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Abstract

In this paper, we derive the existence of a solution for coupled system for hybrid
fractional differential equation involving W-Hilfer derivative for initial value problem
and boundary value problem. In the view of an application, we provide an examples to
exhibit the effectiveness of our achieved results.
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1 Introduction

Motivated by the work of [35, 36], in the present paper, we consider the following W-Hilfer
hybrid FDEs of the form

(1.1)

and

v :z(t)—w(t,x(t)) _ {5
HDO+ v { ] =0 (t,y(t),kl'w\l/y(t)) , a.e. t € (0, T, 1.2)

where 0 < p <1, 0<v <1, &=p+v(l-—p), HDgf;\IJ(-) is the W-Hilfer fractional
derivative of order p and type v, u € C(J x R,R\ {0}), J =1[0,7] and w € C(J x R,R)
and v € C(J x R x R, R).

Fractional differential equations have been of great interest recently. It is caused both by
the intensive development of the theory of fractional calculus itself and by the applications



[1, 3, 13, 17, 20, 24, 25]. The area of differential equations (integer and fractional order)
dedicated to quadratic perturbations of nonlinear problems, also known as hybrid differential
equations, is one of the most important areas and has attracted considerable attention
from researchers. Over the past few decades, with the growth and greater demand for the
theory of fractional differential equations, the search for discussing properties of solutions
of hybrid differential problems, has gained prominence and greater investigation both in
the theoretical sense and involving applications [5, 7, 9, 12, 14, 16]. Some fundamental
and important papers involving the existence of solutions of fractional hybrid differential
problems for further reading, we recommend the following works [14, 32, 35, 36].

In 2011, Zhao et al. [5], investigate the existence of solutions for fractional hybrid
differential equations involving Riemann-Liouville differential operators of order 0 < g < 1

T )
P [f(t,w))
z(0) =0,

} =g(t,z(t)), a.e. t € J,

where f € C(J x R,R/{0}) and g € C(J x R,R), is proved under mixed Lipschitz and
Caratheodory conditions.

Sun et al. [13], discuss the existence of solutions for the boundary value problem of
fractional Hybrid differential equations

" +g(t,z(t)) =0, 0<t <1,
z(0) =

where 1 < o < 2 is a real number, D, (-) is the Riemann-Liouville fractional derivative.
Other interesting works on fractional hybrid differential equations can be obtained in [4,
10, 11]. In 2017 Ali et al. [36], investigated sufficient conditions to discuss the existence of
solutions for the study of coupled systems of fractional order hybrid.

We will here highlight the main objective discussed in this article, and its approach to
the result, in order to facilitate and be clear, the main contribution.

We obtain, the equivalent fractional integral equation to the W-Hilfer hybrid FDEs
Eqgs.(2.3)-(2.4) and establish the existence of solution in the weighted space C_¢ w (J,R).
Our main objective here is to obtain estimates on W-Hilfer derivative and utilize it to
develop the hybrid fractional differential inequalities involving W-Hilfer derivative. Using
the fractional differential inequalities in the setting of W-Hilfer derivative, we then derive
the existence of extremal solutions and comparison results.

The obtained outcomes in the current paper additionally hold for nonlinear hybrid FDEs
with well known fractional derivative operators recorded in [23], for example, RL, Caputo,¥-
RL, ¥-Caputo, Hadmard, Katugampola, Riesz, Erdély-Kober, Hilfer and so forth.

The plan of the paper is as follows: In the section 2, we give some definitions and
results which are useful to prove the main results. In section 3, we derive an equivalent
integral equation(IE) to the problem Egs.(2.3)-(2.4) and establish existence of solution to
it. In section 4, we obtain estimates on W-Hilfer derivative. Section 5 deals with hybrid
fractional differential inequalities involving W-Hilfer derivative. Section 6, contribute the
study of maximal and minimal solutions. Finally, comparison theorems are proved in the
section 7.



2 Preliminaries

Let [a,b] (0 < a < b < 00) be a finite interval and ¥ € C([a,b],R) be an increasing function
such that W'(t) # 0, V t € [a,b]. We consider the weighted space

Crew la,b] = {h\h (a,b] = R, h(a+) exists and (¥ () — @ (a)) 6 h (1) C[a,b]}, 0<e<1,

endowed with the norm

1Blles_ o on = max‘ (U (1) — W () S ()] (2.1)

Definition 2.1 ([17]) Let h be an integrable function defined on [a,b]. Then the ¥-Riemann-
Liouwille fractional integral of order > 0 (u € R) of the function h is given by
1

v = — t’s — s L h(s)ds. .
I h(t)—r(u)/a‘lf()(‘l’(t) W (s)" h(s)d (2:2)

Definition 2.2 ([23]) The V-Hilfer fractional derivative of a function h of order 0 < p < 1

and type 0 < v < 1, is defined by

H i, v; ¥ v(l—p); ¥ 1 d (1-v)(1—p); ¥
D h(t) =1 — |1 h(t).
at ( ) at (q}/(t) dt) at ( )

Lemma 2.1 ([17, 23]) Let x,6 > 0 and p > n. Then
(i) TV V() = TPV h(t).
(ii) TV (W (t) = W (a))’ ' = T
(iii) HD"Y Y (U (1) — W ()" = 0.
fiv) HDY Y (0 (1) — W (@) = 2w (1)~ w (@)

Lemma 2.2 ([23]) Ifh€ C"[a,b],n—1<pu<mnand 0 <v <1, then

) I T ) — (o 35 (L =T

. =1 L(E—k+1)
1 d\"
<w> dt> ilb)-

(ii) T VIR (t) = ht).

