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ABSTRACT

Nowadays, marketing strategies are data-driven, and their quality
depends significantly on the quality and quantity of available data.
As it is not always possible to access this data, there is a need for
synthetic data generation. Most of the existing techniques work
well for low-dimensional data and may fail to capture complex
dependencies between data dimensions. Moreover, the tedious
task of identifying the right combination of models and their
respective parameters is still an open problem. In this paper, we
present MTCoPULA, a novel approach for synthetic complex data
generation based on Copula functions. MTCoPuLA is a flexible
and extendable solution that automatically chooses the best Cop-
ula model, between Gaussian Copula and T-Copula models, and
the best-fitted marginals to catch the data complexity. It relies
on Maximum Likelihood Estimation to fit the possible marginal
distribution models and introduces Akaike Information Crite-
rion to choose both the best marginals and Copula models, thus
removing the need for a tedious manual exploration of their pos-
sible combinations. Comparisons with state-of-art synthetic data
generators on a real use case private dataset, called AdWanted,
and literature datasets show that our approach preserves better
the variable behaviors and the dependencies between variables
in the generated synthetic datasets.

1 INTRODUCTION

Nowadays, data are the new gold. Unfortunately, it is difficult to
get this valuable data as sometimes companies do not have the
means to collect large data sets relevant to their business. Others
have difficulties sharing sensitive data due to the business con-
tract confidentiality or record privacy [25], which is the case of
ad planning, our industrial context. In this specific context, only
very few high quality and complex data (multidimensional, mul-
tivariate, categorical/continuous, time series, etc.), supposedly
representative of the whole dataset, are available for generating
a large and realistic synthetic dataset. Therefore, there is a true
need for a realistic complex data generator.

Our objective is to generate new data that maintains the same
characteristics as the original data, such as the distribution of
attributes and dependency between them. Moreover, it must be
structurally and formally resembling the original data so that any
work done on the original data can be done using the synthetic
data [21]. This cannot be done using the usual one-dimensional
synthetic data generation [17] method because, when applying
it in a high dimensional context, it does not allow to model the
dependency between variables. To tackle those issues, several
recent works focused on deep learning approaches such as Gener-
ative Adversarial Network (GAN), but those approaches require
a large amount of data for the learning step and thus can not be
used for our problem.
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Nevertheless, recently, there has been a growing interest in
Copula-based models for estimating [1, 26] and sampling [10, 29]
from a multivariate distribution function. Copula [15] are joint
probability distributions in which any univariate continuous
probability distribution can be plugged in as a marginal. The
Copula captures the joint behavior of the variables and models
the dependence structure, whereas each marginal models the
individual behavior of its corresponding variable. Thus, our prob-
lem turns into building a joint probability distribution that
best fits the marginal distribution of each variable and allows
capturing different dependencies between these variables. This
problem is often understood as a structure learning task that can
be solved in a constructive way while attempting to maximize
the likelihood or some information theory criterion [22].

Copula is a flexible mathematical tool that can support differ-
ent configurations in terms of marginal fitting distribution and
copula models. To choose the best configuration is not simple.
For instance, the literature Copula-based data generators use
Gaussian Copula model but this model has difficulties to cap-
ture tail dependencies, which may affect the quality of the data
generation.

In this work, we present MTCoPULA, a flexible and extendable
Copula-based approach to model and generate complex data
(e.g., multivariate time series) with automatic optimization of
Copula configurations. Our contributions are the following: (1)
we formalize the problem of synthetic complex data generation,
(2) we propose an approach MTCopuLA to learn Copulas and
automatically choose the marginals and Copula models that best
fit the data we want to generate, and (3) we describe experiments
showing how well MTCoPuLa preserves implicit relationships
between variables in the synthetic datasets on a real use case and
state-of-the-art datasets.

This paper is organized as follows: Section 2 presents the
related works. Sections 3 and 4 introduce the main concepts
related to dependency structures and Copulas. Section 5 provides
the problem description while Section 6 describes MTCopuLa,
our solution to model and generate data with their structure
dependencies. Section 7 presents the experiments performed to
show the properties and the efficiency of our approach. Finally,
Section 8 presents the conclusion and opens future works.

2 RELATED WORK

The fundamental idea of the process of synthetic data generation
involves sampling data from a pre-trained statistical model, then
use the sample data in place of the original data. In this section,
we study related works with regard to this preliminary notion
and our problem, which is the generation of synthetic complex
data. Complex data denotes a case where data can be a mixture
of continuous and categorical variables, in a high dimen-
sional context, and with the possibility of having temporal
relations in the order of variables (time series) and dependencies
in variables’ distributions tails.

First, our problem is not about generating data from specifi-
cations: it is rather about generating synthetic data from real



data samples, which, for different reasons, are generally available
in small quantities but with good quality. Therefore approaches
such as AutoUniv! cannot be applied.

Second, in the simplest case of one-dimensional synthetic data
generation, sampling from a random variable X with a known
probability distribution F is usually done using the classical ap-
proach Inverse Transform Sampling (ITS) [17], in which pseudo-
random samples Uy, ..,.Uy are generated from a uniform distribu-
tion U on [0, 1] and then transformed by F;(l (U1), v F)_(l(UN).
The issue with applying such an approach in high dimensional
synthetic data generation is that it will not allow modeling the
dependency between variables. As a consequence, it generates an
independent joint distribution. Therefore, this approach cannot
capture the dependency structure, which is one of our problem’s
key elements.

Then, traditionally, a perturbation technique, called General
Additive Data Perturbation (GADP) has been widely used for
synthetic data generation [14]. The principle consists in fitting a
multivariate Gaussian distribution on the input data, X ~ N'(y, =).
After that, the estimated multivariate Gaussian variable X is used
to generate the synthetic data Y by adding a noise variable e, Y=
X + e. where e is a Gaussian error. The problem with this method
is that it does not allow us to best model the marginal behaviors
of variables since it considers only Gaussian marginal distribu-
tions by construction, which can be limiting as observed in our
experiments. Moreover, it does not model the tail dependence
as is consider the correlation matrix ¥ only. Another variant of
GADP is the Dirichlet multivariate synthesizer based on MLE
[24]. The problem with MLE for multivariate distribution fitting
is that it has to be maximized over a potentially high-dimensional
parameter space, which is computationally very expensive.

