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OUTPUT FEEDBACK CONTROL OF A CASCADE SYSTEM OF
LINEAR KORTEWEG-DE VRIES EQUATIONS*

CONSTANTINOS KITSOS &, EDUARDO CERPA f, GILDAS BESANCON §, AND
CHRISTOPHE PRIEURS

Abstract. This paper is about the stabilization of a cascade system of n linear Korteweg-de
Vries equations in a bounded interval. It considers an output feedback control placed at the left
endpoint of the last equation, while the output involves only the solution to the first equation.
The boundary control problems investigated include two cases: a classical control on the Dirichlet
boundary condition and a less standard one on its second-order derivative. The feedback control law
utilizes the estimated solutions of a high-gain observer system and the output feedback control leads
to stabilization for any n for the first boundary conditions case and for n = 2 for the second one.

Key words. Korteweg-de Vries equation, cascade systems, output feedback control
AMS subject classifications. 68Q25, 68R10, 68U05
1. Introduction. In this paper, we study the following cascade system of n

linear Korteweg-de Vries (KdV for short) equations posed in a bounded interval of
length L

(1.1) Ut + Vg + Vpgz = (An — B)v, in (0,00) x (0, L),
where v = (U1 . Un)T is the state and
0 1 o --- 0
A, = A |, B =diag(1,1,...,1,-1).
: 1
0 0

Let us consider two different types of boundary conditions, where the input control u
in both of them is placed on the left side and only acts on the n-th coordinate of the
state.

Boundary conditions A (BC-A):

vi(t,0) =0,i=1,...,n—1, for all ¢ > 0,
(1.2a) v (t,0) =u(t), for all t > 0,
v(t,L) =0,v,(¢t, L) =0, for all t > 0.
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2 C. Kitsos, E. Cerpa, G. Besangon, and C. Prieur

Boundary conditions B (BC-B):

Vigz(t,0) =0,i=1,...,n—1, forall t >0,
(1.2b) Un,za(t,0) = u(t), for all t >0,
v(t, L) = 0,v,(t, L) =0, for all ¢ > 0.

In order to complete our control system, we add an initial condition given by
(1.3) v(0,2) = °(z), 2 € (0,L)
and a distributed measurement given by the following output

(1.4) y(t,x) =Co(t, x);
C=(1 0 - 0).

The nonlinear version of a single KdV equation describes propagation of waters
with small amplitude in closed channels. It was introduced in 1895 and since then
its properties have gained much consideration, see for instance [6]. Surveys on recent
progresses and open problems on control and stabilization of such models can be found
in [26] and [3].

The aim of the present work is to stabilize the cascade system (1.1) considering
any of the boundary control problems (BC-A) and (BC-B) and by utilizing the knowl-
edge of the first state only, while the other states are estimated via an observer. Notice
that this system is unstable due to the instability of the trajectory corresponding to
its last equation, as it can be seen by following classical energy arguments. In the
recent decades, stabilization of single KdV equations has gained significant interest,
see for instance [4], where backstepping method is used for feedback controls placed
on the left boundary, see also [29, 7, 27, 13]. Output feedback laws for single linearized
and nonlinear KdV equations have been already established via boundary observers in
[21, 23] (see also [28, 11, 14, 2]), by means of backstepping and Lyapunov techniques.
In these two works, the measurement injected in the observer involves the right end-
point of the domain, more precisely, the second derivative of the boundary or the
Dirichlet condition, depending on the boundary conditions. Output feedback control
laws for systems written in the cascade form considered here have not yet appeared
in the literature, while controllability of coupled KdV equations but with couplings,
different from the ones studied here (particularly, internal couplings in one-order de-
rivatives), describing strong interactions of weakly nonlinear long waves, have been
investigated for instance in [5]. However, coupling in zero-order internal terms, rep-
resented by matrix A,,, might result from the linearization of coupled nonlinear KdV
equations of some forms appearing in [20], describing oceanic and atmospehric phe-
nomena, such as the atmospheric blockings, the interactions between the atmosphere
and ocean, the oceanic circulations, and hurricanes (see system (27)-(28) and model
5, therein, according to the well-known Painlevé classification), see also the Hirota-
Satsuma model [12] and [10] for multicomponent KdV equations (related to the weak
nonlinear dispersion). For these systems, it is often difficult to control and observe di-
rectly all the equations. Also, general settings of coupled infinite-dimensional systems
with couplings in zero-order terms, as the ones considered here, have been studied
with respect to their controllability and observability properties, when considering
reduced numbers of controls and observations, see [1], [19]. In those works, the au-
thors have shown that the problem of control of undeactuated systems with reduced
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Output feedback control of a cascade system of linear KdV equations 3

number of observations is quite challenging. Furthermore, placing the control on the
second derivative of the left boundary, as in the considered second boundary control
problem is even more original and its investigation exhibits some technical difficulties,
for which solutions are proposed in the present work. To the best of our knowledge,
boundary control problems of this second type have not appeared in the literature.

Here, we aim at observing the full state of a system of KdV equations written in a
cascade form and finally controlling it, by considering a single observation. Observer
design for nonlinear systems of partial differential equations written in such a form,
based on the well-known high-gain methodology, have been considered, for instance
in [17, 16, 18], in the framework of first-order hyperbolic systems, extending results
for finite-dimensional systems [15]. A similar form considered here, in its linearized
version, allows an observer design, which relies on a choice of a sufficiently large
parameter in its equations, while appropriate choice of the latter leads simultaneously
to the closed-loop output feedback stabilization. In summary, the contribution of the
present work first lies in stabilizing the trajectory of the last equation by means of an
observer relying on the measurement of the first state only. The control placed on the
left boundary, combined with the observer gain, brings this trajectory asymptotically
to zero in an arbitrarily fast manner (first part of Theorem 3.2). Subsequently, it
is proven that 1) the whole cascade system becomes asymptotically stable for any
L > 0, when boundary condition (BC-A) is considered, and 2) this result holds for
boundary condition (BC-B), only when n = 2 (number of equations), noting that for
n > 2, stabilization is achieved for quite small L (last part of Theorem 3.2). The
methodology relies on backstepping techniques and appropriate Lyapunov analysis.
Exponential stabilization for (BC-B) is proven here to be linked to the solvability of an
ordinary differential equations problem, similar to the differential equation satisfied
by the eigenvectors of the associated differential operator to these KdV equations,
and being subject to some constraints.

In Section 2 we prove a preliminary result on the stability of a single damped
KdV equation and then we prove the full state stabilization of the cascade system for
both boundary condition problems. In Section 3, we first present the observer design
for the coupled system and finally the main output feedback stabilization result. In
Section 4, we provide conclusions and some perspectives.

2. Full State Feedback Stabilization. In this section, we study the full state
feedback stabilization of system (1.1) for boundary control problems (BC-A) and
(BC-B).

2.1. Stability of a single KdV equation. Prior to the stabilization of the
cascade system, we present a preliminary result about the stability of a single damped
linear KdV equation, which will be invoked in the sequel. Consider a single KdV
equation in the domain (0, L)

(2.1) Wt + Wy + Wage + Aw = 0,1in (0, 00) x (0, L),
satisfying one of the following distinct cases of boundary conditions

(2.2a) w(t,0) =w(t, L) = w,(t,L) =0,t >0,
(2.2b) Wee (t,0) =w(t, L) = w,(t,L) = 0,t > 0,

and initial condition of the form

(2.3) w(0,2) = w’(x),xz € (0,L).

