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A NON-LOCAL MACROSCOPIC MODEL FOR TRAFFIC FLOW

IoaNA CIOTIR, RIM FAYAD, NICOLAS FORCADEL* AND ANTOINE TONNOIR

Abstract. In this work, we propose a non-local Hamilton—Jacobi model for traffic flow and we prove
the existence and uniqueness of the solution of this model. This model is justified as the limit of
a rescaled microscopic model. We also propose a numerical scheme and we prove an estimate error
between the continuous solution of this problem and the numerical one. Finally, we provide some
numerical illustrations.
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1. INTRODUCTION

Traffic flow modelling is an important challenge and has known an important development in the last decades.
The goal of this paper is to propose a new non-local macroscopic model for traffic flow. Macroscopic models con-
sider quantities that describe the collective behaviour of traffic flow. At the macroscopic scale, the most popular
model is the LWR model (see [28, 31]). This model, expressed in the Eulerian coordinates, describes the dynamics
of the density of vehicles. Since these pioneering works, a lot of models have been proposed and we refer to [17]
for an overview of these models. More recently other approaches have been proposed. First, using the lagrangian
coordinates, the LWR model can be reformulated to describe the dynamics of the spacing (see [27]). Moreover, all
these models could be reformulated using a Hamilton—Jacobi equation. Indeed, the link between conservation laws
and Hamilton—Jacobi equations has been known to mathematicians for decades [21, 25, 30], but was brought up to
the attention of the traffic flow theory community just recently by [10,11] (see also [24]). At the Hamilton—Jacobi
level, the link between eulerian and lagrangian coordinates is given in [20] (see also [26]).

More recently, non-local LWR models have been proposed in order to take into account the action of drivers
to the surrounding density of other vehicles, see [3]. We also refer to [4-8,12,18].

In the present paper, we propose a new non-local macroscopic model. This model is expressed in the lagrangian
coordinates at the Hamilton—Jacobi level. It then describes the dynamics of the position of the vehicles. In our
model, drivers will adapt their velocity to the downstream traffic, assigning greater importance to close vehicles.

Our model is obtained by rescaling a microscopic model, which describes the dynamics of each vehicle
individually. We recall in particular that the main advantage of microscopic models is that they are easily
justifiable but, with these models, it is difficult to model the traffic at the scale of a road or a city since the
number of vehicles becomes too large.

Keywords and phrases. Traffic flow, macroscopic models, non-local model, homogenization, viscosity solutions, Hamilton—Jacobi
equations.
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1.1. Description of the model and assumptions

The non-local macroscopic model we propose is the following:

(1 < futatz) —ult o) o) on .
" _V< +Oog(z)dz/0 < o )9( )d ) 10, T[xR; m

0
u(0,2) = up(x) on R.

In this model, expressed in the Lagrangian coordinates, u represents the position, at time ¢ of the car x. The
velocity of the car is given by w; while the spacing is given by u,. Moreover, using the link between Lagrangian
and Eulerian coordinates, the density of cars is given by 1/u,. In this model, the function g, called the weight,

is decreasing and takes into account the fact that drivers will adapt their velocity to the downstream traffic,
u(t,x + 2) — u(t, x)

assigning a greater importance to close vehicles. The non-local term represents the average

z
spacing between vehicles x and x + z. Finally, the function V is called an optimal velocity function and is
non-negative, non-decreasing and bounded. Precise assumptions on g and V are given below:

(H1) V : R — [0, +o0] is Lipschitz continuous and non-negative.

(H2) V is non-decreasing on R.

(H3) There exists hg € (0,400) such that for all h < hg, V/(h) = 0.

(H4) There exists hpax € (ho, +00) such that for all & > hyax, V(R) = V(hmax) = Vinax-
(H5) g : [0;4+00[— [0;4o0[ is L(]0, +o0]).

(H6) There exists 6 > 0 such that for all € [0, 1] we have that

g9(x) = 0.
(H7) The function z — z - g(z) is L*(]0; +-00]).
We denote by (H) the set of assumptions (H1)-(HT).

1.2. Main results

The first main result of the paper is an existence and uniqueness result for the macroscopic non local model

(1.1).

Theorem 1.1 (Existence and uniqueness for the macroscopic model). Assume (H) and let ug be a Lipschitz
continuous and non-decreasing function. Then Problem (1.1) admits a unique solution u which is Lipschitz
continuous and non-decreasing.

The second main result is a justification of the macroscopic model. In fact, we will show that our macroscopic
model can been obtained by rescaling a microscopic model. More precisely, we consider the following microscopic
model:

Ui(t) = V ige W—U}(t) (1.2)

J:1

Zk 19

where ¢°(j) = g(¢j). The rescaling in the function g takes into account that the weight of the closer cars is more

Uiri(t) = Ui(t
and more important as € goes to zero. In this model, the term M represents the average distance

of two successive vehicles comprised between vehicles ¢ and ¢ 4 j. Then the velocity of the vehicle ¢ depends on
the weighted average of these average distances.
Concerning the initial condition, let us assume that, at initial time, vehicles satisfy

U;(0) = e tug(ie)
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for some £ > 0 and where ug is a Lipschitz continuous function (we denote by Lg its Lipschitz constant). From
a traffic point of view, we also assume that ug is non-decreasing.

Then, if we define u® by
t
at(t,x) = EU\_LJ (E) , (1.3)

we have the following result.

Theorem 1.2 (Micro-macro limit). Under assumption (H), if moreover ug is Lipschitz continuous, then the
function ©® defined in (1.3) converges to the unique solution u of (1.1).

In fact, the idea of the proof of this theorem is inspired by [15,16] and consists in injecting the microscopic
models into a partial differential equation. More precisely, we have that the function w® is solution of the
following problem

igs ut(t,x +ej) —u(t,x)

=V
t Ej

on |0, T'[xR;
) P Jo. ]
the result is then obtained by homogenization (i.e. a passage as ¢ — 0) of this non-local PDE. We refer to
[13,29] for homogenization results in the local case and to [14-16,22] for the non-local case.

