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Abstract

We propose a new Kalikow decomposition and the corresponding Per-
fect Simulation algorithm for continuous time multivariate counting pro-
cesses, on potentially infinite networks. We prove the existence of such a
decomposition in various cases. This decomposition is not unique and we
discuss the choice of the decomposition in terms of algorithmic efficiency.
We apply these methods on several examples: linear Hawkes process, age
dependent Hawkes process, exponential Hawkes process.

Keywords: Kalikow decomposition, counting process, Hawkes process, Per-
fect Simulation algorithm
MSC 2010 subject classification: 60G55, 60K35

1 Introduction

Multivariate point (or counting) processes on networks have been used to model
a large variety of situations : social networks [14], financial prices [2], genomics
[22], etc. One of the most complex network models comes from neuroscience
where the number of nodes can be as large as billions [17, 16, 23]. Several
counting process models have been used to model such large networks: Hawkes
processes [12, 11], Galves-Locherbach models [10] etc. If the simulation of such
large and potentially infinite networks is of fundamental importance in compu-
tational neuroscience [16, 17], also the existence of such processes in stationary
regime and within a potentially infinite network draws a lot of interest (see
[10, 19, 13] in discrete or continuous time).

Kalikow decompositions [15] have been introduced and mainly used in dis-
crete time. Such a decomposition provides a decomposition of the transition
probabilities into a mixture of more elementary transitions. The whole idea is
that even if the process is complex (infinite memory, infinite network), the ele-
mentary transitions look only at what happens in a finite neighborhood in time
and space. Once the decomposition is proved for a given process, this can be
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used to write a Perfect Simulation algorithm [10, 13, 19]. Here the word ”per-
fect” refers to the fact that it is possible in finite time to simulate what happens
on one of the nodes of the potentially infinite network in a stationary regime.
The existence of such an algorithm guarantees in particular the existence of the
process in stationary regime. Most of the papers referring to Kalikow decompo-
sition and Perfect Simulation are theoretical and aim at proving the existence
of such processes on infinite networks in stationary regime [13, 10].

In the present paper, we propose to go from discrete to continuous time.
Therefore, we will decompose conditional intensities rather than transition prob-
abilities. This leads to serious difficulties that usually prevent a more practical
application of the Perfect Simulation algorithm. Indeed, up to our knowledge,
the only work dealing with continuous time counting processes, is the one by
Hodara and Locherbach [13]. Their decomposition is constructed under the as-
sumption that there is a dominating Poisson process on each of the nodes, from
which the points of the processes under interest can be thinned by rejection
sampling (see also [18] for another use of thinning in simulation of counting
processes). To prove the existence of a Kalikow decomposition and go back to
a more classic discrete time setting, the authors need to freeze the dominating
Poisson process, leading to a mixture, in the Kalikow decomposition, that de-
pends on the realization of the dominating Poisson process. Such a mixture is
not accessible in practice, and this prevents the use of their Perfect Simulation
algorithm for more concrete purposes than mere existence.

More recently, in a previous computational article [17], we have used another
type of Kalikow decomposition, which does not depend on the dominating Pois-
son process. This leads to a Perfect Simulation algorithm, which can be used as
a concrete way for Computational Neuroscience to simulate neuronal networks
as an open physical system, where we do not need to simulate the whole network
to simulate what happens in a small part [17].

In the present work, we want to go further, by proposing an even more
general Kalikow decomposition, which does not assume the existence of a dom-
inating Poisson process at all. We also prove (and this is not done in [17]) that
such decomposition exists on various interesting examples, even if these decom-
positions are not unique. Finally we propose a corresponding Perfect Simulation
algorithm and we discuss its efficiency with respect to the decomposition that
is used.

The paper is organized as follows. In Section 2, we introduce the basic
notation and give the precise definition of a Kalikow decomposition. In Section
3, we present two methods to obtain a Kalikow decomposition for a counting
process having stochastic intensity. The first method is very general and based
on adequate choices of neighborhoods and weights. As an application, we study
a classical example, the linear Hawkes process [12, 11], and a very recent and
promising process, the age dependent Hawkes process [20]. Though very simple
cases of Hawkes processes are treated, it is worth to note that our method can
be generalized very easily. The second method exists only for Hawkes processes
and is based on Taylor expansion. Finally, in Section 4, we present a modified
Perfect Simulation algorithm based on the Kalikow decomposition written in



Section 3, and we discuss the efficiency of the algorithm with respect to the
Kalikow decomposition.

2 Notation and Kalikow decomposition

2.1 Notation and Definition

We start this section by recalling the definition of counting processes and stochas-
tic intensity. We refer the reader to [4] and [9] for more complete statements.

Let I be a countable index set. A counting process Z¢,i € I, can be described
by its sequence of jump times in R, (T!),ez [4]. Consider (F;)ier the past
filtration of the process Z = (Z%);er:

Fi=o(Ziels<t).

Since a point process is fully characterized by its arrival times [4], we can
denote by X the canonical path space of Z:

n

X = {({t\ }nez)ier such thatVn,i, t, <ti jandt) <0<t}

where {t!},cz denotes a possible realization of (T?),cz. Denote X; the canon-
ical path space of Z before time t:

Xy = XN (o0, ).

A past configuration z; is an element of X; which is a realization of arrival
times of Z before ¢.

Under suitable assumptions, the evolution of the point process Z* with re-
spect to (Ft)ter is fully characterized by its stochastic intensity which depends
on the past configuration, see Proposition 7.2.IV of [9]. Hence, in this paper,
for any x; € X}, given that the past before time ¢ is z;, we denote by ¢; +(x)
the corresponding stochastic intensity of the process Z* at time ¢ for any i € L.
More precisely, for any x; € X;, we have

P (Z' has jump in [t,t + dt) | past before timet = x;) = ¢; (¢)dt.

Together with the path space X;, we denote V; a countable collection of
finite space-time neighborhoods v, in which each neighborhood v; is a Borel
subset of I x (—o0,t). More precisely, we call v; a finite neighborhood if there
exists a finite subset J C I and a finite interval [a, b] such that:

v C J X [a,b].