The rise of deep learning in the last years has brought forth
new machine learning techniques such as generative adversarial
networks (GANS)[18, 23]. These techniques perform better than
state-of-the-art works in many fields but require large datasets for
training, which can be a significant problem because collecting
data is often expensive or time-consuming. Even when data is
already collected, this type of method cannot be applied due to
privacy or confidentiality issues. Moreover, GANSs, like most of
deep learning approaches, act as a black-box and does not allow a
business expert to understand how the synthetic data are actually
generated.

Recently, there has been a growing interest in Copula-based
modeling and synthetic data generation. Despite the fact that
Copula models can best model dependencies and the marginal be-
haviors of variables, most contributions suggested for synthetic
data generation [10, 19] have focused on a single model: the
Gaussian Copula. However, this model assumes a structure de-
pendency that may only loosely capture the interaction between
variables [11] as it does not allow to model the tail dependence.
In addition, these contributions use the Pearson correlation fac-
tor to estimate the correlation matrix, which is not invariant
under strictly monotone non linear transformation, and while
this hypothesis is crucial in the Copula’s context. As a conse-
quence, this impacts structure dependency preservation during
the copula learning fitting. Nevertheless, Copulas with both mar-
ginal fittings and its dependency structure allow for a transparent
explanation of the generated data.

In conclusion, Copulas seems to be the best solution for gen-
erating datasets based on complex tiny real datasets, but there is

!https://archive.ics.uci.edu/ml/datasets/ AutoUniv

a need for parameter calibration automation. Before introducing
the Copula, we present the dependency structure notions in the
next section.

3 DEPENDENCY STRUCTURES

One of our goals is to capture the dependency structure relation-
ship D between data/variables to finally be able to generate data
respecting those dependencies. This section focuses on the main
measures used to summarize dependency between components
of a random vector.

3.1 Pearson Product—-Moment Correlation

The Pearson product-moment correlation p is a measure of the
linear relationship between two random variables X1, Xs. A rela-
tionship is linear when a change in one variable is associated with
a proportional change in the other variable. Pearson correlation
takes values in the interval [-1, 1], and it is defined as:

Cov(X1,X3)

VVar(Xy)\Var(X3) '

The problem with Pearson correlation p is that it is not in-
variant under non-linear strictly increasing transformations of
the marginals [9].

p(X1,Xz) = Cor(Xq,Xz) = (1)

3.2 Rank Correlation

In practice, we have a monotonic relationship between measure-
ments in which variables tend to change together, but not neces-
sarily at a constant rate. In this case, rank correlation statistics are
well suited for determining whether there is a correspondence
between random variables. We mention here the two important
rank correlation measures, namely Spearman and Kendall.

Definition 3.1 (Spearman ps correlation). Let (X1,X2) be a bi-
variate random vector with continuous marginal dfs F; and Fs.
The Spearman’s factor p; is defined by:

ps(X1, X2) = p(F1(X1), F2(X2)). (2

Definition 3.2 (Kendall’s T correlation). Kendall’s 7 is defined
as the probability of concordance minus the probability of dis-
cordance of two random variables X; and X5:

7(X1,X2) = P((X11, X21) (X12, X22) > 0)—

P((X11,X21) (X12, X22) < 0), ®

where (X11, X21) and (X12, X22) are independent and identically
distributed copies of (Xi, X2).

Both Kendall’s 7 and Spearman’s ps are dependence invariant
with respect to monotone transformations of the marginals. Their
range of values is the interval [-1, 1] [3].

3.3 Tail Dependence

Understanding the dependence structure of rare events is funda-
mental in order to best model random variables behaviors. Mea-
sures of dependence like Pearson linear correlation, Spearman
and Kendall correlation are not able to correctly capture and
characterize the joint occurrence of large and small values of
random variables [8]. The Pearson correlation describes how
well two random variables are linearly correlated with respect to
their entire distribution. However, this information is not useful
to model the extreme behavior of two random variables [27].
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To evaluate tail dependence, the tail dependence coefficient is
calculated as follows:

Definition 3.3 (Upper and lower tail dependence coefficient). The
upper tail dependence coefficient of a bivariate distribution is
defined as:

_ 1 -1 -1
Aupper = tli>n11- P(Xy > F, ()1X1 > F; ' (1)). 4
The lower tail dependence coefficient is:

plower _ }E}r P(Xy < Fz’l(t)|X1 < F;l(t))~ (5)

Using those definitions, we are now able to introduce the
Copula on which our approach is based.

4 COPULA

This section is devoted to summarizing Copula principles as they
are the key part for data generation that conserve dependencies.
A deeper explanation about copula can be found in [15].

4.1 Copula Foundations

A Copula is a Latin term which means link. In recent years, due
to its ability to catch the core of multivariate data distributions
and their dependencies, copula was applied in a wide range of
areas such as econometric modeling [20] and quantitative risk
management [12].

This concept was first introduced in statistical modeling in
1959 by Sklar [28] to describe the function that “join together”
one-dimensional distribution functions to form a multivariate
distribution function. It is based on Sklar’s Theorem 4.1.

THEOREM 4.1 (SKLAR’S THEOREM). Let (X1, ..., X}, ..., Xy) bea
d-dimensional random vector with joint distribution function H
and marginal distribution functions F; , i = 1,..., d, then there exists
a d-copula C : [0, l]d — [0, 1], such that for all x in Rd, the joint
distribution function can be expressed as:

H(x1, .., xj,..xq) = C(F1(x1), .., Fj(x}), .Fq(xg)) 6)

with associated density function h, expressed by the multiplica-
tion of the copula density function c and marginal densities:

d
h(xl, ,.,,xd) = C(F1 (xl), .o .,Fd(xd)) X nﬁc(xk) (7)
k=1

Conversely, Copula C corresponding to a multivariate distribu-
tion function G which marginal distribution functions F; fori =
1,.., d, can be expressed as:

Clur..ug) = G(F; (u1).. Fy (ug)) Y (u1, . ug) € [0,117 (8)

where u; = Fi(x;) and Fi’l is the inverse of the marginal distri-
bution function of F;.