This manuscript is for review purposes only.
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4 C. Kitsos, E. Cerpa, G. Besangon, and C. Prieur

The stability result for solutions w to the above problem is presented in the following
propositions. Although asymptotic stability assuming boundary conditions (2.2a) is
ensured for every A > 0, for (2.2b) asymptotic stability is guaranteed only when A > Ag
for some Ay > 0. These results are stated precisely in the next two propositions and
will be used throughout this work.

PROPOSITION 2.1. Consider system (2.1) with boundary conditions (2.2a) and
initial condition w® € L?(0,L). Then for all A > 0, we have

(2.4) lw(t, M z20,0) < 67’\t|\w0(')HL2(0,L),t >0,
for every L > 0.

Proposition 2.1 concerning boundary conditions (2.2a) is a standard result and can
be derived from energy estimates. Well-posedness of this equation is presented in
Appendix B.1. Let us note here, that asymptotic stability for this case can be proven
even when the damping is not constant in the domain but localized to a part of it,
see for instance [24], and even when the damping is saturated, see [22].

To proceed to the stability result for boundary conditions (2.2b), we utilize the
following lemma.

LEMMA 2.2. There exists Ag > 0, such that the following assertions hold true.
Assertion 1:  For every A > Ao, there exist 7(-) in C3(0,00) and b > 0, such that
the following holds for all x > 0

7" (x) + 7' (x) /— 2)\7r( ) = —2brm(z),
(2.5) (())>(0?+(w 0))2 + 72(0) <0,
7' (z) > 0.

Assertion 2:  For every A € (0,)o), there exist L,b > 0 and =(-) in C3(0,00)
satisfying (2.5) for all x € [0, L].

Proof. See Appendix A 0
The following proposition concerns the second case of boundary conditions.

PROPOSITION 2.3. Consider system (2.1) with boundary conditions (2.2b) and
initial condition w® € L?(0,L). Then, there exists Ao > 0, such that:

1) For all A > A, there exist a,b > 0, such that the solution to (2.1)-(2.3)-(2.2b)
satisfies the following:

(2.6) lw(t, ) 20,0y < ae” |0’ ()| L2(0,0): t > 0,

for every L > 0.

2) For all A € (0,)\g), there exist L, a,b > 0 such that (2.6) is satisfied for all
Le(0,L).

Proof. In this context, we are interested by unique solutions w beloging to
C (0,00; L*(0, L)). Well-posedness of the initial boundary value problem (2.1)-(2.3)-
(2.2b) can be easily proven by invoking classical arguments, although these boundary
conditions are less common in the literature. More details about the well-posedness
of such systems are presented in Appendix B.1.

To prove the stability result, let us consider the following weighted L2-norm

L
E(t) ::/0 7(x)w?(z)dx

This manuscript is for review purposes only.
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Output feedback control of a cascade system of linear KdV equations 5

along the L? solutions to (2.1)-(2.3)-(2.2b), for some appropriate choice of positive
7(-) € C3[0,L]. Calculating its time-derivative and applying integrations by parts,
we obtain

L L
B(t) = / (" () + 7'(2) — 2) wP(z)dz — 3 / 7 () (z)da

)
+ [(=7"(@) = (@) w?(2) — 27(2)wa (2)w(@) + 7(2)wy ()
+2r (2w, (2)w()]g -

(2

Substituting boundary conditions (2.2b) we get

L L
B(t) = /O (7" (2) + 7' (z) — 20) w2 (z)dz — 3 /O 7 (@)w? (z)dz

7(0) —7'(0) w,(0)
=0 w0) (750 _aor ) (i)
To ensure the exponential decay of E(t), we invoke assertions of Lemma 2.2 for 7 (+),
for which we assume that it satisfies (2.5). By Assertions 1 and 2, the second integral

and the third boundary term of the above equation become nonpositive and we obtain
the existence of a constant b > 0, such that

E(t) < —2bE(t)

and, therefore, (2.6) holds with a = %. This completes the proof of Proposi-

tion 2.3. 0
2.2. Full state stabilization. Following the previous results, we are in a po-
sition to study the closed-loop stabilization. Here, the considered state feedback

controls, which are placed in the last equation, will be proven to be of the following
form for each of the problems (BC-A) and (BC-B)

L
(2.7a) (BC-A): u(t) = / p(0, 5ot y)dy,
L
(270)  (BCB):ult) = < Lu(t,0) + / Do (0,y)0n (1, )y,

with w > 0 to be chosen appropriately and kernel function p : II — R depending on
w, where IT := {(z,y);z € [0, L],y € [z, L]}.

We now present the exponential decay result of the solution v to the cascade
system (1.1) via the control (2.7), which utilizes the full state. The proof uses back-
stepping tools appearing in [4], [3] for single KdV equations.

THEOREM 2.4. Consider system (1.1) with boundary conditions (BC-A) or (BC-
B), feedback control laws of the form (2.7a) or (2.7b), respectively, and initial condi-
tion v° € L%(0,L)".

a) If (BC-A) holds and n > 2, then for every L > 0, there exist constants ¢,d > 0,
such that the solution v to (1.1) satisfies the following

(2.8) lollz2o,2ym < ce™[v°llL2(o,2)m, ¥t > 0.

b) If (BC-B) holds and n = 2, then for every L > 0, there exist constants ¢,d > 0,
such that solution v to (1.1) satisfies (2.8).

¢) If (BC-B) holds and n > 2, then there exists L > 0, such that (2.8) is guaran-
teed for all L € (0, L].

This manuscript is for review purposes only.
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6 C. Kitsos, E. Cerpa, G. Besangon, and C. Prieur

Proof. The well-posedness of controlled system (1.1) with boundary conditions
(BC-A) or (BC-B) is shown in Appendix B.1.

We first prove a preliminary result concerning the exponential stability of v,,. We
apply a Volterra transformation 7 : L2(0, L) — L?(0, L) of the form

L

(2.9) 2(@) = Tlon)(x) = vn(z) - / P&, 5)n(4)dy

xT

to the solution to the last equation of the cascade system, with p defined on II. Under
appropriate choice of p(-,-), we prove that this transformation maps solution v, to
the trajectory z satisfying the following target equation in [0, 00) x [0, L]

(2.10) 2t + 2o + Zpge +wz =0,
(BC-A,z) : 2(t,0) = 2(t,L) = z,(¢t, L) = 0,
(BC-B, 2) : 242 (t,0) = z(t, L) = z,(t,L) = 0.

with control given by (2.7). Indeed, performing standard differentiations and integra-
tions by parts (for more intuition about such operations, the reader can refer to [4]),
we derive the following equations

2e(t, ) + 22 (8, @) + 2eae (6, x) + w2(t,x) =
L
= [ raee.0) + D 9) + 2y ) + (4 Dplay) onlt 0)dy
+ p(x, L)vp 50 (¢, L) + p(z, L)v, (t, L) + pyy (z, L)v, (8, L) — py(z, L)vy, (¢, L)

d? d
(0 1 o 0) e 00) 4 paa(0) ~ i (020) ) 00,2)

+ (px(x, x) + py(z,z) + 2%}7(@ x)) Vo (t, ).