For convenience, we denote X the canonical path space of Z before time 0
instead of Xj. In addition, a past configuration before 0 is denoted by x and the
intensity at time 0 is ¢;(z) instead of ¢; o(xo). Moreover, if z = ({til}"EZ*%eI IS
X, then for any 7 € I, we denote the point measure associated to index ¢ by



dol = Y &y (ds)
mezZ—
in which d,(.) is a Dirac measure at t. Throughout this article, without further
mentioning, the integral fab stands for f[a,b) with a,b € R.
Let 2, = ({t},}nez),oq € & and denote z§* := ({ti, — t},), € X the shifted
configuration. In this paper, if we do not mention otherwise, we always consider
time homogeneous point processes, which in our setting can be defined as follows.

Definition 1. For a given i € I, a counting process Z* with stochastic intensity
(¢i,c(1))ier is said to be time homogeneous if

¢i,t($t) = ¢i($ft)
for allt € R and x; € X;.

Before giving the definition of a Kalikow decomposition, we introduce the
definition of a cylindrical function as follows.

Definition 2. For any neighborhood v, € V; and zy,y; € X;, we say x; = y;
whenever x; = y; in v,. This means that, for all i € I,n € Z, such that t!, € x;
and (i,t%) € vy, we have t!, € y; and vice-versa. A real valued function f is
called cylindrical in vy if f(x;) = f(y;) for any x; 2 y;, and we usually stress
the dependence in vy by denoting f¥*(x¢).

In what follows, we give the definition of the Kalikow decomposition for a
counting process Z* with stochastic intensity ¢; (x).

Definition 3. We say a time homogeneous process Z' for some i € I admits
the Kalikow decomposition with respect to (w.r.t) a neighborhood family (Vi)ier
and a sequence of subspaces (Vi)ier of Xoo, if for all t, the intensity ¢; (x¢)
admits a convex decomposition for any past configuration x, € Xy NY, , that is,
for any vy € Vy there exists a cylindrical function ¢;',(.) on vy taking values in
R and a probability density function \;.(.) such that

Vo € XN Ve, Gialm) = X0, + D Na(w)el(z)  (2.)
v EV 0 #£D
with Xz (0) + > Nie(vg) = 1.
v €V, v 7#0
We say process Z = (Z%);c1 satisfies a Kalikow decomposition w.r.t (Vi)ier
and (Vy)ier if for all i € T each process Z* satisfies a Kalikow decomposition
w.r.t (Vi)ier and (Ve)ier. For simplicity, all the conventions of (X)ter will
be used for (Vi)ier, such as Yo being replaced by Y, etc.

Remark 1. Note that the function \; (.) in Definition 3 is a deterministic func-
tion, that is why this decomposition is unconditional, whereas in [13], \; +(.) was
depending on the dominating Poisson processes (see Introduction). Secondly, we
do not restrict ourself to a bounded intensity, which is a notable improvement
compared to [17].



In the following subsection, we show that we can translate the decomposition
at time 0 to any time ¢ when dealing with time homogeneous processes.

2.2 From the decomposition at time 0 to the decomposi-
tion at any time t.

In the context of time homogeneous process, for any ¢ € R, we define
V=Y""={z+tlzxec Y}

For all ¢ € I, assume that Equation (2.1) is satisfied at time ¢ = 0 for any
x € XNY, we then prove that, for time homogeneous processes, this equation is
achieved at any time ¢, for any z; € X; N, for a particular choice of V;. Hence,
to show that a counting process Z%,i € I satisfies a Kalikow decomposition, it
is then sufficient to write the Kalikow decomposition at time 0 only.

Consider a neighborhood family at time 0, V. Take a neighborhood v € V
and for t > 0, denote v = {(i,u +t) : (i,u) € v}, i.e, shift to the right the
time component of the neighborhood v by ¢ and define

V,=V7={v7":v eV} (2.2)

Since Equation (2.1) is satisfied at time O for any x € X N'Y and since
x5t € X N, this implies that

¢i(zsh) = )\i,O(Q))(bg),o + Z Aio(0)df o (z").

vEV,v£D

Define the cylindrical function api”;t, that is cylindrical on v—% such that
gof;t(;vt) = ¢} o(xf") and go?ﬁt = qﬁ?ﬁo. Moreover, for any nonempty neighbor-
hood v in V, we consider \; +(v7%) = \; o(v). Since Z* is a time homogeneous
process, by Definition 1, we have that

die(e) = Xa@l + Y0 ATl (@) (23)
vtEV 0t #£D
with
Ao (0) + Yo AT =1
vteV v t£)

This shows that Equation (2.1) is satisfied at any time ¢. Thus, by defini-
tion, Z* admits a Kalikow decomposition w.r.t the neighborhood family (V¢)ser
where V; = V7. In addition, (V¢)ser is completely determined once the neigh-
borhood family at time 0, Vy, is determined. From now on, it is sufficient to
mention Vy whenever we speak about the Kalikow decomposition.



2.3 About the subspace Y

The role of the subspace ) is to make the Kalikow decomposition achievable.
There are many possible choices for such a subspace, depending on the model
under consideration. In this paper, we focus for instance on the choice Y = X>9,
the subspace of X where the distance between any two consecutive possible
jumps is greater than 6. More precisely,

X7 ={x = ({t' ez )ier such that Vn,i ¢t

n

41— th > dandt) < 0}.
(2.4)
Another possible choice of a subspace ) that we consider guarantees that
the intensity is finite, by introducing

Y={ze X, Vi ¢;(x)< oo}

In practice, either the process is known, namely, the formula of the intensity
is given, and we dispose of theoretical results that guarantee for instance that
x € ) almost surely, or we handle the decomposition by creating a certain
threshold. Before the process reaches this threshold, we are able to achieve
the Kalikow decomposition by following one of the methods described in the
following section. However, after having reached this threshold we can not say
anything any more. This depends of course on the initial condition, and if we
start for instance with no point on (—o0,0), the intensity is in many cases likely
to be finite at least at time 0. To proceed further with a Perfect Simulation
algorithm is more tricky since we need to check that the intensity remains finite
during all steps of the algorithm. This will be the main object of a future work.

3 Main results

3.1 The first method

In this section, we present step by step a general method to prove the existence
of a Kalikow decomposition for the counting process Z¢ i € I. We start by
discussing the relevant family of neighborhoods.

For any subset J C I we say a process Z° is locally dependent on a subprocess
Zj = (Z7)jey if the intensity ¢;(z) is a cylindrical function on J x (—oc,0).
Roughly speaking, a process Z' is locally dependent on a subprocess Z if the
information of process Z7 with j € J is compulsory to compute the intensity
of process Z¢. For short, we say i is locally dependent on .J. A more formal
definition of local dependence can be found at [8]. Denote

V_;:={j €I such that i is locally dependent on j} (3.1)

and §' :=V _; x (—0,0).

