X) = ℱ ∈ BC (R, X) : lim →∞ 1 2 ∫ - |ℱ ( )| = 0 .
Similarly, the notation PAA 0 (R × X, X) stand for the spaces of functions

PAA 0 (R × X, X) =        ℱ ∈ (R × X, X) : lim →∞ 1 2 ∫ - |ℱ ( )| = 0, uniformly in in any bounded subset of X        . Definition 2.4. [36] A continuous function ℱ : R → X (resp. R × X → ) is called pseudo almost auto- morphic if it can be decomposed as ℱ = k + , where k ∈ AA (X) (resp. AA (R × X, X)) and ∈ PAA 0 (X) (resp. PAA 0 (R × X, X)).
The class of all such functions will be denote by PAA (X) ( resp. PAA (R × X, X)).

Lemma 2.5. [START_REF] Xiao | Pseudo-almost automorphic mild solutions to nonautonomous differential equations and applications[END_REF] PAA (X) , • P A A (X) is a Banach endowed with the supremum norm given by

ℱ P A A (X) = sup ∈R |ℱ ( )| . Lemma 2.6. [34] Assume ℱ = k + ∈ PAA (R × X, X),
where k ( , ) ∈ AA (R × X, X) and ( , ) ∈ PAA 0 (R × X, X), and suppose that ℱ ( , ) is uniformly continuous in any bounded subset

⊂ X uniformly for ∈ R. If ( ) ∈ PAA (R, X), then ℱ (•, (•)) ∈ PAA (R, ). Now for ∈ ∞ we define PAA 0 (R, ) = ℱ ∈ BC (R, X) : lim →∞ 1 ( , ) ∫ - |ℱ ( )| ( ) = 0 ; PAA 0 (R × X, ) =        ℱ ∈ BC (R × X, X) : lim →∞ 1 ( , ) ∫ - |ℱ ( , )| ( ) = 0 uniformly in ∈ X       
. Definition 2.7. [START_REF] Blot | Weighted pseudo almost automorphic functions and applications to abstract differential equations[END_REF] A bounded continuous function ℱ : R → X (resp. R × X → X) is called weighted pseudo almost automorphic if it can be decomposed as ℱ = k + , where k ∈ AA (X) (resp. AA (R × X, X)) and ∈ PAA 0 (R, ) (resp. PAA 0 (R × X, )). The class of all such functions will be denote by WPAA (R, ) (resp. WPAA (R × X, )).

Lemma 2.8. [START_REF] Liang | Some properties of pseudo-almost automorphic functions and applications to abstract differential equations[END_REF] Let ∈ ∞ . Suppose that PAA 0 (R, ) is translation invariant. Then the decomposition of weighted pseudo almost automorphic functions is unique.

Lemma 2.9. [START_REF] Mophou | Weighted pseudo almost automorphic mild solutions to semilinear fractional differential equations[END_REF] 

Let ∈ ∞ . If PAA 0 (R, ) is translation invariant, then (WPAA (R, ) , • W P A A (R, )
) is a Banach space endowed with the supremum norm given by

ℱ W P P A (R, ) = sup ∈R |ℱ ( )| . Lemma 2.10. [24] Let ℱ = k+ ∈ WPAA (R × X, ) where ∈ ∞ , k ∈ AA (R × X, X) and ∈ PAA 0 (R × X, ). Assume both ℱ and k are Lipschitzian in ∈ X uniformly in ∈ R. If ( ) ∈ WPPA (R, ) then the function ℱ (•, (•)) ∈ WPAA (R, ).
Given a function : R → , the Weyl fractional integral of order > 0 is defined by [START_REF] Sousa | On the -Hilfer fractional derivative[END_REF][START_REF] Sousa | Leibniz type rule: -Hilfer fractional operator[END_REF] -∞ ( )

:= 1 Γ( ) ∫ -∞ ( -) -1 ( ) , ∈ R
when this integral is convergent.