By choosing p(-, -) satisfying the following equations

Pzzz + Pyyy + Pz + Py + (w+ 1)}7: 0, (CL’ y) cll

(2.11) p(z,z) =p(z,L) =0, x ’E [0, L]
po(z,3) = (L — 2), x € [0, L]

we achieve to obtain target system (2.10) for both boundary problems (BC-A, z) and
(BC -B, z). Solutions to (2.11) are proven to be unique in C3(II) in [4], by following
successive approximation methods. The feedback control u is easily checked to satisfy
(2.7), if we use (2.9) and also calculate the value of the second derivative, viz.

Zyz(X) =Vp g (T) + %p(x, Z)vp (2) + p(x, ) vy 2 () + po(z, ) (x)

L
- /0 Paa (T, y)vn(y)dy

for z = 0.

Now, as we saw in Propositions 2.1 and 2.3 of the previous subsection, solution
z to target system (2.10) is asymptotically stable for every L > 0, if w > 0 when
(BC A, 2) holds and if w > 1 when (BC B, z) holds. This implies the asymptotic
stability of v, solution to (1.1), with control given by (2.7) for each of the boundary

This manuscript is for review purposes only.
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Output feedback control of a cascade system of linear KdV equations 7

problems (BC-A) and (BC-B). The latter follows from the fact that, as proven in
[4], transformation (2.9), mapping solution v, to z, is bounded and invertible with
bounded inverse. So, for every d > 0, there exist wg,é > 0, such that for all w > wy,
we have

(2.12) [onll20.2) < @ [|v] ]l 20,1, V¢ > 0.

To prove the asymptotic stability of the full state, consider vector vp,_y) :=
(vl e vn_l)—r. Then, vy, _q) satisfies the following equations
Vin—1],t + Vn-1],2 + Vn—1],eaz = (An—1 — In_1)Vj—1) + lvn,

(2.13) (BC-A, vpn—1)) : vn—1)(t,0) = vjp_1)(t, L) = vjp_1),(t, L) =0
(BC'B7’U[n71]) Vf—1],22 (8, 0) = Vp—1)(t, L) = V1), (t, L) = 0,

where -
(=0 - 0 1)

To prove stability of this system, consider a Lyapunov functional of the following form
L
Wt = [ m(@)lopoy (o)
0
along the L?(0,L)"~! solutions Un—1] to the last equations, where 7(-) is a positive

increasing C* function to be chosen. After substistuting the above equations satisfied
by v,—1) and applying integrations by parts, we obtain for the time-derivative of W

L

L
W(t) = / (2 () + 7' (2)) oy (2) Pz — 3 / 7 () V1) 0 () Pl
L
_/O w(a:)v[z_l] (2) (2]n_1 — AI—1 — An_l) Vn—1)(z)dz

+2 /OL (@) vp_1(x)vn (z)dz + Wo,
with
Wo i= | =" (@) + 7(@) o @) + (@) (o 1,0 (@) = 200,y 00 @001 (@)
(2.14) +27r’(a:)v[1_1]7w(x)v[n,1] (x)}OL :
Matrix 21, — A} | — A, is positive definite and its eigenvalues are
p:=2—200s77—j,j:1,...,n—1.
n
Hence, its minimal eigenvalue is given by
(2.15) pr = Amin(2Ln_1 — A | — Ap_1) =2 — 2cos %,N Sn>2.

Since 7’'(z) > 0, by use of Young’s inequality we obtain

. L
WO < [ (@) + 7' (@) = purla)lugoy o) o

1 L
+25/ )| vy (2)Pdz + = 55 w(m)vidx—FWo,

This manuscript is for review purposes only.
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and § > 0 is chosen sufficiently small as in (A.4) in the proof of Lemma 2.2 of the
previous subsection.

Now, we choose 7(-) for each of the two boundary problems as follows.
For (BC-A, vp,—1)) we choose

()= 1.

From this, taking also into account the exponential stability of v, (2.12), we get
for the case (BC-A, vp,_y)) the following estimate

(2.16) W(t) < —2dW (t) + %W(L)EQe_M||U91||2L2(0’L)
with d = pp/2 -9

For (BC-B, vj,—1]) we choose a positive and increasing 7(-) satisfying (2.5) (see
Assertion 1 in Lemma 2.2) with A = £* — ¢ and b > 0. It turns out by Assertion 1
that there is w(-) and b > 0 satisfying this equation for any L > 0, when A = 1 — §,
corresponding to py = 2 (for n = 2). Then, the exponential decay of the Lyapunov
functional is ensured similarly as in Proposition 2.3. More precisely, there exists d > 0,
such that for all L > 0, (2.16) is satisfied for (BC-B, vj,—1)) as well. Also, as shown
in Proposition 2.3, for n > 2, which renders p,, < 2, (2.16) is satisfied for some 7(+),
b >0, only when 0 < L < L, with L depending on n.

Combining the above results, from (2.16), which holds for both (BC-A, vj,—1))
and (BC-B, vp,—1)), we derive by Gronwall’s inequality

—2dt m(L)e* —odt  _—2dt) ||..02
(217)  W(t) <e W<o>+m(e = 72 o2122(0,):

recalling also, that d depending on the parameter w of the control laws, can be chosen,
such that d > d. Combining (2.17) and (2.12), we get

m(L)

[vllz2(0,)n <NVpm—1yllL2(o,Lym—1 + vnllL2(o,z) < We_dtllv[nﬂ] (0, ) z2(0,Lyn—1

_a/n() Ve2it — =2t [0 12 1) + e~ 03] 20,1

2/7(0)6(d — d)

The last inequality leads to (2.8) for a suitable choice of c.

This concludes the proof and shows, also, that although the exponential conver-
gence to zero of v, can become arbitrarily fast by the choice of parameter w inside
the controls, solution v to the whole cascade system has a fixed convergence rate. O

Remark 2.5. Note that in the above proof, parameter p, in (2.15), depending
on n, does not permit the stabilization of the closed-loop system to be achieved for
any number of equations n, when the length of the domain L is arbitrary. As it
was shown in Proposition 2.3, the damped KdV equation in the case of boundary
conditions of the type (BC-B) requires a damping with coefficient A larger than a
critical damping coefficient A\g. The parameter p,, which appears in the stabilization
of the closed-loop system corresponding to the damping coefficient, is decreasing with
n. For n > 2 the stabilization cannot be ensured for any L > 0, since, because of
pn, the damping coefficient becomes lower than the critical one, while for n = 2, the
damping coefficient of the coupled equation is exactly equal to the critical one.

This manuscript is for review purposes only.
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Output feedback control of a cascade system of linear KdV equations 9

3. Observer Design and Output Feedback Stabilization. In this section,
we first present the proposed observer, along with its convergence proof for each of the
boundary control problems (BC-A) and (BC-B). Then, we study the output feeedback
stabilization of system (1.1) with controls placed on the left boundaries as described in
each of problems (BC-A) and (BC-B). We note here that, even though the considered
system is linear, the use of the high-gain observer design is instrumental in the output
feedback control in the two following manners and is based on the methodology [17],
introduced for quasilinear hyperbolic systems. 1) For (BC-B), the choice of the high-
gain parameter is needed to establish convergence of the observer, contrarily to a
simpler Luenberger observer design, which would be sufficient for (BC-A); 2) The
high-gain parameter is used in the stabilization of the closed-loop system for both
boundary control problems (BC-A) and (BC-B).

In the following subsection we present the observer for the cascade system, whose
exponential stability relies on the result presented in Proposition 2.3 of Section 2.