We denote by (P, <) a countable, ordered set. To simplify notation, in
what follows, we consider P to be IN, but depending on the concrete examples,
different sets P will be considered, for example IN x IN, etc.



Define a family of finite space-time neighborhoods at time 0 associated to
the dynamic of Z%:

Vi = {(vj)rep C I x (—00,0) such that Uy v} =S} (3.2)

with the convention that v = ().

In order to prove that Z? admits a Kalikow decomposition w.r.t the neigh-
borhood family V? and a convenient subspace ), we use the following condition.
Once this condition is fulfilled, we will show in Proposition 1 below that we can
derive the corresponding Kalikow decomposition.

Assumption 1. There ezists a non-negative sequence of functions (AL (z))kep
which are cylindrical on vy, such that

n

> Ailz) = dilw)

k=0
as n — oo, for everyx € XN Y.

Now, we present a method to obtain a Kalikow decomposition under As-
sumption 1.

Step 1: For any k > 0, take A} (x) from Assumption 1, it then guarantees
that ¢;(x) can be written as follows:

¢i(z) = Aj+ Y Aj(x)
E>1

where A} := Aj(x) is a constant, that is, it does not depend on z since v§ = ().
Note that, for k > 1, by definition, A} (z) is cylindrical on v}, and non negative.
Step 2: Define a deterministic nonnegative sequence (7;,)xep such that

D=1
k>0
Obviously, ¢;(x) can be written as:

A A
$i(r) = my— + > 1k k()

X2
0 k>1 k

with the convention that 0/0 = 1. We can set nj, to 0 whenever A} () equals 0
for all z and even discard the corresponding neighborhood from V*.

Proposition 1. Consider a point process Z',i € 1, with intensity at time 0,
@i(x), for any x € X. For the neighborhood family V* defined in (3.2), if ¢;(x)
satisfies Assumption 1, then Z° has the following Kalikow decomposition with



respect to V' and the subspace Y :

for any choice of non negative weights (ni)kep such that

Zn,i =1

k>0

Remark 2. From Step 2, it is clear that such a Kalikow decomposition is not
unique. However, to perform the Perfect Simulation algorithm (see Section 4),
(n,i)kep can not be chosen arbitrarily. These weights need to satisfy several
conditions, for example: the stopping condition, see Proposition 5 below, which
enables the algorithm to end. On the other hand, for the simulation purposes,

these weights should be chosen carefully to avoid the explosion of qﬁf; (). In
addition, they also influence the mean number of total simulated points of this
algorithm, and therefore the efficiency of the algorithm (see Section 4). To
tllustrate this point more clearly, one example is considered in Section 4.

3.2 Examples of the first method

3.2.1 Linear Hawkes process.

In the following, we consider a linear Hawkes process [12, 11], where the intensity
at time 0, ¢;(x), is given as follows. For any « € X,

O .
oia) =i+ 3 [ (=),
jET Y ™

where hj;(.) measures the local dependence of process Z* on Z7 and pu; refers
to the spontaneous rate of process Z°.
We consider the following assumption for the method to work.

Assumption 2. For alli,j € I, hj;(.) is a non negative function.
Denote € an arbitrary, fixed and positive number. Then we have

o@) =m+ > Y [

jel nelN= Y~

—ne+te

hﬂ(—s)dxg

Furthermore, in this example, we have

V_i={j€l suchthat hj #0}.



Since I is at most countable, we may enumerate the indices in I by j; for
[ € IN*. In this example we put P = IN* X IN*| and we consider the neighborhood
family Vaetom as follows: for I,n > 1

Vmy = {1} X [-ne, —ne +e).

We define, for all [,n > 1:

) —ne+te )
AEI n)(w) ::/ hjli(_s)dl'jsl >0,

)
—ne

and Aéo,o) = Afo,o) (x) := p;. Applying the Monotone Convergence theorem,

we obtain
(L,N)

Alooy) Z Al (z) = ¢5i(),
(I,n)=(1,1)
when (L, N) — (00, 00).

Notice that the intensity ¢;(z) is finite if and only if the series converges.
However, what we do here is more general, since we allow the intensity to be
infinite.

Thus, Assumption 1 is fulfilled. As a consequence, relying on Proposition 1,
we conclude that Z? has a Kalikow decomposition with respect to V™ with

Ai(0) = 10,0y
¢Q) _ M
! 7(0,0)
Ai (Ufl,n)) = N(,n)
T B (—s)dad)

(byél,n) (x) — —MNe
K2

N(1,n)

for any choice of non negative weights (nfl n)) (L)en X such that
: n)EN* xIN*

Mooy + D My = 1.

Iin>1

Remark 3. Note that under mild conditions (see for instance [7]) it is well-
known that the process exists in a stationary regime. On the other hand, for our
purpose it is sufficient to consider the subspace Y = {x € X |Vi ¢i(z) < oo}
such that for allx € X NY, ¢i(x) and ¢} (x) are finite.

3.2.2 Age dependent Hawkes process with hard refractory period.

In this section, we are interested in writing a Kalikow decomposition for Age
dependent Hawkes processes with hard refractory period. Up to our knowledge,
this process was first introduced in [5] and no Kalikow decomposition has been



proved, even in a conditional framework, for this type of process. In our set-
ting, the stochastic intensity of an Age dependent Hawkes process with hard
refractory of length § > 0 can be written as follows. For any ¢ € I and z € X,

0 .
bila) =i [0 / hyi(=8)dad | Los oo (3.3)

jer’ -

with the convention that af(z) = —L(x) and

Li(x) = sup{ti, € x such that ti <0} =1¢",
is the last jump before 0 of process Z¢, if it has at least one jump. Otherwise,
we put Lj(z) = —co. Again, we have

V_i={j€l suchthat hj #0}U{i}.
By definition of stochastic intensity (3.3), we observe that the distance of any
two consecutive jumps have to be larger than §. This observation leads us to
consider the subspace Y = X>? that is introduced in (2.4). To prove a Kalikow
decomposition, we consider the following assumptions.