The first equation of the Sklar’s Theorem (Eq.6) describes the
role of the Copula function which is connecting or coupling the
marginal distribution functions Fy,..., Fy to form the multivariate
distribution function H. This allows large flexibility in construct-
ing statistical models by considering, separately, the univariate
behavior of the components of a random vector and their depen-
dence properties captured by some copulas. In particular, Copulas
can serve for modeling situations where a different distribution is
needed for each marginal, providing a valid substitute to several
classical multivariate distribution functions such as Gaussian,
Laplace, Gamma, Dirichlet, etc. This particularity represents one
of the main advantages of the Copula’s concept, as explained by

Mikosch [13]: “[Copula] generate all multivariate distributions
with flexible marginals”.

Equation 8 describes the construction of the Copula that cap-
tures and estimates dependence between the standardized vari-
ables [3]. A typical example of this construction is the Gaussian
Copula, which is obtained by taking G in (Eq.8) as the multivari-
ate standard Gaussian d.f. This illustrates the founding principle
of Copula that states that the dependence of data can be modeled
independently from the marginals. It is thus possible to represent
different original distributions just by changing the marginal
distributions.

Real-world high dimensional data may have different marginals
and joint distributions. Therefore, Copulas seem to be the right
tools to overcome these difficulties.

4.2 The Invariance Principle Of Copula

Here, we would like to mention one of the principal properties
of copulas inferred from Sklar’s Theorem 4.1. This theorem is
central for data generation using copula as it guarantees that
the normalization applied on marginals by their respective cu-
mulative distribution functions F, does not alter the measure of
dependence between the variables that we want to capture with
the copula.

THEOREM 4.2 (INVARIANCE PRINCIPLE OF CoPuLA). Let X = (X1,
vy Xj,ooy Xg) be a d-dimensional random vector with continuous
Jjoint distribution H, marginal distribution functions F; ,i = 1,...,d
and a copulaC. LetTr,...,.Trg be strictly increasing transformations
on range X1, .., Xg respectively. Then C is also the copula of the
random variable (Try(X1), ..., Trj(Xj),... Trg(Xg)).

Thus, Copulas, that describe the dependence of the compo-
nents of a random vector, are invariant under increasing trans-
formations of each variable. The power of this theorem manifests
itself when moving from the multivariate distribution function
(H) to the corresponding random vectors (X). In particular, when
we want to sample from a multivariate distribution function. It
gives us guarantees about dependency preservation when stan-
dardizing variables with their marginal distributions in order
to capture dependency by taking Tr;=F; (cumulative distribu-
tion functions F; are strictly increasing by construction). After
that in order to return to the original data shape, we apply the
inverse distribution F- 1 (or the quasi-inverse) by taking Tr; =
(F7 LoF;)(x;) is a strictly increasing transformation in the range
of Xj.

4.3 Families Of Copulas

In practice, there are many bivariate Copula families like the
elliptical copulas, archimedean Copulas, and extreme-value Cop-
ulas [3], but only a few multivariate ones. This section focuses on
the elliptical family because it contains two multivariate Copulas,
the Gaussian Copula, and T-Copula.

4.3.1 Multivariate Gaussian Copula.

Definition 4.3 (Multivariate Gaussian Copula). The multivari-
ate Gaussian Copula is the result of applying the inverse state-
ment of Sklar’s theorem (Eq.8) to the multivariate Gaussian dis-
tribution with zero mean vector and correlation matrix P.

The main drawback of Gaussian Copula is that it does not
allow to capture tail dependence. The upper and the lower tail
dependence coefficient between two variables (X;, X;) with cor-
relation factor p, are the same and are given by [3]:
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(a) Gaussian Copula. (b) T-Student Copula .
Figure 1: Comparison of Tail Dependency Capture by
Gaussian Copula and T-Copula with Standard Gaussian
Marginals and 7 = 0.7.
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4.3.2  Multivariate T-Copula.

Definition 4.4 (Multivariate T-Copula). The multivariate T-
Copula yields from applying the inverse statement of Sklar’s
theorem (Eq.8) to the multivariate Student distribution.

In this case, considering (Eq.8), G corresponds to the multi-
variate T-Student d.f T;(--- ; P, v) with scale parameter matrix
P e [-1,1]9%4 and v>0 degree of freedom. Further T, is the
inverse of the univariate standard student c.d.f. T,.. The main
advantage of the T-Copula comparing to the Gaussian Copula is
its ability to capture the tail dependence among extreme values
[16]. The upper tail dependence coefficient A?jp per
variables (Xj, X;) is equal to lower tail dependence coefficient

between two

Af;?we’ , because T-Copula is symmetric and is given by:

v+ 1—'1/)11) .
V1+pij

4.3.3  Illustration. To compare T-Copula and Gaussian Cop-
ula’s ability to capture tail dependence, Figure 1 shows two scatter
plots that represent a bivariate distribution constructed using the
two mentioned Copulas.

One important common characteristic in this comparison is
that both Copulas use the Kendall’s 7 of two random variables (Xj,
X) that has the same form for both T-Copula C ;’V and Gaussian

Copula C}; and it is defined by [4]:

Aij = 2Ty4 ( (10)

pij = Si"(%T(Xisz))s (11)
where p;; is the Pearson correlation between the pair (X;, Xj).
As we can notice from the lower left and upper right corners of
the two scatter plots, the constructed bivariate distributions have
significantly different behavior in their bivariate tails, although
they have the same marginals and correlation factor. In fact, in
the Gaussian Copula (left scatter), there seems to be no strong
dependence in the lower left and upper right corners, while the
T-Copula with three degrees of freedom (right scatter) emerges
to have more mass and more structure in the lower and upper
tail.

4.4 Copula Learning

Estimating Copula C as in (Eq.6) that belongs to a parametric fam-
ily of Copulas Cyg such as the T and Gaussian Copula, consists in
estimating the vector 8 of unknown parameters. If the marginal
distribution Fy, ...,F; are known, the following sample would rep-
resent independent, identically distributed (iid) random samples
of Copula.