In the last Section of the paper, we also consider the numerical analysis of the macroscopic model (1.1).
We propose a finite difference numerical scheme and we prove an error estimate between the solution of the
macroscopic model (1.1) and its numerical approximation. We also provide some numerical simulations.

Organization of the paper. This article is organized as follow. In Section 2, we present the microscopic
problem. The existence and uniqueness of the solution of this problem are proved. Section 3 is devoted to the
study of the macroscopic problem where a comparison principle is proved. The proof of the homogenization
result is given in Section 4. Finally in Section 5, we present a numerical scheme with an error estimate result.
We also present some numerical simulations.

2. WELL-POSEDNESS OF THE MICROSCOPIC PROBLEM

The goal of this section is to give some preliminary results for the following problem

ui =V Zgg (o tej) —ut @) on 0, T[xR;
Zk 19°(F) = €j (2.1)

u®(0,z) = up(z) onR.

We will show in particular a comparison principle as well as an existence result. We shall recall first the definition
of a viscosity solution.

Definition 2.1. Let u : [0,7[ x R — R be an upper semi-continuous function and v be a lower semi-continuous
function. We assume that there exists a constant C such that

lu(t,x) —ug (z)] < Cot and |v(t,z) — vo (x)] < Cot.

We say that u is a viscosity sub-solution of (2.1) if u(0,-) < ug and if, for all ¢ € C* (J0,7] x R) such that
u — ¢ attends a maximum point in (f, E) €]0, T[xR we have that

de ) u(t,T+¢ej) —u(l,7)

¢t (ia f) S V Ej

_
Ziil g¢ (k)

=1
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We say that v is a viscosity super-solution of equation (2.1) if v(0,-) > ug and if, for all ¢ € C* (]0,T] x R)
such that u — ¢ attends a minimum point in (f, E) €]0, T[xR we have that

o (1.7) >V Sy (BT ) Zu(b7)

1
Yre1 9° () €j

j=1
Finally, we say that u is a solution of (2.1) if u* is a sub-solution and w, is a super-solution of (2.1).

Remark 2.2. We recall that «* and u, are respectively the upper and lower semi-continuous envelope of u
defined by
u*(t,x) = limsup u(s,y) and w.(t,z)= liminf u(s,y).
(s.9)—(t,) (s:9)—(t,2)

We now give the comparison principle for (2.1).

Theorem 2.3 (Comparison principle for (2.1)). Let u and v be respectively a sub- and a super-solution of (2.1).
We assume that there exists a constant Cy such that

lu(t,x) —uo (z)| < Cot and |v(t,x) —ug (z)| < Cot.

Then
u<wv on [0,7] xR.

Proof. For n > 0, let

n
M =supu(t,r) —v(t,x) — —— ;-
sup {utt, ) = o(t.2) = 77}

We assume, by contradiction, that M > 0. For «,0,§ > 0, we duplicate the variable by considering
(t—9)° (@—y)’

n
My s = t,x) — —az® — - - .
06 = sup {U( 2) —v(sy) —az’ - 55 59 }

Let (f,é,i,gj) be a point of maximum of My ;. By assumption, we have, for o small enough, that My s > 0.
This implies in particular that

-3, G-’ G-’

aZ’ + 55 0 < u(t,z) —v(s,7) 0

@ - 9)*

SUO(%) —’U,O(?j)—FQC()T— 49

<C

where C' is a positive constant. We then deduce that

aZ -0, [t—=3—0, |T-7—0
respectively as a, ¢ and 6 go to zero. We now claim that ¢,5 > 0 for § and 6 small enough. Indeed, by
contradiction, assume that ¢ = 0 (the proof for s is similar). We then have

% <u(0,7) — v(3,7) < uo(F) — uo(§) + CoF < Lo|T — | + Co3.

Taking § and 6 small enough, we get a contradiction.
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We are now able to use the equation satisfied by v and v. We consider

~\2 ~\2
. o, o (=3" (x—79)

and

SECE,
‘bz(S,y):u(f,;fc)—agiQ_Tn (t=s)" @-9)"

t
We can easily see that ®; and ®, belong to C'(]0,7[ x R) and that v — ®; has a maximum point in
(t,%) €]0,T[xR and v — @5 has a minimum point in (§,7) €]0, T[xR.

Hence, by definition of viscosity solutions, we get that

n (t-3) > u(t@+e)) —u(t @)
+ <V .
(T —17)° Y Zk 1 9° ; ! €j
and
(t-3) v (3,5 +¢j) — v (5,9)
2V s=vm Zg =
We subtract the two previous inequalities and we get that
U U = u (L, + ) —u (L, %)
s < ——= <V .
7 (17— Zk 197 ( Z:: €j
1 e V(5,7 +2d) — v (5,9)
Ve 90U . : 2.2
TP I ) 22)

Using that (f, s, T, g]) is a point of maximum of My s, we have, for all (¢,s,x,y) that

B o, (=9 (@-p’
u(t,@) —vlsy) —aw” = 77 = 5 20
- N2 ~ )
- o -3 @-9
< _ T ~_( _ .
su(hr) —v(59) -0t - 5 20 20

Choosing © =& +¢j, y = +€j, t =t and s = 3, we get that

u(f, @ +ej) —u(f,7) — (v (5,7 +¢f) —v(579) < —ai? +a (i +¢j)” = a (25ej + %?)
which means that o _ o
ub@+ej) —u(t@) _ (vE§+e5) —v(59)
£j €j
Injecting this in (2.2) and using the monotonicity of V, we get

72V igg (wﬂg)_v(sa (2E+sj>>

IA

+ a2z +¢j).

7%~ Zk 19°( ]:1 €J
igs v (5,5 +je) —v(3,9)
Zk 19°( ]:1 €J
< Ca 9°(j)(2Z + )
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Using that g and 2z +— zg(z) are in L', we get a contradiction for a small enough. O

We also give a comparison principle in a bounded set that will be useful later. Since the proof is similar to
the previous one, we skip it.