Assumption 3. (i) For alli,j € I, h;;i(.) is a non negative, non increasing
L1 function. Moreover, for every i

D Mgl < oo
jel
(ii) For every i, 1;(.) is an increasing, non negative continuous function.
On the other hand, we build a neighborhood family V"¢**¢¢ by introducing
a non decreasing sequence (V;(k))r>o of finite subsets of I such that
Vi(0) =0,V;(1) = {i}, Vi(k — 1) C Vi(k) and UgVi(k)=V_;U{i}. (3.4)

Consider P = IN and set v}, = V;(k) x [—kd,0), then we obtain by construc-
tion an increasing, nested neighborhood sequence (Ui)kelN- By applying the
methodology of Section 3.1, we prove the following Proposition.

Proposition 2. Consider X>° defined as in (2.4). For any past configuration
x € X, suppose that the intensity is of the form

0
di(z) =i Z/ hji(=s)dzl | Loi (2)>s-
IS B
If Assumption 8 is fulfilled, then the corresponding Kalikow decomposition with
respect to V' and X>9 is for k > 1

Xi(vg) = m
vl Aj

i) = S

n

7
k

with

10



(i) any positive sequence (ni.)k>1 such that Dk no=1,

(i)

0
pa@) =vi | Y /hji(*s)dﬂfi Toi)>6
JEVi(K) s

0

- ’(/Jz Z / h]l(_s)dx]s ]laé(rc)>(5

JEVi(k=1)_k545
for k > 2 and Al (x) = 4;(0)1 ai (x)) >

Remark 4. Note that \;(D) does not appear in the above Kalikow decomposi-
tion. Amazingly, this does not cause any problems for the Perfect Simulation
algorithm (see Section 4). We stress that this is one of the main differences
with [13], the other one being that the decomposition does not depend on the
dominating Poisson processes.

Proof. For any € X>%, i € I and k > 2, consider

0
A =wi [ / Byi(—5)dzd | 1t 0y

JEVi(k) T RO

0
—_ 1/}1 Z / hﬂ(—s)dxg ]laf')(ac)>6' (35)

jEVi(k—1) 7 RO

By Assumption 3, (A% (z))ken is well-defined, non negative and cylindrical
on vi. Moreover, we set A) = 0 as well njy = 0 and A} (x) = ¢,;(0)1 ai (2))>5- Let

n 0
= Z Aﬁf(x) = wi Z / h]’L s ]laé(w)>5
k=1

JEVi(n)

and let us show that r[n]( ) = ¢i(x) when n — co. Consider the inner-term of
the parenthesis,

> / hji(—s)da] */ hji(=8) 1 s)evi daldr;,
IxR—

JEVi(n)

where we denote dx the counting measure on the discrete set I.

We have that (fi(—5)L(j s)cvs ), ., is non negative and non decreasing se-
quence in n. In addition, it converges to hj;(—s)1(;s)ev _,,x(—o0,0) 88 1 — 0O.
Moreover, since ;(.) is a continuous and increasing function, the Monotone con-
vergence theorem for Lebesgue Stieltjes measures implies that r[ ]( ) = ¢i(x)
as n — 0o. As a consequence, Assumption 1 is fulfilled, and by Proposition 1,
the conclusion follows. O

11



Remark 5. Denote DF(z) = {z € X>%: 2 s x}. Clearly,

0 0
i Z/ hji(—s)dz ]la’{)(a:)>6 :7/}z< Z /kghji(_s)dzg+

Jjers— JEVi(k)
—ks ' 0 )
+ Z / hji(—S)ng-f— Z / hji(_s)dzg>]la6(x)>§-
JEVi(k) T JEVi(k)© T

By Assumption 3, we conclude that,

0 0
inf )1/% Z/oo hji(—S)ng ]laé(ac)>5 = % Z /—ké hﬂ(_s)dmg ]laé(x)>5'

DF - _
z€Di (= je1 JEVi(k)

The equality is achieved when we consider the configuration z having points
only inside the neighborhood vt .
Hence, for k > 2, we observe that

0
A = it Y / Bi(=9)d23 | Log oo

DF - _
2€DF (x) et

- nf 4 Z/ hji(=s)dz] | Loj()>s-

The above prescription corresponds to the classical method of obtaining a Ka-
likow decomposition in discrete time, discussed in [13, 10].

3.3 Another method for nonlinear Hawkes processes

In this section, we present a second method to prove the existence of a Kalikow
decomposition for nonlinear Hawkes processes [3]. In the setting of this section,
we suppose that the intensity of the nonlinear Hawkes process Z*,i € 1, is given
by

0
oiw) =i | 5 [ hoi(-)da

Jjers—

for any x € X.
We work under the following assumptions.

Assumption 4. (i) For any i,j € I, the function hj;(.) is non negative and
belongs to L. Moreover, for every i, we have

> lhillz, < oo

jel

12



(ii) For every i € I, 1;(.) is an analytic function on R with radius of con-
vergence about O which is given by K, for some positive K. Moreover, its
derivative of order n, 1/)1(”)(0), is non negative for all n > 1, and 1;(0) is
non negative as well.

In this section, to develop our series using Taylor expansion, we choose

0
yK = $| Sup Z/ hﬂ(—s)dx; < K
% j —0o

We now describe our method. We fix € an arbitrary positive parameter, and
we put D =1 x IN. An index in D is a = (j,n) where j € I and n € IN. We put
|| := |j| + n. For any x € X N VX we introduce

aq () ::/( o hji(—s)dxl.

Note that, whenever x € X N VX, we have a,(r) converges to 0 when
|| = co. Furthermore, we have

o) = S [ 7wt | <o [ X anle) | = (Zaa@)).

jel new Y —(ntl)e JEI neEN a€D
We suppose moreover that

Assumption 5. For anyi € I, there exist a deterministic sequence (ngk)akeD €

(0,1) such that
Z Z ngl...nfxn<1.

n>1a,...,an €D

Let us consider P = U2, D™ where D" := D x D x ... x D (n times). We

construct the neighborhood family V7" by defining for ay., = (ay, ..., ax),
) ) .
U(l)zl;k = Uzal ..... ak) = Ul:lwam (36)

where w,, == {j} x [—=(n + 1)e,ne) if oy = (j,n), and v§ := 0.

Proposition 3. Consider a non linear Hawkes process Z*,i € I, with intensity
¢i(x) given by

0
oiw) =i (X [ hil-s)ded

jer’—

Under Assumption 4 and 5, Z* has a Kalikow decomposition with respect to

13



the neighborhood family VT defined by (3.6) and VX as follows:

Az(@) =1- ZkZl Zal
Y _ 4i(0)

k ‘ )\;‘(@) 4
AV, ) =0, M,
C0(0) a0, () an, (2)
= Hote ) ta

i %
areED nou te nak

,,,,

’Uf

71k ()

i

for any weights (nfyk)akeD satisfying Assumption 5 and for « = (j,n), a, defined
by
aq(x) := / hji(—s)dxl.