On the other hand, the Weyl fractional derivative -∞ D of order > 0 is defined by [START_REF] Sousa | On the -Hilfer fractional derivative[END_REF][START_REF] Sousa | Leibniz type rule: -Hilfer fractional operator[END_REF] 

-∞ D ( ) := -( -) ( ), ∈ R where = [ ] + 1.
Definition 2.11. [START_REF] Ponce | Bounded mild solutions to fractional integro-differential equations in Banach spaces[END_REF] Let be a closed and linear operator with domain ( ) defined on a Banach space Ω and > 0. Given ∈ 1 (R + ), we say that is the generator of an -resolvent family, if there exists ≥ 0 and a strongly continuous function S : [0, ∞) → B (Ω) such that 1 + ( ) : ( ) > ⊂ ( ) and for all ∈ Ω

( -(1 + ( )) ) -1 = 1 1 + ( ) 1 + ( ) - -1 = ∫ ∞ 0 -S ( ) , ( ) 
>
where denotes the Laplace transform of . In this case, {S ( )} ≥0 is called the -resolvent family generated by .

Remark 2.12. [START_REF] Ponce | Bounded mild solutions to fractional integro-differential equations in Banach spaces[END_REF] Observe that if ( ) = ( ) + ( * ) ( ) ≥ 0, where ( ) = 

( ) := ∫ -∞ S ( -) ( ) (2.2) Φ ( ) := ∫ -∞ S ( -) ( ) .
Then by [START_REF] Sousa | Existence of mild solutions to Hilfer fractional evolution equations in Banach space[END_REF] ( ) ∈ AA (R, ). Now let us show that Φ ( ) ∈ PAA (R, ). We have

1 ( , ) ∫ - Φ ( ) ( ) = 1 ( , ) ∫ - ∫ -∞ S ( -) ( ) ( ) = 1 ( , ) ∫ - ∫ - -∞ S ( -) ( ) + ∫ - S ( -) ( ) ( ) ≤ 1 ( , ) ∫ - ∫ - -∞ S ( -) ( ) ( ) + 1 ( , ) ∫ - ∫ - S ( -) ( ) ( ) .
Then, we have 

1 := 1 ( , ) ∫ - ∫ - -∞ S ( -) ( ) ( ) ≤ 1 ( , ) ∫ - ∫ - -∞ S ( -) ( ) ( ) ≤ ( , ) ∫ - - ( ) ∫ - -∞ ( ) ≤ ( , ) 1 (R) -2 sup ∈R ( ) ∫ - -∞ ≤ 2 ( , ) 1 (R) sup ∈R ( ) .
: = 1 ( , ) ∫ - ∫ - S ( -) ( ) ( ) ≤ 1 ( , ) ∫ - ∫ - S ( -) ( ) ( ) ≤ ( , ) ∫ - ∫ - -( -) ( ) ( ) ≤ ( , ) ∫ - ( ) ( ) . Since ∈ PAA 0 (R, ) then lim →∞ ∫ - ( ) ( ) = 0. Thus lim →∞ 2 = 0.
The next result is a straightforward consequence of Lemma 2.13 when = 1.

Lemma 2.14. Let ℱ = k + ∈ PAA (X) and S ( ) ≥0 is an -resolvent family stable. If F : R → X be the function defined by

(2.3) F ( ) = ∫ -∞ S ( -) ℱ ( ) , ≥ ∈ R then F (•) ∈ PAA (X). Definition 2.15. A function ∈ BC (R, X) is called a pseudo almost automorphic mild solution of Eq.(1.1) on R if ∈ PAA (X) and the function → S ( -) ( , (ℎ 1 ( ))) is integrable on (-∞, ) for each ∈ R and ( ) satisfies 
( ) = S ( -) [ ( ) + ( , (ℎ 1 ( )))] -( , (ℎ 1 ( ))) - ∫ AS ( -) ( , (ℎ 1 ( ))) + ∫ S ( -) ( , (ℎ 2 ( ))) (2.4)
for all ≥ and all ∈ R. Definition 2.16. A function ∈ BC (R, X) is called a weighted pseudo almost automorphic mild solution of Eq.(1.1) on R if ∈ WPAA (R, ) and the function → S ( -) ( , (ℎ 1 ( ))) is integrable on (-∞, ) for each ∈ R and ( ) satisfies

