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Asymptotic analysis of the critical dynamics
of spherical gaseous detonations.
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Aix Marseille Université, CNRS, Centrale Marseille, IRPHE UMR7342,
49 Rue F. Joliot Curie, 13384 Marseille, France

(Received 7; revised 7; accepted 7. - To be entered by editorial office )

The critical dynamics of supersonic combustion waves is studied in the context of the
direct initiation of detonation in a spherical geometry. The study is performed by an
asymptotic analysis in the limit of small heat release, including unsteadiness, curvature
and the gradient of the burnt-gas flow. Derivation of analytical expressions for the rar-
efaction wave in the burnt-gas flow, combined with numerical studies, provides the basis
of the analysis. The critical trajectories “detonation velocity versus front radius” D(ry)
are characterized by a decay well below the CJ velocity at a small radius (however larger
than the detonation thickness), followed by a re-acceleration process back to a CJ deto-
nation. The phenomenon is explained by the dynamics of the sonic point inside the inert
rarefaction wave behind the reaction zone. The key mechanism is a critical slowdown
as soon as the sonic condition (relative to the lead shock) approaches the reaction zone
from behind, leading to an increase of the time delay in the nonlinear response of the
combustion wave to the rarefaction-wave-induced decay. Detonation fails if the rate of
decay is strong enough to prevent the sonic point to catch the reaction zone. Concerning
successful initiation, the link between the trajectories D(ry) of the fully unsteady prob-
lem and of the self-similar CJ solution of the discontinuous model is deciphered in the
long time limit.

Key words:

1. Introduction

The dynamics of spherical gaseous detonations is controlled by small modifications of
its inner structure which is thin compared to the radius. The direct initiation process is
a typical example of such a sensitivity, see Clavin & Denet (2020). For large activation
energy, a critical radius larger than the detonation thickness by two orders of magnitude
has been identified by He & Clavin (1994) illustrating a quasi-steady curvature-induced
quenching of spherical detonations. Direct numerical simulations have confirmed such a
large critical radius but they also show that strong unsteadiness of the inner-detonation-
structure is involved in the trajectories “propagation velocity versus radius”, especially
near criticality, see He & Clavin (1994), He (1996), Eckett et al. (2000) and Ng &
Lee (2003). Investigating successful initiation far from the critical radius (supercritical
regime) and neglecting the small gradient of the burnt-gas flow, Clavin & Denet (2020)
have shown that, near the CJ regime, unsteadiness is produced by the upstream-running
compressible mode which controls the delayed response of the detonation structure to
the burnt-gas flow. The analysis was performed in the limit of small heat release which
provides us with a systematic framework for studying the problem which is one of two
timescales.
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The present paper is an extension of the Clavin & Denet (2020) analysis to the critical
dynamics in a spherical geometry. The objective is to elucidate further the mechanism
responsible for the complex dynamics observed near criticality in direct numerical simu-
lations, namely re-ignition after a quasi-quenching of the detonation with a propagation
velocity decreasing well below the CJ velocity accompanied by a substantial increase of
the reaction-zone thickness, called sometimes “decoupling of the reaction from the lead
shock”. The problem is investigated here by an asymptotic analysis in the limit of small
heat release, including unsteadiness, curvature and the gradient of the burnt-gas flow
(rarefaction wave) at the exit of the reaction zone. The gradient of the rarefaction flow
which is small at the scale of the detonation thickness, plays however an important role
in the critical dynamics; it controls the dynamics of the sonic point inside the rarefaction
wave behind the reaction wave. Our attention will be limited to stable or weakly unstable
detonations.

In the limit of small heat release, the Mach number is everywhere close to unity,
0 < M—1 < 1, and the problem reduces to a single equation for the flow. In a preliminary
step, an analytical solution is obtained for the rarefaction wave behind a detonation
treated as a discontinuity. Near the detonation front, the solution presents the same local
properties as in ordinary spherical detonations approaching the CJ regime. For example,
the decrease-rate at the front is given by the curvature of the flow as in Lifian et al. (2012)
in the limit of large Mach number. The analytical solution of the burnt gas flow is used as
the external solution of the unsteady inner structure of curved detonations. The latter is
analyzed with the same formalism as in Clavin & Denet (2020). A combination of matched
asymptotic method and numerical study of the asymptotic equation is then used for
improving our understanding of the phenomenon. When the detonation velocity is larger
than the planar CJ velocity the detonation is overdrive and the sonic point is outside
the inner structure of the reaction wave. Near the critical threshold of direct initiation,
the propagation velocity of the lead shock first decreases below the CJ velocity and the
unsteady regime is still overdriven. The dynamics of the sonic point (sonic condition of
the flow relative to the lead shock) then controls the subsequent critical dynamics that
leads to either sustained detonation propagation or detonation failure. In that respect,
the gradient of the burnt gas flow, even small, plays an important role, and analytical
solutions for the rarefaction wave behind the reaction wave are quite useful.

The analysis also clarifies the question raised by Taylor (1950a) concerning the self-
similar solution of the rarefaction flow behind a spherical CJ detonation, obtained by
Zeldovich (1942) and Taylor (1950a) in the limit of large Mach number. The detonation
being treated as a discontinuity, the radial rate of change of the flow becomes infinite on
the detonation front. According to Taylor (1950a), it is unlikely that this result would be
true if the modification of the inner structure is taken into account (non zero detonation
thickness). To address this question, a self-similar solution is derived in the present
article for the CJ detonation moving with a propagation Mach number larger than unity
by a small amount 0 < M — 1 <« 1 (small heat release). Amazingly, the new self-
similar solution is qualitatively similar to that obtained in the opposite limit M > 1;
the gradient of the flow is also infinite on the front. However, this self-similar CJ flow
is quite different from the unsteady flow behind an overdriven detonation approaching
the CJ regime. The transitory flow, bridging the gap between the two flows, is obtained
by a numerical solution of the asymptotic equation and is re-constructed by combining
method of characteristics and analytical solutions. We will then see to what extent the
self-similar flow is meaningful when the inner structure is taken into account.

The paper is organized as follows. The first part of the paper in sections 2 and 3 is
devoted to the rarefaction wave in a spherical geometry in the limit 0 < M —1 < 1. The
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two-timescale nature of this flow is discussed in §2.1. The self-similar solution behind
a spherical CJ detonation treated as a discontinuity is obtained in §2.2. The unsteady
rarefaction wave behind an overdriven detonation is presented in §2.3. The transitory
flow describing the transition from the overdriven regime to the self-similar CJ solution
is obtained in section 3 for a detonation treated as a discontinuity. The rest of the paper
is devoted to the study of the dynamics near criticality when the modifications to the
inner structure is taken into account. The formulation of the problem and the method of
solution are presented in §4.1. The asymptotic analysis of overdriven detonations near
the CJ regime is performed in §4.2. The critical dynamics is discussed in section 5 where
the numerical results are presented. Conclusions and perspectives are given in section 6.

Five appendices are added. The jump conditions across a detonation treated as a
discontinuity are recalled in § A. The linear acoustic wave in a spherical geometry is
briefly recalled in § B and compared with the nonlinear structure of the rarefaction wave
for 0 < M — 1 <« 1. Technical details are presented in § C, including the calculation of
the motion of the sonic point in the rarefaction wave. The decay of an inert spherical
shock wave freely propagating in open space is presented in § D. The C-shaped curve of
the steady-state approximation is briefly revisited in § E, extending the previous analysis
to a non-uniform flow of burnt gas.

2. Rarefaction wave behind a detonation treated as a discontinuity

In principle, gaseous detonations could be treated as a discontinuity if the length scale
of the burnt gas flow is larger than the detonation thickness, namely for a radius large
enough in a spherical geometry. Even though the discontinuous model is not relevant for
the critical dynamics, the unsteady solution of the rarefaction wave is first analyzed with
this model in the limit of small heat release. This is a useful preliminary step providing
us with the external solution of the solution including the modification of the inner
structure.

2.1. Two-time-scale analysis of the rarefaction wave

In the limit of small heat release, the flow of burnt gas close to the detonation front is
controlled by a single equation, which corresponds to equation (6.6) of Clavin & Denet
(2020) by setting the reaction rate equal to zero. In this section we show that this equation
can be extended throughout the rarefaction wave. For that purpose we study the problem
of fluid mechanics behind a supersonic discontinuity in the limit of a propagation velocity
larger than the sound speed by a small amount. Denoting v, a, p and u the ratio of
specific heat, the isentropic speed of sound, the pressure and the gas velocity (relative to
the laboratory frame where the uncompressed gas is at rest), an inert compressible flow
in a spherical geometry is governed by two hyperbolic equations

p | Ot or a | Ot or r

where 7 is the radius and ¢ the time, see Linan et al. (2012) and Clavin & Denet (2020).
For a detonation treated as a discontinuity, the pressure p and the gas velocity u on the
detonation front r = r;(t) are given in terms of the propagation velocity D(t) by the
conservation equations recalled in Appendix A, see (A 1)-(A6),

1 [8+(uia)a}pi1[a+(uia)a}u:—2ua (2.1)

1p—pu _ M)~ (2.2)

r=r(t): o .
u u
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where M (t) = D(t)/a is the Mach number and the subscript u identifies the constant
properties upstream from the front. Written in the reference frame attached to the front
equations (2.1) read

x=r—rs(t) <0, dry(t)/dt = D(t)
1[0 0 1[0 0 u

In the limit of small heat release ¢y,/c,T, = €* < 1, the velocity of the planar CJ
wave in steady state is slightly higher than the sound speed, see (A 2),