—(n+1)e

Proof. From Assumption 4, (ii), and noticing that for any x € X N VX we have
0 < > icr 2onen 4n(T) = X ,ep @al(r) < K, we have a Taylor expansion of
d)i (.13)

Gi(z) =i [ DY am(@) | = (Z aa(x)>

Jj€I neN a€eD
k
()
=1;(0) + Z X Z aq ()
E>1 ’ a=(j,n)eD

(%)
ENOED DD DI k!(o)aal(x)...aak(x).

k>1ay...ar€D

Thus, to obtain the Kalikow decomposition, take (Uék)ake p from Assump-
tion 5, then the conclusion follows. O

Remark 6. The parameter (1}, Ja,ep plays the same role here as (n})xen in
the previous section. Again, the choice of this parameter is discussed in Section

4.

In the following, we give several examples in which we can apply the second
method.
3.4 Examples of second method

In this section, we always consider a deterministic sequence (ngk)ake p that
satisfies Assumption 5.

Example 1. Exponential Hawkes process with 1;(.) := exp(.). In this case we
have K = oo, 1;(0) =1 and w;k) (0) =1 for k > 1. Therefore,
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:1+Z Z %aal(x)...aak(x).

Then, the Kalikow decomposition of Z* with respect to the neighborhood fam-
ily VTavlor jn (3.6) and Y>° is given by

NO =1 X ey
. k>1ay,..ak€D
i(0 =

w0 =

AilVay) = Ty Ty

gk (g) = L Gl@) | (@)

kU, Mo

Example 2. We consider the non-linear Hawkes process with ;(u) = ch(u)
where ch(u) = %. Then K = oo, ¥;(0) = 1, and for k > 1, we have

_ 1
#™(0) =0 and p*7V(0) = 3.

Therefore, Z' has the following Kalikow decomposition with respect to the
neighborhood family VTWer in (3.6) and Y™ is given by

Ai(0) =1 _1 21@1 Zal,“.,a%_l 7731 . -773%,1
(0 -
70 YO
Ai(_vél:zk—l) = "711341 e nézk71
(;5;;1:%71 (1,) _ 1 ' aalv(x) o aOé2vk—1 (.T) )
2(2k - 1) 77&1 nan—l

Remark 7. It is well-known that the Exponential Hawkes process may explode
in finite time with probability non null [6] (that is, produce an infinite number
of jumps within a finite time interval). To perform the Perfect Simulation, in
this case, we shall consider the process having empty past before time 0, in other
words, the process starting from 0. However, the difficulty lies on the fact that we
need to check that the process stays in Y>°. To avoid this difficulty, we shall not
consider the Fxponential Hawkes process or other potentially explosive processes
in the following section. The discussion of potentially explosive process will be
the main object of upcoming work, as we mentioned earlier.

4 Modified Perfect Simulation algorithm

In the following, we present a Perfect Simulation algorithm that simulates the
process Z* on an interval [0, tmax], for some fixed tmaz > 0 in the stationary

15



regime. Our algorithm is a modification of the method described in [17]. The
procedure consists of backward and forward steps. In the backward steps, thanks
to the Kalikow decomposition, we create a set of ancestors, which is a list of
all the points that might influence the point under consideration. On the other
hand, in the forward steps, where we go forward in time, by using the thinning
method [18] we give the decision (keep or reject) to each visited point based
on its neighborhood until the state of all considered points is decided. Further
discussion can be found in [10, 13, 17].
For this algorithm to work, we introduce a subspace ) as follows:

Y={zxeX suchthat Yuv,i: ¢](x)<T;},

where I'; is a positive constant. We assume that the process generated by the
algorithm stays in ) almost surely. For example, in the case of age dependent
Hawkes processes in Section 3.2.2, we show in Proposition 7 below that Af ()
are bounded. Thus, with an adequate choice of weights (A;(.));er and (T;)er,
the algorithm remains in Y almost surely. Moreover, for any = € ), we have

$ix) = N)g! + D N(v)e¥(z) < T,
D#veV?

which means that the intensity is bounded.
Furthermore, for any ¢ and z; € ), by the time homogeneity assumption,

Git(we) = giai ") < T

4.1 Backward procedure

Initial step. Fix i, set the initial time to be 0.
Step 1. Move to the first possible jump T of Z? after 0 by taking

T + 0+ Exp(T;).

Step 2. Recall that V? is the neighborhood family associated to index
i. Independently of anything else, pick a random neighborhood V; v of (,T")
according to the distribution (\;(v)),evi, which corresponds to the Kalikow
decomposition of intensity ¢; r(xr) in (2.1) where zp € Vp.

More precisely, this means that we attach to (¢,T) a random variable V; p
with values in (V#)=7 . For any v € V¢,

P(Vir =v=T) = \i(v).

Assume that V; 7 = v~7 and define the projection to the second coordinate
of v by
mi(v) == {t € R|(j,?) € v},

for any j € I. Notice that if for some j, (j,¢) ¢ v for all ¢, then m;(v) = 0.
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Simulate Poisson processes in v—7, that is for each j € I, we simulate a
Poisson process I1; with intensity I'; on (v=T). Put these points in C}’T7 call
it the first set of ancestors of (i,T):

Cir = J{U.0lt € 1 (m;(0™T))

jEI

Step 3. Recursively, we define the n*" set of ancestors of (i, T),

—1
= U\ (elru.uart),

. n—1
(j,S)ECi_’T

and for each (j,t') € Cl'p, we perform Step 1 and Step 2.
The backward scheme stops when CJ'. = (). We denote

N = inf{n: Cl'r = 0}.
The genealogy of (i,T') is given by
Cir = UfcvleCsz

Remark 8. Let us emphasize that \;(0) does not need to be strictly positive
in the present Kalikow decomposition. This means that there is a chance that
at every step of the Backward steps, we need to simulate a Poisson process in
a non empty neighborhood. However, if there is no point simulated in these
intervals, then we do nothing in the next step. Hence, the Backwards steps end.
This is one of the main advantage of this Kalikow decomposition with respect to
[13, 10].