3.1. Observer. Define, first, diagonal matrix ©,, by

0, := diag (9,92, . ,9") ,

where 6 > 0 represents a gain, which will be selected later. Consider a vector gain

K, = (k;l kn)T and let P € R™ ™ be a symmetric and positive definite matrix
satisfying a quadratic Lyapunov equation of the form

(3.1) P(A, + K,C)+ (A, + K,C)" P=—1I,.

The previous equation is always feasible, due to the observability of the pair (A,, C).
Then, our observer is defined to satisfy the following equations in (0, 00) x (0, L)

(3.2) 0(t,x) + Vp(t, ) + Ogan(t, ) = (Ap, — B)0(t, ) — ©, K, (y(t, x) — Co(t, x))
with boundary conditions for each of (BC-A) and (BC-B) as follows
;(t,0) =0,i=1,...,n— 1, for all t > 0,

(3.3a) (BC-A): 0,(t,0) = u(t), for all t > 0,
0(t, L) = 0,(t, L) = 0, for all ¢t > 0,
0i02(,0)=0,a=1,...,n—1,for all t >0,
(3.3b) (BC-B):  0y,04(t,0) = u(t), for all t>0,

0(t, L) = 0,(t,L) = 0, for all ¢t > 0.
and initial condition
0(0,2) = 8°(z),z € (0,L).
The main observer result is stated in the following theorem.

THEOREM 3.1. Consider system (1.1) with output (1.4) and boundary conditions
satisfying (1.2) ((BC-A) or (BC-B)) and v° € L?(0,L)",u € L} (0,00). Consider,
also, P and K,, satisfying a Lyapunov equation as in (3.1). Then, (3.2), with boundary
conditions (3.3) and initial condition ©° € L*(0,L)"™ is an observer for solution of
(1.1), in the sense that for 6 large it estimates the state v arbitrarily fast. More
precisely, for every k > 0, there exist Oy, such that for every 6 > 6y, the following
holds for all v°,9° € L?(0,L)", t > 0:

(3-4) [9(t,) = v(t, NL2o,p)n < v0" e ™[0°() = v°()llz2(0,2)m

with v > 0, depending on n and L.

This manuscript is for review purposes only.
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Proof. First, we prove in Appendix B.2 that observer system (3.2)-(3.3) is well-
posed. Then, to prove its asymptotic convergence to the state v, let us define a scaled
observer error € by

(3.5) £=0,(v—v).

Then, ¢ satisfies the following equations

(3.6) et + €z + €z = 0(An + K,C)e — Be

and boundary conditions for each of the cases (BC-A) and (BC-B) as follows

(3.7a) e(t,0) =e(t, L) = e,(t,L) =0,
(3.7b) €25(t,0) =e(t,L) = e,(t, L) = 0.

We expect that solutions to the previous coupled equations can approach zero
exponentially fast, since A4,, + K, C being Hurwitz will exhibit a damping effect (as
in the single KdV equation), with its magnitude being controlled by 6. Indeed, to
prove exponential stability, we choose the following Lyapunov functional defined on
the L2(0, L)™ solutions to the observer error equations

L
(3.8) V(t) ::/0 w(x)e " (z) Pe(x)d,

with positive u(-) € C3[0, L] to be chosen suitably for each of the boundary conditions
cases. Taking its time-derivative and substituting (3.6) and Lyapunov equation (3.1),
yields

L
V() = / n(@) [-0° (T (2)Pe(x)) — Da(e (2)Pe(a)) + 30 (e] (2) Peu(x))
0
—0e " (z)e(x) — 25T(:E)PBE(:£)] dz.
Performing successive integrations by parts, we obtain

V() < /O " (u'"u) ) + (‘9|113| i zAm'i'm) u(m)) £ (2)P=(x)dx

L
- 3/ w (x)e] (2) Pey(x)da + Vp,
0
where

Vo i= [(—p" (z) — p(x)) e T (@) Pe(x) — p(x) (e, () Pe(x) + & " () Pega(x))
(3.9) +u(x)e) (2)Pey(x) 4 1/ (z)(e) (2) Pe(x) + ET(:c)Pegc(x))]g

and Apin (P) is the minimal eigenvalue of P.
Let us now choose for boundary conditions case (3.7a)

(3.10) p() =1,

for which we obtain
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Output feedback control of a cascade system of linear KdV equations 11

Note that given (3.10) for the boundary conditions case (3.7a), for every 6 > 6. 4,
with

L
=2
HO,A )\min(P)7
we get
(3.11) V(t) < —2k4V(t),t >0,

for some x4 > 0.
Considering boundary conditions of case (3. 7b) (3.9) is written as

Pp(0) #'(0) > <€z(0)>
Voi=—(g,(0) €7(0 (
im0 TO) (pyie) —perto) s uon) (Z0)
For this case (3.7b), we see here that for all
|P?
)\min(P)
Assertion 1 ((2.5) in Lemma 2.2) is satisfied with u(-) in the place of n«(-), A =

92&3‘ %, M =1 and b = kp for some kg > 0. For all § > 6y, we choose,

0> 05 :=2 +2|P|,

therefore, 7(-) = u(-) satisfying (2.5) and we derive again (3.11) satisfied for every
0 > 0o B, with k4 substituted by xp.
Combining the previous estimates, we directly obtain (3.4) with

_ wwy [P
#(0) \ Amin(P)
and this concludes the proof of Theorem 3.1. O

3.2. Output feedback stabilization. Next, it is proven that plugging the ob-
server’s state considered in Theorem 3.1 in the feedback laws (2.7) of the previous
section, the closed-loop system is stabilized. This is done in two steps. First, it is
proven that the considered output feedback law stabilizes arbitrarily fast the solution
of the last KdV equation and second, the stabilization of the whole cascade system
of KdV equations follows. However, for system with boundary conditions (BC-B),
stabilization for any L is only achieved when n = 2, corresponding to a cascade sys-
tem of two equations, while for n > 2, stabilization is achieved for small L, following
the result of Proposition 2.3 of the previous section. Even if this case is restrictive,
we find several physical applications, where only two coupled equations appear in the
model, see [20]. These statements are presented in the following theorem.

THEOREM 3.2. Consider the closed-loop system (1.1)-(3.2), output (1.4), and
boundary conditions being of the form (BC-A) or (BC-B). Then, for any d > 0,
there exist an output feedback law u(t) of the form (2.7), where v is substituted by
the observer state v, and constants 0y, wq, ¢ > 0, such that for any design parameters
0 > Op,w > wy (with 0 involved in the observer and w involved in the control laws),
the closed-loop system solution with v°,1° € L?(0,L)" satisfies the following stability
inequality (on the estimation error and last observer state)

(3.12) |9 = vllz2(0,Lyn + l9nllz2(0,1)
S Eefdt (”’DO - UO||L2(07L)7L + ||172,||L2(0,L)) ,Vt Z 0.

This manuscript is for review purposes only.
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Moreover, whenever the previous assertion holds, we get the following (full state
convergence)

a) When boundary conditions (BC-A) hold with n > 2, for every L > 0, there
exist constants c,d > 0, such that solutions v, v satisfy the following

(3.13) [|o —vllL2¢0,Lyn + [0l L2(0,2)"
< ce”® ([|6° = 0°l| 20,y + 19°] L2(0,L)n) » VE > 0,

with d depending on n.

b) When boundary conditions (BC-B) hold with n = 2, for every L > 0, there
exist constants ¢,d > 0, such that solutions v, ¥ satisfy (3.13).