0< (Do, —a)/amexk 1, Doe, = (14 €)a, (2.4)
and the attention is focused on detonations sufficiently close to the CJ regime
0< (D—-"D,.,)/ea=0(1) or smaller. (2.5)

In the limit e < 1, 0 < (M — 1) = O(e), according to (A 1)-(A6), the gas velocity is
smaller than the speed of sound u/a = O(e) at the front. The condition for which a
weak shock wave 0 < (M — 1) < 1 can be considered as a discontinuity is discussed
in Clavin & Williams (2002). According to (2.2), the relative pressure variation is as
small as u/a and the variation of (1/v)dp/p — u/a is even smaller, of order (M — 1)u/a,
(1/9)dp/p — u/a = O(€?). The variation of the speed of sound is also of order €2 §a/a =
O(€?). Neglecting terms of order €2, the variation of a is negligible, and the isentropic
relation (1/v)dp/p =~ u/a holds at the front, up to the second order in the perturbation
analysis for ¢ < 1 under the conditions (2.4) and (2.5) for which the relative jump
of entropy across the detonation front is of order €2. Then, the rarefaction wave is a
quasi-transonic flow which can be analyzed by a two-time-scale analysis.

It has been known long ago that the rarefaction wave u(r,t) behind a spherical deto-
nation is delimited by a weak discontinuity at the radius ro(t) of a core of stagnant gas
(ro < ry) which growths with the speed of sound

dro(t)/dt =a, 7 <ro(t): u=0 = du(ro(t),t)/dt =0; r>ro(t): u>0. (2.6)

The flow u is oriented in the same direction as the propagation D > 0, u > 0, and is
increasing monotonously from zero at r = ry(t) to a value (at the detonation front ry)
smaller than the speed of sound by a factor €, so that the ordering u/a = O(e) holds
throughout the rarefaction wave. The equations of the two characteristics C4 in (2.3)
involve two differential operators

/0t + ViL0/0x, Vi=(uta)—"D. (2.7)

The scalars Iy = (1/v)dp/p+u/a and I_ = (1/7)dp/p — u/a that are transported by C
and C_ respectively, are modified by the flow divergence on the right-hand side of (2.3)
whose order of magnitude is ea/r,

—= 4+ Vi—x = —2% = O(ea/r). (2.8)

Under the conditions (2.4) and (2.5), the flow with respect to the front is quasi-transonic,
D—u = O(ea). The propagation velocity V_ = u—a—D < 0 of the downstream-running }
characteristics C_ is approximately —a throughout the rarefaction wave. Near the deto-
nation front where the flow relative to the front is subsonic D—u < a (overdriven regime),

1 We use here the same convention as in Clavin & Williams 2002; upstream-running (down-
stream-running) characterizes a propagation towards the shock (the core of stagnation gas) in
the frame attached to the front.
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the characteristics Cy is upstream-running V, = a — (D — «) > 0. But a sonic point ap-
pears when u decreases since V; = 0 when D — u = a. Therefore the characteristics C1
becomes downstream-running (V; < 0) behind the sonic point which stands close to the
front because we consider propagation regimes of the detonation that are close to the CJ
regime which is characterized by the sonic condition at the detonation front. Then the
transport of _ by C_ from the sonic point to r( is quasi-instantaneous compared to the
slow transport of I by Cy, |[Vi|/a = O(e), [V_|/a = 1. Anticipating that the thickness of
the rarefaction wave Ar = (r; —ro) is smaller than the detonation radius Ar/ry = O(e),
see §2.2, the modification of I_ by the geometrical effect during the transit time Ar/a
of C_ is of order eAr/r; = O(e?) and can be neglected. Then, to leading order in the
limit € < 1, the isentropic relation of acoustics (1/v)dp/p = u/a, which is valid inside
the detonation structure in the limit of small heat release, holds throughout the rarefac-
tion wave u < a, u/ea = O(1l). Then, neglecting the short time delay and the small
flow modification (of order €2a) introduced by the fastest downstream-running mode and
retaining only the slow timescale, the leading order of the flow wu(r,t) is controlled by a
single equation corresponding to the simple wave associated with C,

[gt + (u+ a)a‘ﬂ u= —a% (2.9)

x=r—rst) <0, [8 + (quaD)a} u= farf( u &y _ D(t). (2.10)

ot Ox ) +x’ dt

2.2. Self-similar rarefaction wave behind a spherical CJ detonation

Generally speaking when the modification to the inner structure of the leading front is
ignored (zero detonation-thickness), a self-similar solution exists when a finite amount
of energy is deposited quasi-instantaneously by a quasi-punctual external source at the
centre because there is no length and time scales in the problem. This is the case for
the blast wave of Sedov (1946) and Taylor (1950b) and the rarefaction wave of Zeldovich
(1942) and Taylor (1950a) behind a CJ detonation, obtained in the limit of large Mach
number M >> 1, see textbooks, for example Clavin & Searby (2016). We show below
that, in the opposite limit of small heat release M, , —1 < 1, there is also a self-similar
solution for the rarefaction wave behind a CJ detonation, which is qualitatively similar to
the self-similar solution of Zeldovich (1942) and Taylor (1950a). The difference concerns
mainly the extension of the self-similar rarefaction wave which is small compared to the
radius of the detonation in the limit M,,, —1 < 1.

2.2.1. Formulation

Consider the spherical detonation propagating with the constant CJ velocity D, , ~

(1 + €)a in the limit (2.4) e < 1. According to the conservation equations (A 1)-(A6),
the boundary condition at the front takes the form

x=0: u A ea. (2.11)

After dividing by ea and introducing the non dimensional flow of order unity in the limit
e < 1, v(x,t) = u/(ea), v € [0, 1], equation (2.10) yields

0 0 v o
[&5+(u+a_DOCJ)8>(]V__a7W’ V:g, (212)
10 0 v
Laﬁ“‘”eax] YT T (213)
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where (2.4) has been used. This suggests to rescale the distance from the front by using
the new space variable 7 = x/e, so that equations (2.11) and (2.13) read
10 0 v
=[r—re(t - )= v="— =0: v=1 2.14

n=lr-rlfe [Lm+e-Dgve—mois m=0:v=1 @)
The downstream relation (2.6) is automatically fulfilled at n = ny(t) = [ro(t) — rf(t)]/€
since the relations v(no(t),t) = 0 and dv(no(t),t)/dt = 0 are verified by (2.14), v=10:
O0v/0t —adv/0n = 0, yielding dno(t)/dt = —a, so that, using (2.4) dry/dt = (1+¢€)a, one
gets dro/dt = a.

Introducing the two lengths r¢; and ro; characterizing the initial condition ¢ = 0,

Ti(t) = Dog,t + 75 = (L + €)at + gy, ro(t) = at + roi, T > roi, (2.15)
Uo(t) = —[T‘f(t) — ’I"Q(t)]/ﬁ = —at + 03, Noi = —(Tfi — Toi)/f < 0, (2.16)

€|no;| being the initial thickness of the rarefaction wave, we will show below that a self-
similar solution of (2.14) exists in the limit e < 1 if the initial thickness of the rarefaction
wave 7¢; — ro; is smaller than the initial radius of the detonation r¢; by a factor €, as it
is the case in the linear solution presented in Appendix B.1,

(ryi —roi)/ro;i = O(e), rp(t) —ro(t) = e(at — nos), 1m0i| = O(roi). (2.17)

To leading order, the denominator » = r; + en on the right-hand side of (2.14) can be
replaced by ro(t) throughout the rarefaction wave r(t) < r < r(t) since, according
to (2.17), r¢(t) = ro(t) + eat — eno; so that rp(t) = (1 + €)ro(t) + O(erp;). Therefore,
replacing the time variable ¢ by a time-like variable v = ro(t) = at + ro; whose dimension
is a length, equation (2.14) for the flow v(n, v) takes the form of a Burgers-like equation,
free from parameter, in which the local viscous dissipation is replaced by a global (linear)
damping rate on the right-hand side,

0 0 v
where v=at+ry, n= w, v(n,v) = u(x, t). (2.19)
€ €a

The parameter rg; in the definition of the time-like variable v can be eliminated by a
change of time origin.

2.2.2. Infinite gradient of the flow on the front. Self-similar solution

As in the self-similar solution of Zeldovich (1942) and Taylor (1950a) obtained in the
opposite limit of large Mach number D, , /a > 1, the solution of (2.18) is singular on the
detonation front where the gradient of the flow becomes infinite. The flow being constant
on the front v = 1, the unsteady term dv/0v in (2.18) is negligible around 7 = 0~ so that
the steady-state approximation holds near the detonation front (v — 1)dv/dn ~ —1/v

1—v= 2(777)7 173: 2[rf(t)7r]

— 2.20
v €a e(at +ro;) (2.20)

the time derivative Ov/0v|,—o- = v/—21/(2v/?) being negligible in a boundary layer at
the front |0v/0v|,—o- < 1/v,

[n] < 2v, rr(t) —r < 2e(at + ro;). (2.21)

The divergence of the flow gradient on the front of a spherical CJ detonation dv/dn|,—o- o
1/(—n)*/? is a consequence of the sonic condition n=0: v —1=0 Vt.
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FIGURE 1. Solution of (2.23)-(2.24) representing the self-similar rarefaction flow behind the
front of a spherical CJ detonation considered as a discontinuity for small heat release
(Doi; —a)/a = € < 1. The reduced flow v = u(r,t)/ea is plotted versus the reduced dis-
tance from the front z = (r — rs(t))/ero(t) with r¢(t) = Dog;t + i, T0(t) = at + ro; and,
according to (2.26), ry; = (1 4 €)ro;.