R0y (0) where, Wy~ h(t) =

Lemma 2.3 ([34]) Let 0<pu<1, 0<v <1, E=pu+v(l—p), feC(J xR, R\{0}) is
bounded, J = [0,T] and g € €(JxR ,R) = {h | the map w — h(T,w) is continuous for each T
and the map T — h(7T,w) is measurable for each w}. A function y € Ci_¢w(J, R) is the
solution of hybrid FDEs

H 28 y(t) _ a.e
D [f(t,y(t))} = g(t,y(t)), ae.te (0, 7], (2.3)



(T (£) =W (0)" "  y(t)]i=0 = v € R, (2.4)
if and only if it is solution of the following hybrid fractional integral equation (IE)

V) = F) { 120 (0 - WO + T g(ey0) e 0.7) (25)
Definition 2.3 ([37]) An element (z,y) € X x X s called a coupled fixed point of a
mapping T : X x X - X if T'(z,y) =2 and T(y,x) = y.

Lemma 2.4 ([35]) Let S be a non-empty, closed, convex and bounded subset of the Banach

algebra X and S =S x8. Suppose that E,G : X — X and F : S — X are three operators
such that

(a) E and G are Lipschitzian with a Lipschitz constants o and 6 respectively;
(b) F is completely continuous;

(c) y=EyFz+Gy — y €S forallz €S and

(d) 40 M + 6 < 1 where M = sup{||Bz|| : z € S}.

Then, the operator equation T(y,x) = Ey Fx+ Gy has a at least one coupled fized point

mn S.

Lemma 2.5 ([38]) Let S* be a non-empty, closed, convex and bounded subset of the Ba-
nach space E and let A,C : F — E and B : S* — E are three operators such that

(a) A and C are Lipschitzian with a Lipschitz constants K and L respectively;
(b) B is completely continuous;

(c) y=AyBx+Cy = y € S* forallz € S* and

(d) K M* + L <1 where M* =sup{|| Byl : y € S*}.

Then, the operator equation Ay By + Cy =y has a solution in S*.

3 IVP for Coupled system of Hyrid FDEs

An application of the Lemma 2.3 gives the equivalent fractional IE to the FDEs Eq.(1.1),
given in the following Lemma.



Lemma 3.1 A function y € Ci_¢.w (J,R) is the solution of the Cauchy problem for hybrid
FDEs Fq.(1.1) if and only if it is solution of the following hybrid fractional IE
_ Yo _ £-1 ;@ ;@
y(0) = e, 0 {0 (0 0 = W )+ T (a0, R T at0)) |
+w(t,y(t)), te(0,7T]. (3.1)

We list the following assumptions to prove the existence of solution to the coupled
system of hybrid FDEs Eqgs.(1.1)-(1.2).

(H1) The functions u € C(J x R,R\ {0}) and w € C (J x R, R) are bounded and there
exists constants o, > 0 such that for all p,¢q € R and t € J = [0,T] we have

lu(t,p) —u(t,q)] < olp—q|
and
lw(t,p) —w(t,q)] <dlp—ql.

(H2) The function v € C(J x R x R,R) and there exists a function g € C1_¢ (J,R) such
that

lu(t, p, q)] < (T () — ¥ (0)) " g(t), ae teJand p,gelR.

Theorem 3.2 Assume that the hypotheses (H1)-(H2) hold. Then, the coupled system
of nonlinear V-Hilfer hybrid FDEs Eqgs.(1.1)-(1.2) has a solution (y,z) € Ci—_¢gw (J,R) x
Ci—¢w (J,R) provided

g

Proof: Let X := (Cl,g;\p (J,R), H'HCkg«p(J,R))' Then X is a Banach algebra with the
product of vectors defined by (zy)(t) = z(t)y(t), t € (0,T]. Define,

_ pt1—¢
u(O,z(EO—i—)) ' + & (T)F(M\Ij_i_(ol))) Hchl&q,(J,R)} +0 < 1. (3.2)

S={zeX:llzle,_,ur < B}

n |, G@v@rn
u(0, 2(04)) I'(p+1)

ngcl_&\p(J’R)} + Ky (W(T)—¥ (0))175

and K7 > 0 and K3 > 0 are the constants such that |u(¢,-)| < K7 and |w(t,-)| < K3 for all
t.

Clearly, S is non-empty, closed, convex and bounded subset of X. If (y,2) € S x S = S
is a solution of the coupled system of nonlinear ¥-Hilfer hybrid FDEs Egs.(1.1)-(1.2), then



(y,x) € S x 8= S is a solution of the coupled system of fractional IEs

y(t) = wult,y(1)) {umff?om (W (1) = (0) "+ 75 Yo (L (t), KT Mo (t)) }
fulty(), s

o) =ultoal) { o 20 (00 - W O) + T (1), 62 0(0) |
+w(t,z(t)), t € (0,T]

Ey(t) = u(t,y(t), t € J;

Fy(t) = ooy (VO PO+ T (630, kT3 () e 0.7,

Gy(t) = w(t, y(t)), t € J.

Then, the coupled hybrid TEs Eq.(3.3) transformed into the coupled system of operator
equations as

(3.4)

y =FyFr+Gy,yeX
r =FExFy+ Gz, zeX.

Consider the mapping T': S — X, S = S x S defined by

T(y,z) = By Fx + Gy, (y,z) € S.

Then the coupled system of operator equations (3.4) can be written as

y=T(y,z) and z = T(x,y), (y,x),(z,y) € S.

To prove that the mapping T has coupled fixed point, we show that the operators E, F' and
G satisfies all the conditions of Lemma 2.4. The proof is given in the several steps:

Step 1: F,G : X — X are Lipschitz operators.
Using the hypothesis (H1), we obtain

(W (1) = W ()" (Ba(t) - By(t)| = | (¥ () = w (0)'* (ult, 2(8)) - ult,y(1)))|
<o) - v )" @) - y)|
<olr - yHCl_g;\I,(J,R) .
This gives,
1Bz = Byllo,_ ym <ol = vle,_uim-

Therefore, E is Lipschitz operator with Lipschitz constant o. On the similar line one
can verify that that G is Lipschitz operator. Let  is Lipschitz constant corresponding to
operator G.



Step 2: F: S — X is completely continuous.
(i) F: S — X is continuous.