Ui = (F1(X1), ... Fg(Xg)),i € {1,....n}. (12)
Consequently, 6 could be estimated using data distribution
fitting techniques such as Maximum Likelihood Estimation (MLE).
However, in reality, the marginals of H are unknown. For this
reason, the marginals have to be estimated before that 6 can be
estimated. The Copula learning process, schematized in Figure
2, is structured in two steps — Marginal Distribution Fitting, and
Copula Fitting - that are described in the following.

4.4.1 Marginal Distribution Fitting. Modeling marginal distri-
bution Fj, ..., F; can be achieved commonly in two ways [3, 4]:
the first approach consists in fitting parametric distribution to
each marginal, i.e., we assume X; ~ fj(.;y;), the parameter y; is
commonly estimated by maximum likelihood:

n
¥ = argmax [ 1H@iviied..a (13)
7=l
The associated marginal distribution function F; is then es-
timated by F;(.; ¥j). The second approach consists of modeling
the non-parametric marginals using the empirical distribution
function F; defined as:

n

Z 1{x;<x) for all x. (14)

i=1

1

Fj(x) =

4.4.2 Copula Fitting. In both previous cases, we end up with
data on the Copula scale, which will be used to estimate the
Copula parameters 6 of the chosen multivariate Copula family:

(i1, - tiq) = (Fi(xin), . Fg(xiq)), fori=1,.,n.  (15)
Similar to marginal distribution parameters estimation, one
method is Maximum likelihood estimation, which is commonly
used to estimate the parameters vector 6 of the Copula-based
on pseudo-Copula data. If parametric marginal models (Eq.13)
are used, then we talk about inference for marginals approach
(IFM)[6] and if the empirical distribution of (Eq.14) is applied
then we have a semi-parametric approach [5] also known as
Canonical MLE (CMLE), and the likelihood function is given by:

n
L6y, . uj, . ug) = l_lc(uil,.., uij o uigl6).  (16)
i=1

The success of the first approach (IFM) depends on finding
appropriate parametric models for the marginals. If the marginals
are misidentified, the estimated parameter vector 6 will be biased
[7].

Finally, another simple method, called the method of moments,
is based on the invariance property of Kendall’s 7 under strictly
increasing transformations of the marginals. The method consists
of calculating Kendall’s 7 for each bivariate marginal of the Cop-
ula and then using relationship in (Eq.11) to infer an estimate of
the entire correlation matrix P of the considered elliptical Copula
(Gaussian or T) [3].

In the case of T-Copula, to estimate the remaining parameter
v, MLE is generally used with correlation matrix held fixed [4].

5 PROBLEM FORMULATION

Our objective is, given a set of complex and representative obser-
vations (e.g. media channels with their user targets and respective
daytime audiences) Ly, to generate a synthetic dataset Lg which is
similar to the original dataset L, under the following properties.
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Figure 2: Copula Learning Process.

e For each attribute (variable) in the dataset, the generated
values must be consistent with the distribution of the
variable.

e Dependence between variables must remain the same in
the new dataset.

This objective can be reformulated as: find automatically the
statistical model that best fits the process of data generation.
Therefore, using Copula and according to Section 4.4, this can
be done by, first, estimating marginals parameters, and, second,
estimating Copula distribution parameters. The fitting will al-
most never be exact, so the problem consists of determining the
model parameters that minimize the relative amount of the lost
information.

In the literature, the Akaike Information Criterion (AIC) [2]
is often used to this extent, but not in the context of automatic
determination of the best marginals or Copula models for data
generation. Noticeably, AIC provides a trade-off between the
goodness of fit and the model’s simplicity by penalizing pro-
portionally to the number of parameters. This, in turn, allows
decreasing the risk of overfitting and underfitting at the same
time. In what follows, we formulate our problem based on AIC
without loss of generality as any other test could have been used,
such as the Kolmogorov-Smirnov test, which does not penalize
models with more parameters. Based on AIC, our synthetic data
generation problem becomes the following two-steps optimiza-
tion problem:

(1) Sampling values consistent with each variable behavior
consists in finding the corresponding marginal distribu-
tion density function (fj, y;) such that:

minimize AIC = 2k — 2In(£L(yjlx;)), j=1.d  (17)
where ﬁ(y}|xj) = [1%, fj(xijlyj) represents the maxi-
mized likelihood function of a candidate marginal density
fj with k-dimensional vector of parameters y; given by:

n
Vi = argn}/gx l_[fj(xij; Yi)- (18)
7=l
(2) Characterizing the inter-dependency behavior of variables
together consists in finding the joint distribution density
(copula parameters) (h, 0) that:

minimize AIC = 2k — 21n(.f(é|x1, Xy nXg)) (19)

where .ﬁ(9|x1, o Xjs e Xg) = [Ty h(x1, . X, ..,xd|é) is
the ML estimation of the model h with parameters 6, and
k is the number of parameters. 6 is given by:

n
0= argm;x l—[ h(xit, ooy Xijy oo Xi g3 0). (20)
i=1

6 SOLUTION DESCRIPTION

This section illustrates the general problem and describes its so-
lution in the specific context of complex data generation with
multivariate time series paired with categorical variables as found
in our problem of media channel data generation. Our system,
which is called MTCoPULA, is broken down into three steps: (1)
data preparation, (2) copula model learning, and (3) synthetic
data generation. Noticeably, only step (1) is specific to our prob-
lem, while steps (2) and (3) are entirely generic to any complex
synthetic data generation scenario.

6.1 Data Preparation

6.1.1 General Pipeline. Copula, as a multivariate distribution
function, requires a continuous representation of independent
and identically distributed d-dimensional random variables. Due
to this requirement, the multiple multivariate time series in the
input must be preprocessed before learning the Copula model
that, in a next step, generates synthetic data. Figure 3 illustrates
the different steps of our data preparation process.