¢) When (BC-B) holds, with n > 2 there exists L > 0 small, such that asymptotic
stability (3.13) is guaranteed for all L € (0, L].

Proof. To address the closed-loop control problem, let us rewrite observer error
and observer coupled equations, viz. (see (3.6), (3.2))

(3.14)

et +er+epe = 0(A, + K,C)e — Be,
O + Uy + Vgwa = (An — B)0+ 00, K,¢1,

with boundary conditions (3.7), (3.3).
Let us perform a Volterra transformation to the solution of the n-th equation of
the observer, which by (3.2) is written as

(3'15) ﬁn,t + @n,x + f’n,xzm = Oy + kn0n+151~

The Volterra transformation

L
(3.16)  q(2) = Tlonl(2) = (ka0 ™)™ 0n(2) — (knG"“)*l/ p(z,y)on(y)dy,

xr
under appropriate choice of p(-,-) maps (3.15) into target system

L
(317) qt + qx + Qree = —Wq +ée1 — / p(:E, y)sl (ta y)dy,

x

with w a constant involved in the controller, and boundary conditions for each of the
two considered cases as follows

(3.18&) Q(t’ 0) ZQ(ta L) = Qw(t’ L) =0,
(318b) q:vw(t7 0) :(I(t’ L) = qw(t7 L) =0.

Then, the kernel functions p(-, -) satisfy (2.11) for both problems (3.18a), (3.18b). It
is easy to check this if we apply successive differentiations of (3.16) as in Theorem 2.4,
we obtain the above target system, by choosing p(-, -) satisfying (2.11). Subsequently,
the output feedback control u(-) for (BC-A) is given by

L
(3.19a) u(t) =/ p(0,y)0n(t,y)dy,
0
and for (BC-B),
L
(3.19b) ul(t) = —wglLﬁn(t,O)ﬂL/O Pz (0,9)0n (¢, y)dy.

This manuscript is for review purposes only.
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As noticed in proof of Theorem 2.4, it has been proven that the kernel equations
(2.11) are solvable in II and the corresponding Volterra transformation is bounded
and injective with bounded inverse.

Consider now the Lyapunov function

Ur(t) = Ura(t) + Up 2(t);
L L
Ua(t) = [ p(@)eT @)Pel@ar Urat) = [ o)),

along the solutions to (3.6)-(3.7) and (3.17)-(3.18), where U; 1 is the same as (3.8) of
Theorem 3.1 and o(+) is a positive C? increasing function in [0, L] to be chosen later.
Taking the time-derivative of Uy o and substituting (3.17), we infer

L L
Uy 2(t) 2/0 (0" (z) + o' (x) — 2w) ¢*(x)dx — 3/0 o' (2)q?(x)dx
L L L
+2 [ ola@eeis =2 [ o) [ ov)e)duda
+ [(=0"(x) — 0(2)) ¢*(x) — 20(2)gza (2)q(2) + 0 () g7 (2)
+20"(2)g2 (2)q ()] -

By using

L L L L 2
2 / o(@)q(x) / p(,y)er (y)dyde < Ua(t) + o(L) / ( / p(w)el(y)dy) do
2 2 L 2
< Uipa(t)+ L7o(L) , ax P (ﬂﬂ,y)/0 e1(y)dy

o(L) max p?(x,y)Uy1(t),

SUpp(t) + LP————
< Ure(O) + Ly 1) . e

we get

L L
Oa(t) < / (0" () + o' (z) — 2(w — 1)) ¢(x)dz — 3 / o ()2 ()de + hUy1 (£)
0 0
+ [(—0"(z) — 0(2)) ¢*(2) — 20(2)qux(2)q(x) + 0 (2)¢2 ()
(320)  +20'(2)qu(x)q(x)]E
o(L)

(712 2
where h := (L? max, ye(0,2) P (2, y) + 1) O P)
We can prove that for each of the two cases of boundary conditions we get

(3.21) Uy (t) < —2dU, (t).

Case (BC-A):
We choose p(-) = o(-) = 1 and we obtain:

ULQ(t) < —2(w - 1)U1’2(t) + hUl’l(t).
As seen in Theorem 3.1, for u(-) = 1, we have:

Upa(t) < (—9|]13 + 2)\m|f:(|P)> Up1(t).

This manuscript is for review purposes only.
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14 C. Kitsos, E. Cerpa, G. Besangon, and C. Prieur

Combining the last two equations, if we choose 6, w as follows:
|P?

yw> 1,

we get a d > 0, such that (3.21) holds.
Case (BC-B):

We see for this case of boundary conditions that for all
|P|”
)\mm(P)
Assertion 1 ((2.5) in Lemma 2.2) is satisfied with p(-) in the place of 7(-), A =

gL | P h

ST~ N (P) — 27 Ao = 1. For all 8 > 6y, we choose, therefore, u(-) satisfying (2.5)

and we get that the first term of the right hand side of

L
o < [ (u"’@) ) -2 (92|1P| - Am"}'P) - ’;) u<x>) T (2)Pe(x)dz
+ Uy o(t),t > 0.

(3.23) 0> 0y =2 +h|P| +2|P],

becomes negative.
Similarly, for every
w > 2,

we can find () = 7(-) satisfying (2.5), with A = w — 1 and A\g = 1 and by virtue
of Proposition 2.3, right hand side of (3.20) becomes negative. Hence, returning to
U, and choosing 6 > 6 and w > 2, we can always find pu(-),0(-) as in Assertion 1 of
Lemma 2.2, in a such way that we always get a co > 0, satisfying again (3.21).

Consequently, for each of the two problems (BC-A) and (BC-B), for each d > 0
we can find #,w, chosen as before in such a way that there exists constant v > 0
depending polynomially on 6, such that

16 = vllL20,.) + llall 20,2y < ve™® (8% = vl L2(0,.)m + 1900, )| 2(0.1)  VE > 0.

Transformation 7 is bounded with bounded inverse (see the comments in Theo-
rem 2.4) and, therefore, we obtain an inequality as (3.12).

Remark 3.3. The previous calculations indicate that gain 6 appearing in observer
system (3.2)-(3.3) is crucial in the stabilization of the closed-loop system. Indeed, in
(3.23), we see that choice of § compensates for some terms appearing therein. The
dependence of the terms on the eigenvalues of matrix P indicates that a simpler
Luenberger observer with pole placement would not suffice for the stabilization of
the closed-loop system. These terms play the role of the nonlinearities, appearing in
the Lyapunov derivative used for the observer error in high-gain observer designs for
finite-dimensional systems. Although in finite dimension, a pole-placement observer
is enough for linear systems, in the present framework of infinite dimension, a design
similar to high-gain observers in finite-dimension is required.