Theorem 2.4 (Comparison in a bounded set). Let 2 be a subset of [0,T] x R and u and v be respectively a
sub-solution and a super-solution of (2.1) in Q. We assume that there exists a constant Cy such that

lu(t,z) —uo (z)| < Cot and |v(t,x) —ug (z)] < Cot.
We also assume that u < v outside Q). Then
u<wv on [0,7T] xR.
We can now give the existence and uniqueness result for problem (2.1)

Theorem 2.5. Let ug € Lip (R). For all € > 0, there exists a unique solution u. of (2.1) such that there is a
positive constant Cy (depending only on the Lipschitz constant of ug) such that

|ue (t,z) —ug (t,2)] < Cot, Vt,z €0, T xR. (2.3)

Proof. We use Perron’s method (see [23]) to prove the existence of u., the uniqueness being a direct consequence
of Theorem 2.3. It is sufficient to show that ug & Cyt are respectively super- and sub-solution of (2.1) for a
suitable choice of Cj.
We start by verifying that ug + Cpt is a super-solution. Since ug is assumed to be Lipschitz continuous with
Lipschitz constant Lg, we have that
ug (z +€j) — uo () < Loej.
Using that g, (j) = % is positive, we obtain that

Oof tx+j5—u tx >
> )= 02) < S g () Lo = Lo,
p 2 p

Since V is non-decreasing we get

1 > ug (t, x + je) + Cot — ug (t,z) — Cot
V| == 9° (J) .
S ) )
OO,E AU (B, x4+ je) —uo (¢, x
=V Y 70) ol ‘75]). 0 B2 ) <y ().
j=1

Choosing Cy =V (Lg), we get that ug + Cot is a super-solution of (2.1).
Arguing in a similar way, we get that ug — Cyt is a sub-solution and the proof is complete. (]

3. WELL-POSEDNESS OF THE MACROSCOPIC MODEL

This section is devoted to useful results concerning problem (1.1). We begin by the definition of the viscosity
solution. This definition and the main properties of the solution are inspired from [2].

In order to have the non-local term well defined and as well as for equation (2.1), we will assume that all the
sub- and super-solutions (and hence solutions) u satify the following property:

3Cy > 0 such that |u (¢, z) — ug (z)] < Cot. (3.1)
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Definition 3.1 (Definition of a-viscosity solution for (1.1)). Let @ be a positive constant. We say that an upper
semi-continuous function w : [0,7] x R — R satisfying (3.1) is a @-sub-solution of (1.1) if u(0,-) < ug and if, for
all $ € C* (0, T[ x R) such that u — ¢ has a maximum point in (Z,Z) €]0, T[xR, we have that

- 1 Yo (tT+2)—¢(1,7)
o(E.7) SV(fﬂhg(Z)dz {/0 z 9(2)dz

. /+°° u(f,7+ 2) —u(t,x)g(z)dz}> |

= z

We say that a lower semi-continuous function v : [0, 7 x R — R satisfying (3.1) is a @-super-solution of (1.1)
if v(0,-) > ug and if, for all ¢ € C* (]0, T x R) such that v — ¢ has a minimum point in (£,Z) €]0,T[xR, we
have that

We say that u is a @-solution of (1.1) if it is a @-sub- and super-solution.

Remark 3.2. For simplicity of presentation, given ® : R — R, we define

Lex T :71 : z+z)— Oz 79(2) z
1 @) ng(z)dz/o (@ +2) - a(x)) L2
and
20 1 e 9(2)
1“%®(z)| = —/—— Pz +2)—P(z dz.
@) = o [ @) -0 £

Theorem 3.3 (Equivalence of a-solutions). Let oy, s > 0. We have that u is a aq-sub-solution (resp. a -
super-solution) if and only if it is a ag-sub-solution (resp. a as-super-solution).

Proof. We only prove the result for sub-solution, the super-solution case being similar. We assume that u is a a;-
sub-solution and we want to show that it is a as-sub-solution. Let ¢ € C1(]0, T[xR) be such that u — ¢ reaches
a global maximum in (o, zo). We suppose that u(to, zo) = ¥(tg, o). For €1 > 0, there exists ¢; € C*(]0, T[xR)
such that ¢; > u and ||u — ¢1||L=~ < £1. We then define a test function ¢ € C1(]0, T[xR), which will be used
for the aj-sub-solution, by

o1(t,x) if x> xo+ ao;
)= Y(t, x) ifz§z0+%~

Since u is ay-viscosity sub-solution of (1.1) and (%o, xo) is maximum point of u — ¢, we have

Gi(to, mo) <V (IM* [ (to, )] (x0) + I [u(to, )] (x0)) -
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Using that ¢;(to, zo) = ¥i(to, o), we then deduce that
Pi(to, wo) <V (I [¢(to, )] (o) + I3 [ulto, )] (x0))

<V<11 %26 (o, ) (z0) + I [u(to, )] (o)

dZ /Ot2 to,l’() + Z) — ¢(t0,l’0)) giZ) dZ

dz/a u(to, xo + 2) — u(to, zo)) g(j)dz>

2

< V<Ilya2 [6(to, )](wo) + I**2[ulto, )] (o)

" f+°°;<>d /  (Blto0+ 2) — ulto, 0+ 2) g”d)
0 z)dz Jay

< V([l,az [6(to,)](w0) + 202 [u(to, )] (z0) + f+ooggl(z)dz /a1 g(j)dz)

0

where for the last inequality, we have used the fact that V is non-decreasing. Sending €1 — 0 and using that g
and z — zg(z) are in L, we get the result. ]

Theorem 3.4 (Comparison principle for (1.1)). Let u be a sub-solution and v be a super-solution of (1.1). We
assume that u and v satisfy (3.1). Then
u < .