Target | Target |..| Target | Target | Day | Channel |
1334W | 13-34M | | 3465W 33-65M [§1]

|
+ @

.| 2300

Sereen |
Timing

Data Cleaning
and Transformation

5:00 | 5:30

23:30 | Target Day | Channel
Multiple Multivariate
Time Series | | 1334w | sat 51
1334w | sun s1
1334w | WD s1
(3) —
X1 - X Xa - =
0650 | sat si
5:00 |..| 23:30 | 13-34W |..| +65M | Day | 51 .| Sn |
| «65M | wp sn
072 023
0.23 T 053 Categorical
. To Numerical
Data Encoding

Multivariate Continuous
Random Variable

Figure 3: Data Preparation Workflow.



Our preprocessing process includes data cleaning, which con-
sists of first removing missing values and normalizing data rep-
resentation (ex. lower casing). Then, each column representation
of the multivariate time series data is converted into a row rep-
resentation of multiple time series. This allows to change the
observation structure and, as a consequence, allows removing
the dependence due to the time series nature where an observa-
tion at time t depends on previous time slots. In our case, the
multivariate time series is defined by 6 time-dependent variables
— {Women, Men} x {13 — 34 years, 34 — 65 years, 65 + years} —
and two categorical features — the media channel and the day
of the week - as visible in the first table in Figure 3. Each one
will produce a six-time series paired with a vector of three cate-
gorical variables (Target, Channel, and day). As a result of the
preprocessing step, we have a set of independent and identically
distributed observation defined by a vector of continuous and
categorical (discrete) variables as shown in Figure 3.

6.1.2  Categorical variables encoding and Copulas. Categorical
data cannot be modeled directly by the Copula, so we propose to
replace them with continuous data. To this end, we consider two
options. The first option consists of only considering distribution
based encoding but fails to model the dependence between values
of a categorical variable.

The second option consists of performing first a one-hot encod-
ing to capture dependence between values of the same categorical
variable. Applying this to the Target variable allows to model the
multivariate dependence between the different values of this vari-
able (women 13-34, men 13-34, women 34-65, men 34-65, women
+65, men +65), and, as a consequence, models the multivariate
time series behavior. The distribution-based encoding technique
is used in order to transfer the discrete representation of the cat-
egorical variable to the continuous representation in the range
[0, 1]. Figure 4 illustrates distribution based encoding technique
using the Truncated Gaussian. This process gives dense areas
at the center of each interval and ensures that the numbers are
well differentiated. This facilitates the inverse process (decoding),
given a value v € [0, 1], we can identify the corresponding cate-
gory based on the value interval. Once the categorical variables
are transformed, we have a set of observations of d-dimensional
continuous random variables (Table 3 Figure 3). This dataset will
be the input of the next step in order to estimate the copula

parameters.
x P(x) wD _ sat  sun
WD 0.5
Sat 0.4
Sun 0.1

Figure 4: Categorical (Working Day, Saturday, Sunday) to
Continuous Data Encoding using a Truncated Gaussian.

6.2 Copula Model Learning

As we explain in Section 4.4, the Copula learning process is done
in two steps: the marginal distribution fitting and the Copula
fitting.

6.2.1 Marginal distribution fitting. Our system proposes two
methods to estimate the marginal distributions. The first one is
non-parametric, via empirical distribution, as described in (Eq.14),

and the second one is parametric and uses MLE (Eq.13). Algo-
rithm 1 presents the steps of MLE to fit the marginals and, most
importantly, AIC to automate the choice of the best marginal dis-
tribution among a set of preselected distributions. Currently, we
choose, without loss of generality, among the following bounded
distributions: Truncated Gaussian, GaussianKDE (Kernel Density
Estimator), Beta, Truncated Exponential, and Uniform.

Algorithm 1: Marginal Distribution Fitting and Selec-
tion Using Maximum Likelihood and AIC.
Input: L; dataset of n observation from the random variable X,
Output: the best fitted distribution F; with estimated
parameters y;.
1 distributions = { Truncated Gaussian, GaussianKDE, Beta,

Exponential, Uniform, or any bounded distribution } ;
2 best_aic = +oo;

3 for dist in distributions do

4 fitted_params = Fit(dist, L;, method ="maximum
likelihood’);

5 aic = AIC(dist, fitted_params);

6 if aic < best_aic then

7 best_aic = aic;

8 y;j = fitted_params;

9 Fj = CDF(dist);

10 end
1 end

The estimated marginal distributions are used to construct
pseudo-Copula observations via the probability integral trans-
formation as described in (Eq.15). A model selection criterion,
such as AIC, is used to select the copula C that best fits pseudo-
Copula data and characterizes dependence between marginals.
Algorithm 2 presents the steps of Copulas fitting using AIC.

6.2.2 Copula fitting. Most of the works, done in synthetic
data generation based on Copula, use a Gaussian copula with
MLE approach to estimate marginals. Our system gives flexibil-
ity in terms of Copula model choice based on AIC, which, in
turn, allows learning different Copula models and choose the
model which best fits the input data. For the moment, we fit
two models, Gaussian and T-Student Copula, as they are able to
capture different dependence structures: linear like the correla-
tion using Gaussian Copula, and non-linear behavior like the tail
dependency using T-Copula.

Interestingly, our work addresses a recurrent problem ob-
served when using Copulas: most contributions use Gaussian
copula paired with a Pearson Correlation [10, 19] in order to
estimate the correlation factor of the Gaussian Copula. How-
ever, the Pearson correlation factor is not invariant under strictly
monotone non linear transformation, which may impact the pro-
cess of estimation when standardizing with marginal distribution
functions. Our contribution MTCopPuLA uses the Kendall’s 7 in-
version, which is based on the relationship between the Elliptical
Copula (T-Copula or Gaussian Copula) correlation parameter
and the Kendall’s 7 of two random variables (see Eq.11). For the
T-Copula, another step is required to estimate the degrees of
freedom, which is based on MLE with the correlation matrix held
fixed.

6.3 Data Generation And Reconstruction

For synthetic data generation, copula samples are generated by
sampling from the Copula density function c that corresponds



Algorithm 2: Copula Fitting with AIC.

Input: Dataset L of n observations from a d-dimensional vector
X, a method m (e.g.: Kendall 7 inversion) for parameters
estimation and marginal distributions Fi, ..., Fg.

Output: the best fitted copula C with estimated parameters 6.