( ) = S ( -) [ ( ) + ( , (ℎ 1 ( )))] -( , (ℎ 1 ( ))) - ∫ ( -) ( , (ℎ 1 ( ))) + ∫ S ( -) ( , (ℎ 2 ( ))) (2.5)
for all ≥ and all ∈ R. Lemma 2.17. [START_REF] Pazy | Semigroups of linear operators and applications to partial differential equations[END_REF] Let 0 < ≤ ≤ 1 and 0 < ≤ 1. Then the following properties hold:

1) X is a Banach space and X ↩→ X is continuous.

2) The functions → (-) S ( ) is continuous in the uniform operator topology on (0, ∞) and there exists > 0 such that (-) S ( ) ≤ --

for each > 0.

3) For each ∈ ((-) ) and ≥ 0, (-) S = S ( ) (-) . 4) (-) -is a bounded linear operator in X with ((-) ) = ((-) -).

E

In this section, we investigate some results of the existence and uniqueness of mild solutions (pseudo almost automorphic and weighted pseudo almost automorphic) to a new class of fractional partial functional differential equation in Banach space. Lemma 3.1. Let 0 < ≤ 1, 0 < ≤ 1 and (-) ∈ WPAA (R, ). If (•) : R → be the function defined by

(3.1) ( ) = ∫ -∞ S ( -) ( ) , ≥ then (•) ∈ WPAA (R, ).
Proof. The proof of this result will be investigated in two steps.

Step 1. (•) is well defined. Since (-) ∈ WPAA (R, ) then (-) is bounded. Then we can assume that there exists 1 > 0 such that (-) W P A A (R, ) ≤ 1 . In this sense, we have

| ( )| ≤ ∫ -∞ (-) 1-S ( -) 1 ≤ 1 1- ∫ -∞ -( -) ( -) -1 . (3.2)
By making the following variable change, =in integral of Eq.(3.2), yields

| ( )| ≤ 1 1- ∫ ∞ 0 - -1 ≤ 1 1- -Γ ( ) (3.3) where Γ( ) = ∫ ∞ 0 -1 -
is the gamma function.

Then S ( -) ( ) is integrable on (-∞, ) for each ∈ R and therefore we conclude that ( ) is bounded continuous functions.

Step 2. (•) ∈ WPAA (R, ). Indeedd, let (-) ( ) = ( ) + ( ) where (•) ∈ AA (X) and (•) ∈ PAA 0 (R, ). Then, we have

( ) = - ∫ -∞ (-) 1-S ( -) (-) ( ) = - ∫ -∞ (-) 1-S ( -) ( ) - ∫ -∞ (-) 1-S ( -) ( ) . (3.4) Now, we consider B ( ) = - ∫ -∞ (-) 1-S ( -) ( ) and C ( ) = - ∫ -∞ (-) 1-S ( -) ( ) .
Note that, ( ) = B ( ) + C ( ).

(A). B ( ) ∈ AA (X).