We are now in a position to prove the closed-loop stability for the whole system

following the methodology of Theorem 2.4. Let o, _q) := (171 e f/n_l)—r. Then, 9y, _1
satisfies the following equations

ﬁ[nfl],t + ’0[7171],30 + @[nfl],mxx = (An—l - In—l)ﬁ[nfl] + gﬁn + @n—lKn—l(ﬁl - Ul)v
(BC_Av ’L:J[nfl]) : ?[nfl] (tv O) = @[nfl] (t7 L) = ﬁ[nrl],x(t7 L) =0
(BC_Bv v[n—l]) : U[n—l],wa:(t7 O) = ’O[n—l] (t7 L) = U[n—l],w(t7 L) =0

This manuscript is for review purposes only.
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Output feedback control of a cascade system of linear KdV equations 15

where ¢ := (0 - 0 1)—r and ©,,_1, K,,_1 are involved in observer (3.2).
By choosing

L
0a(t) = [ (@)l () P

as a Lyapunov functional along the L?(0, L)"~! solutions to the last equations, with
7(+) a positive increasing C® function, we obtain

L L

Ua(t) = / (2" () + 7(2)) iy (z) Pz — 3 / ()] 11.0 () Pl
— waﬁT z)Sym (I,_1 — Ap_1) U1y (x)dx
2/0 (2)07, 1y (2)Sym (Tn_1 — An_1) Dy (£)d

L L
+2 / ()i ()i (x)dz + 2 / 7(2)0], 11O 1 K1 (1 — 1)z + U,
0 0

where Uy g is as Wy in (2.14) (see the proof of Theorem 2.4), while v}, _1; is substituded
by (,—1]- Applying Young’s inequality, we get

. L
Us(t) S/O (7" (x) + 7' (x) = (pn — 20)7(2)) |01 (z)[dz

1 [* 1 L
(3.24) + 5 / ()02 (x)dx + 592”*2|Kn,1|2/ () |01 (z) — vy (z)2dz + Uz,
0 0

with § > 0 chosen sufficiently small, as in (A.4), determined in the proof of Lemma 2.2
of previous section, and p,, defined in (2.15).

Now, to ensure negativity of the Lyapunov derivative, we choose 7(-) for each of
the two boundary problems as follows.

Case (BC A, 0},_1)):

() =1
Then, in conjunction with the previously proven equation (3.12), we get from (3.24)
. odt /1~ . 2
(3.25) Us(t) < =2dUs(t) +me ™ (|[0° = 0°|| L2(0,)n + [00ll22(0.1))

where d := p, — 20 > 0 and

(3.26) m = %W(L)ez max (1,0%" %K, _1|*) .

Case (BC B, 0p,—1)):
For boundary conditions (BC B,0[,—1), to obtain an asymptotic stability result,
we first check that for n = 2, we have p, = 2. For this pa, proof of Lemma 2.2
suggests that there exists m(-) satisfying (2.5) for some b > 0, with the same =(-),
= £2 — 0. Then, a similar inequality as (3.25) is satisfied for all L > 0, d = b and
m as in (3.26). Additionally, following Assertion 2 in the proof of Lemma 2.2, we see
that for any n > 2, implying p,, < 2, there exist again 7(-), d = b > 0, such that (2.5)
holds for L € (0, L].
Now, we see that for both boundary problems (BC-A) and (BC-B), (3.25) gives

_ m _ 97 _ N ~ 2
UQ(t) S (& thW(O) + 2d — 2J(€ 2dt _ e th) (HUO — UOHLZ(O,L)" =+ ||U9L||L2(O,L)) .
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The latter implies

(3.27)
Us(t) < <e2dt +

Ry (G )) (18° = 0l 20, + 1%l 220.20)
Recalling that d depends on the adjustable observer parameter ¢, we suppose, without
loss of generality, that can be chosen such that d > d, so that the previous inequality
has meaning.

Now, using trivial inequalities and by virtue of (3.27) and (3.12), we easily get:

10 = vllz20,Ly» + 18ll2(0,L)n < 18 = wllL20,)n + 0nllL2(0,2) + 10pn—1]ll L2(0,2)n—1

et 4 1(0) \/e—th " L(G—Qd’t _ -2t

T 2d — 2d

x (||1A)0 - v0||L2(O,L)” + ||60||L2(0,L)”) .

The latter completes the proof of Theorem 3.2, suggesting also that the asymptotic
rate of the whole closed-loop cascade system is no larger than d, which is decreasing
with n, contrary to the asymptotic rate for the last state v,, which is adjusted by the
observer and control parameters. 0

Remark 3.4. The considered stabilization problem of under-actuated and under-
observed cascade systems of KdV equations was here limited to the linear case, and
special forms of couplings. Even though stabilization results of the original nonlinear
KdV equation can be found (see survey [3]), or observer results for some infinite-
dimensional systems with nonlinearities (satisfying some “triangular structure”), as
in [16, 18], extensions of our output feedback stabilization to more general couplings
and/or nonlinearities are quite challenging, and are thus left for future studies: a
strong difficulty comes from the coefficients of system’s differential operator, where
the presence of distinct elements raises problems related to the notion of algebraic
solvability, which has been given attention in [1, 19] and other works of the same
authors. In the Lyapunov-based approach we have considered, this problem translates
into the lack of a commutative property between a Lyapunov matrix and coefficients of
system’s differential operator. Handling nonlinearities in one-order term (for instance
terms wv;v; » or even couplings of this type between the equations) and zero-order
term at the same time is also part of the challenge, as this commutative property
would not be fulfilled. We also refer to [9], where some open problems concerning
such coupling are presented, while the reader can understand the difficulties in the
controllability analysis of under-actuated systems with nontrivial coefficients of the
differential operators and the presence of nonlinearities.

Notice yet that it could be possible to adopt an indirect approach, based on our
previous approaches [18], to deal with the case where the one-order and dispersion
terms would be of the form A v, + Asv,4,, for some A1, Ay € R"*", Consideration of
linear lower triangular couplings of one-order and third-order terms would be feasible
as well, but more general cases remain open.

Notice also that this under-observed problem being already challenging, the case
when only a boundary measurement is available (instead of an internal one, at least
localized to a part of the domain) is even more difficult: even though a solution does
exist for a single equation and boundary measurement [23], it does not easily extends
to the case of coupled KdV equations, via a backstepping and a single measurement

This manuscript is for review purposes only.
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Output feedback control of a cascade system of linear KdV equations 17

instead of a distributed one. For the case of n coupled equations, a backstepping
approach that would lead to an exponentially stable observer error system would fail,
even for n = 2, if the observations were fewer than the states. In addition, the control
problem of under-actuated systems by itself is a hard problem, and if 2 x 2 systems
have local solutions via backstepping, see [8], they concern hyperbolic systems where a
dissipative target system is feasible. For the coupled KdV equations, the exponentially
stable target system for the observer error would be needed to be a damped system,
which cannot be achieved by a single observation.

Some possible generalizations of the present framework, as the ones described
before, will be a subject of our future works.

4. Conclusion. In this work, output feedback stabilization for a class of cascade
system of linear KAV equations was achieved. Two boundary control problems, with
controls placed on the left side of the last equation, were investigated. Distributed
measurement of the first state was considered, which provided an estimation (using a
high-gain observer) of the states fed in the control laws. The cascade system is stabi-
lized for both boundary problems, but with a limitation on the number of equations
and length of the domain for the second one.

Future developments might include the same stabilization framework, but with
more general couplings (in zero-order and one-order derivative terms), including lo-
calized terms and nonlinearities.