Proof. We assume by contradiction that

M= sup  {u(t,z) —v(t,z)} > 0.
(t,x)€(0,T)xR

We then duplicate the variable, by considering, for n, o, e, > 0,

(t—s)? (z—y)? n 5
M.s = ) — _ _ _ B .
T o) {u( @) —vls,9) = 55 2% Tt ™

We denote by (¢,35,T,7) a point of maximum of M, 5. For n and « small enough, we have M. s > 0 and we
deduce as in the proof of Theorem 2.3 that

o — 0, [t—35—0, |z—7]—0,
respectively as «, § and & go to zero, and that ¢,5 > 0 for § and ¢ small enough. We can then use the equations

satisfied by u and v. We have that u — ¢; reaches a maximum in (¢, ), with ¢; given by

(t—-35)?2  (z—7)° Ui 2
2% + 9% —i—T_t—i—ax.

So by definition of viscosity solution we obtain, for every @, that

LD s s <V (@0 + Pa)@).

¢1 = v(§7 g) +

Since v — ¢y reaches a minimum point in (3,7), with ¢o given by

(=0 W-3*> n
2 % T 1 ’

¢2 = ’U’(fa E) -
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we also have

(t-5)
5

We subtract the two viscosity inequalities, and we obtain

>V (It ))(@) + I u(t,)](@)) -

=
A

Using that (¢,5,T,y) is a maximum point we obtain

wt, T+ 2) —v(5,7+ 2) <ut,T) —v(3,7) + T + 2)? — aF?

and so
ut,T+2) —u(tT) _ 57+ 2) — o)
z - z

+ a(2T + 2).
We then deduce that
2%t ))(@) < I%[o(s, )]@) + 20|gl| o + allzgllpr < TP°[u(5,)](@) + Ca(T + 1),

We now compare I1%[¢;(%,-)](Z) and IV [¢o(3, )] (7). We have

Tz T4 )2 (T — )2
Ilﬁaw,-)}(x)Ilﬁawz(s,»](y)—mf(1 / Eg+2) @0 g,

fo g(z)dz 2e z
L [G-7’-@F-7+2)

~ 2 ), . (2)dz
N (T +2)? -T2 N

+ /0 . g(=)d >

0

<C (a(m+ 1)+ % /Oa zg(z)dz) .

Injecting the previous estimate and (3.3) in (3.2) and using the fact that V is non-decreasing, we get

Sending o, @ — 0, we get that

72 =0

and we obtain a contradiction since n > 0. This ends the proof.

We are now able to give the proof of Theorem 1.1

V(I @) )+ 12 [0 ] ) -V (17 0005, )+ 7 5 ) ).

_ W(i /Oazg(z)dz+a/0a(2x+z)g(z)dz>

697

(3.2)
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Proof of Theorem 1.1. As in the proof of Theorem 2.5, we have that ug + Cyt are respectively sub- and super-
solution of (1.1), so the existence follows by Perron’s method. The uniqueness is a direct consequence of Theo-
rem 3.4. It just remains to show that u is Lipschitz continuous.

To do that, let us define u” by u"(¢,z) = u(t,x + h) — Loh. In particular, we have

ul(0,2) = up(z + h) — Loh < up(x).

Moreover, since equation (1.1) is invariant by translation in space and by addition of constant, we get that u”
is a sub-solution of (1.1). Hence, the comparison principle yields that

u(t,z + h) — Loh = u"(t, ) < u(t,z),
i.e.
u(t,x + h) — u(t, )
h
To show that w is non-decreasing, we argue in a similar way by using the fact that u(¢,z 4+ h) (recall that ug is

non decreasing) is a super-solution of (1.1). This shows that u is Lipschitz continuous in space. The fact that
u is also Lipschitz continuous in times is a direct consequence of the fact that V' is bounded.

< Lo.

O

4. HOMOGENIZATION RESULT

This section is devoted to the proof of the following convergence result. We will see that Theorem 1.2 is a
corollary of this result.

Theorem 4.1 (Homogenization result). Assume (H) and let uy be a Lipschitz continuous function. Then, the
viscosity solution u® of (2.1), given by Theorem 2.5, converges as € — 0, locally uniformly in (t,z), to the
unique solution u of (1.1).

Proof. We define w and u by

= limsup u®(y,s)andu=  liminf u(y,s).
5—>O,(y,s)—>(t7a¢) EHO,(y,S)ﬂ(t,m)

We are going to prove that @ is a sub-solution of (1.1) on [0, T[xR. Similarly, we can prove that u is a super-
solution of the same equation. Then, using the comparison principle Theorem 3.4, we will get @ < u and so
u = u = v which implies the convergence of u® to u.

First, by (2.3), we have that (0, -) = ug. We argue by contradiction by assuming that @ is not a sub-solution
on |0, T[xR. Then there exists (to, 7o) €]0, T[xR and a test function ® € C* such that u — ® reaches a strict
maximum in (¢g, zo) and such that

@4 (to, mo) — V (I"T[@(to, )] (20)) = 6 > 0. (4.1)

We also assume that @(tg, z¢) = P(to,zo). We now apply the perturbed test function method introduced by
Evans [13] in terms here of hull functions. We refer to [14,16] for the use of hull functions as correctors. We
recall that in these papers, the perturbed test function is essentially defined by

b)),

3

o (t,z) = ch (

where h is the hull function. In fact in our case, the hull function is simpler (since our Hamilton—Jacobi equation
is independent of (¢,z)) and is given by h = Id. So the perturbed test function reduces to

€ _ (b<t7x)_77r if <t7x) EQ, (t y L )
® (t’x)_{us(t,x) if not pe
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where 7, is chosen later and Q, r(to,zo) = (to — r,to + 1) X (2o — R,x0 + R). We want to prove that ®° is
solution in Q.. (to, xo), of

1 Z E<j><1>5(t,x+€j)—<l>5(t,m)

-V =———YVy ‘
TS & 2

>0

and that ®° > u® outside @, ,(to, zo). In particular r is chosen smaller that 1 so that Q.. ,(to, o) C Q1,1(f0, Zo).
Let us first focus on the “boundary conditions”. Since @ — ® reaches a strict maximum at (¢o,x), we can
ensure that

u(t,x) < O(t,x) —n, for (t,x) € Q2.2(to, x0)\Qr.r(to, To)

for n, = 0,(1) > 0. Hence we conclude that ®¢ > «° outside Q, ,(to, zo).
We now turn to the equation. Since ®° is smooth, we can check this property pointwise. Let (Z,
Qrr(to, 7). We have