The self-similar solution of (2.18) is obtained by looking for a solution in the form

_ ; — /v Uy (r=rs®)
v(in,v) =V(z) with z=n/v = i < ero(d) > (2.22)
[—(1+z)+V]%=—V, z=0: V=1 (2.23)

After multiplication by 1/V?2, equation (2.23) takes the form d[(142)/V]/dz+(1/V)dV/dz =
0, then, the solution V'(z) satisfying the boundary condition at z = 0 is the root of a
transcendental equation

VinV -V +(241)=0. (2.24)

According to this equation, the radius r = r¢(t) of the spherical core of stagnant gas
V =0 corresponds to z = —1. Therefore, ro(t) and r;(t) are linked by the relation

z2=[ro(t) —ret)] Jero(t) = =1 &  (1+e)ro(t) =rs(t) (2.25)

in agreement with the assumption (2.17) in the limit of small heat release (2.4), which
finally takes the more restrictive form

(rfi —T0i) = €roi, (2.26)

in a consistent way with r¢(t) ~ (14+€)at+rys; and ro(t) = at+r¢; yielding (2.26) for z =
—1. The velocity profile of the self-similar rarefaction wave is plotted in Figure 1. Close to
the detonation front z ~ 0, namely for V- = 1+4V with [V| < 1,InV ~ §V —6V?/2+ ..,
VInV ~ —1+(8V)?/2+.. so that equation (2.24) yields (§V)2?/2+z ~ 0 and the relation
(2.20) is recovered for |z| < 1, V &~ 1—+/—2z. At the radius of the stagnant core, the root
of (2.24) goes to zero lim,—_1 V = 0% with a zero gradient dV/dz|,—_; = 0, as shown
by taking the limit V' — 0T of the derivative of (2.24) d(VInV)/dz —dV/dz+1 =0
leading to limy _,o+(dV/dz) = —=2/InV — 0F.

To conclude the rarefaction wave behind a spherical CJ detonation sustained by a small
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heat release (M, , —1 =~ € < 1) is similar to the self-similar solution for M,,, > 1. The
only difference is quantitative; the extension of the rarefaction wave is smaller than the
detonation radius 7¢(t) by a factor M,., — 1, (ry —7r0)/rs = (Moy, —1)/M,,, for small

ocJ
heat release while (ry —ro)/ry = 1/2 for M,,, > 1.

2.3. Rarefaction wave behind an overdriven detonation considered as a discontinuity

Within the framework of the the discontinuous model the decay of the propagation veloc-
ity of an overdriven detonation D(7) in a spherical geometry to the planar Chapmann-
Jouguet velocity D, , occurs systematically after a finite time and at a finite radius. In
this section, we derive an analytical expression for the rarefaction wave behind an over-
driven detonation treated as a discontinuity approaching the CJ velocity, in the limit
€ < 1. The subsequent relaxation to the self-similar solution is discussed in section 3.

2.3.1. Formulation

As already mentioned, there is no length (or time) scale in the direct-initiation problem
with the discontinuous model. However, in view of bridging the gap with the study in
the second part of this manuscript, it is useful to introduce the non-dimensional space
and time variables £ and 7 as well as the reduced flow field (€, 7) that are of order unity
inside the unsteady (and curved) inner structure of the detonation in the limit (2.4)-(2.5)

— d
£ = r=r;®) ;f(t)), T= eaTt, D= %, (2.:27)
wér)=v—1l=ufea—1 < ufa=¢e(1+p) (2.28)

where [ is the detonation thickness and 1/¢. = a/l the reaction rate at the Neumann
state,
0o 10 0 0 Do
-2 2_*c9 29 (2.29)
or 1o& ot t.or 1o
For clarity, the results will be written with the two types of variables. Introducing the
reduced radius 7¢(7) and propagation velocity ¢, (7)

rp(r)=erg(r)/l,  dz(7) = [D(7) = Dog,l/(€a), (2.30)
equation (2.10) reduces to (6.6) in Clavin & Denet (2020) without the reaction term
1 N 1
O —a) P (14, 2.31
or T ar)ge rf(r)+e§( + 1) (2.31)
where SO P (1 L aan(r), 7yr) = Pt (L0 te / drdr, (2.32)
T a 0

see Appendix C.1. In (2.31), 7y; = ery;/l is associated with the initial position of the
front r¢; = r(0). The sonic condition with respect to the front (D —u) = a corresponds
to (u— ;) =0, and a subsonic condition (D —u) < a corresponds to (p — ¢) > 0 while
(1 — &) < 0 characterizes a supersonic flow relative to the detonation front. The decay
of the detonation velocity to the CJ velocity corresponds to ¢, — 0% and py — 0F.

As already mentioned, the radius r = ro(7) of the spherical core of stagnant gas
u(ro(r),7) =0

r<ro(r): u=0, r>ro(t):u>0, 8u/8r\rzrg >0

is a weak discontinuity of the flow moving at the speed of sound drg(¢)/d¢t = a. Intro-
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ducing the reduced thickness of the rarefaction wave | (7)|
[ro(r) — 74 (7)]
l
the weak discontinuity is recovered in (2.31) at & = &y(7) where 8u/67‘\€=§0+ - (14
af)au/aﬂg:gg = 0 and p = —1 by differentiating the last expression in (2.33), du(&o(7), 7) /dT =
(9,u/87'|§:§§ + (dfo/dT)ﬁu/ﬁf\E:g = 0 yielding

§o(7) = <0; E=&(r): p=-1 ie p(&(r),7)=-1, (2.33)

déo/dr = —(1+ &), ol(r)=—-7— /0 e (71)dT + &o; (2.34)

which corresponds effectively to dro/dt = a that is d(rg —ry)/dt = a —D with, according
to (2.4) and (2.30), (a — D) = —ea(l + &,). When the order of magnitude of &, is not
larger than unity in the limit € — 0, (D — a)/a = O(€), equation (2.34) shows that the
thickness of the rarefaction wave r(t) —ro(t) increases with a velocity of order ea smaller
than the speed of sound by a factor €. Considering 7 = O(1) in the limit of small heat
release, lim._,¢ ey = 0, equation (2.32) yields lim.,o7; = 7 + 7;, so that, to leading
order, equation (2.31) reduces to

0 0 1 ;
e—0, a—'Z + (1 — G (7)) 8—? = _:—;;Z where 7y = e% =0(1). (2.35)
Rescaling the non-dimensional length & and time 7 with 7¢; = ery, /I,
t ~ — t ~ t) — t
P A S S Tf()7 50&)5&1(7):7‘0() ri(t) (2.36)
Tfi Tfi Tfi ET 14 Tti ETf4

equations (2.34)-(2.35) take a form free from parameter

op o (T+p) déo

= —[1+a,(7)]. (2.37)

Once a general solution of (2.37) is known, the dynamics of the front &, (7) is obtained
by a boundary condition at the front. For the discontinuous model, the instantaneous flow
of burned gas at the front, denoted by p;(7) = u(§ = 0,7), is given by the conservation of
mass, momentum and energy in appendix A, leading to express p7(7) in terms of &, (7)

§=0: p=ps(7) = Ms(ar(7)). (2.38)

Equations (2.37) and (2.38) represent an eigenvalue problem in which the unknown func-
tion &, (7) appears in the boundary condition (2.38) and in equation (2.37).

2.3.2. Simplified formulation near the CJ velocity
The formulation gets simpler when the attention is focused on the end of the detonation

decay when the velocity is close to the CJ velocity,

(Di - DOCJ) < 17 0 < dr (D B Doc,J)
€a €a

0<

<1, (2.39)

Expanding (A 1)-(A 2) for small values of (D — D, ,) /ea yields the well known square
root relation between the flow of burnt gas at the front u;(¢) and the detonation veloc-
ity D(7) near the CJ regime uj/ea ~ 1+ /2 (D — D,,.,) /€a, obtained by the relation
(M, M1V /(M - M2 ~1-2(D—D,.,)/cain (A1). Then the boundary con-

ocyg ocJg
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dition at the front simplifies to

uf(T)/ealer\/Q(D(T)fDOCJ)/ea, pr(m) = /20, (1) < 1 (2.40)
0 < ppi =ugpifea —1 = /2(D;j — D,,)/ea < 1, (2.41)

where uy; and piy; denote the initial value of uy(7) and ps(7) = uy;/ea—1 with uy; > ea.
The term [ — &, (7)] can then be replaced by p in (2.35) because the flow field in the
rarefaction wave increases monotonously with the radius, from v = 0 at r = g to a
positive value uy on the front (r = r¢), p € [—1, us], with, according to (2.39)-(2.40),
0 < dr < py < 1sothat (1) < (&, 7)] V€ € [€o, 0]. Under the condition (2.39), the
unknown velocity of the front ¢&.(7) does not appear explicitly anymore on the left-hand
side of equation (2.37) which reduces to the Burgers-like equation in (2.18),

op , Op _ (1+p)

e—0, 0<a, Kl = ——Z+p—==—

B Hagf P §o(T) = =7 +&oiy  (2.42)

the unknown function being the flow at the front p;(7) = us(7)/ea — 1.