1 copulas = { Gaussian Copula, T-Copula } ;

2 best_aic = +oo;
3 copula_data = standardize(L, Fj...., Fg);
4 for copula in copulas do

5 fitted_params = Fit(copula, L, method=m);
6 aic = AIC(copula, fitted_params);
7 if aic < best_aic then
8 best_aic = aic;
9 0 = fitted_params;
10 C = copula;
1 end
12 end

to the estimated Copula joint distribution function C. Then, the
inverse probability transformation (F7!) is applied to transform
the Copula samples back to the natural distribution of the data
(see Eq.8). Algorithm 3 presents the steps to sample based on
Copula C and fitted marginal distributions (Fy, Fy, ..., Fg).

Algorithm 3: Sampling Based On Copula

(2) The main bottleneck of methods based on Copula is (i)
to be able to choose among the marginal models, and
(i) to choose among the Copula models that may have
different properties to capture the dependency. MTCopuLa
automatises the process by using the AIC criterion as a
measure to automatically determine the best model either
for marginals or Copula. We show to which extent this
choice is efficient in our context.

Finally, to answer the first question raised in this paper,
we show the efficiency of MTCopuLA to generate multi-
ple/multivariate time series based on our initial real in-
dustrial use case on media planning and synthetic media
channels data generation.
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For our experiments, we use the 4 datasets presented in Table 1.
The XYZ dataset was generated using a mixture of Beta and
Gaussian distributions with a correlation between Y and Z only,
in order to simulate complex marginal distributions. The Abalone
and Breast Cancer Wisconsin datasets come from the UCI dataset
platform 3. The AdWanted dataset* comes from Adwanted Group
company and provides a rich and real use case for our approach
based on media channels. For this specific dataset, the input data,
which is 27000 instances in 10 dimensions, is first preprocessed
following the methodology presented in Section 6.1 for Copula
model learning. This produces a multivariate continuous data set
with 1440 instances of 60 dimensions that we use in our tests.

Input: Best Fitted Copula C with parameters vector 0, Fitted
marginal distributions (Fi, y1), (Fa, ¥2), s (Fa, Ya)-
Output: synthetic d-dimensional observation X.
1 Sampling d-dimensional copula data U, U ~ (c, 0);
2 Return X = (F{' (U1, 1), Fy ' (Ua, ¥2), -, E7 (Uas Ya) )

For the moment, our system MTCopruLa supports two Cop-
ula models: Gaussian and T-Copula. For generating correlated
random variables, our method uses the Cholesky factorization,
which is commonly used in Monte Carlo simulation to produce
efficient estimates of simulated values [30].

Once the synthetic data generation process is finished, a re-
construction operation is performed in order to re-convert the
categorical variable to its original representation by replacing in-
terval values with their corresponding, most likely, categories. Fi-
nally, the row representation of the time series is re-transformed
into a column representation.

7 EXPERIMENTS

In this section, we report the experiments that were conducted
to validate MTCoPuLA ability to generate synthetic data?. In
order to evaluate our approach, we answer the following research
questions:

(1) MTCoruta relies on the central hypothesis that Copulas
are pertinent to generate synthetic data. To confirm it, we
propose experiments where state-of-the-art generators
(ITS, GADP, MLE, and CMLE) are compared with different
Gaussian Copulas and T-Copula. As a Gaussian Copula is
defined by its correlation matrix to model dependency, our
test incorporates several ways to estimate this correlation
matrix: Kendall’s 7, Pearson and Spearman coefficients. In
conclusion, this experiment validates the choices of both
Copula and the Kendall’s 7.

2The source codes are available at https://github.com/cderunz/MTCopula.

Dataset Type Number Attribute Number
P Attributes Characteristics Instances
XYZ Multivariate 3 Continuous 1000
Conti Di t
Abalone Multivariate 8 on muous,. isret, 4177
Categorical
Breast Cancer . . .
. . | . Multivarate 32 Continuous, Categorical 569
Wisconsin (Diagnostic)
AdWanted M}lltwarfxte 60 Contmuc.)us, 1440
Timeseries Categorical

Table 1: Datasets Used For Experiments.

7.1 Copula For Synthetic Data Generation

This section evaluates to which extent Copula models answer
our need to generate synthetic datasets that fit with our two
objectives presented in Section 5.

7.1.1  Copula versus other state-of-art generators. We first eval-
uate the ability of the Copula framework to generate synthetic
data that better preserve dependency structure when compared
to the following state-of-the-art approaches: ITS [17], GADP [14],
MLE and CMLE [5]. In order to show the Copula framework ef-
ficiency, we couple different marginals by changing the copula
itself: either T-Copula or Gaussian copula. For the Gaussian Cop-
ula, we use different methods to estimate the correlation matrix
P: Gaussian Copula with Kendall’s 7 (GCK), Gaussian Copula
with Spearman (GCS), and Gaussian Copula with Pearson (GCP).

We evaluate, on our four datasets, the dependence structure
preservation based on the Root Mean Square Error (RMSE) be-
tween the correlation matrix of the original dataset and the gen-
erated dataset. The lower the RMSE, the better the dependency
structure is captured. The final reported errors, presented in Ta-
ble 2, are averaged over 50 runs, except for MLE and CMLE
due to their time computation costs on the three most complex

3https://archive.ics.uci.edu/ml/datasets.php
4The AdWanted dataset is not shareable due to privacy issues


https://github.com/cderunz/MTCopula
https://archive.ics.uci.edu/ml/datasets.php

XYZ Breast Cancer Abalone AdWanted
dataset WD dataset dataset
Mean | Std | Mean | Std | Mean | Std | Mean | Std
ITS[17] 0.4465 | 0.0155 | 0.4725 | 0.0018 | 0.7237 | 0.0027 | 0.3447 | 0.037
GADP[14] | 0.1659 | 0.0137 | 0.2392 | 0.0397 | 0.2855 | 0.0169 | 0.2482 | 0.0224
MLE 0.4456 | 0.0147 | 0.4734 - 0.7266 - 0.8953 -
CMLE[5] | 0.1735 | 0.0132 | 0.4698 - 0.7120 - 0.8671 -
GCP 0.1639 | 0.0159 | 0.0794 | 0.0059 | 0.0571 | 0.0217 | 0.1057 | 0.0028
GCS 0.1579 | 0.0114 | 0.0785 | 0.0052 | 0.0554 | 0.0225 | 0.0982 | 0.0017
GCK 0.1451 | 0.0105 | 0.0658 | 0.0053 | 0.0547 | 0.0161 | 0.0931 | 0.002
TC 0.1596 | 0.0111 | 0.0993 | 0.0095 | 0.0315 | 0.0091 | 0.0881 | 0.0005