T) €

—— O=(t, T +¢j) — P°(L,7)
o5 (t,7) -V Zk>1g ;9 cj
=0+ D4(t,T) — Pr(to, o) — V Zk>1198(k) Zgg(ﬁfp@er 62; —2¢.7)
+V (IVF2[®(to, )] (20))
3 1 e n QT Hef) —2(ET) g e
> 30~ C e L = 1+=[@(t0, ) (@o)

for r small enough. Using that, by convergence of Riemann sum,

S 20 HEEEL R e )

we deduce, for r small enough, that

o (1,7) -V Zg &4 - 3757)

Zk>1 9°( j>1 €J

| D

and show that ®° is a super-solution in @, (o, Zo). Recalling that u® < ®° outside Q,,(to,zo) and using the
comparison principle on bounded set Theorem 2.4, we get that

u®(z,t) < O°(x, t).
Passing to the limit as € goes to zero, and as (t,x) — (to,xo) we get that
®(to, wo) = u(to, z0) < ®(to,w0) — 1,

which gives a contradiction with 7 > 0. Therefore @ is a sub-solution of (1.1) on [0, 7[xR and this ends the
proof of the theorem.
(|

We are now able to give the proof of Theorem 1.2.
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Proof of Theorem 1.2. We recall that the initial condition of @® is given by

7 (0,2) = EUL%-J (0) = uo (ED ’
Hence

uo(x) — Loe < up(x —e) <T@ (0,2) < up(x).

Using the comparison principle Theorem 3.4, we then get
us(t,x) — Loe <@ (t,z) <u(t,z) on[0,T] x R.

By convergence of u® to u given in Theorem 4.1, we deduce the convergence of ©* to u. This ends the proof of
the theorem. (]

5. NUMERICAL TESTS

In this section, we present a numerical scheme in order to compute the solution of the macroscopic model.
In a first subsection, we present the scheme. Then, we give some properties of the solution of the scheme and
we prove an error estimate between the numerical solution and the solution of the macroscopic model. We end
the paper with some numerical results in Section 5.3.

5.1. Discretization aspects and numerical scheme

Since problem (1.1) is defined on the unbounded line R, we need to consider a bounded computational domain
[a, b] with a < b two real parameters. The treatment of the boundary condition on the right side, on z = b, will
be detailed below. To implement this problem, we consider the spatial discretization z; = iAx+a,7€0,--- | N
and Az = % with N € N* a parameter, so that ©o = a and xy = b. For the time variable, we set t,, = nAt
with At = T/N; and N; € N* a second parameter. We will denote by u! the approximation of u(t", z;).

Then, the main point is to handle the non-local integral term. To do so, the idea is to decompose the integral

as follows:
/0+<>0 <u(t”7mi +2z)— u(t",xi)) o(2)ds = /OA (u(t”, x; +2) — u(t”,xﬂ) g(2)dz

z z

=La(u(t”,))(=:)

N /B <u(t”,xi +2) — u(t",xi)) o)z

A z

=1(ut™,))(wi)
+oo tn i _ tn i
. (u( @i +2) = u W)g(z)dz

B z

=loo (u(t™,))(:)

where A > Az is a small parameter (of order \/E) and B is a big one. In the numerical implementation, we
simply neglect the terms I4(u(t"™,-))(x;) to avoid the treatment of the division by 0, which, as we will see in the
analysis of the scheme, induces an error of order A, and the last term Ioo(u(t™,-))(z;) taking B > b sufficiently
large, which introduces a (small) consistency error. In particular, if the weight function g is compactly supported,
this term is exactly 0 by choosing properly B.

For the remaining integral I(u(t"™,-))(x;), we use a simple trapezoidal quadrature rule based on the discretiza-
tion points x;, see Figure 1, in order to include directly the quantity uj'. Yet, as we can see, z; 4+ z can be greater
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ur— uj'
—'+fA g(jAx)
JOX e

/ \\\\

Ax
—_
 —

IR

>

= & Xi Xy Xy=b

x,-+ij

FI1GURE 1. Hlustration of the integral approximation based on the spatial discretization ;.

than b, so it involves also values of u outside the computational domain [a, b]. To get these values, we will assume
that we have a constant “outgoing” flux so that

u(t,b+ 2) = u(t,b) + pi VZ>0 (5.1)

where poo = 9,u(t,b) > 0 represents the constant density in the outgoing direction x > b. Thus, we obtain the
following approximation:

n 1 (N, —uy Uy, — U et Uity —uy
I(u(t",))(w) =~ 5 | ——g(Nalz) + —F2—g(NpAz) | + > —H——g(jAz) (5.2)
2 Ny Np . J
j=Na+1
=I(am) (@)
where Ny = Lﬁj, Np = L%J and
ﬂ’g = ul —yn
uf + (k= N)Az— == if k> N.
Note that we approximate d,u(t,b) = %. To sum up, the numerical scheme is then given by:
I(a™ i o0
ul ™t =l + AtV ((ul)(x)) where I, = / g(z)dz, (5.3)
g 0

and I(a@™)(x;) is given by (5.2).
5.2. Analysis of the scheme

This approximation of the integral term is justified by the following lemma
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Lemma 5.1. There exists a constant K > 0 such that

[ (u(t, ) (2) = L(ult, ) (z)] < %Aiﬂ- (5:4)

Proof. Using that the trapezoidal quadrature error for a Lipschitz function f is of order LBAx, where L is the
Lipschitz constant of f, it suffices to show that the function

u(t,x + z) — u(t, x)

2 . 9(2)

is Lipschitz continuous in [A, B], with a Lipschitz constant given by %. Since z w

u(t,x+z)—u(t,z)

and g are

bounded and g is Lipschitz continuous, it suffices to show that z +—
21, 22 € [A, B]. We have

is Lipschitz continuous. Let

u(t,z +21) —ult,z)  u(t,z+2) —u(t,2)

< |—(u(t,x 4+ z1) —u(t,x + 22))

: |

1 Z2 21
u(t,x + ZZ —u(t,x) zgz—lzl < %Vl ).
O
We now prove, under the following CFL condition
Np—1 )
At < % where 7 = ﬁg(NAAJ:) + j_:ZAH g(jij) + 2]1739(NBAI) (5.5)

and L is the Lipschitz constant associated to V', that the scheme is monotone.