As we shall see in § 3.1, the solution u(€, 7) of (2.42) reaches the self-similar C.J solution
(2.23)-(2.24) in the long time limit if the initial thickness of the rarefaction wave scales as
(2.17), |€0i| = O(1) in the limit € — 0. Notice that equation (2.42), divided by 7y;, yields
(2.18) for v = p + 1, the difference with the CJ problem being the boundary condition

on the front (£ = 0) which now involves an unknown flow pf(7) # 0, v(n = 0,v) # 1.

2.3.3. Analytical solutions.

The rarefaction wave behind a spherical detonation is a nonlinear solution of the Euler
equations, which cannot be described by a linearized approximation, even if the flow
velocity is smaller than the speed of sound as it is the case in the limit of small heat
release. By comparison, the linear solution is briefly recalled in Appendix B. Equations
(2.37) and (2.42) have analytical solutions p(€,7) which provide us with an expression
of the unsteady flow on the front ps(7) = p(0,7) in terms of the unknown function
G (T) which, according to (2.30), represents the propagation velocity of the front D(t).
The dynamics of the front &, (7) is then obtained in a second step through the boundary
condition on the front. For example, the Rankine-Hugoniot condition yields the relaxation
of a pure shock freely propagating in a spherical geometry which is derived in Appendix D.
The end of the decay of an overdriven detonation, treated as a discontinuity, is obtained
from (2.42) by using the boundary condition (2.40).

Analytical solutions of (2.37) are obtained in the form of separated variables,

HER) = AGBM -1 728G, u@r)=-1

Introducing the notation B’ = dB/dij and A = dA/d7, Op/07F = A+ (1 + &,)AB’,
uou/0& = (AB — ¢, )AB’, the unknown function &(7) disappears from the equations for
A(7) and B(7), yielding

AB+ A’BB' = —AB/(7+1) = —dA7Y/di+A7Y/(7+1)=-B', (2.44)

= —(1+dy). (2.43)

the second equation being obtained after division by A?B. The left-hand side of the
second equation in (2.44) is a function of 7 only, while the right-hand side is a function
of 7. Therefore the two sides should be equal to the same constant yielding an ordinary
differential equation for A(7) and B(7) respectively

dA™Y/dF — A7V )(F+1) =k, dB/dij = k. (2.45)
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The constant k has to be obtained by an initial condition. Integration of the second
equation is straightforward leading to a uniform gradient (straight profile of the flow).
Introducing the initial value 7 = 0: A = A;, the solution of the first equation is,

ATV = 1+ P)AT + R+ 7)In(1 4 7) (2.46)

the first term on the right-hand side being the general solution of the homogeneous
equation and the second term a particular solution. Solutions of (2.42) then take the
form

7oAy kIE — &o(7)] _
weT) = (1+7)[A;7 " + k(1 + 7)] (247)
E=0: pp(f) = k& (7) — 1, F=0: 1+pp=—kipA; (248)

(1+F)[A7 +kln(1 + 7))

where the initial values py; and 501‘ have been used, 7 = 0 : uy = py;, §~0 = £Oi. Elim-
inating A; in favour of py;, Ai_1 = —kéol'/(l + pyi), the constant k is also eliminated
from the expressions of ,u({~ ,7) and p(7), leading to a two-parameters family of solutions
involving the parameters uy; and 502»,

&) b
w(&,7) = T A6+ (11 7) 1, 6= (Ey e 0, (2.49)
T) = _go(%) _ =y |~ %d ~I\ 1~t g
pe(7) = AT 90 + (7] 1, &o(T) = T+/0 A(TNAT| + o (2.50)

These expressions for the flow field are solutions to (2.37) and also to (2.42) when &, (7) is
small. Notice that the unknown function ¢, (7) appears only through 50(%). Written with
the original variables, denoting u¢(t) the flow on the front, uy; its initial value (¢t = 0),
r; the initial radius of the front and D; > D(¢) the initial detonation velocity, equations
(2.49)-(2.50), using the definition in (2.28) 1 + u = u/ea, take the form
Uf; () r—ro(t)
0< p” 1«1, ro(t)<r<re(t): W@ 0 =10 (2.51)

-1
t t) —ro(t i — T0i i t
ro(t) = at & 7o up(t) _ rp(t) —ro(t) [rpi =70 L (H_aﬂ (2.52)
Ufi T +at Tfi a T

where uy;/a = (rp; —roi)/(r0:0;). Self consistency of the asymptotic analysis in the limit
e = 0 us;/a = O(e) is ensured by the scaling

ry(t) —ro(t) _50(7:) -
= = o), (2.53)

Under the condition (2.41), the integral term can be neglected in the expression (2.50)
of &, so that (2.53) reduces to (2.25) (ry(t) —ro(t))/ero(t) =1 for o, = —1.

Notice also that u(€,7) in (2.49)-(2.52) can be written in the same form as the self-
similar solution of (2.18), v = [z + A(v)]/B(v) with z = n/v, B(v) = (6; + Inv) and
A(v) = [r(t) — ro(t)]/ero(t) which reduces to A(v) = 1 — (1 + &;)/v for ¢, < 1 and

A(v) =1 for &; = —1.

€e—0:

2.3.4. Simplified expression of the rarefaction flow near the CJ regime.

According to (2.49) and/or (2.51), the gradient of the flow is uniform and decreases
monotonously with the time. According to (2.50) and/or (2.52) the flow velocity on the
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front also decreases and the planar CJ velocity is reached at finite time ¢;

t:ttZUf/Ga: 1, D:DOC.I ~ =Tt f :0, ”TV_t Eatt/rﬁ :’Tt/’ffi. (254)

T=7

However at ¢t —t;, = 07, the flow field (2.49)-(2.52) is different from the self-similar
rarefaction wave behind a CJ wave (2.22)-(2.24) plotted in Figure 1. We will show in
§ 3.1 that the relaxation of the flow towards the CJ rarefaction wave occurs progressively
for t > t; after a sudden and sharp transition of the flow gradient on the front at ¢ = t,.

At the end of the decay, |d;| < 1, equation (2.50) where the integral term [ dv-(7')d7’
is neglected (initial condition close to the CJ velocity), introducing p¢(7;) = 0, leads to
a transcendental equation for 7; in terms of 502» and py;

€oi
(14 pyps)

/ G (r)dr’ < 7y pp(F) =0 = 7 —&oi = (1+7) +1In(1+7)|,(2.55)
0

which has a single positive root which is small for pf; < 1 whatever Em < 0, see Appendix
C.2. This root yields a simple expression of 7; (and/or ¢;) in terms of the initial value of
the flow at the front

~ - at Ufq -
pp<l: Arun<l = = tm(i—1)<<1, Y €0 < 0(2.56)
T €a
obtained from the Taylor expansion of (2.55) when the quadratic terms 72 are neglected.
Limiting our attention to 0 < t < t;, 0 < 7 = O(7), quadratic terms 72 = (at/rfi)2 are

negligible, and a Taylor expansion of (2.49)-(2.50) in powers of 7; ~ p1f; < 1, limited to
first order, yields

0<Fi<h<l: pm—o {14—7}— <1+ ! )ﬂ A7 €] = O(1). (2.57)
(—&oi) —8oi

The downstream condition at the weak discontinuity, & = &(7) : p = —1 with § =

—7 + £ in (2.42), is recovered at the first order of the Taylor expansion of (2.57) in the

form &/(—€o;) = —1 — 7/(—&0i). According to (2.41) and (2.56), there is a boundary

layer near the detonation front where the flow (2.57) takes an even simpler form at the

end of the decay 0 < 7 < 73 < 1

- — 2(D; - D,
£=WD o), A= 2R Pee) (25%)
€T £ €a
. 13 o B L
(&, 7) = & (T =7), (7)) = (7 = 7), (2.59)
—&oi

u(r,t) . r—1rs(t) n a(ty ft), us(t) e a(t 7t),(2.60)

€a €T fq Tfi €a T

obtained when terms of second order 77 are neglected. This leads to

o, 7) o, Ou(nt) Lo Ldu() e du(t) Y 26

or 7 or lr=r; " r;’ e dt Ty dt Ty

where 7¢; has been replaced by r; in the denominators since 7y — ry; = O(ery). The
terms of order e being neglected in (2.42), retaining the small term (7 — 7) which is of
order 7, &~ py; = (uyi/ea)— 1, is meaningful in (2.59) in an intermediate asymptotic limit
€ < \/2(D; — Dy, /€a < 1.

The last equation in (2.61) corresponds to the closure assumption used in Clavin &
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YT

0 £

FIGURE 2. Example of three characteristic curves € = §~C+ (7,7 )for ¥ =7, ¥ =T and 7 = 7
with 7 < 74 < 71. In the dashed region é < §~C+ (7,7¢), the transitory flow is equal to the un-

perturbed flow (3.7) (straight profile whose slope is decreasing to zero) u“”(é, T) = (D (f, 7).