Let {y,} be any sequence in S such that y, — y as n — oo in S. We prove that
Fy, - Fy asn — oo in S. Consider,

1Py = Follc,_ g = max (¥ (1) = (0))' ¢ (Fyn(t) — Fy(t))

teJ
(W) - v ()t [, ity
< max /0 W (5)(D (1) — W(s))"

‘v (s, yn($), kIgfpyn(sD - (s,y(s), kIgj\py(s)N ds.

By continuity of v and Lebesgue dominated convergence theorem, from the above in-
equality, we obtain
| Fyn — Fy||cl_£;q}(J7R) —0 asn — oo.

This proves F' : S — X is continuous.
(ii) F(S) ={Fy:y € S} is uniformly bounded.
Using hypothesis (H2), for any y € S and ¢ € J, we have

(W (1) = ¥ (0)' " Fy(t)

< u(0,§?0+)) LW (t);(‘z)(O))l_f /th,/@)(qf@)_q,(s))u—l‘7,(5 (o) KT ()| ds
= u(o,;/(()o+)) + 8 (t); (\Z)(O))lf /0 t ' (s)(T(t) — W(s))“ 1 (W(s) — ¥(0)) Cg(s)ds
: m +lglle, g uirm (¥ () =¥ (0) - (Iit)(/:fl()ow
= U(0,5?0+)) = (T)F_(A:Il jfol)))*‘“—f gl _eo om0 -
Therefore,
IFYlley_om) < u(o,g[()o +))‘ (\IJ(T)F(M\II_ﬁ()l)))“+1£ lolley coum- (35

(iii) F(S) is equicontinuous.

Let any y € S and t1,t2 € J with t; < t3. Then using hypothesis (H2), we have
(W (t2) = W ()~ Py(ta) = (¥ (1) = ¥ (0)) ¢ Fy(t1)]

_ 1-€  fto
- Hu(() z?0+)) - <t2)r(,\1:)<0)) /0 U'(5) (U (t2) — U(s))" o (s,y(S),kIS‘iq’y(s)) ds}

_ 1-¢€ 11
_ {u(O ZZ//(()O—l—)) 4 (W (751)F (i)(O)) /0 W (s)(U(ty) — W(s))H o (S,y(S),kISﬂr;\I’y(s)) ds}‘




(¥ (t2) — W (0)'*
' (w)

B 1-¢ oy
(v (751)F (i)(())) /0 W (s)(T(ty) — U(s))H ! ‘v (8, y(s), kT4 \Py(s))

_ | (ts) —w(0)'™*
' (w)

. 1-¢  ptq
(¥ (t) — ¥ (0) /O \I,/(S)(\I;(tl)—\ll(s))“1(‘1’(8)—‘1’(0))159(5)d‘9‘

ds

[ e — w6 o (5000 47 )
0

ds

/0 W (5) (W (1) — () ((s) - W(0))'Fg(s) ds

1IN0
_ (W (t2) — W (0))' ¢ l9lle, ¢ o m)
L (1)

(@ () =2 0) gl (yom 1, i
- T (1) /O‘I’(S)(‘P(tl)—\lf(s))“ ds

to
/0 W (5)(W(ts) — W(s))h ds

_ HgHCI—g, \I’(JaR)

T (j+ 1) {(W(t) = W)€ — (w(t) — w(0)) ¢}

By the continuity of W, from the above inequality it follows that

if [t; — t2] — 0 then ](xp (ta) — U ()7 Fy(ty) — (U (t1) — ¥ (0)) 5 Fy(t1)| — 0.

From the parts (ii) and (iii), it follows that F'(S) is uniformly bounded and equicontinous
set in X. Then by Arzeld-Ascoli theorem, F'(S) is relatively compact. We have proved that,
F : S — X is a compact operator. Since F': S — X is the continuous and compact operator,
it is completely continuous.

Step 3: Forye X, y=FEyFx+Gy — ye Sforallz € S .

Let any y € X and x € S such that y = Fy Fx + Gy. Using the hypothesis (H2) and
boundedness of u and w, for any ¢t € J, we have

(W (1) = @ (0))y(0)

= |(w () = w (0)) ¢ [By(t) Fa(t) + Gy()]|

= 0 - w0 [uttp0) { g (0 0= W O 4 % (150, KT 0(0) |+ et

=) { g 205y + O 0 = O) T o (1ate) KT a0)) |+ (0 (1) % O)'F wlt (1)
_ 1-¢ pt
< |u<t,y<t>>\{ s | SO [ 0) = w6y fo (s, 0060, k253 ()| ds}

+ (U (1) = ¥ (0)' ¢ w(t,y(1)|

I ()



_ pt1-¢
This gives
y (U (T) =T (0)" " glle, o yum
Ille,eurm) < K1 { u(O,x(()O+)) " I'(p+1) 5

+ (U (T) - ¥ (0)' Ky =R.

This implies, y € S.
Step 4: To prove 40M + 6 < 1 where M = sup {HF?JHCI_G\I,(JR) VRS S}.

From inequality (3.5), we have

e R v
(0,y(0+)) T(p+1) Jlcy ¢ w(IR) -

Now, using the condition (3.2), we have

Yo (U (T) = (0))*'°
40M+5§4G{‘u(0,y(0+))‘+ T (n+1) lglle, g u(my p +0 <1

From Steps 1 to 4, it follows that all the conditions of Lemma 2.4 are fulfilled. Con-
sequently, by applying Lemma 2.4, the operator T" has a coupled solution in § = § x S.
Hence, the coupled system of hybrid FDEs Eqgs.(1.1)-(1.2) has a solution in C1_¢ v (J, R).
O

M = SUP{||F3/||01_5;\I,(J,R) Ty € S} < ‘u

4 BVPs for Coupled system of Hybrid FDEs

In this section, we are concerned with the following BVPs for coupled system of hybrid
FDEs of the form

Hp VY [y(t)uz(;‘jly((’;)ygzt’;(t))] =1 (t,y(t),2(t)), ae. t € (0, 7], 1)
a Jim (9 (t) =W (0))" " y(t) +b lim (¥ (1) = ¥ (0)"“y(t) =w0 € R,

and
Hngry;\Il |:$(t) - w2(t,y(t)7l'(t)):| — vy (t,y(t),x(t)), ae. te (0, T]v (4 2)

ua(t,y(t), 2())

| o lim (V) = (0) ()

where 0 < p <1, 0 < v <1, & =p+vl—p0 << 1),Hngr”;\p(-) is the W-

Hilfer fractional derivative of order u and type v, J = [0,T], a # 0 and b # 0 are the

constants, u; € C(J x Rx R, R\ {0})(@i = 1,2), w; € C(J xR xR, R)(i = 1,2) and
v, € C(J xR xR, R)(i=1,2).