Considering the following arbitrary sequence of real numbers given by ∈N . Since ( ) ∈ AA (X), there exists a subsequence ( ) ∈N of ∈N such that ( ) := lim →∞ ( + ) and ( ) = lim →∞ ( -) for each ∈ R, are well defined. Using the same idea of Eq.(3.3), yields

B ( + ) = - ∫ -∞ (-) 1-S ( -) ( + ) ≤ 1- ∫ -∞ -( -) ( -) -1 | ( + )| ≤ A A (X) 1- ∫ -∞ -( -) ( -) -1 ≤ 1- -Γ ( ) A A (X)
for = 1, 2, .... Using Lemma ?? (ii), it follows that (-) 1-S ( -) ( + ) → (-) 1-S ( -) ( ) as → ∞, for each ∈ R fixed and any ≥ . In this sense, by the Lebesgue dominated convergence theorem, we have

(3.5) lim →∞ B ( + ) = - ∫ -∞ (-) 1-S ( -) ( ) .
Following the steps of the test above, it follows that lim

→∞ - ∫ - -∞ (-) 1-S ( --) ( ) = B ( ) .
Therefore, B ( ) ∈ AA (X). (B). C ( ) ∈ PAA 0 (R, ).

Indeed, we have

lim →∞ 1 ( , ) ∫ - C ( ) ( ) ≤ lim →∞ 1 ( , ) ∫ - ∫ - -∞ + ∫ - (-) 1-S ( -) ( ) ( ) ≤ lim →∞ 1 ( , ) ∫ - ∫ - -∞ 1- -( -) ( -) -1 | ( )| ( ) + lim →∞ 1 ( , ) ∫ - ∫ - 1- -( -) ( -) -1 | ( )| ( ) ≤ lim →∞ 1- (R,X) ( , ) ∫ - ( ) 
∫ ∞ + -1 - + lim →∞ 1- ( , ) ∫ - | ( )| ( ) ∫ ∞ 0 -1 - ≤ lim →∞ 1- (R,X) ( , ) ∫ - ( ) 
∫ ∞ 2 -1 - + lim →∞ 1- -Γ ( ) ( , ) ∫ - | ( )| ( ) ≤ 1- (R,X) (2 ) 1-2 ( ) + lim →∞ 1- -Γ ( ) ( , ) ∫ - | ( )| ( ) ( )
.

Note that → 0 when → ∞ and since (•) ∈ PAA 0 (R, X), then lim

→∞ 1 ( , ) ∫ - | ( )| ( ) = 0.
In this sense, we have → 0. In view of the above it is clear that ∈ WPAA (R, ). We concluded the proof.

A natural consequence of Lemma 3.1, is when we choose = 1, given by the following result:

Lemma 3.2. Let 0 < ≤ 1, 0 < ≤ 1 and (-)
∈ PAA (X). If (•) : R → X be the function defined by

( ) = ∫ -∞ S ( -) ( ) , ≥ then (•) ∈ PAA (X).
Proof. The proof follows the same steps as the Lemma 3.1 test with = 1.

Lemma 3.3. [START_REF] Zhao | Almost automorphic and pseudo-almost automorphic mild solutions to an abstract differential equation in Banach spaces[END_REF] Assume that both ℎ 1 (•) and ℎ 2 (•) satisfy (H 3 ). If ∈ PAA (X), then (ℎ (•)) ∈ PAA (X) for = 1, 2.

Lemma 3.4. [START_REF] Chang | Pseudo almost automorphic and weighted pseudo almost automorphic mild solutions to a partial functional differential equation in Banach spaces[END_REF] Assume that both ℎ 1 (•) and ℎ 2 (•) satisfy (H 4 ). If ∈ WPAA (R, ), then (ℎ (•)) ∈ WPAA (R, ) for = 1, 2. Theorem 3.5. Assume the conditions (H 1 ) (1), (H 2 ) (2) and (H 3 ) hold, then the problem (1.1) has a unique pseudo almost automorphic mild solution on R provide that

(3.6) (-) -L (1) + 1- -Γ ( ) L (1) + (1) -1 < 1.
The proof of this result will be discussed in two stages. First, consider : PAA (X) → (X) be the operator defined by

( ) = -( , (ℎ 1 ( ))) - ∫ -∞ S ( -) ( , (ℎ 1 ( ))) + ∫ -∞ S ( -) ( , (ℎ 2 ( ))) ∈ R.
Step 1.