Denet (2020) who neglected the small gradient of the flow at the exit of the reaction
zone. This equation is indeed quite general close to the CJ regime and was derived
previously in the opposite limit M, , > 1 by Lifian et al. (2012). This can be seen in
(2.9)-(2.10); because of the transonic character of the burnt gas flow near the detonation,
u+a—D < 1, the term involving the gradient of the flow on the left-hand side becomes
negligible near the detonation front, the unsteady term being balanced by the divergence
of the flow —au/r. More precisely in the limit of small heat-release , using D, , —a = €a,
D—a=-ea(l+é,)=ea, up = O(ea), p = u/ea — 1, see (2.28), and, according to (2.61),
Ou/0r|r=r; = a/ry with (2.56) uy < py; < 1, the gradient term on the left-hand side of
(2.10) is shown to be smaller than the curvature term au/r on the right-hand side by a
factor e,

Ju a €a au
(up+a-D)2|  ~epja—r < a—:O(—f). (2.62)
Ox Ix=0 Ty T Ty
As we shall see, this small gradient of the rarefaction flow cannot be ignored in the critical
dynamics studied in §4 because it controls the instantaneous position of the sonic point
inside the rarefaction wave.

3. Transitory flow for the discontinuous model

The way the rarefaction wave (2.49) reaches the self-similar solution behind the CJ
wave (2.22)-(2.23) after t;, is presented in this section for M, , — 1 < 1. The transition
is similar to that described by Lifian et al. (2012) in the opposite limit M, , > 1.

3.1.  Abrupt transition of the flow on the front

Both the flows (2.49) and (2.22)-(2.23) vanish at the radius of the spherical core of
stagnant gas but the gradient of the flow is uniform and finite in the former while it is
infinite on the detonation front in the latter, see Figure 1. The sonic condition of (2.49)
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A u/ea

_ ' r—1rs(T)
! / Ol L ® @

[1+1n(1+f)} L+n

1+ 7 1+7

FIGURE 3. Sketch of the transitory flow, plotted in a universal form for 502- = —1 and
Tt & py; < 1, 7t being the cross-over time (2.55). The bold curve in black is the rarefaction
wave u(tr)/ea = 1+,u(”) behind a detonation treated as a discontinuity, after the cross-over time
7 > 7. The slope is infinite at the front and the profile is straight away from the front where
p = p(9 Expressed in terms of the space variable £/(—£) = [r — rs(t)]/[rs(t) — ro(t)],
—&o(T) = T + 1, the profile of the transitory flow is parameter free, provided the time is mea-
sured by (14 7)/(1+7:). The bold points are the time dependent radius and flow velocity of the
junction point where the transitory flow p*”) matches p*¢ in (3.7). The colored straight lines
represent the rarefaction wave (2.49) of the overdriven detonations before the velocity reaches
the planar CJ velocity 7 < 7%, the red one being just before the transition to CJ, ¥ — 7t = 07.

(relative to the detonation front) which is located at finite distance behind the detonation
front for ¢t < t;, reaches the front at ¢t = t;. Within the framework of the discontinuous
model, the velocity of the burnt gas relative to the lead shock cannot become smaller
than the sound speed on the detonation front. According to (2.40)-(2.41), neither ¢ (t)
nor fys(t) can become negative; they should vanish simultaneously at ¢ = ¢; and stay
equal to zero at later times t > t;.

t>t: ur=ea, pr=0, D=Dy,,, rit)=Dog,(t—1t)+1s(ts). (3.1)

Therefore, the decrease of us(t) with a quasi-constant deceleration rate (2.60) for t < ¢,
stops suddenly at ¢ = ¢, since uy stays constant after ¢,. A jump of deceleration of the
flow is thus produced at t = t; on the detonation front

1 duy dpg |7t -
Zqupfe @ Hepe — 11 o, (3.2)
ea dt Ity ry(te) d7 177 rp(te)
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However, the trajectory in the phase space of velocity-radius ”D-r¢” is tangent to the axis
D =D,,, at t = t, as shown by (2.40) é&, = p?(T)/Z by using (2.60) py ~ a(t; —t)ry;
e<l, (t—t;) =0 [D)—Dou,l/a— (e/2)[(t — ti)a/ry)?,
drf/dt ~ DOCJ = a(l + 6)7 (D - DOCJ)/a - (6/2)(rf - Tf(tt))Q/TJ%i’ (3'3)
the last relation being valid near the CJ regime 0 < D — D, , < Do, in the limit of
small heat release (D,., —a)/a = € < 1. The jumps in (3.2) and the tangency of the

trajectories at t = t; are consequences of the discontinuous model and are no longer valid
when small modification of the inner structure of the detonation is taken into account.

3.2. Transitory regime. An analytical study

The transitory flow between the transition from the straight profile (2.49) for 7 < 7; to
the self-similar solution (2.22)-(2.24), denoted p(*")(€,7) in the following, is solution of
(2.42) for a flow velocity at the front kept equal to its CJ value after ;.

au(tr) (tT) 8/}/(“") 1 + /’(‘(tr) ~
- — = — = O N (t'f‘) = 0. 34
o7 Mg 71 $=0:p 3.4

This flow is equal to (2.49) (with py; > 0) when ¢t < ¢,

7’127’%:

Fri, E(R)<E<0: aMER) =5 =5 35

£y bolf) <8 TR —oi +7 —&o(7t) (35
where the simplified expression (2.57) has been used by introducing (2.55)-(2.56) into
(2.49) neglecting the quadratic terms 77. Equation (3.5) says simply that the transitory
flow at 7 = 7; has a straight profile corresponding to the reduced thickness |£(7;)| of the
rarefaction wave. Simultaneously with the jump of deceleration (3.2), the flow gradient
on the detonation front, which is finite for 7 < 7, jumps at 7 = 7 for becoming infinite
at 7 = 7, and stays infinite afterwards 7 > 7,

0 1 outtr) 1
e = 7> 7 : lim E_~

’ 875 é:O* —50(7:25), E~—>O* 8€ /725

These expressions are obtained by the same method as in § 2.2.2 for the self-similar CJ
solution (2.22)-(2.23). Recalling that no boundary condition is used on the front to derive
(2.49)-(2.50), this flow is still solution of (2.42) for 7 > 7; when u;(7) decreases below

zero. The corresponding flow, denoted p(*® (é ,7) from now on, takes the form

. o - 47— &
Fapn<l, 727, pDET) ~ — - -
e ' (14 7)[—€oi/(1+7) + In(1 + 7)]

Fof <1

(3.6)

~1, (37)

where, neglecting the quadratic terms 77, the flow at 7 = 74 is given in (3.5), p D (€ 7)) =
p) (€, 7). The instantaneous position of the weak discontinuity corresponding to (3.7),

€ =E60(7): 14 pd(&y,7) = 0, takes the form

50(71) = go(ﬁ) — (7= 7). (3.8)
Equation (3.7) cannot represent the transitory flow nearby the detonation front for 7 >
7o pwd(€,7) # pltr) (€, 7) since p#7(0,7) = 0 while p(*?(0,7) < 0 V7 > 7. However
(3.7) still represents the transitory flow at a distance from the front large enough, as
explained now by the method of characteristics.

The singular perturbation (3.6), which is generated instantaneously at 7 = 7 on the
front, induces a disturbance which is transported downstream with the velocity (") by
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the mode C, (downstream-running for 7 > 7; since 1) < 0). According to (3.4), the
characteristic curves { = £, (7)

dgc+ /d% = N(tr)(g@ (%)a%) (3'9)
corresponds to the following equation for the flow velocity transported by C*
WiD(F) L)

plr(7) = pl (€, (7),7), FF s (3.10)

Denoting & = £C+ (7,7') the characteristic curve leaving the front (é =0)atT=7 =",
integration of (3.10) from 7 = 7' : ,u(ct:)(?’) = 0 yields the flow velocity transported by
this characteristic in the form

/_|_ 1
+1°

Rl

P2 zq 1+p" (. (7,7),7) = (3.11)

Rl

Integrating (3.9) from 7 = 7" : EC+ (7/,7') = 0 using (3.11), then determines the charac-

teristic curves £ = £c+ (7,7)

O, (7.7)  # 41
or  T+1
{o, () =(F +1)In

T>T > -1<0 (3.12)

m—(’r—’l’). (3.13)

All these characteristics leave the front slowly since their velocity is zero at the front
& =0) ut(0,7) = 0, 9., (7,7)/07|7=# = 0 V7' > 7. They all reach the same
velocity in the long-time limit, lims_,o, O ey (7,7')/07 = —1. Moreover, in agreement
with the fact that no shock can be created when the flow u(r,t) increases in space in the
direction of the flow, du/0r > 0, these characteristic curves do not cross each other. This
is checked by noticing that the modulus of their velocity satisfies the following relation
T > Ty = |08, (7,71)/07| < |08, (7,73)/07|, see Figure 2. Therefore, the trajectory
E=¢ cy (7,7¢) associated with the characteristic curve leaving the front at the earliest
time 7/ = 7; is, according to (3.13),

L =L . T+1 ..
T =T, fC+(T,Tt):(Tt+l)ln | — (7 —T7), (3.14)
=(F+1)In(F+1) -7+ O(F), (3.15)
with, according to (3.11), the following expression of the flow which is transported
DV E e e < T+ 1
,u'(t )(€c+(Tth)vT) = Fr+1 -1 (316)

In other words, é = §C+ (7,7¢) is the equation of the leading edge of the disturbance

resulting from keeping equal to zero the front velocity £=0: p) =0 V7 > 7,. Ahead
of this leading edge, the flow u(*") (€, 7) is equal to the “unperturbed” flow (3.7),

E<Ee, (77): (6 T) = ulD(E 7). (3.17)
The junction point at which p(*® (5, 7) is equal to (3.16)
§(F) + 7 — Lo

=741 = @) =—F+FH+1)In(A+7) Yy, (3.18)

—&0i/(1+7) +In(1 +7)
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corresponds effectively to the characteristics (3.14) when the quadratic terms 77 are

neglected as it should be.