Remark 9. Notice that, comparing to the original Backward procedure [13, 10],
here, we start by simulating a point in the “future” by adding an exponential
random variable to the initial time. Unfortunately, due to this additional step,
the algorithm always requires that the intensity is bounded in Y. This is one of
the main drawback of this new algorithm.

4.2 Forward procedure

We now attach to each point in C; 7 a random variable x whose value is either
0 or 1, where 1 means that this point is accepted.

For any point (i,t) in the Backward steps, we know its neighborhood which
contains all the points that might influence the state of (i,t), but we do not
know yet the state x of the points in the neighborhood.

We start with the point (j,s) € C; r which is the smallest in time, so that
its associated neighborhood is either empty (v = §)) or non empty but without
any point of the Poisson process in it.

Vjs
o) (a
Step 1. Assign x; s by Bernoulli variable with parameter L(s) where

J
Vj s is the neighborhood of (j,s) . If x, s = 1, this means we accept this point.

17



Step 2. Move to the next point of C; r in increasing time order. Repeat
Step 1:2 until x; 7 is determined.
Update step. Update the starting time of the initial step by 7. Repeat the
Backward and Forward procedures until the starting time is greater than tmazx.

Remark 10. When implementing the algorithm on a computer, it is worth
noticing that, whenever we simulate in an interval that intersects with previously
simulated intervals, we will not simulate in the intersecting parts. In particular,
no additional points is simulated in {i} x (0,T) where (i, T) is the first simulated
point.

4.3 Do we construct the right intensity?

For any i € I, we denote the arrival times of II; in Step 2 of the Backward
steps by (72)nez, with 74 being the first positive time. Indeed even if we have
simulated it on the randomly generated neighborhood, since the intensity is
always the same, we can assume that all these points come only from one single
Poisson process.

As in Step 1 of the Forward steps, we attach to each point of II; a stochastic
mark x given by,

. 1 if 71 is accepted,

0 otherwise.

In addition, for any i € I, define Z' = (7%, X’ )nez an E-marked point
process with £ = {0;1}. In particular, following the notation in Chapter VIII
of [4], for any i € I, let

dZi(mark) = Z Lyi —mark0ri (dt) for mark € E,

nez
FE = VU(Zi(O),Zg(l);s <t) and .th,(l) = \/O’(Zé(l); s < t).
i€l i€l

Moreover note that (Z;(1))icr is the counting process associated to the
accepted points of the algorithm. With these notations, we can prove the fol-
lowing result. This proof is already done in [17] but we add it here for sake of
completeness.

Proposition 4. If we suppose that the process (Zi(1))ier stays in (Vi)ier
almost surely then it admits ¢; +(z¢) as fi(l)—predz'ctable intensity.

7

Proof. Take C} a non negative predictable process with respect to ]_.tz (1), that
is ]-'i M) measurable and therefore FZ measurable . We have, for any i € I,

E /Ctdzg’(l) => E(Crily_1).
0 n=1
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Note that by Theorem T35 at Appendix Al of [4], any point T should be
understood as a stopping time, and that by Theorem T30 at Appendix A2 of

[4],
FZE = \/0’{ J X2 such that 77, < T, T}.
Jel

Therefore,

v
(bzﬂ—‘ (xri )

/CtdZZ Z (CT7E szl\ff%,,vl) ZE Trin
J — 1

where we denote V,! for the neighborhood of 7¢.
Let us now integrate with respect to the choice V!, which is independent of
anything else.

A(@)? s+ Niw) x Y ()

)

/ Cdzi()| =Y E|cy vy et
n=1

T
T ez
=E | [ o, P ar (1)

Since II; is a Poisson process with respect to F7Z with intensity I';, and
Ctd”%(_‘“) is 7 measurable, we finally have that

/C’tdZti(l) =E /Ctgi)i,t(xt)dt .
0 0

which ends the proof. O

4.4 'Why does the Backward steps end?

We construct a tree with root (i,T). For each point (jr,7") in the tree, the
points which are simulated in Vj_, 7 (Step 2 of the Backward steps) define the
children of (jz,T') in the tree. This forms the tree 7.

Let us now build a tree C with root (i,T) (that includes the previous tree)
by mimicking the procedure in the Backward steps, except that we simulate —
independently on anything else — on the whole neighborhood even if it has a
part that intersects with previous neighborhoods (if they exist) (Step 3 of the
Backward steps). By doing so, we make the number of children larger but at
each node, they are independent of anything else.

If the tree C goes extinct, then so does the tree 7, and the backward part of
the algorithm terminates.
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_ To formulate a sufficient criterion that implies the almost sure extinction of
C, let us denote the product measure P on I x R, defined on the product sets
that generate the Borel subsets of I x R, as follows.

P(J x A):=> T;u(A)
jeJ
for any J C I, where A is a Borel subset of R and where p is the Lebesgue mea-
sure. The following proposition is already proved in [17], but without precisely
defining P.

Proposition 5. If
sup Z Pwi)Ni(vy) < 1 (4.1)
i€l ;=
then the Backward steps in the Perfect Simulation algorithm terminate almost
surely in finite time.

Remark 11. For any neighborhood v, we have

> E(I (m(v))) = P(v).

JEV

This implies that Y~ P(vi)\;(vh) is the mean number of children issued from
one point of type i. Then, the condition (4.1) says that the number children in
each step should be less than one in average, for the tree to go extinct almost
surely. That is a very classical result in Branching process [1].

4.5 The complexity of the algorithm in terms of 7

In this section, we study the effect of (A;(v));x on the number of points simu-
lated by our algorithm. Until the end of this section, we suppose that

Assumption 6. The indez set I is finite, namely
Il = N < oo.

Let us mention several notations that will be useful in the sequel. We denote
e; the i-th unit vector of R, 1 is the vector (1,1,...,1)T and u always stands
for the Lebesgue measure. Finally, by a positive vector, we mean that all its
components are positive.

Coming back to our problem, since the tree C dominates 7', to give an upper
bound of the number of points of T, it is sufficient to study the number of points
of C. Recall that the root of the tree C is of type i € I. For n > 1, write K;(n)
for the vector containing the numbers of ancestors in the n** set of ancestors of
a single point of index i. We consider

number of ancestors in the n!" set of ancestors of type 1

() number of ancestors in the nt* set of ancestors of type 2
A = )

number of ancestors in the n** set of ancestors of type N
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with the convention that K;(0) = e; for every i. For every j € I, denote
X7 := K/ (1) the number of ancestors of type j in the first set of ancestors with
initial point of type i. Moreover, as we discussed earlier, Xij is the cardinal of
the points that a Poisson process of intensity I'; puts on 7;(V;), where V; is the
random neighborhood from a point of type i. In other words, if we denote P
the Poisson distribution, conditioning on V; = v, we have

X) ~ P (Tju(m;(v))) .