Consider the product space E = X x X, X = Ci_¢w (J,R) with
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(i) vector addition: (p, q)(t) + (P, 3)(t) = (p(t) + p(t), q(t) + 4(t)) ;
(i) scalar multiplication: k& (p,q)(t) = (kp(t), kq(t)), where, p,q € X and k € R.

Then, F is a Banach algebra with the norm

10Dl = Plley ez + e, eom (4.3)

and the vector multiplication defined by

(2, )(t) - (2, D) () = (p(t)p(1), ¢(t)p(t)) , for any (p,q), (P, q) € E and ¢ € J.

Theorem 4.1 The BVP for V-Hilfer hybrid FDEs

Hoppvi v y(t)u:(z”ly(g)yggg)”;(t)) — oy (t,y(t), 2(8)) , ace. t € (0, T), (4.4)
@ lim (¥ ()~ W (0) Sy +b lim (¥ () - W) Syl =w R (45)

is equivalent to the fractional IE

y(t) = wn (t, (1), 2(1))
+un(ty(1),2(0) (¥ (1) = 0 (0) @ + T o (1, y(0),2(1) | L€ (0.T], (46)
where

vo = b (W (1) = (0)'~ (wn (T y(T), 2(T)) + wr (T, y(T), 2(T)) i "or (T, y(T), 2(T)))
@ (0,y(0+),2(0)) + ber (T, y(T), (7)) '

0 =

Proof: Let y € C’1 ¢(J,R) is a solution of the BVP for W-Hilfer hybrid FDEs Eqs.(4.4)-
(4.5). Taking Z%; + on both sides of Eq.(4.4) and using Lemma 2.2 (i), we get

u (t, y(t), =(t) ()

y(t) —wi(t,y(0), 2(1)) (¥ (1) - ¥ (©0)*" [Il—s;quy(t) —wi(t,y(t), x(t))

o ey | =T n,20)

Let C* = (;5 wy(t) —wi(t,y(t), (¢ ))} . Thus, we have
t=0

ur(ty(t). (1)
it = g O R 0.0

Therefore,

y(t) = wi(t,y(t), 2(t) + ur(t, (1), x(t))
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Now, we find the value of C* using condition (4.5). Multiplying by (¥ (t) — ¥ (0))'~¢
on both sides of equation (4.7), we get

(W (1) = (0)' " y(t) = (¥ (1) — ¥ (0)'~* wi(ty(t), =(1))

+u(t, y(t), z(t)) : + (U (1) = ¥ (0)' 7 I ity (), 2()) |-

o (4.8)
Taking limit as ¢ — 0+ in Eq.(4.8), we obtain
i (00 = w ()¢ y(e) = W OLTREED) (1.9)
Further, taking limit as ¢ — T in Eq.(4.8), we obtain
lim (1 (1) ¥ (0))" y(1)
= (0 (7) W (0) € (T, y(T). 2(T))
Fun(Ty(T).a(T) |5+ (VD) = WO B ¥ u(Ty(Da(r)| . (410

Using Eqs.(4.9)-(4.10) in the Eq.(4.5), we get
o —a u1(0,y(04), 2(0+))
’ r(¢)
by ) | 5 + (0 () = 0 0 o (T (7). (1)
)

wi(0,5(04), 2(04)) , wa(T,y(T), a(T))
I I
£ (0 (T) =W (0)' ¢ (wi (T, y(T), 2(T)) + ur (T, y(T), (7)) Ty (T,y(T), 2(T)))

C*+b (U (T) — W (0))C wi (T, y(T), z(T))

*

=C* [a

This gives,
r
o ©

~ aui(0,y(04), 2(0+)) + bur (T, y(T), =(T)) %
[0 = b (% (T) = @ (0))' € (wn (T y(T), a(T)) + ur (T, y(T), o(T) T Vo1 (T,y(T), 2(T))) |

Putting value of C* in the Eq.(4.7), we obtain
y(®)
= wi(t,y(t), z(t)) + ur(t, y(t), =(1)) {(‘P (£) = ¥ (0))* " x

o —b (¥ (T) = % (0) € (wn (T,y(T),2(T)) + wa(T.y(). (D) 5 01 (T (D). (7)) )
aui(0,y(0+),z(0+)) + bur (T, y(T),z(T))

T o (1, y(0), (1))}
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= wi(t,y(1), 2(1)) + w (b y(0), 2(0) { (¥ (1) = W ) @+ T i (L y(),2(0) e (0,7,

which is the fractional IE Eq.(4.6).

Conversely, let y € Ci_¢(J,R) be a solution of the Volterra integral equation Eq.(4.6).
The Eq.(4.6) can be rewritten as

y(t) —w(t,y(t), 2(t))
ur(t,y(t), z(t))

= (U (1) = W (0)"" Qu +ThiYui (£ y(t), x(1)).