Strictly speaking, this point does not reach the core of stagnant gas (3.8) 50(%) in the
long time limit, lims_, éch (T, 7¢) —50(%) ~ In 7. However, this is true in the sense of the
self-similar analysis when using the self-similar variable z . (7) = [7"c+ (t)—rs(t)]/ero(t) =

§C+ (7,7¢)/(—7), yielding, according to (3.15)
lim &, (7,7)/&(F) =1, lim z, ()= —1, . (3.19)
Fooo Ot Fooo T

To conclude, the transitory flow ptr) (é, 7) is composed of two parts. The part cor-
responding to & < &, (7,7) is the straight profile p9 (€, 7) in (3.7) whose slope is
uniform and decreases to zero lims oo (1 + 7) " [—&oi/(1 + 7) + In(1 + 7)]~' = 0. The

transitory flow has a curved shape in the range §C+ (7,7t) < € < 0, joining the straight
solution p(*® (é, 7) at E= §NC+ (7, 7¢), while the slope is infinite at the front (5 =0). The
evolution of the rarefaction wave is sketched in figure 3 where the theoretical expressions
for the coordinates (position and flow velocity at time ¢) of the point of junction with
the straight profile are given.

These theoretical results are fully confirmed by the numerical solution of (3.4)-(3.5).
An example of numerical result is shown in figure 4. When the result is plotted with
a space coordinate reduced by the thickness of the CJ rarefaction wave, the numerical
analysis shows that the transitory flow and the self-similar CJ solution are quasi-identical
in the range between the detonation front and the junction point traveling with the
characteristic C4 issued from the front at ¢ = t; at which the front reaches the CJ
velocity. Outside this range, the numerical result shows a straight profile down to the
stagnant core, in full agreement with (3.7). The trajectory of the junction point between
the two parts of the transitory flow corresponds exactly to the theoretical result plotted
in figure 3.

4. Direct initiation of detonation

Modification to the inner structure influences drastically the dynamics of a spherical
detonation. In contrast to the discontinuous model, detonation failure is observed when
the detonation velocity reaches the CJ velocity for the first time at a too small radius
(however larger than the detonation thickness). Moreover, during successful initiation of
a stable detonation, the CJ velocity is no longer reached abruptly. The critical dynamics
is analyzed here in the limit of small heat release.

4.1. Detonation model and method of solution

The reduced variables of order unity governing the structure and the dynamics of the
inner structure in the limit of small heat release € — 0 are £ = O(1) and 7 = O(1)
in (2.27) where 7y; is the initial radius of the detonation at 7 = 0. According to (2.35)-
(2.36), the link of £, 7 with & = £/7f; and 7 = 7/7; is through the parameter 7;; = ery;/I
of order unity in the limit ¢ — 0.

As in Clavin & Denet (2020), we will use the detonation model of Clavin & Williams
(2002), obtained by an asymptotic analysis in the limit of small heat release, coupled to
the Newtonian approximation neglecting the compressional heating in the reaction zone
where the chemical energy is released (after the induction period),

e=\/qgm/cpTy = My, —1 <1, v—1) <e (4.1)
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FIGURE 4. Numerical solution (solid line) of (3.4)-(3.5), describing the transitory flow
u(”>/ea =1+ ,u<") for 7 — 7+ = 3, using the non dimensional radius, reduced by the thick-
ness of the rarefaction wave. The dotted line is the self-similar rarefaction flow (2.23)-(2.25)
behind the spherical CJ detonation which is reached in the long time limit ¥ — 7 — oo. The
dashed straight line is (3.7) for 7 — 7 = 3. The trajectory of the point at the junction of the
numerical solution of (3.4)-(3.5) and the straight profile (3.7) is in full agreement with the the-
oretical prediction (3.12)-(3.18). To summarize, the numerical solution of (3.4)-(3.5) is found to
be exactly the straight profile (3.7) below the junction while, in the range between the front and
the junction point, there is no noticeable difference between the numerical solution of (3.4)-(3.5)
and the self-similar solution (2.23)-(2.25).

The Rankine-Hugoniot conditions (A 3)-(A5) in the limit (4.1) takes the form,

In/Ty = 1+2(y—1)(M—1), b=2e(y—1)E/kpT,, (4.2)
TNog,/Tu=1+2(y—1e, (E/kgT*)(Tn — Tnoe,) = bi, (4.3)

where £ is the activation energy governing the induction length, and b = O(1) is its
reduced form. A first simplification concerns the temperature and the mass fraction of
species which, to leading order in the limit (4.1), are solutions of the steady-state version
of the conservation equations of energy and mass, satisfying the Rankine-Hugoniot condi-
tions at the lead shock, see the original article Clavin & Williams (2002) recalled in § B.1
of Clavin & Denet (2018). The unsteady distribution of the rate of heat release w(&, )
can then be expressed in terms of the unsteady detonation velocity and the distribution
in steady state, w(&,7) = wW(&, &, (7)). Focusing our attention on propagation velocity
close enough to the CJ velocity, y(7) = bd,(r) = O(1), the unsteady distribution of
reaction rate takes the form w(&,7) = w(&, y(7)) which will be denoted simply w(§,y) in
the following. For the sake of simplicity we will use here the scaling law assuming that the
distribution of reaction rate is fully governed by the induction length. Introducing the
distribution of the planar CJ wave w,, (&), the reaction-rate-distribution w(,y) then
takes the form

b%@%) —0(1).  (44)

w(f,y) - ey(T)WOCJ(gey(T))a y(T) = de(T) - -

€

The chemical-kinetics thus appears only through the activation energy b and the CJ
distribution w,,., (£).

In order to further simplify the presentation, the same bounded-thickness model for
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the inner structure of the planar CJ detonation as in (3.15)-(3.17b) of Clavin & Denet
(2020) will be used,

E< -1 we,, (&) =0, E>—1: wy,, (&) >0 (4.5)
0

[ o€ =1, dut, fdlerior >0, (4.6)
-1

so that, in the limit of small heat release, the structure of the flow in the planar CJ wave

(y = 0) poe, (&) is solution to

dpo 1
Hoc 5 dg‘] = §WOCJ (5)7 §<—1: Hocy =0, §=0: Hocy = 1. (4'7)

According to (4.4) and (4.5) the exit of the reaction zone & = &,(7) of the unsteady inner
structure of the spherical combustion wave is

&(r) = —e ¥, (4.8)

describing a substantial increase of the reaction-wave thickness when the velocity de-
creases below the CJ velocity y < 0. However for a reduced detonation velocity of order
unity |y| = O(1), the thickness of the detonation is of the same order of magnitude as in
the planar CJ wave, e=¥ = O(1) in the limit ¢ — 0. The variation of y is bounded from be-
low since a supersonic velocity D > a implies &, = (D—D,,)/eca = (D—a)/ea—1 = —1
so that y = b&, > —b. In fact, according to the well-known chemical-kinetics quenching
in combustion, occurring at a crossover temperature for which the recombination reac-
tions become faster than the chain-branching reactions, the rate of heat release vanishes
earlier. In real combustion, this crossover temperature 7T, at which the reaction rate de-
creases sharply and the induction time increases strongly is typically 7. ~ 1000K in
ordinary condition while the Neumann temperature of a CJ wave is about Txn,cs ~ 2000
K, see Sanchez & Williams (2014) and Clavin & Searby (2016). Considering that ordinary
combustion cannot proceed below T, with Tnocs — Te = (Tnocs — Tu)/2, a chemical
quenching is assumed to be produced in the limit of small heat release for y = y. with
typically y. = —b/2. Then, the following condition is added to (4.4)-(4.5)

y<yer~—b/2:  w(y)=0 V& (4.9)

The reaction being quenched below y < y., detonation fails systematically as soon as the
detonation velocity decreases below the lower bound ..

Another key simplification of the limit (4.1) concerns the two-timescale-nature of the
dynamics which, to a lesser extent, characterizes also real detonations. To leading order
in the limit (4.1), following the reasoning used in § 2.1, the unsteady flow inside the inner
structure of a spherical detonation is governed by a single equation corresponding to
(2.35) plus an additional term on the right-hand side associated with the reaction rate

Y ?j+(u—i)?§=;w(f7y(7))—m7 (4.10)
€=0: p=1+2y(r)/b. (4.11)

with, according to (2.30)-(2.32),
e—0: Tr(T) = erp(r)/l = T+ T4, (4.12)

The key point which is used to obtain (4.10) is that the variation of pressure and flow
velocity across the inner structure of the reaction wave are identical to leading order in
the limit (4.1), 7 = p+ 1 where 7 = (1/ep), In(p/p.) = u/a, see Clavin & Williams
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FIGURE 5. Sketch of the flow in an overdriven regime with 0 < y/b < pu§*, p***(&,0) = y/b
< /A‘}m, &s < —e Y. The distances plotted on the horizontal and vertical axis correspond to the

simplified expressions (C11), 7+ corresponding to the time at which pjﬁ”t =0.