Table 2: RMSE Evaluation of Dependency Structure Preser-
vation using Different Methods: GCx denotes Gaussian
Copula and x indicates the correlation (p: Pearson, s:
Spearman, k: Kendall). TC denotes the T-Student Copula.

dataset. We observe clearly that the dependency structure is bet-
ter respected with Copulas than with state-of-the-art approaches.
For instance, on the Breast Cancer Wisconsin Dataset, the mean
RMSE of ITS, GADP, MLE, and CMLE are higher than 0.2 when
it is lower than 0.1 for any type of Copulas.

7.1.2  Choice of Dependency Structure Estimation Method. In
order to validate our choice that Kendall’s 7 is relevant and accu-
rate to estimate and preserve dependency structure, we compare
several methods to estimate the correlation matrix P of the Gauss-
ian Copula: Kendall, Spearman, and Pearson. Noticeably, we limit
our study to Copula whose dependency structure D is expressed
as a correlation matrix.

From Table 2, we can observe that Kendall, Spearman, and
Pearson methods, for which the RMSE median is between 0.01
to 0.2 depending on the dataset, are significantly more accurate
than RMSE scores for ITS, GADP, MLE, CMLE methods for which
the means are respectively between 0.34 and 0.72, 0.16 and 0.28,
0.44 and 0.89, and between 0.17 and 0.86. We can also observe
that the Gaussian Copula with Kendall performs slightly better
than the Gaussian Copulas with both Pearson and Spearman.

These results illustrate the robustness and the effectiveness of
Kendall’s method against the others method for correlation ma-
trix estimation in the specific case of Gaussian copula. Therefore,
our choice of Kendall’s 7 to capture the dependency structure
is validated both experimentally and theoretically, as illustrated
before in Section 3. The dependency structure estimation method
choice is thus confirmed.
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Figure 5: Marginals Fitting Evaluation Using Two Sided
Kolmogorov-Smirnov Test with @ = 0.05 on XYZ dataset.

7.1.3  Impact of the marginal fitting on the quality of data
generation. Figure 5 illustrates a box plot for the variation of the
P-Value of the two 2-Samples Kolmogorov-Smirnov Test, which
determines whether the synthetic attributes values and the real
attributes values are derived from the same distribution. We
notice that for the first 2 variables X and Y, the median P-value

(resp. = 0.65 and ~ 0.50), are above the threshold @ = 0.05, so we
cannot reject the null hypothesis, that the synthetic and the real
marginals are derived from the same distribution. Although the
median P-value of Z (= 0.09) is also slightly larger than «, it is
significantly less accurate than the others. This is due to problems
with the marginal fitting of this distribution. As a consequence,
correlation is impacted between Y and Z as visible in Figure 6.
The Figure 6 shows that globally data generation using Copula
with structure dependency capture is able to answer our problem,
but the better we fit both marginals and Copula, the more realistic
the generated data are. As a consequence, our problem boils down
to selecting the most effective marginals and Copula models to
generate the most realistic data. That is the goal of our approach
MTCopPuULA, that relies on AIC as described in the next section.

LT

(a) Real Data (b) Synthetic Data.
Figure 6: Pair Plot of XYZ Dataset and Synthetic Data Gen-
erated Using Kendall Method.

7.2 Interest Of AIC For Models Selection

This section presents the benefits of using AIC to determine the
best model for both marginal fitting and copula choices.

7.2.1 Choice of the marginals. To evaluate the importance
of AIC in selecting the most appropriate marginal distribution
that best fits the behavior of marginal variables, we fit a list of
bounded distributions: Beta distribution, Uniform distribution,
Truncated Exponential, Truncated Gaussian, and Kernel density
estimation, using the MLE method for each variable. For each of
these distributions, we evaluate the AIC using the fitted parame-
ters. The distribution with the minimum value of AIC is selected
to model the behavior of the variable. Note that we use a list of
bounded distribution in order to avoid generating outliers. In
addition, we incorporate a Kernel density estimation algorithm
to fit more complex distribution shapes. Table 3 illustrates the
evaluation of AIC of the marginal distributions fitting of XYZ
dataset variables.

From Table 3 we can observe that for both X and Y variables.
Beta distribution has a very small value of AIC (—11718.86 and
—11001.61 respectively ). As a consequence, we notice that the
real data distribution (blue color in Figure 7) and the fitted distri-
bution (orange color Figure 7) are almost identical (see Figures
7a and 7b). While, for the variable Z, the value of the minimum
AIC is not as small (4435.44) compared to the other variables. As
a result, we observe a significant difference between the fitted
and the real data distribution in Figure 7c. This is because AIC es-
timates the relative amount of information lost by a given model:
the less information a model loses, the higher the quality of that
model.

7.2.2  Choice of the copula models. In this experiment, we
investigate the impact of the copula model choice on the quality



Variable Beta KDE | Uniform Truncate.d Truncefted
Exponential | Gaussian

X -11718.86 | -281.47 4.0 98.99 133.62

Y -11001.61 | -1116.15 3.96 -1497.21 -690.05

z 240273.73 | 4435.44 5480.97 5040.59 4896.43

Table 3: AIC Evaluation on XYZ Dataset Marginals.