Appendix A. Proof of Lemma 2.2. To prove Assertions 1 and 2 of
Lemma 2.2, it is more convenient to write the characteristic equation of the differential
equation in (2.5) as

(A1) P rr—s—s=0

(as in [25], a technique used to solve the characteristic equation of the KAV operator),
where

(A.2) §2 45 =2\ —2b

and considering s being the real root of the latter equation. Then, solutions to (A.1)
are given by

s /35244 s V/3s2+4

7’1:$,T2:7§+2T,7‘3:—§77] 5

and, therefore, unique solutions to the differential equation in (2.5) are given by

/332 p)
(A.3) m(z) = ae®® + Be 27 cos BSTHCE + ve~ 5% sin yx
with a, 8,7 € R chosen, such that restriction on initial conditions in (2.5) is satisfied.
We can check numerically that there exists a number € > 0 near zero, such that for
s>1—¢, n(-) given by (A.3) with initial conditions 7(0) = 4,7'(0) = 2, 7" (0) = =5
(corresponding to o = 56/25, 8 = 44/25,v = 8/25) is positive and increasing and,
therefore, it satisfies (2.5). Defining a small constant 6 > 0 by

e 3¢ Te
A4 §= — —
(A.4) 55 T
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w(x) for different values of s
14 T T T T T

F1G. 1. Solutions to (2.5) for different s

we see from (A.2) that for s > 1 — ¢ we have A > Ao := 1 — § for choice b = 1.
Thus, for all A > Ao, there exists b > 0, such that conditions (2.5) are satisfied.
Hence, Assertion 1 is proven to hold for A\g = 1 — §, where § is defined above. Now,
notice that for s < 1 — €, corresponding to A < Ag, and for any initial condition of
7(-), satisfying second equation of (2.5), there is a L > 0, such that for z > L, 7(-)
becomes decreasing and, thus, fails to satisfy all conditions (2.5). This implies that
for 0 < A < )Xo, Assertion 2 is satisfied for some small L > 0. Letting s — 0%, and
choosing initial conditions 7(0) = 4, 7'(0) = 2, 7" (0) = —5 as before, 7 approaches the
trajectory of m(x) = —1+5cos(x) + 2sin(z), for which 7/(z) < 0 for L > arctan(2/5).
By this, for A — 0%, b — 0%, Assertion 2 is satisfied with L = arctan(2/5).

In Figure 1, we represent the evolution of w(x) for choice of initial condition
m(0) = 4,7'(0) = 2,7”(0) = —5 and various values of s, corresponding to various
values of A\. For small values of s, corresponding to small values A, 7(+) is increasing
until some point z = L quite small, but for > L, it is decreasing and, thus, fails to
satisfy fourth equation of (2.5) after this point, in accordance with Assertion 2. We
also see that for all s > 1—¢, for ¢ > 0 small, given as before, 7(-) is always increasing,
verifying Assertion 1. The proof is complete.

Appendix B. Well-posedness of system and observer.
We show here the well-posedness of both controlled system (1.1)-(1.3) and ob-
server system (3.2)-(3.3).

B.1. Well-posedness of (1.1)-(1.3). First, for system (1.1), with boundary
conditions (BC-A) or (BC-B), feedback control laws of the form (2.7a) or (2.7b),
respectively, and initial condition v* € L?(0,L)", it is sufficient to prove the well-
posedness of target system, which results after applying the isomorphic transformation
T, see (2.9), in conjunction with (2.10):

Uln—1],t + Un—1],x + Un—1],zze = (Anfl - Infl)v[nfl] + éT_l[ZL
2t + Zp + Zpge Fwz =0

(BC-A) : n(t,0) = n(t, L) = n.(t, L) =0,

(BC-B) : 12 (£,0) = n(t, L) = nz(t, L) = 0,
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where 17 = (vj,,—1) ) is the target state and we adopt the same notation as in (2.13).
We rewrite the above system as an abstract evolution system in L2(0, L)" as

{ = A,
where A := (A1 -+ A,) : D(A) — L?*(0,L)" is an linear unbounded operator
defined as
Aili == Ciw — Giaze — G+ Cit1,t=1,...,n—2
An—l(n—l = - Cn—l,:c - Cn—l,xxac - Cn—l + Tﬁl[Cn]
AnCn = - Cn,z - Cn,mzw - wC’fH
with domain

D(A) = {¢ € H*(0,L)";¢(0) = ¢(L) = ¢'(L) = 0, for (BC-A),
or ¢"(0) = ¢(L) = ¢'(L) = 0, for (BC-B)}.

Its adjoint operator satisfies

A:Cz :Ci,m +Cz,zmm - CZ +Ci+1vi =1,... ,no— 2
AZ—lCn—l :<n—1,a: + Cn—l,ocxac - Cn—l + Tﬁl[cn]
'A:(LC'” :Cn,w + Cmmcz - WCn,

with domain

D(A*) = {¢ € H*(0,L)";¢(0) = ¢'(0) = ¢(L) = 0, for (BC-A),
or ¢"(0) = —¢(0),¢(L) = ¢'(0) = ¢(L) = 0, for (BC-B)}.

Operator A and its adjoint A* are closed with domains dense in L?(0, L)". Further-
more, they are both dissipative. Indeed, from the stability proof of Theorem 2.4, we
first see that A, is dissipative. Then, the exponential stability of T[(,] in (2.12), in
conjunction with (2.17) implies that

(Bl) <A[n71]<.[’ﬂ71]7WC[H71]>L2(O7L)71—1 <0,

where 7(-) satisfies (2.5). Inequality (B.1) is satisfied for every L > 0, if n > 2 under
boundary conditions (BC-A) and if n = 2 under boundary conditions (BC-B). For
the latter case, the same inequality holds for n > 2, when L € (0, L], for some L > 0.
This was shown in the stability proof of Theorem 2.4 and it implies that operator A
is dissipative, namely

<A<7 C>L2(O,L)” S 0

To show dissipativity of the adjoint operator A*, i.e., that {(A*(, <>L2(O L <0,
we can easily show first that A% is dissipative, by applying integrations by parts.

Then, we show that <A>[kn71]<[n71]’c["*1]> < 0. This implies that A* is

L2(0,L)n=1
dissipative.

Consequently, we can apply the Lumer-Phillips theorem and we conclude that A
generates a C%-semigroup of contractions and, thus, returning to the original coordi-
nates via 7!, we have that for any initial condition v° € L2(0,L)", there exists a
unique mild solution

v € C° (0,00, L*(0, L))
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for system (1.1)-(1.3), noting also, that for (BC-A), the above holds for all L > 0
and n > 2, while for (BC-B), the above holds for all L > 0, when n = 2 and for all
L € (0, L], when n > 2, where L is given in Lemma 2.2.

The above well-posedness result for the n coupled equations holds also for the
single damped KdV equation, see (2.1)-(2.3), as this system’s operator is equal to A,
as defined above.

B.2. Well-posedness of (3.2)-(3.3). Observer system given by (3.2) with
boundary conditions (3.3) is well posed. To see this, it suffices to show the well-
posedness of the error system (3.6)-(3.7), invoking also the well-posedness of initial
system (1.1)-(1.3) that we showed before. The differential operator for error system
(3.6)-(3.7) is given by

AC = —(o = Coaa + 0(An + K C)( — BC,
with domain
D(A) = {¢ € H*(0,L)";¢(0) = (L) = ('(L) = 0, for (BC-A),
or ¢"(0) = ¢(L) = ¢'(L) = 0, for (BC-B)}.
and its adjoint operator is given by
A*C = G + Coaa + 0(An + K, O)¢ — B,
with domain
D(A") = {¢ € H*(0,L)";¢(0) = ¢'(0) = ¢(L) = 0, for (BC-A),
or ¢"(0) = =¢(0),¢(L) = ¢'(0) = ¢(L) = 0, for (BC-B)}.
By the stability proof in Theorem 3.1, we see that

(B~2) <-A<7MPC>L2(0,L)TL <0,

whenever 6 > 6y, where 6 is defined in the proof of Theorem 3.1 and where function
p(-) and matrix P are defined in the proof of Theorem 3.1. Inequality (B.2) implies
that A is dissipative. The adjoint A* is also dissipative and it can be shown by
proving that (A*(, P¢) 20,0y < 0, by applying successive integrations by parts.
This, similarly as in Appendix B.1, proves the well-posedness of the error equations,
which along with the well-posedness of the initial system results in the well-posedness
of the observer system (3.2)-(3.3), namely for any initial condition #° € L?(0,L)",
there exists a unique mild solution

b€ C°(0,00;L*(0,L)"),

for all 6 > 6.