Taking W-Hilfer fractional derivative Dgf;q’ on both sides and using Lemma 2.1 (iv)

and Lemma 2.2 (i), we obtain

H 28 y(t)_wl(t’y(t)vx(t))
M

which is Eq.(4.4). Multiplying integral equation (4.6) by (¥ (£) — ¥ (0))' ™ we obtain
(W () — ¥ (0)' "y (1)

= (¥ (1) = W (0)" S wn(t, y(t), z(1))
ot y(t), 2(1)) { Q) + (W (1) — W ()51 74 Ul(t,y(t),x(t))} Jted (411

= vy (t,y(t),z(t)), a.e. t € (0, T],

Taking limit as ¢ — 0+, from above Eq.(4.11), we obtain

Jim (9 (1) = @ (0))"y(t) = wa(0,y(0+), 2(0+)) 1. (4.12)

Further, taking limit as ¢ — T, from Eq.(4.11), we obtain
Lim (¥ (t) — ¥ 0)'" " y(t)
= (W (T) — ¥ (0))"Swi (T, y(T), 2(T))
wi (T, y(T), =(T)) { Q1 + (U (T) = U (0) 74 Yoy (T, y(T), x(T))} Jted  (4.13)

Using the Eqgs.(4.12)-(4.13) and the value of 2, consider

a lim (¥ () - ¥ (0))' S y(t) +b lim (¥ (¢) - ¥ (0))' " y(t)

= aus (0, y<o+> 2(04)) Q1 +b (¥ (T) = W (0))' i (T, y(T), o(T))
- bur (T,y(T), 2(T)) { Qu + (9 (T) = @ (0))' T3 or (T, (1), 2(T)) }
= [aut(0,5(04), 2(04)) + beur (T,y(T), &(T))] 1 +b (¥ (T) = ¥ (0))' " ws (T, y(T), (1))
+ bus(T,y(T), 2(T)) (¥ (T) = ¥ (0))' S T on (T, y(T), (1))

= Yo,
which is the condition (4.5). This proves, y € C1—_¢(J,R) is a solution of the BVP for FDEs
involving W-Hilfer fractional derivative (4.4)-(4.5). O

To prove the existence of solution to the coupled system of hybrid FDEs Eqgs.(4.1)-(4.2),
we need the following hypotheses on u;, v; and w;(i = 1,2):
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(H3) The functions u; € C(J x Rx R, R\ {0})(i =1,2), w; € C(J xR xR R)(i =1,2)
are bounded and there exists constants o;,d; > 0(i = 1,2) such that for all p,q,p,q €
R,i=1,2and t € J = [0,7] we have
and

[wi(t, p,q) — wi(t, D, q)| < 0 (Ip — b + g — ql).-

(H4) The functions v; € C(J x R x R,R)(i = 1,2) and there exists a functions g; €

Ci—¢w (J,R) such that

lvi(t,p,q)| < (P (t) — ¥ (0))1_5 gi(t), a.e.t € Jand p,q € R,

Theorem 4.2 Assume that the hypotheses (H3)-(H4) hold. Then, the BVPs for coupled
system of U-Hilfer hybrid FDEs Eqs.(4.1)-(4.2) has a solution (y,z) € E provided

()

where

2

_ put1-¢ 2
Z | + (W (T)F (/:I/—iol))) (; ||9i||clg;\p(J,R)>

=1

2
+) ai<1, (4.14)
=1

o= b (U (1) = W (O) (wn (T y(D), 2(T)) + wn (T y(T),a(1) T or (1. y(T), 2(1)))

= aui(0,y(0+),z(04)) + buy (T,y(T), z(T))
(4.15)
and
b () WO (sl () (1)) + Ty, (1) Ty Ty, (7))
’ auz(0,y(0+), z(0+)) + bua (T, y(T), z(T)) '
(4.16)
Proof:
Define,
S ={ly,2) e X x X+ |[(y,2)|lp < R},
where

R* = M; ‘Ql‘ + Mo ‘QQ‘ + (\If (T) - (0))1_6 [Nl + NQ]

(¥ (T) - W (0)"*

and M; > 0(: = 1,2) and N; > 0 are the constants such that |u;(¢,-,-)| < M;(i = 1,2)
and |w;(t,-, )| < N;j(i = 1,2), for all ¢t € J. Clearly, S* is non-empty, closed, convex and
bounded subset of F = X x X.

If (y,z) € S* C X x X is a solution of the coupled system of nonlinear W-Hilfer hybrid

FDEs Eqs.(4.1)-(4.2), then (y,z) € S* C X x X is a solution of the coupled system of
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fractional IEs

y(t) = wn(t y(8), 2(6)) + ur (b y(6), 2(0) [( (0) = @ (0) 7 2 + T i (L y(1), 2(1)] € (0,7
2(t) = wa(t,y(t), 2(t)) + ua(t,y(0), 2(1)) [( (1) = W ()7 Qo + T Va(ty(8),2(1)] , ¢ € (0,71,
(4.17)

where ©; and €9 are defined in Eqs.(4.15)- (4.16) respectively. For ¢ = 1,2, define the
operators A; : F - X, B;: 5 - X and C; : F — X by

A1 (y,z) () = w1 (t,y(t), (), t € J;
Az (y, ) (1) = w2 (t,y(t), z(t)) , t € J;
By (y,2) (t) = (T () — 0 (0) " Q1 + 78 Yo (t,y (1), (1)), t € (0,T;
B (y,2) (t) = (¥ (£) — W (0))5 " Qg + T o (¢, y(t), 2(t)), t € (0, T];
C1(y, ) (t) = wi (t,y(t),z(t), t € J;
Cy (y, @) (t) = wa (t,y(t), 2(t)), t € J.

Then, the coupled system of hybrid IEs Eq.(4.17) transformed into

{ A1 (y,2) (t) Bi (y,2) (t) + C1 (y, 2) (t) = y(t), t € (0,T],

(4.18)
Az (y,2) (t) B2 (y, ) (t) + C2 (y, ) (1) = x(t), t € (0,T].

Consider the operators A = (A;,As) : E — E, B = (B1,B2) : §* — E and C =
(C1,C9) : E — E. Then, the operator equations (4.18) can be written as

Ay, x)(t) B(y,x)(t) + C(y,)(t) = (y,z)(t), (y,x) € E and t € J. (4.19)

We prove that the operators A, B and C satisfies all the conditions of Lemma 2.5. The
proof is given in the following series of steps.