(a) X Fitting using
Beta distribution

(b) Y Fitting using
Beta distribution

(c) Z Fitting using
KDE distribution

Figure 7: Marginal Distribution Obtained After Fitting
Using Algorithm 1.

of data generation, and we demonstrate the importance of AIC
to choose the best copula model. To this end, we fit two copulas
models, the Gaussian and the T-Copula, on two different datasets
XYZ and Abalone. For both models, we use the Kendall method
to estimate the correlation matrix P. The degree of freedom v
of T-Copula is estimated by the CMLE method with correlation
matrix P held fixed. Results are averaged after 10 runs. Figure 8
illustrates the RMSE evaluation of the dependency preservation
using the two copulas.
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(a) RMSE Variation XYZ (b) RMSE Variation Abalone
Figure 8: Dependency Structure Preservation Evaluation
using different Copula Models.

From Figure 8a), we can observe that, for XYZ dataset, the
Gaussian Copula performs better than the T-Copula. On the other
side, as shown in Figure 8b, T-Copula outperforms the Gaussian
Copula on Abalone dataset. This is because XYZ dataset does not
expose a tail dependence structure (see Figure 6a). Consequently,
the use of T-Copula will impact the correlation matrix (see eq.
10) by considering dependencies in the tails that do not appear
in original data. Conversely, Abalone dataset shows a lower tail
dependence structure as illustrated in Figure 9a. As a result, using
a T-Copula for data generation will correct the dependencies in
tails, while it is not the case with the Gaussian Copula. For the
moment, we use the T-Copula only for tail dependence modeling,
which has a symmetric tail structure, the reason for which, we
do not control the upper tail structure in the generated synthetic
data as shown in Figure 9b. Results in Table 4 confirm those
conclusions. For XY Z dataset, the min AIC that best fits the data
corresponds to the Gaussian Copula (3993.73). On the other hand,
the T-Copula has the minimal value of AIC that best fits Abalone

dataset (9507.26). This confirms the AIC interest in choosing the
best copula model that best fits the data generation process.

Database | Copula Model | AIC Value
XYZ Gaussian 3993.73
T-Student 3998.18

Abalone Gaussian 12388.88
T-Student 9507.26

AdWanted Gaussian 202532.88
T-Student 127444.74

Table 4: AIC Evaluation of Gaussian and T-Copula Models.
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(b) Synthetic Data using
T-Copula.

(a) Real Data.

Figure 9: Pair Plot illustration of Abalone Dataset.

Through this section, we have demonstrated the effectiveness
of MTCopuLa to select among different combinations of marginal
fittings and Copula models, the most appropriate models that
best represent the process of data generation, and we showed the
importance and the relevance of the AIC criterion in this process.

7.3 MTCopula Applied To Media Channels

The objective of this experimentation is to measure the effec-
tiveness of MTCopruLA on real media dataset as provided by
Adwanted company. According to Table 4, as AIC for T-Copula
(127k) is lower than AIC for the Gaussian Copula (202k), MT-
Coprula is capable to automatically select the T-Copula for this
dataset to sample synthetic multivariate time series. These data
will be used in the following experiments to evaluate the business-
related qualities of the generated data. The results, in terms of
RMSE, presented in Table 1, confirm this choice, as T-Copula
obtain a slightly better performance: ~ 0.088 with standard devi-
ation ~ 0.0005 for T-Copula and ~ 0.093 with standard deviation
~ 0.002 for Gaussian Copula with Kendall’s 7.

To study the utility of the generated time series, we compare
each time series in the generated dataset with its counterpart
from the same target user category, the same day in the week,
and the same channel in the real data set. For each pair, we mea-
sure the MAE variation of the statistical properties of time series,
respectively the Min, Max, Mean, Median, Standard deviation,
and 95 Percentile. Figure 10 shows the MAE of those measures.
From this Figure, we can observe an overall variation smaller
than 0.2, which is a very good result as it is significantly smaller
than the observed standard deviation of those statistics in the
original dataset (respectively ~ 1.66, ~ 0.54, ~ 0.46, ~ 0.44, and



1.44). Noticeably, for the min statistic, because we have a stan-
dard deviation ~ 0.2, this result reflects the ability of MTCopruLa
to preserve the time series’s characteristics when generating syn-
thetic data. This overall good business-related performance gives
guarantees on the utility of the synthetic time series in several
situations when access to the real data is not possible.

aBnman

median 95centile

Variability

Figure 10: MAE Variation of Synthetic Time Series statis-
tics.

8 CONCLUSION

This paper proposed MTCopuLA a flexible, extendable, and generic
solution for synthetic complex data generation. It incorporates
different Copula models (for the moment Gaussian and T-Copula)
in order to capture different dependency structures including tail
dependence. To bypass the non invariance problem of Pearson-
Correlation based Copula methods, MTCopuLra involves Kendall
7, which is robust to outliers and invariant under strictly mono-
tone transformations. This ensures dependency preservation dur-
ing the process of copula learning. Unlike the GADP approach
that uses only the Gaussian distribution to model the marginals,
our solution incorporates a variety of bounded distribution in
order to best fit the behavior of variables and do not generate
outliers. In addition, MTCopuLA is less restrictive in terms of the
quantity of the input data and is more explainable than GANS.
MTCoprula is able to automatically select both the univariate
marginal distributions and the copula model that best fit the input
data. For that, it uses MLE to fit the possible marginal distribution
model, and then AIC to choose both the best distribution and the
best Copula Model between the T-Copula and the Gaussian one.
MTCoprura handles multiple data types including complex tabu-
lar datasets and multiple/multivariate time series. The proposed
experiments show MTCopuLA’s interest and efficiency compared
to existing methods.

In our future works, first, further experiments will be con-
ducted to evaluate (i) the sensitivity of MTCopuLA to the number
of parameters it has to fit to correctly estimate the marginals or
Copula models, by varying the number and the nature of the
variables, (ii) how it deals with asymmetric tail dependency be-
haviors as this problem is still open in MTCopuLA. Second, we
will work on making our approach robust to missing values in
the original datasets. Third, we plan to study the use of synthetic
data for machine learning model fitting, in order to see how qual-
itative is the new data for different tasks. Fourth, an important
way to see how much using MTCopruLA could be interesting for
machine learning tasks is also to analyze its scalability according
to the number of original and generated data. Fifth, we want to
tackle a new research problem: how can MTCoruta efficiently
consider conditional dependencies between variables. Using Vine
Copula seems to be a promising solution that we need to study.
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