( ) is well defined. From the continuity of → S ( -) and → S ( -) in the uniform operator topology on (-∞, ) for each ∈ R and the estimate

(3.7) S ( -) ( , (ℎ 1 ( ))) ≤ 1- -( -) ( -) -1 (-) ( , (ℎ 1 ( ))) B C (R×X,X)
it follows that → S ( -) ( , (ℎ 1 ( ))) and → S ( -) ( , (ℎ 2 ( ))) are integrable on (-∞, ) for every ∈ R. Therefore, we have that Λ is well defined and continuous. Moreover, from Lemma 3.2, Lemma 3.3, Lemma 2.6 and Lemma 2.14 we infer that ( ) ∈ PAA (X).

Step 2. is a continuous on PAA (X).

Indeed, for each

∈ R, , ∈ PAA (X), yields | ( ) - ( )| ≤ (-) - (-) ( , (ℎ 1 ( ))) -(-) ( , (ℎ 1 ( ))) + ∫ -∞ (-) 1- ( -) |(-) ( , (ℎ 1 ( ))) -(-) ( , (ℎ 1 ( )))| + ∫ -∞ -( -) | ( , (ℎ 2 ( ))) -( , (ℎ 2 ( )))| ≤ (-) -L (1) -P A A (X) + L (1) -P A A (X) ∫ -∞ 1- -( -) ( -) -1 +L (1) -P A A (X) ∫ -∞ -( -) ≤ (-) -L (1) -P A A (X) + L (1) -P A A (X) 1- -1 Γ ( ) +L (1) -P A A (X) = (-) -L (1) + L (1) 1- -1 Γ ( ) + L (1) -P A A (X) .
In this sense, we have

( ) - ( ) ≤ (-) -L (1) + L (1) 1- -1 Γ ( ) + L (1) -P A A (X)
which implies that is a contraction by inequality (3.6). Therefore, we conclude by the Banach fixed point theorem, that there is a single fixed point (•) for in PAA (X) such that = , i.e.,

( ) = -( , (ℎ 1 ( ))) - ∫ -∞ S ( -) ( , (ℎ 1 ( ))) + ∫ -∞ S ( -) ( , (ℎ 2 ( )))
for all ∈ R. If we let

( ) = -( , (ℎ 1 ( ))) - ∫ -∞ S ( -) ( , (ℎ 1 ( ))) + ∫ -∞ S ( -) ( , (ℎ 2 ( ))) then S ( -) ( ) = -S ( -) ( , (ℎ 1 ( ))) - ∫ -∞ S ( -) ( , (ℎ 1 ( ))) + ∫ -∞ S ( -) ( , (ℎ 2 ( ))) .
On the other hand, for ≥ we obtain

∫ S ( -) ( , (ℎ 2 ( ))) = - ∫ -∞ S ( -) ( , (ℎ 2 ( ))) - ∫ -∞ S ( -) ( , (ℎ 2 ( ))) = ( ) + ( , (ℎ 1 ( ))) + ∫ -∞ S ( -) ( , (ℎ 1 ( ))) -S ( -) [ ( ) + ( , (ℎ 1 ( )))] - ∫ -∞ S ( -) ( , (ℎ 1 ( ))) = ( ) + ( , (ℎ 1 ( ))) + ∫ S ( -) ( , (ℎ 1 ( ))) -S ( -) [ ( ) + ( , (ℎ 1 ( )))] .
Therefore, we concluded that

( ) = S ( -) [ ( ) + ( , (ℎ 1 ( )))] -( , (ℎ 1 ( ))) - ∫ S ( -) ( , (ℎ 1 ( ))) + ∫ S ( -) ( , (ℎ 2 ( )))
is a mild solution of Eq.(1.1) and ∈ PAA (X).