Step 1: A= (A1,A2): E— E and C = (C1,C3) : E — E are Lipschitz operators.
For any (y,x),(y,%) € E, t € J , we obtain

1Ay, z) = Ay, 2)|
= [I(A1(y; x), A2(y, 7)) — (A1(7, 7), A2(7, T))|
= [I(A1(y, 2) = As(y, 7)), (A2(y, 2) — A2(y, @

&
! Mg
= Ay, 2) =A@ D)o o) + 1 42(y, )

2(@@)”01,&\1,(111&) . (4.20)

Now, using the hypothesis (H3), we obtain

(W (t) - (0 >>1 € (Aly 2)(t) = A5, 2)(0)
= | )" (g (0), 2(0) — wn (150, 2(0)))|
<or (v <t> - v <o>>1*5 1y = 5] + [(2(t) = 2(2))]

<o [Hy —lle,_ o m) T llz— chl,w(J,R)} :
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This gives,

[A1(y, ) — A0, %)l o,y () < 01 [Hy —Ylloy e omr T ll2 = f”cl_&q,(J,R)} - (4.21)

Similarly, we have
| A2(y, ) — A2(Z7»£)||Cl,§;\p(J,R) < 02 [Hy - :UHCl,g;\p(J,R) + |lz — f”ol,g;q,(J,R)} . (4.22)
Using the inequalities (4.21) and (4.22), from Eq.(4.20), we have
1A 2) = A@ D) < 01+ 02) [l = Tllo, ¢ gem) + 17— oy gm)] -

Therefore, A is Lipschitz operator with Lipschitz constant K = o1 4+ 03. On the similar
line, it is easy to prove that C' is Lipschitz operator. Let L = §1 + Jo is the Lipschitz
constant corresponding to the operator C.

Step 2: B = (B, By) : S* — FE is completely continuous.
(a) B = (B1, Bz) : S* — E is continuous.

Let (yn,x,) be any sequence of points in S* such that (yn,x,) — (y,z) as n — oo in
S*. We prove that B (yn, ) — B (y,z) asn — oo in E.

Consider,

|1B1 (yn, 2n) — B1 (y7x)|‘cl_£;q,(J,R)
= max (¥ (t) — ¥ (0))' " (B1 (Yn, z4) (t) — B (y, ) (t))

teJ
CIOER 10 :
< ma S [ () (0(0) = 905" o (1. 0(5) = 01 (5.5 () .

By continuity of the function v; and the Lebesgue dominated convergence theorem,
from the above inequality, we obtain

HBl (ynaxn) - Bl (y7x)H017§;q,(J’R) — 0 as n — oo.
On the similar line one can obtain

HBQ (ynvxn) — By (yax)Hcl_g;‘P(JR) — 0 asn — oo.

Hence, B (yn, n) = (B1 (Yn, Tn) ; B2 (Yn, xy)) converges to B (y,z) = (By (y,x) , B2 (y, z))
as n — 0o.

This proves B : S* — FE is continuous.
(b) B(S*) ={B (y,z) : (y,x) € S*} is uniformly bounded.
Using hypothesis (H4), for any (y,z) € S* and ¢ € J, we have

(W (1) = W (0)' By (y,0) (1)

(¥ (t) — ¥ (0)"*

S A7)

/0 W (5)(W (1) — W()“ [ur (5, y(s), 2(5))] ds
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. 1-¢ t
) r(i)(())) /0 W (s) (W (1) — W(s)" (U (s) = W(0))'"*gu(s) ds

(W (1) — v (0)"

< |Ql|—|—

<[l +llgrlle, ¢ ym) (L) =W (0))'*

I'(p+1)
(T (T) = W (0))"+¢
<[l + [(p+1) ||91||cl_§;q,(J,R) :
Therefore,
(U (T) — W (0)*+¢ .
| B1 (yvx)Hcl,&q,(J,]R) <]+ T(u+1) Hgl”C’l,g;q,(J,R)? for all (y,r) € S™.
(4.23)
Hence, Bj is uniformly bounded on S*. On the similar line, one can obtain
(U (T) = W (0)"+¢ .
||B2 (yam)HCl_E;q,(J,R) < ’QQ| + T ('u + 1)) ”92||C'1_g;qz(J,R) , for all (%x) €5
(4.24)

This proves Bs is uniformly bounded on S*. Hence, the operator B is uniformly bounded
on S*.

(c) B(S*) = (B1(S*), B2(S*)) is equicontinuous.
Let any (y,x) € S* and ¢,ty € J with ¢; < to. Then using hypothesis (H4), we have

(T (t2) = W (0))' 7 Bi (y,2) (t2) — (¥ (1) — ¥ (0))'* By (y, ) (h)’
(¥ (t2) — W (0)"

/0 W (5) (W(t) — W(s)0n (s, y(s), 2(s)) ds

' (w)
@ <f1>r—(i’)<°>>l‘§ /0 " ()W) — () o (5, y(s), 2(s) ds
< | (’f2>r—(i)<0>>” /0 " () ((ta) = () o1 (5, 9(s), a(s))] ds
_(v <t1>r(f)<0>>” /O " () (1) = W) or (5, y(s), a(s))] ds
< | (tQ)F(i)(O))lg /0 () (W (1) — W) () — (0)) g () ds
(v <t1>r—(f)<0>>15 /O () (W) — () (W) — B(0) a9 s

_ (U (t2) = U (0)' Mgl ¢y (rm)

"2 / _ S -1 s
o | v - vyt

(U () = (0)'* l91lle, ¢, o (aR)

h / -1
- o | v - vyt as
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= Hglﬂf;ffj] L (1) — W)€ — (w(t) — w(0)) <}

By the continuity of ¥, from the above inequality it follows that
ity — t2] = 0 then (¥ (12) — W (0))' By (3:2) () — (W (1) — ¥ (0))!~ By (y.) (1)| 0,
uniformly for all (y,z) € S*. Following the similar type of steps, we have
i t1 — ta] = O then (W (t2) — W (0))' " Bz (3, ) (t2) = (¥ (1) = ¥ (0))' " Ba (y, @) (1) - 0,

uniformly for all (y,z) € S*.