Remark 5.2. We can notice that the CFL condition does not explicitly depend on the space step Az. Indeed,
we can remark that the term 7 corresponds to the trapezoidal quadrature rule applied to the function % on
the interval (A, B). Also, it is worth recalling that for the “local” equation u; = V(u,) discretized with the
simple scheme

u o —ul
U?Jrl _ ’U/;L + AtV( Z+1A:C i )

the CLF condition is At < %. This condition is usually worse than the one obtained in the non local case if
g(NaAz) is small.

Theorem 5.3 (Monotonicity of the scheme). Assume that (5.5) holds and let v and v be respectively a sub and
a super-solution of the scheme, i.e. such that

ult < ul 4+ ALV (H“‘ I)(x”>> and o't >0 4 ALV (H(” I)(”fi)> .
9 g

Assume also that uf < v) for alli € {0,...,N}. Then
up <wvp Vie{0,...,N},ne{0,...,Np}.

Proof. The proof is made by induction. The initialization is true by hypothesis. Assume that for a certain n,
we have
ul <o Vie{0,...,N}.

7
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- (v (ML) (KDY,

We have

Using that
I(a")(z:) < L(0") (@) — (ui — ;)T

3

and since V' is monotone, we deduce that

ﬁﬁl—d”lguy—v?+AtO/(MW”“”‘”“?_”mI)—4/<MW”@”)>

Iy 1y

At

< (uj —vl) (1 - LI)
Iy

<0.
This ends the proof. O

We now show that (u’); is non decreasing and “Lipschitz continuous”.

Theorem 5.4 (Monotonicity and Lipschitz bounds on the numerical solution). For all i € {0,...,N} and
n€{0,...,Np — 1}, we have

ntl g
0< - Az ~ < Vinax- (5.6)
Moreover, if we assume that (5.5) holds and that
ud, , —ufd
< i+1 i<
0= Az =0

for alli €{0,...,N — 1}, then, for alli € {0,...,N —1} and n € {0,..., Nt}, we have

Uiy — ug

—= < L.
Ax =0

Proof. The estimate (5.6) is a direct consequence of the definition of the scheme and the fact that 0 <V < Vjax.
Let us show the second result by induction. The initialization is true by hypothesis. Assume that, for a given
n, we have

0<

ul o —ul
O<i%;i§m vie{0,---,N -1}

aan — n
We set u' = v, ; and

1,

g

W“—w+mvcwmm>

In particular, we have E?H = uzfll for all i =0,..., N — 1. By monotonicity of the scheme, since @} > ul, we

deduce that
ultt =uptt > Wt vi=0,... N -1

In the same way, if we define u}' = v}, ; — LoAx and
I(@")(z;
Q;H-l :u?—FAtV( (7 )( 1)) ,
Iy
then we have u'™' = ultt — LoAz for all i = 0,..., N — 1 and ' < u?. By monotonicity of the scheme, we
then get
u?jll — LoAzx = g?“ < u?“.

This ends the proof of the theorem. O
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We now give the convergence result, with the estimate of convergence. We first define
Q2 = {(tn,z),ty, = nAt,z; = a+iAz,n e {0,...,Np}, i€ {0,...,N}}

and
Q8 = {zi=a+iAx,ic{0,...,N}}.

Theorem 5.5 (Discrete-continuous error estimate for (1.1)). Assume that T < 1 and Ax + At < 1. Assume
also that the CFL condition (5.5) is satisfied. Then, there exists a constant K > 0, depending only on the
Lipschitz constant of ug and on g, such that the error estimate between the continuous solution u of (1.1) and
the discrete solution v of (5.3) (with initial condition given by vg) is given by

B A?
sup |u —v SK(VAt—l—Aw—I—RB—i—(A—F )>+Supu0—v0, (5.7)
o | | 1 ~; o |
if K (\/AtJr %Am+R3 + <A+ %)) <1 and S.Cl;Ap|uo —vo| <1 and where
0
+oo
Rp :/ g(z)dz.
B

Remark 5.6. For example, if g has compact support, B can be chosen large enough so that R = 0 and we
can take A of the order of v Az. In that case, we recover a estimate of order v Ax + At. If, we take g(z) = e %,
then we can take B = —In(Az) and A = vV Az and we get an estimate of order — In(Ax)v/Az + At.

Proof. The proof is inspired by the one of Crandall Lions [9], revisited by Alvarez et al. [1] and is an adaptation
of the comparison principle.
We define p by
o = sup [u(tn, ) — 07
Qf
We want to prove that p is bounded by f(Ax, At), f being defined later. We first assume that ug(z;) > v? and
we set
po = sup |ug(z;) — v > 0.
Qg
We define for 0 < a,e <1 and ¢ > 0, the function
Y [0,T] xR x Qf — R
(t71'7tn7xi) Hw(taxatnaxi)7
by
t—ta* |z —af?
2e 2e
This function has a maximum denoted by MZ . Indeed, u is Lipschitz continuous then

Y,z by, ;) = u(t,x) — v(ty, z;) — — ot — cu|;1c|2 — a\xi|2.
|u(t, z) — u(t,0)] < Lol|x|,

and since, T' < 1,
lu(t,z)| < Lol|z| + Ct + |uo(0)] < K (1 + |z]). (5.8)

In the same way, using Theorem 5.4, we also have that

[o(tn, z:)| < K(1 4 [zi)). (5.9)
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Let us underline that the constant K is not necessarily the same on each estimation.
This implies that the maximum MY, is reached in a point denoted by (t*,z*,t;,x}). We now give some
estimates on the maximum point. We have

alz*| +alzf| < K (5.10)
and
|o* — 27| < Ke and |[t* =t} ] < (K + 20)e. (5.11)