Theorem 3.6. Assume the conditions (H 1 ).2, (H 2 ).2 and (H 4 ) are satisfied, then the problem (1.1) has a unique weighted pseudo almost automorphic mild solution on R provide that (3.8) := (-) L (2) + 1- -Γ ( ) L (2) + L (2) < 1

where Γ (•) is the gamma functions.

Proof. For proof of this result, we consider the following : WPAA (R, ) → (R, X) as for ∈ R.

Step 1.

( ) is well defined and continuous. The same argument used in the proof Theorem 3.6 we can prove that ( ) is well defined and continuous. Moreover, from Lemma 3.4, Lemma 2.13, Lemma 3.1 and Lemma 2.14, we infer that ( ) ∈ WPAA (R, ), that is, maps WPAA (R, ) into itself.

Step 2. is a contraction on WPAA (R, ). Indeed, for each ∈ R, , ∈ WPAA (R, ), yields In this sense, we obtain ( ) -( ) W P A A (R, ) ≤ -W P A A (R, ) .

It follows that is a contraction from (3.8). By the contraction principle, there exists a unique fixed point (•) for in WPAA (R, ) such that = . Moreover, using the same proof as in Theorem 3.6, we can see that 

3 )(H 4 ) 5 )

 345 The functions ℎ : R → R, ℎ (R) = R are continuously differentiable on R, and for (•) ∈ AA (X), (ℎ (•)) ∈ AA (X) , ℎ ( ) > 0, = 1, 2The function ℎ : R → R, ℎ (R) = R are continuously differentiable on R, and for (•) ∈ AA (X) , (ℎ (•)) ∈ AA (X), ℎ ( ) > 0, = 1, 2, are nondecreasing with lim sup →∞ * , ( , ) ℎ (-) = |ℎ (-)| + |ℎ ( )| for = 1, 2. (H Assume that A generates an -resolvent family S ( ) ≥0 such that S ( ) ≤ -( > 0, > 0) for all ≥ 0.

Lemma 2 . 13 .

 213 ( ) , then we have that the family -resolvent {S ( )} ≥0 is a ( , )-regularized family. In particular, if = 0, an 1-resolvent family is the same as a 0 -semigroup, whereas that a 2-resolvent family corresponds to the concepts of sine family. Therefore, if is the generator of an -resolvent family {S ( )} ≥0 then have that the family {S ( )} ≥0 verifies the following properties:1. S (0) = (0); 2. S ( ) ∈ ( ) and S ( ) = S ( ) for all ∈ ( ) and ≥ 0; 3. S ( ) = ( ) + ∫ 0 ( -) S ( ) , for all ∈ ( ) and ≥ 0; S ( ) , for all ∈ Ω and ≥ 0. Sufficient conditions implying that {S ( )} ≥0 ⊂ (Ω) is an -resolvent family. Let ℱ = k + ∈ WPAA (R, ) where ∈ ∞ and S ( ) ≥0 is an -resolvent family stable. Then F( ) := ∫ -∞ S ( -) ℱ ( ) ∈ WPAA (R, ). Proof. Let ( ) = ( ) + Φ ( ) where (2.1)

  ∞ and lim →∞ ( , ) = ∞, then lim →∞ 1 = 0. On the other hand, we have

2

 2 

S

  | ( ) -( )| ≤ | ( , (ℎ 1 ( ))) -( , (ℎ 1 ( )))| + ∫ -∞ S ( -) ( , (ℎ 1 ( ))) -S ( -) ( , (ℎ 1 ( ( -) ( , (ℎ 2 ( ))) -S ( -) ( , (ℎ 2 (

(

  ) = S ( -) ( ( ) + ( , (ℎ 1 ( )))) -( , (ℎ 1 ( ))) -∫ AS ( -) ( , (ℎ 1 ( ))) + ∫ S ( -) ( , (ℎ 2 ( )))is a mild solution of Eq.(1.1) and ∈ WPAA (R, ).