From the parts (b) and (c), it follows that B(5*) is uniformly bounded and equicontinous
set in E. Then by Arzeld-Ascoli theorem, B(S*) is relatively compact. Therefore, B : S* —

FE is a compact operator. Since B : S* — FE is continuous and compact operator, it is
completely continuous.

Step 3: For (y,z) € E, (y,2) = (41 (y,2) B1 (9,2) + C1 (y,2), A2 (y,2) B2 (9,7) + C2 (y,2)) =
(y,x) € S*, for all (y,z) € S*.
Let any (y,x) € E and (g,z) € S* such that
(yax) = (Al (y7 1,‘) Bl (g7j) + Cl (y,(l)) 7A2 (yvx) B2 (ga i‘) + 02 (yvx)) .

Using the hypothesis (H4) and boundedness of u; and wi, for any t € J, we have

<
=
~—~
o~
<
—~
~
SN—
8
—~
~
~—
~—
—~
)
=
+
—~
S
—~
~
SN—
|
S
—~ ~—
=
~—
T
S
N
[e=)
7=
<
=
—~
o~
<
—~
~
~—
8l
—~
~
S~—
SN—
——
_.l_
—
S|
—~
~
S~—
|
S|
—~
=)
~—
~—
A
S
i
—~
o~
<
—~
~
S~—
8
—~
~
S~—
SN—

o= b (VD) -V (0)' (wl(T737(T)73_3(T)) - ul(T,z?(T),f(T»Igi‘I’vl(T,y(T)@(T)))
- au1(0,5(04), 2(04)) + buy (T, §(T), &(T))
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This gives

_ U (T) — W (0))*F1-¢

l91lley e, o (1) }+(‘I’ (T) =¥ (0)' ¢ M.

I(p+1)
(4.25)
Similarly, we can obtain
oL (@(T) =T (0)r+E -
(4.26)

where

o= b (U(T) = W (0)" (walTg(T), 5(T)) — (T, (T), 2(T)) Ty eal(T, 5(T), 2(T))

Oy =
? CLUQ(O,Q(O‘i‘),if‘(O"‘)) +bu2(Tag(T)7 (T))
Using definition of norm on E and the inequalities (4.25) and (4.26), we obtain

[y, 2)l|p = HyHCl_g;\I,(J,R) + ||$||01_€.¢(JR)

+1-¢€
< M {|Q1‘ n (¥ (T) - (0)))M ||91\|015;W(J,R)} (T (T) = T (0)' ¢ Ny

[(p+1
_ U (T pt1=¢ -
+M2{mz\+< Ot Il _ym p+ (¥ (T) = ¥ )
—M1\91|+Mz!92}+ (T) = (0))"* [ N1 + N
(U (T) — u+1 3
T( u+ 1 [Ml lorlle, o (rm) + M2 ||92||cl_s;w<J,R>]
= R*

This implies, (y,z) € S*.
Step 4: To prove KM* + L < 1 where M* =sup{||B (y,z)||g : (y,z) € S*}.

Here,
M* =sup{||B (y,2)|lg : (y,x) € S7}
= sup {[|(B1 (y, %), B2 (y, 7)) 5 : (y,x) € 5}
= sup{ | B1 (3/733)\\01,5;\1“(J,R) + || B2 (y7x)”01,§;q,(J,R) t(y,z) €57 }

(¥ (T) — W (0))+*

<[]+ Q2| + T(a+1) (Hngcl,g;\p(J,R) + H92H01,§;q,(J,R)> .

Using the condition (4.14), we observe that

KM+ L

(¥ (7) — @ (0)" ¢

T D) (l9tlloeo iz 1920wy ) | + (31 +62)

< (o1 +02) [+ Q0]+
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< 1.

From steps 1 to 4, it follows that all the conditions of Lemma 2.5 are fulfilled. Conse-
quently, by applying Lemma 2.5, the operator equation (y,x) = A(y,z) B(y,z) + C(y, )
has a solution in S*. Hence, the BVPs for coupled system of hybrid FDEs Eqs.(4.1)-(4.2)
has a solution in Ci_¢ v (J,R). O

5 Example

In this section, we will provide an examples to illustrate the results we obtained. We
consider the particular case when ¥(¢) = ¢ and v = 1.

Example 5.1 Consider the coupled hybrid FDEs involving Caputo fractional derivative

AR
ept (W) —tly +1-3))] _ o0  WeIiern) te(0,1]
0+ L (ty(t) - 1) 1+ 22(t) %t%IO%_J;(t)—I-l7 - o
y(0) =0,
(5.1)
T e 37,1 3
cpp [FEOZTO) e Az
0+ =3 - 2 37 L 13 o o
i (1_t g x(t)> 1+ y%(t) BT 43 T2, y(t) + 1
x(0) =0
(5.2)

Comparing the problem Egs.(5.1)-(5.2) with coupled system of hybrid FDEs Eqgs.(1.1)-
(1.2). Then

yv=1&6=1, ()=t yo=0, J=][0,1],

u(t,y(t)) = 15 (t(6) = 1)

2 Mtlz% t

o 0,k Ty) = P et
oo L+y2(t) sy irs ’
WIETE y(t) + 1

and

wlt.y(0) = ot {ym t1- ﬂ |
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For 1 = 5, v = 1 we have { = 1. In this case the space C1_¢ v (J, R) reduces to the
space of continuous functions C' (J,R). One can verify that z(t) = y(t) = ¢ is a solution of
the coupled system of hybrid FDEs Eqgs.(5.1)-(5.2). Next, we prove that u,v and w satisfies
the hypotheses (H1) and (H2) of the Theorem 3.2. Consider

1 1 1
=|—(tp—1)— —(tqg—1)=—t|p— -
[ult,p) = ult, @)l = |15 tp —1) = 55 (ta )‘ L Q|_10|p al
and
7 1 7 1 7
t,p) —w(t —t 1——| ——t 1—= — —
w(t,p) —w(t, gl = |- [p+ t] o7 [q+ t” tlp Q\_97|p al -
Here, we observe thatazl—lo—()landé———()07216 Next,
P 3\fl 2 3VTys
t2q p 1124
lv(t,p,q)| = ‘ <l+1=2 (5.3)
1+p 7f% +1 1+ p? —S‘ft%q—i—l

Here g(t) = 2. Now we check for condition (3.2). Further, consider
g

We observe that all the conditions of Theorem 3.2 are satisfied. Therefore, the coupled
system of hybrid FDEs involving Caputo derivative (5.1)-(5.2) has at least one coupled
solution in C (J,R) x C (J,R).