REFERENCES

[1] F. ALABAU-BOUSSOUIRA, J.-M. CORON, and G. OLIVE, Internal controllability of first
order quasilinear hyperbolic systems with a reduced number of controls, SIAM J. Control
and Optimization, 55 (2017), pp. 300-323.

[2] A. BATAL and T. OZSARI, Output feedback stabilization of the linearized Korteweg-de Vries
equation with right endpoint controllers, Automatica, 109 (2019), 108531.

This manuscript is for review purposes only.



Output feedback control of a cascade system of linear KdV equations 21

E. CERPA, Control of a Korteweg-de Vries equation: a tutorial, Mathematical Control and
Related Fields, 4 (2014), pp. 45--99.

E. CERPA and J.-M. CORON, Rapid stabilization for a Korteweg-de Vries equation from the
left Dirichlet boundary condition, IEEE Transactions on Automatic Control, 58 (2013), pp.
1688—1695.

E. CERPA and A. PAZOTO, A note on the paper ”On the controllability of a coupled system
of two Korteweg-de Vries equations”, Comm. Contemp. Math., 13 (2011), pp. 183-189.

E. CERPA, 1. RIVAS, and B.-Y. ZHANG, Boundary controllability of the Korteweg-de Vries
equation on a bounded domain, SIAM J. Control Optim., 51 (2013), pp. 2976—3010.
J.-M. CORON and Q. LU, Local rapid stabilization for a Korteweg-de Vries equation with a

Neumann boundary control on the right, J. Math. Pures Appl., 102 (2014), pp. 1080—1120.

J.-M. CORON, R. VAZQUEZ, M. KRSTIC, and G. BASTIN, Local exponential stabilization
of a 2z2 quasilinear hyperbolic system using backstepping, SIAM J. Control Optim., 51
(2013), pp. 2005—2035..

E. FERNANDEZ-CARA, M. GONZALEZ-BURGOS, and L. DE TERESA, Controllability of
linear and semilinear non-diagonalizable parabolic systems, ESAIM Control Optim. Cal.
Var., 21 (2015), pp. 1178-1204.

A. A. HALIM, S. P. KSHEVETSKII, and S. B. LEBLE, Numerical integration of a coupled
Korteweg-de Vries system, Computers and Mathematics with Applications, 45 (2003), pp.
581-591.

A. HASAN, Output-feedback stabilization of the Korteweg-de Vries equation, Mediterranean
Conference on Control and Automation, Athens, Greece (2016), pp. 871—876.

R. HIROTA, J. SATSUMA, Soliton solutions of a coupled Korteweg-de Vries equation, Physics
Letters A, 85 (1981), pp. 407-408.

C.-H. JIA, Boundary feedback stabilization of the Korteweg-de Vries-Burgers equation posed
on a finite interval, J. Math. Anal. Appl., 444 (2016), pp. 624-647.

C.-H. JIA, W. GUO, and D. LUO, Parameter estimation and output feedback stabilization
for the linear Korteweg-de Vries equation with disturbed boundary measurement, ESAIM
Control Optim. Cal. Var., 25 76 (2019).

H. K. KHALIL, High-gain observers in nonlinear feedback control, Advances in Design and
Control, STAM (2017).

C. KITSOS, High-gain observer design for system of PDEs, PhD thesis, Automatic Control
Engineering, University Grenoble-Alpes (2020).

C. KITSOS, G. BESANCON, and C. PRIEUR, High-gain observer design for a class of quaslin-
ear integro-differential hyperbolic systems - application to an epidemic model, conditionally
accepted in IEEE Transactions on Automatic Control (2020).

C. KITSOS, G. BESANCON, and C. PRIEUR, Contributions to the problem of high-gain
observer design for hyperbolic systems, Trends in Nonlinear and Adaptive Control - A
tribute to Laurent Praly for his 65th birthday, Springer Nature, Lecture Notes in Control
and Information Sciences (2021).

P. LISSY and E. ZUAZUA, Internal observability for coupled systems of linear partial differ-
ential equations, STAM J. Control Optim., 57 (2019), pp. 832-853.

S. Y. LOU, B. TONG, H. C. HU, and X. Y. TANG, Coupled KdV equations derived from
two-layer fluids, J. Phys. A: Math. Gen. 39 (2006), pp. 513—527.

S. MARX and E. CERPA, Output feedback control of the linear Korteweg-de Vries equation,
53rd IEEE Conference on Decision and Control, Los Angeles, USA, (2014), pp. 2083—2087.

S. MARX, E. CERPA, C. PRIEUR, and V. ANDRIEU, Global stabilization of a Korteweg—de
Vries equation with saturating distributed control, SIAM J. Control Optim., 55 (2017), pp.
1452—1480.

S. MARX and E. CERPA, Output feedback stabilization of the Korteweg-de Vries equation,
Automatica, 87 (2018), pp. 210-217.

G. PERLA MENZALA, C. F. VASCONCELLOS, and E. ZUAZUA, Stabilization of the
Korteweg-de Vries equation with localized damping, Quart. Appl. Math., 60 (2002), pp.
111—129.

L. ROSIER, Control of the surface of a fluid by a wavemaker, ESAIM Control Optim. Cal.
Var., 10 (2004), pp. 346--380.

L. ROSIER and B.-Y. ZHANG, Control and stabilization of the Korteweg-de Vries equation:
Recent progresses, J. Syst. Sci. Complex., 22 (2009), pp. 647—682.

S. TANG and M. KRSTIC7 Stabilization of linearized Korteweg-de Vries systems with anti-
diffusion, American control conference, Washington DC, USA (2013), pp. 3302—3307.

S. TANG and M. KRSTIC7 Stabilization of linearized Korteweg-de Vries systems with anti-
diffusion by boundary feedback with non-collocated observation, American Control Confer-

This manuscript is for review purposes only.



22 C. Kitsos, E. Cerpa, G. Besangon, and C. Prieur

836 ence, Palmer House Hilton, USA (2015), pp. 1959-1964.
837  [29] B.-Y. ZHANG, Boundary stabilization of the Korteweg-de Vries equations, Int. Series Numer.
838 Math., 118 (1994), pp. 371—389.

This manuscript is for review purposes only.



	Introduction
	Full State Feedback Stabilization
	Stability of a single KdV equation
	Full state stabilization

	Observer Design and Output Feedback Stabilization
	Observer
	Output feedback stabilization

	Conclusion
	Appendix A. Proof of Lemmapi
	Appendix B. Well-posedness of system and observer
	Well-posedness of 4sys-4initialsys
	Well-posedness of 4observer-4OBSBC

	References