Indeed, since (t*,2*,t5, z¥) is a maximum point of ¢, we have

(™, tr, ) > 1(0,0,0,0) > 0.
Then we obtain, by (5.8) and (5.9), and using Young’s inequality that
alz*? + alzf)? < u(tt,z*) —u(0,0) — v(ts, zF) + v(0,0)
Q1+ 0+ 7)) € K+ 2 1 2o+ i

This implies (5.10) since a < 1.
Using that o (t*, z*, t5, aF) > (™, zf, t}, xF), (5.10) and the fact that « is Lipschitz continuous, we get

- <t at) - u(t, o)) - afa P+ alzf
< Kla* —ai| + a(|27] = ["))([27] + [27]) < K]a” — z}].
—_———

Sl —zj|

This implies the first inequality of (5.11). We obtain the second one in the same way, using that ¢ (t*, «*, €%, 27) >

r'ny

W(tr, a*,tr, xr) and the fact that u is Lipschitz continuous with respect to t. Inequality (5.10) can be strength-

ened to
alz*|? + alzf]? < K. (5.12)

Indeed, using (5.6) and (5.11), the facts that 1 (t*, z*, 2, ) > 1(0,0,0,0), ug(x;) > vY, and that u is Lipschitz
continuous with respect to x and ¢, we obtain

alg*? + alai* < u(t*,2*) —u(0,27) +u(0,27) — v(t;

n?

) < K(|Jz* —xf| +t*) + Kt), < K.

We assume now that for ¢ large enough, we have either t* = 0 or t; = 0. We argue by contradiction and we
suppose that t* and ¢} are positive. Since u is a sub-solution of (1.1), and u — ¢; reaches a maximum point in
(t*, x*), with ¢ given by

t =t | |-zl

o1t @) = vlty, 27) + 2e 2e

+ ot + alz|* + afz} 2.

Then by definition of A-viscosity solution of (1.1), we have that,

* ,T¥ + 2 T wu(tr, x* + 2) — u(tt,
0'+ b (g(/ ot +) ot )(z)dz—l—/A t, +; #, )g(z)dz'))

v( ( (x - i % + a2 + z)) g(2)dz

u(tr, z* + z) — u(t*, z*)

+ g(Z)dZ)>- (5.13)

A z
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On the other hand, since t% > 0, and (t*,2*,¢%, ¥) is a maximum point of ¢, we have that for all z; € Q?,

Y(E*, x* t wr) = Pt a,  — At x).

?n?z

Then, for all 2; € Q®, we obtain that,
U(t:z - At7xl) - ( n’ z) > ¢2( At7xl) ¢2( ns l)

where ¢o(t,z) = (‘t o 7‘”‘ + alz*| ) Since v! is a solution of the discrete problem (5.3), then we
obtain, for z; =z

b2 (m z) ¢2( ALLL‘:) > (t:w :) _U( — At, @} )

At At

v (Iln (1) (@)) .

g9

EE v (1 @)

€ 2e g

That is

Moreover, by (5.6), we have
vty — Atyx;) —o(t;, — At,x)) > —Vimax At +0(t), ;) — v(th, 7).
This implies that (with Z defined in (5.5))
I(w" ") (@}) 2 1(v")(2]) — TVimaxAt

and so

tr—tr At 1.
2V (Ig}l(v )(xl-)) — KAt (5.14)

Subtracting inequality (5.14) to (5.13) and using the fact that V' is a Lipschitz continuous, we get

A ok ok +00 * ok o * ok
c<K (/ i +i+a(2z*+z) g(z)dz—|—/ ult?, 2" +z) —u(th @ )g(z) dz)
0 € 2e B z
B (5.15)
+V 1 / ’U,(t » T —|—Z)—’U,(t » L )g(Z)dZ -V H(U )(1‘ ) —‘,—E—FKAt
Ig A z Ig 2¢e

Note that, by (5.10) and (5.11), we have

/

¥ — x¥

3 Z *
— 2
+25+a( ¥+ z)

€

—+oo
J,

Hence inequality (5.15) becomes

o<V (1 /B u#t,a" +z) - u(t*’x*)g(z)dz) -~V (W) + K% +KRp+K (A + f) - (5.16)

g(z)dz < K (A + f)

and
u(t*, z* + z) — u(t*, z*)
z

g9(z)|dz < LoRp.

Ig A z g
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Moreover, by (5.4), we have

B * p* 2) — u(t*. z*
[ HEE D ST s e, ) ) < B A,
A
hence 5
y (}Q/A u(t*, +Z,2'_U(t x )g<z)dz> SV(W) +%M, (5.17)

We now want to bound

v (M ey (1))

9
Since Y(t*, x*, 5, xF) > Y(t*, x* + 2,17, 2} + z), we get that

s Yy g

u(tr, z* + 2z) — u(t*, z*) <
z o z

o(tr,xf + 2z) —v(ts, x))

nvg n vy

+ 2a(x* + ] + 2).
This implies that

Np—1

1 1
I(u(t”, ) (") < Wo")(27) + 2a(2” +2f)Az | Sg9(Nala) + 5g(NpAz) + Y. gliAw)
j=Na+1
1 1 et
+ 2aAzx iNAAa:.g(NAAx) + §N3Am.g(NBAx) + Z JjAz.g(jAx)
j=Na+1

B B
<I("™)(z}) + K\/a/A g(z)dz + Ka/A 29(2)dz + B(v/a + a)Ax
< I(w™)(x]) + K(Va+ «)(1 4+ BAz).
We then get

v (e 0y _y (M) oy (M) g+ ) - v (D)

Ig g g9
< K(Va+ a)(1+ BAx)
< Kva(l+ BAz).