In addition, we denote X; = (X}, X2,..., X¥)T and for any 6 € RY, we
consider the log-Laplace transform of X;:

$i(0) :=log (eeTX'i)

where we denote P; the law of a random tree C, whose root is of type ¢ and [E;
the corresponding expectation.

For n > 2, given the population in the first set of ancestors X;, we have the
following relationship between the (n — 1)** set of ancestors and the n'" set of
ancestors in C’,

X}
Ki(n) =Y Y K" (n-1),

jel p=1

where K;p)(n — 1) is the vector of the number of ancestors in the (n — 1)t*
set of ancestors issued from the p-th point of type j in the first generation. In
addition, for p = 1,..., Xij, we have that the K}p)(n — 1)’s are independent
copies of K;(n — 1). Note that this equation is trivial for n = 1.

Moreover, we consider

Wi(n) =Y Ki(k)
k=0

the total number of ancestors in the first n set of ancestors.
The log Laplace transform associated to the random vector W;(n) is given
by:
™ () := log I; (eaTWi(”)> :

Finally we put ®( () = (@gn)(ﬂ), cey @%)(9))?
Denote the derivative of ¢(.) at 0 by the matrix M = D¢(0). Now, let us
take a closer look to the function ¢;(0),

N .
¢i(0) = log IE; (GGTXi) =log E; H i X!
j=1
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Therefore the gradient matrix M satisfies M;; = E;(X7) for 7,7 € I. Recall
that, conditioning on V; = v, X} ~ P (T';u(7;(v))), therefore we have

My =T (m5(vh)) Aa(vp). (4.2)
k

Introduce W;(00) := lim, o Wi(n), if it exists, and let W; = 17W,;(c0) be
the total number of points of C. The log-Laplace transform of W;(oc0) is given
by

®;(0) := log IE; (eeTWi(oo)> )
and we write again ®(6) = (®1(0), ®2(0),..., PN (0))7T.
With this approach, we can prove the following exponential inequality. This

result is inspired by Lemma 1 of [21]. Define ||.|; a 1— norm on R and the
ball with respect to this norm on RY by B(.).

Proposition 6. Grant Assumption 6 and assume that the weights (X\;(.))ie1
satisfy the following condition:

supZP(v};))\i(v};) <1
iel (=7

Suppose moreover that there exists a positive number r that depends on the
matriz M such that, for all positive vectors 6 belonging to B(0,r), we have

sup ¢;(0) = squlog (Z i (vh) exp [(e(’j —Dlu (79(1}2))]) < 00.
(2 K2 ] k

Then for all @ € B(0,r), we conclude that ®;(6) < oo and moreover
D(0) = 0+ ¢(2(0))-

In particular, for 9 € Ry such that @ = 91 € B(0,r), there exists a constant
co that depends on M and i such that

P (W; > B(W;) 4+ 2) < coe™® (4.3)
for all x > 0.
Remark 12. From Chapter V of [1] , we have
E (K;(n)) = M"E (K;(0)) = M"e,.

Therefore, the total number of points simulated of the tree C with initial
point of type i is

E(W;(n)) =E (Z Kl-(lc)> = (Z M’“) e
k=0 k=0
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It leads us to conclude that,

Wz) = ]_T (iMk> e
k=0

where the matriz M is defined in (4.2).

To conclude, if we think the complexity of the algorithm in terms of the
number of simulated points, W; is a good bound, and by (4.3) we see that we
can grasp the complexity of the algorithm by studying (4.3).

Proof. First, we prove that ¢;(0) is well defined for all § € B(0,r). Indeed, since
(X7)j=1,..,~ are independent, we have

0i(0) =logE; Hexp 9X

=3 logE, (exp (6;X0))

Moreover, by conditioning on the first random neighborhood of type i, V;,
we have

X7|Vi = v}, ~ P (T;p(m;(v})) -
Therefore, we conclude that

Ex (exp (0,X7)|Vi = v} ) = exp [(e" = )T (m; (v}))].
Finally, we obtain that

0) =) log (Z Xi(vh) exp (" = 1)T;p (m(vé))]> < co.
g k

In the following, we prove that @E”)(G) satisfies the following recursion
") (6) = 67K (0) + 4:(2" V().
Indeed, by definition of W;(n) we have
El( 0 W(n)) 7K O, (eeT n K,(k)).

In addition, from the definition of K;(k) we obtain,

B, (o T K 0) — (eeT pRNDSHMD S K}’”(kl))

N
H Tyr v K‘”(k 1)

N j
— i B T S S K k=) x,
j=1
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Since conditioning on X, KJ(-p)(k — 1)’s are independent, we have that

[~
m(&T LJMM)ZEiII <9TZZJ:7K@k4”XO

[N X]
-E |[[[]E (eeT Sio K1) | Xg)

j:l p=1

X]
H E <69T >, K(p)(k: 1))
p=1

2"V o)X | _ {eq’(n_l)w)TXi} — #:(@T(O)

- fl e )"
it

Finally, we conclude that

o™ (0) = 0T K:(0) + ¢s ("1 (0)).

This equation holds for every 7, therefore we have
o) () = 0+ o(@" 1 (9)). (4.4)

Let us consider the column sums of the matrix M:

> My = Ei(X{)=> P(vj)Ai(v})

jel jel E>1

Hence, || M1 = supy,, <1 {[|Mz([1} = sup; 2,1 [Mji| <1 where |.[|1 is the
induced norm for matrix on RY*N. Therefore, ||[D¢(0)||; < C < 1. Moreover
the norm is continuous and D¢(s) is likewise, there is a r > 0 such that, for
lIsl[x <,

[1Dé(s)[1 < C < 1.

Hence, ¢(s) is Lipschitz continuous in the ball B(0, ) and moreover ¢(0) = 0,
which implies that

16(s)[lr < Cllisllx
for ||s]j1 <.

6
Moreover, take 6 such that 1” ”10 < r, hence [|0]|; < r. By induction we

can show that

@™ (0)||; < 10]1(1+C+...+C™) <r < co.
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In addition, (W;(n)),>1 is a positive, increasing vector sequence. Here, for
any u,v € RV, we say u > v if (u — v) is a positive vector.