(2002) and also §B.1 of Clavin & Denet (2018) and §3.1 of Clavin & Denet (2020) for
a spherical geometry. The boundary condition at the lead shock (4.11) is the Rankine-
Hugoniot relation (4.2)-(4.3) obtained from (A 5)-(A 6) for M — 1 = ¢(1 4 y/b). The last
term on the right-side of (4.10) is the damping rate (2.35) (I/a)(u/r) due to the divergence
of the burnt-gas flow near the front for ; > [ in a spherical geometry, u/r ~ u/ry.

When the attention is focused on the inner structure, & = O(1), the time-dependent
velocity of the lead shock y(7) is obtained as an eigenfunction of the system (4.10)-
(4.11) plus a boundary condition at the exit of the reaction zone. In contrast to Clavin
& Denet (2020) where, considering the burnt-gas flow as uniform, the decelerating flow
(7)), solution to dpp/dr &~ —(1 + pup) /7, was imposed in the burnt gas { = —e™¥, the
solution of (4.10)-(4.11) will be matched now with the non uniform flow of the rarefaction
wave, solution to the inert version (2.35) of (4.10), denoted p®**(¢,7) from now on. In
overdriven regimes, this external flow field u* (£, 7) is given by the analytical expressions
(2.49)-(2.50), as discussed now.

4.2. Owverdriven regimes. Splitting and matching

The burnt-gas flow at the exit of the reaction zone of a supersonic reaction wave in the
overdriven regime is, by definition, subsonic relative to the lead shock, D — up < a <
p®t(—e~¥() 1) > y(7)/b. The sonic point & = &,(7), u*(&4(), 7) = y(7)/b, is located
inside the rarefaction flow, behind the inner structure of the combustion wave. Overdriven
regimes are then characterized by the relations

53(7_) < 7eiy(7)a ,u'ext(fs (T)a T) = y(T)/b7 ﬂemt(*eiy(T% T) > y(T)/ba (413)

the last inequality being in agreement with a rarefaction flow of inert gas which is
an increasing function of the radius Ou®*/0¢ > 0. The larger the overdrive factor
pet(—e=¥() 1) — y(7)/b > 0 is, the larger is the distance between the sonic point and
the exit of the reaction zone. The characteristic C; of equation (2.35) is downstream
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running (towards the weak discontinuity £ = £ < 0) behind the sonic point (£ < &,
pe®t < y/b)) while it is upstream running (towards the lead shock & = 0) for € > &,
pé™t > y/b, see figure 5. Then, under the condition (4.13), modifications of the inner
structure of the combustion wave cannot influence the rarefaction flow in the burnt gas
which is still given by (2.49)-(2.50),

<=V (e, T) = pthE T, (4.14)

ext T7) = _ g ext T 4
) oI G g w G T

where 77(7) is the reduced radius (4.12). Introducing the notation

Y(r) = (1/7) /OT fn()dr = O(y/b), (4.16)

the function p$*(7) is, according to (2.50),

T [{ +Y ()] + (—€oi) s
Fr(T)[(=0i) /(1 + p§") + In(7p /7p;)]

The external flow p®**(£,7) is a linear function of the radius (straight shape) with a
slope decreasing monotonously to zero, regardless of the time-dependent velocity of the
front y(7). The dependence of ;15" (7) on the past of the unknown solution y(7) through
the integral Y (7) comes from the increase of the thickness of the rarefaction wave with
the time, —&o(7) = [r¢(7) —ro(7)]/l, —déo/dT = 1 + y/b, see (2.33)-(2.34). At large
radius and close to the CJ velocity the external flow takes the simplified form (C11),
reminiscent of (2.60). To summarize, for overdriven regimes, the boundary condition in
the burnt gas of the solution of (4.10) is (4.14)

pt(r) = -1 (4.17)

&s(m) < —e (), &< —e ¥, w(€,7) = ptE, 1) (4.18)
and, in particular &= —e ¥, w(&, ) = u”t(—e*y(T),T). (4.19)
Introducing the decomposition
w(&, ) = pt(E, ) + e, 7), (4.20)
and subtracting (2.35) from (4.10)
op Y\ O (eat 9O L uryy _ P
or (“ b) o€ (“ b) ge = 2% Wees &) — o (421)

the dynamics of the lead shock y(7) during the decay of a combustion wave in the
overdriven regime corresponds to the eigenfunction of the following problem

of AN/ il 0 .
< . g A Wt N T C ) y(r)y & 2 [, ext .
TXTs or + (,u b) 65 26 Woe ; (ge ) 7:f 8§ [/JJ ,u] ) (4 22)

§=0: p=1+2y(r)/b—pf"(r); E<—e ¥ p=0, (4.23)

where p*t (£, 7) is given in (4.15) and 7, denotes the time at which the overdriven regime
is no more verified. The boundary conditions at &€ = 0 and at £ = —e~¥(7) are respectively
the Rankine-Hugoniot relation (4.11) and (4.18).

Typically, {s(7) increases when y(7) decreases, see §5.1, so that the sonic point ap-
proaches the end of the reaction &(7) = —e Y. As soon as the sonic point crosses the
exit of the reaction zone, T > 7, &(75) = —e ¥(7s) | u*t (&, ) = y/b, the propagation
regime is no more overdriven; the external flow which is still solution of (2.37) in the
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burnt gas £ < —e~¥(") is influenced by the disturbances emitted from the reactive tran-
sonic flow and transported downstream (towards the weak discontinuity & = & < 0)
by the characteristic C;. Then, for 7 > 74, (7)) > —e~¥(7) | the boundary condition
(4.19) is no more valid and the rarefaction wave is no more represented accurately by the
analytical expression (4.15) everywhere in the burnt gas. In other words, soon after 7y,
the rarefaction flow behind the end of the reaction (¢ < —e~¥(")) is modified by the heat
which is released in the region delimited by the end of the reaction and the sonic point
(—e7¥ < £ < &;). However, as in the discontinuous model in § 3.2, see figures 3 and 4, the
solution (4.15) is recovered downstream until the arrival of the disturbance transported
by the characteristic C4. The subsequent dynamics for 7 > 7, should then be analyzed
by the numerical solution of (4.10)-(4.11) using an initial condition at 7 = 75 given by
the solution of the eigenvalue problem (4.22)-(4.23).

4.3. Initial condition

In a real initiation process the trajectory of the lead shock is fully determined by the
strong blast wave (inert flow) which is generated initially by a quasi-punctual and quasi-
instantaneous deposit of external energy at the centre. According to the self-similar
solution of Sedov (1946) - Taylor (1950b), this strong blast wave depends only on the
amount of energy which is deposited, see the discussion of Lihan et al. (2012) for more
details. Such an initial stage corresponds to a large Mach number which is beyond the
scope of the asymptotic analysis in the limit 0 < M — 1 < 1. The critical condition of
initiation will be investigated in the present article by a parametric study of the initial
conditions of the solution of (4.10)-(4.17). Three parameters of order unity in the limit
e — 0 are involved at 7 = 0; the initial radius 7y; = ery;/l, the initial thickness of
the rarefaction wave —ém = (ry — rol')/erfi > 0, and a positive parameter ufﬁft. The
initial propagation velocity y; = b(D; — Do, )/€a is related to the above-mentioned
parameters through the inner structure of the detonation. Our attention will be focused
on initial velocity of weakly overdriven detonations close to the CJ velocity, typically
yi/b = 0.15 — 0.5 and on an initial extension of the rarefaction wave much larger than
the detonation thickness, as in real initiation processes near criticality

rpi—roi > 1 = (=foi)Fp> L (4.24)

The numerical integration of (4.10)-(4.11) is initialized at 7 = 0 by igniting the exother-
mal reaction in the inert flow (4.15)
1+ ext
T=0: puert(€) = <~7'uff) £+ u§it with n$t >0, (4.25)
(—0i)7 i
leading quickly, on a time scale shorter than unity, to the structure (4.13) of an overdriven
regime sketched in figure 5, D —up < a & ufﬁft(—e’yi) —y;/b> 0. For p?’ft large enough,
the initial detonation velocity is larger than the CJ velocity y; > 0. As explained at the
beginning of § 4.2, the rarefaction flow of burnt gas (4.15)-(4.17) is not perturbed by the
heat release since the regime is overdriven.

5. Discussion of the critical dynamics

As discussed in Clavin & Denet (2020), the case of large activation energy leading
to strongly overdriven detonations is difficult and is left for future works. Within the
framework of the detonation model (4.4)-(4.9) in the limit of small heat-release, the
threshold of the longitudinal instability corresponds to a critical activation energy b = b,
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of order unity, b, = O(1), for example b, = 1.27 for the distribution w,,,, (£) used in Clavin
& Denet (2018). Therefore, focusing our attention on marginally stable and/or unstable
detonations (b of order unity), the curvature-induced quenching which is described in the
quasi-steady approximation for b > 1 in Appendix E cannot provide an accurate picture
of detonation failure. However we will see that the order of magnitude of the critical
radius is correctly predicted.