Further, we consider the particular case of BVPs for coupled hybrid FDEs Egs.(4.1)-
(4.2) for BVPs for coupled hybrid FDEs involving Caputo fractional derivative as follows:

L ‘+1HH }+5 = 0 ‘+12+7
u(0,y(00)) | T T(u+ 1) "WICUR) 10 | |u(0,y(0+))| " TE + 1) T 97

~ 0.9748 < 1.

Example 5.2
B - By + Baw 1) | T w2
CDO+_17 glg(izl/é)+tm(t)i ) =5 [2+y(t)_2+$()}, a.e. t € (0, 1]
(5.4)
et = [ @ + @) +10)+2] | 27t 12— ()l
Cps 10 = — | ——= a.e. , 1, .
0+ _ % %4_ (t)+12} ]7 [1—y(t)x(t)]’ te 0,1, (55)
3y(0) +y(1) =1, 3z(0)+z(1) = 1. (5.6)

Comparing the above Eqgs.(5.4)-(5.6) to the Egs.(4.1)-(4.2) , we get

v=1,&=1,9({)=t,a=3,b=1, yo=1, J=[0,1],



wltoo0)5(0) = o5 (U204 204 2) st = g [ a0 +12].

et [ (1) y(t)
97 |242(t) 2+y()

vr(t,y(t), 2(t)) =

and

1 21 t
mwmmmm=7kmw+wmw—q,wmwwwwwam@@+mw+wwa
For this problem our solution space Cj_¢ v (J,R) reduces to the space C (J,R). One
can verify that z(t) = y(¢) = ¢ is a solution of the coupled system of hybrid FDEs Eqgs.(5.4)-
(5.6). Next, we prove that u;, v; and w;(i = 1,2) satisfies the hypotheses (H3) and (H4) of
the Theorem 4.2. We find the required values of u;,v; and w;(i = 1,2) at t =0 and t = 1.

ur(0,9(0), 2(0)) = 2, wa(0,(0),2(0) =

ur(L, (), 2(1) = 5o wa(l,y(1),2(1) = 2

(L, y(D. (1) = 0, va(L,y(1),2(1) =0,
and

w1 y(1),a(1) = 12, wa(ly(), (1)) = 1o

Further, we find the Lipschitz constants for the functions u; and w;(i = 1, 2).

1 (tp tq 5 1 (tp tqg 5 _
e, )=t = g5 (540 +2) = 55 (F+ T +3)| < gg Up— sl +1a— ab.

32 6 9\3 " 2 "6/ 99
and
P 1 ~
t —us(t =|— | L +tqg+12 tqg+12 —qy.
lug(t, p, q)—u2(t, p,q)| = ‘9 [5 +tq+ ] 98[5 +tq+ ”_98{!p pl+1q— ql}
Here, we observe that o1 = % and o9 = %. Further,
1 21 1 21
t —wi(t,p,q)] = |= |tp+ Zqg—1 th+ —g—1 z —
lwi(t,p,q) —wi(t, P, q)| 7{p+17q } 7{p+17q H {lp—pl+lq— ql}.

and

[wa(t, p, q)—wa(t, p, q)| =

o 104e| = [ erari0+2]| < G lp-pl+la- alb

10 10 — 10
Here, we observe that 61 = 7 and dy = % Next,
42
p q 2
t = — — 5.7
weral= |5 [ - 55 || < o 5.7
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and

2—t tQ —pgq 1
[v2(t, p, q)| = 7 [1—90(75),1;(75)1)(1] ’ < 37 (5.8)

Here g1(t) = & and g2(t) = g-. Using the above calculated values one can find the

values of 1 and €y for this problem as 1 = %%79 and Qs 131.

Now we check for condition (4.14). Further, consider

(¥ (T) —w(0)"¢
(014 02) |||+ [Qef + Tt 1) (Hgl”C(J,R)+||92HC(J,]R)) + (01 + d2)
(L Ly j2om9 1 1 2 AN (21
\99 98/ | 8 3 T (3)\97 87 710
~ 0.8727 < 1.

We observe that all the conditions of Theorem 4.2 are satisfied. Therefore, the BVPs
for coupled system of hybrid FDEs involving Caputo derivative Eqgs.(5.4)-(5.6) has at least
one solution in C (J,R) x C (J,R).

Conclusion

The existence of solution of IVP for coupled system of W-Hilfer hybrid FDEs is achieved
by using fixed point theorem for coupled hybrid FDEs. Further, the existence of solution
of BVP for coupled system of W-Hilfer hybrid FDEs using fixed point theorem for three
operators. As W-Hilfer fractional derivative covers many important fractional derivativs for
different values of the parameters u, v and the function ¥. Further we have provided an
examples to illustrate the validity of our outcomes.

As presented in the body of the paper, we have successfully obtained the main result of
this paper. However, some open problems that still need to be answered that involve the
theory of fractional hybrid differential equations, namely:

1. Would it be possible to discuss the existence of mild solutions to Egs. (1.1)-(1.2)
problems? What are the necessary and sufficient conditions for this to happen?

2. As a consequence of item 1, we can ask about the uniqueness and stability of mild
solutions.

3. Is it possible to guarantee solutions involving sectorial and almost-sectorial operators?

There are some questions that need to be answered as outlined above, which will en-
rich the theory. Other questions about fractional hybrid differential equations, are being
discussed and future works are being elaborated, which allowed to answer these questions
and others that are still open.
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