0
For any 6 such that M < r, by using the theorem of monotone conver-

1-C

gence, we have

d™(9) — d(6)

when n — oco. Moreover, ||®(0)]|1 < oo, and passing to the limit n — oo in
equation (4.4), we conclude that

O(0) =0+ ¢(D(0)).
In particular, choosing 6 = 91 € B(0,r) with ¢ € R, we have

E; (eﬂwi) < 00,

where W; = 17W;(o0) is the total number of point of C.
The last point is concluded by using Markov’s inequality, that ends the proof.
O

4.6 Efficiency of the algorithm and discussion of the choice
of the weights 7’s on a particular example

Finally, to illustrate the effect of n to the complexity of Perfect Simulation al-
gorithm, we consider the age dependent Hawkes process with hard refractory
period of length . We consider the setting of Proposition 2 and assume more-
over that ;(.) is an L-Lipschitz function, where L is the Lipschitz constant. In
this case we obtain an explicit upper bound for Af(x), for any z € x>0,

Proposition 7. For any k > 1, we have

JEVi(R)\Vi(k—1) 0<m<k JEVi(k—1)

To prove this proposition we use the following lemma, which is a particular
case of Lemma 2.4 in [20].

Lemma 1. For any0<k<1,5 €1, z€ X>%, t € R we have
t—ks ‘
=15 k<m<l

Proof of Lemma 1. For any j, fixed € > 0, we have

/ hjz'(t — s)dzg = Z / hﬂ(t - s)dzg
[t—16,t—kd—¢] k<m<l [t—(m+1)5—e,t—md—e]

k<m<l
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by Assumption 3 and the fact that there is at most one jump in the interval of
length §. Therefore,

/ hji(t — s)dz] = lim hji(t — s)d2?
[t—16,t—kd) 0 Jt—15,t—ké—e]
0
< Y lim hjs(mé + €)
k<m<l
< ) hi(md),
k<m<l

by using the theorem of monotone convergence and the fact that hj;(.) is a
decreasing function according to Assumption 3. This completes the proof of
Lemma 1. U

Proof of Proposition 7. By (ii) of Assumption 3, we have

k5+6

AF(z) < L x > /M hji(=s)da] + Y / —s)dz]

FEV; (B)\V; (k—1) FEVi(k—1)

Applying Lemma 1 we conclude that

Al(z) < L x > S ohpmé)+ > hy((k—1)0)

JEVi(k)\Vi(k—1) 0<m<k JEVi(k=1)
which ends the proof. O
Remark 13. In addition, from (i) of Assumption 3, we have
Yoo D0 hmd)+ Yo hy((k—1)d) 0
FEVi(k)\Vi(k—1) 0<m<k JEVi(k=1)
as k — oco. Therefore A (x) — 0 when k — oo.

In what follows, to simplify the computation, we consider that I = Z, and
for all i, we set

1. hji(t) = Bjiexp (—at) where f5;;, o are positive constants for all j,i. In

addition, we take o = — and Bj; =

o

number v and B; = 1.

2. Vi(0) = 0,Vi(1) = {i},...,Vi(k) = {i —k+1,...0i+1,....i+k—1}
Vk > 2.

1
——— for j # i with a positive
27—
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, 1
3. M, = M = cnk—p,Vk > 1, where p is a positive constant and ¢, is a

normalization constant.

From Proposition 7, we can choose

L LkP [1—e7F -
I; =sup{ —,sup | — — Z Bji + e F ! Z Bji

c c 1—e1
mo k220 Jefi—kilith—1} JEVi(k—1)

L Lk 1—ek . =1
= — — - 1 — =T
SUP{CU721§I2) [ Cn ((kzl)“’(lel) + € +’le:1m,y

Since we define 7}, are independent of i, so we can consider that all points
have the same type. Instead of comparing the Backward Steps to a multitype
branching process, we may therefore put K(k) = K;(k) := >, K/(k) and
W(n) == W;(n) =3, W/ (n) such that K (k) is the total number of ancestors
in the k*" set of ancestors and W (n) is the total number of ancestors in the first
n set of ancestors. Hence, all the vector K (k) := K;(k) and W(n) = W;(n) in
Proposition 6 now are numbers.

Moreover, v}, = V;(k) x [~kd,0) and we set

C:ZP(vi, (vi) an/ké Z L,

hS]

k'>1 k'>1 JEVi(K)
= ch—ké (2K — )T := f(p).
k'>1

By a classical well-known result in Branching processes [1] , we have for
k>1
E(K(k)) = ¢*.

Therefore, the total expected number of simulated points W := W (o) is
given by
1
EW)=——.
W)= 1=
Now we are looking for values of p such that:
(a) (ng)r defines a probability,
(b) the algorithm stays in Y,
(c) the Kalikow decomposition exists (Proposition 2),
)

(d) the branching process goes extinct in finite time almost surely.
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Once all these condition are fulfilled, we choose p such that it minimizes
f(p), so that the total number of simulated points is minimal.

(a):an:1:>p>1
k

(0): T<oco=p<y

(c):Z/hji<oo:>7>1
(d):¢<1l=p-2>1

Finally, we conclude that 3 < p < . Moreover, we want to choose p such
that f(p) to be smallest possible, which means that we need to take p largest
possible. Hence, we take p close to ~.

5 Conclusion

Prior research has investigated the Perfect Simulation based on a conditional
Kalikow decomposition in continuous time point processes [13]. However, it is
impossible to implement this study in practice. In the present study, we con-
tinue our work in [17], to extend the class of point processes which satisfies a
new Kalikow decomposition. This decomposition plays a vital role to build a
tractable algorithm in practice. In addition, we also improve the results in [13]
and [17] on the existence of the Kalikow decomposition. Most notably, this
is the first study to our knowledge to establish a Kalikow decomposition for a
stochastic intensity in general context. Our results provide a general method
to write a Kalikow decomposition for large class of point processes, for exam-
ple: linear Hawkes processes, exponential Hawkes processes and including very
complex Hawkes processes: age dependent Hawkes processes. However, some
limitations are worth noting. Although, we succeed to write the Kalikow de-
composition for a variety of Hawkes processes, we still have to restrict ourselves
to a bounded intensity to implement the Perfect Simulation. This is due to the
simulation of the first jump in the Backward Steps. Future work should focus
on removing totally the upper bound of the intensity and extending the Perfect
Simulation to the unbounded intensities.
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