Injecting this in (5.16) and using (5.17), we get

KB A A?
JSK\/a(1+BAx)+AAx+K;+KRB+K<A+€>-

Let 0* = K\/a(1+ BAz) + £EAx +K% +KRp+K (A + A;), then we have a contradiction for all o > o*,

and then t* = 0 or ¢}, = 0 for all o such that o > o*.
If t* = 0, using (5.6), (5.11) and the fact that ug is Lipschitz continuous, we obtain that

MZ o, <u(0,27) —o(t, 27) < uo(x™) — uo(2]) + Kty + po < K(|a" — 27| +17) + po < K(1 + 0)e + po.

In the same way, if ¢} = 0, we get

M, < u(t™, x*) —v(0,27) < u(t*,z*) —wuo(al) + po < K(|a* —zf| + %) + po < K(1+ 0)e + po.
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We conclude that for all o* < o, we have
ME":& < K1+ o0)e+ po.

We then deduce that, for every (t,,x;) € Q%, and for 0 = o* < 1, we have that

2

At A
+KRB+K(A+E>)T§K5+;LO.

w(tn, ;) — v(tn, z;) — (K\/a(l + BAx) + %Aw + K?

Sending «,n — 0, and choosing € = v At, we obtain that

B A2
<K|(VAt+=Az+R +(A+ >>+ :
1% ( A B N Ho
provided that pp < 1 and Az, At small enough (so that o* < 1).
Using the same arguments of Alvarez et al. ([1], Thm. 2), we easily deduce the result in the general case
(up(x;) # vY).This ends the proof. O

Remark 5.7. If T' > 1, then since we have the estimation in each time interval of length 1, we then obtain
that

B A2
<KT|VAt+ —Ax+ R +<A+)>+ .
1% ( A B At Mo

5.3. Some numerical illustrations

In the numerical experiments below, we take the following discretization parameters At = 0.005, T" = 0.5,
Az =0.05, b = —a = 3 and B = 10. For the velocity V, inspired by [19] we consider the two following cases:

0 if x <o
(Greenshield): V(z) = { Vmax (1-(5)") » if # € (20, Tmax)

Vmax (1 - (x:](;x> ) lf X Z Tmax

0 if x <z

(Underwood): V() = { Vipax (1 — e~ (@720)7) if € (20, Tmax)
Vmax (]- - ei(mmaxizo)p) if x Z Tmax

where xg > 0, Tmax > o and V. are real parameters and p € N*. For the interpretation, we recall that zg
corresponds to the minimal distance between two successive cars and x,.x the distance up to which a driver will
not increase his speed. One can easily check that these two examples satisfy assumptions (H). In the sequel,
we take xg = 0.2, Tpax = 10, p = 1 and Vipax = 90.

For the weighting function g, we take g(z) = %675 with n > 0 so that I, = 1, see equation (5.3). It can be

also verified that it satisfies assumptions (H).

Riemann initial data. The initial data is given by

piL ifz <0 pr ifzx <0
w@=1" o m@=1" (518)
on ifz>0 pr ifzx>0

where pr, > 0 and pr > 0 are the initial density on left and on the right respectively. On Figure 2, we represent
the density p = i at time ¢ = 0.2 for different values of € {0.5,1,5} taking pr, = 0.2 and pr = 0.8. We also
represent in dotted line the “local” case corresponding to the situation where we solve u; = V(u,) (meaning
that the driver at position x take only into account the car directly in front of him to adapt his speed). As we
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1.0 1.0
— n=5 — n=5

FIGURE 2. Density p at time ¢ = 0.2 for different value of 7 using Greenshield velocity (on
the left) and Underwood velocity (on the right) using (5.18) initial density with p;, = 0.2 and
PR = 0.8.

1.0 1.0
— n=5 — n=5

n=1 n=1
= n=0.5 - n=0.5
n 0.8 n
== loc == loc

0.6 4

0.0 T T T T T 0.0

FIGURE 3. Density p at time ¢ = 0.2 for different value of 7 using Greenshield velocity (on
the left) and Underwood velocity (on the right) using (5.18) initial density with pr, = 0.8 and
PR = 0.2.

can see, and as we can expect, taking into account downstream traffic on a wider distance (meaning big 1) leads
to a smoother repartition of the density and somehow delays the progression of the front.

Similarly, we represent on Figure 3 the comparison for n € {0.5,1,5} of the density i at time ¢ = 0.2 taking
this time pr, = 0.8 and pr = 0.2. We can see that, even thought the downstream density is lower, taking into
account downstream traffic on large distance has a strong impact on the result. In particular for large 7, the
“decompression” is more uniform in the sense that the density on the left is almost flat.

Oscillating initial data. Let us consider a last situation with an oscillating initial density:

pr = 0.5 if <2
po(z) =< 04sin((z +2)7)+ 0.5 ifx e (-2,2) (5.19)
pr = 0.5 if x> 2.

The associated initial state ug is recovered by simple integration. On Figure 4, we represent the density profile
also at time ¢t = 0.2 for n € {0.5,1,5} and in dotted line the “local” case. Once again, we can remark that the
bigger n is, the “smoother” the density is.
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— n=5 —— n=5
n=1 n=1
— =05 — =05
081 n 084 n

== loc == loc

—————————

0.0 T T T T T 0.0 T T T T T

FIGURE 4. Density p at time ¢t = 0.2 for different value of 1 using Greenshield velocity (on the
left) and Underwood velocity (on the right) using (5.19) initial density.

6. CONCLUDING REMARKS

In this paper, we proposed and study a non-local traffic low model starting from the microscopic model
to build the homogenized macroscopic model. Using Hamilton—Jacobi framework, we are able to prove the
convergence of the homogenization process, and existence and uniqueness of the solution for the macroscopic
problem. We believe that this approach is relevant in the context of traffic flow modeling since it enables to
consider more general assumptions (such as the regularity of V') compared to what we can find for models
based on conservation laws for which the analysis is more complicated and particular. Finally, we proposed and
analyzed a numerical scheme to solve the proposed non local macro-model, and illustrated with some results
the impact of the non-local aspect of the model. In future works, we would like to extend this model to traffic
flow on network.
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