5.1. Slowdown mechanism of overdriven waves. Failure and successful initiation

Consider initial conditions for which the propagation velocity crosses the planar CJ
velocity for the first time at 7 = 74, y(r;) = 0, —e~¥(™) = —1, with a radius small enough
and a overdrive factor p®*(—1,7;) > 0 large enough so that the flow at the exit of the
reaction zone continues to be subsonic (relative to the lead shock) well below the planar
CJ velocity, y < 0 : u*(—e %) 1) — /b > 0. According to (2.49)-(2.50), the sonic
point inside the rarefaction flow of burnt gas behind an overdriven detonation moves
towards the reaction zone when the acceleration |dy/dr| is not too large (dy/dr < 0),
more precisely when the decrease rate of 1+y(7)/b > 0 is smaller than the damping rate
by the curvature

dly/b) 1 1 d¢s
— — & 0 5.1
dr 1—|—y(7’)/b<Ff dr >0 (5-1)
see (C16). The exit of the reaction zone £ = —e™¥ moving in the opposite direction when

y decreases, the overdrive factor u**(—e=¥(") 1) — y(7)/b > 0 decreases and the sonic
point can catch the exit of the inner structure of the reaction wave at a later time.

The curvature term on the right-hand side of (4.10) influences the inner structure of
the reaction wave and also the burnt gas flow at the exit of the reaction zone, see (4.19).
These two mechanisms have an opposite effect on the dynamics of the lead shock, as
shown by the following rough arguments. Considering a constant flow (subsonic/shock)
at the exit of the reaction zone, the solution of (4.10)-(4.11) describes the dynamics of
an overdriven wave which is isolated from the external world. In the context of direct
initiation, for a velocity y < 0 well below the CJ wave, namely for |y| not small, the
flow (&, 7) in the inner structure of the combustion wave is fully out of equilibrium.
Then, if the CJ wave is stable, the nonlinear relaxation towards equilibrium is expected
to correspond to an increase of y, especially if the overdrive factor is small since the
equilibrium would correspond to y &~ 0. Therefore, the decay of y should be associated
with the rarefaction-wave-induced flow at the exit of the reaction zone p¢®*(—e™¥ 7).
The corresponding response of the inner structure for adjusting the propagation velocity
y is thus delayed by the transit time of the characteristics CT &€ = £.(7, 1) leaving the end
of the reaction € = —e~¥(7) at time 7 to reach the point £ > —e ¥ at a later time 7/ > 7.
According to the left-hand side of the hyperbolic equation (4.10), the corresponding delay
A7 (&,71), 7 =7+ ATy, takes the form,

<M, €5 e 52
=1 0(r, )07 = p(é, ') —y(r') /b > 0, (5.3)
=1 f=—e VD p=pt(—e V) 1), (5.4)

¢ e,

AT(€,7) :/

>0, (55
R ey ey p oy e y R G

reflecting the complexity of the dynamics since the delay (5.5) depends on the future
of the inner structure u(§,7'), y(7'), 7" = 7+ A71y. Except for the integral term Y (1)
which is negligible in (4.17), the decay of the velocity y(7) of an overdriven wave can be
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considered as slaved by the decreasing rate of the rarefaction flow u¢**(—e~Y,7) but with
the time delay A7 (0, 7) introduced by the characteristics Cy travelling from the exit of
the reaction zone to the lead shock.

This is true up to a time 7 = 7, at which the sonic point catches the exit of the
inner structure u**(—e~¥(™) 1) = y(7,)/b (sonic condition). When the sonic condition
approaches the end of the reaction u¢®*(—e~¥) = y/b the denominator on the right-hand
side of (5.5) approaches zero at the lower bound of the integral, 9¢. (7, 7) /07| ;1= — 0T,
see (5.3)-(5.4), so that the time delay A7y (0, 7) which is introduced by the response of the
inner structure increases strongly. Keeping in mind that the time delay becomes infinite
for a CJ wave in steady state when the burnt-gas flow is uniform, A7, (0,7) — oo see
§C.3 of Clavin & Denet (2020), a slowdown of the velocity decay y(7) should occur
when the sonic point &,(7) approaches the end of the reaction —e~¥(") since the time
delay of the response becomes much larger than the characteristic time of the forcing
term responsible for the decay, namely the inverse of the decreasing rate of the rarefaction
flow (&, 7). Therefore the derivative dy/dr approaches 0 for y(7) < 0 (local minimum
below the CJ velocity), and the decay of the propagation velocity is stopped.

Consider the case for which this occurs when the propagation velocity is larger than the
lower bound y. corresponding to the chemical kinetics quenching y. < y(7s) < 0. Then,
as soon as &(7) + e ¥(7) crosses zero, the domain of the inner structure corresponding
to & = £,(1) > —e ¥(") becomes isolated from the rarefaction wave and thus from its
damping rate. In other words the driving mechanism of the decay is switched off. As said
earlier, the state of the flow inside the inner detonation-structure being out of equilibrium,
a nonlinear relaxation process toward the stable CJ regime starts, so that the velocity
y increases after 75 for ending with a success of initiation. We will come back to the
slowdown mechanism in §5.2. Notice however that, for a large activation energy b, the
success of initiation is not guarantee when the sonic point approaches the exit of the
reaction zone because of a possible mechanism of curvature-induced quenching, similar
to that in Appendix E. This case is not considered here and is left for future works.

In any case, a detonation failure will be produced by the chemical-kinetics quenching
(4.9) if the latter occurs before the sonic condition y(7s) < y. < 0. Another possibility is
that the condition in (5.1) is not verified by the initial conditions so that the sonic point
could never catch the exit of the reaction zone. This will be investigated in future works.

5.2. Numerical results

In order to illustrate the asymptotic analysis, preliminary numerical solutions of (4.10)-
(4.12) are presented with the scaling law (4.4), using the re-scaled distribution w,,,, (£),
f_ol Woe; (£)dE = 1, of the three-step kinetic scheme (B 16)-(B 18) in Clavin & Denet
(2018) whose instability threshold corresponds to b = 1.27. Two values of the reduced
activation energy will be considered; b = 1 for a stable CJ wave and b = 2 for a weakly
unstable CJ wave. Typical results of a parametric study of the trajectories in the plane
y — 7'y are presented for an initial thickness of the rarefaction wave 30 times larger than
the detonation thickness, —éol'ffi = (r4; — r0i)/l = 30, by varying the initial radius
Tr; = ery;/l in the range 0.3 — 3.5 for an initial velocity y; in the range 0.25 — 0.5.
Successful initiation and detonation failure are shown in figure 6 for a stable case,
b=1,y; =0.25 and y. = —0.5 (chemical-kinetics quenching). A weakly unstable case for
b=2,y; =0.5 and y. = —1 is presented in fig7. The results for such marginally unstable
and stable detonations are similar, except for a nonlinear oscillation superimposed on the
trajectories. For such moderate values of b, detonation failure is produced by the chemical-
kinetics quenching. This is clearly shown by decreasing the lower bound y,. associated with
the chemical-kinetics quenching. For example, considering the case b = 1 and y. = —0.8, a
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FIGURE 6. Examples of numerical integration of (4.10)-(4.11) for b =1 and y. = —0.5. The
failure occurs for a small initial radius 7¢; < 0.85 because of chemical-kinetics quenching.
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FIGURE 7. Examples of numerical integration of (4.10)-(4.11) for a weakly unstable detonation
b = 2 and y. = —1. The failure occurs for initial radius small enough 7y; < 1.5 because of
chemical-kinetics quenching.

successful initiation is observed in figure 8 for 7y; = 0.5 which corresponds to a detonation
failure for y. = —0.5 in figure 6.

The slowdown mechanism, discussed in §5.1, leading to a minimum of propagation
velocity well below the planar CJ velocity y < 0, is clearly observed when the sonic point
¢ = &,(7) approaches the end of the reaction ¢ = —e¥("), see figures 8 and 13 where
the minimum y ~ —0.71 is reached at 7 =~ 3. During the subsequent re-acceleration
of the propagation velocity y(7) for 7 > 3, the position of the sonic point inside the
inner structure stays close to the end of the reaction, as in the solution of a steady
and weakly curved CJ detonation with large activation energy, but, here the flow in
the inner-detonation structure is out of equilibrium, as already mentioned. Notice that
the minimum of propagation velocity y(7) occurs just before the sonic point catches the
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FIGURE 8. Numerical integration of (4.10)-(4.11) for a stable detonation b = 1 for y. = —0.8 and
75 = 0.5, showing a successful initiation. The profiles of the reduced flow velocity u(§,7)/ea
are plotted on the left at different times. The trajectory y(7f) is plotted on the right. The full
points denote the exit of the reaction zone and the open circles on the left are the sonic points
(relative to the lead shock).
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FIGURE 9. Numerical integration of (4.10)-(4.11) for stable detonation, b = 1 and y. = —0.8.
The trajectory corresponding to 7y; = 0.1 describes a failure of initiation y(7) — —1 and
that corresponding to 7y; = 0.3 is a successful initiation with jumps during the increase of
the detonation velocity resulting from the formation of shock waves in the induction zone, as
explained in the text.

exit of the inner structure of the reaction wave. This means that the external damping
rate is balanced by the internal mechanism of re-acceleration for a small overdrive factor
pe®t(—e=¥() 1) — y(7)/b > 0, a little bit before 7, for which the sonic condition is ob-
tained % (—e~¥(™) 1) —y(7,)/b = 0. Notice also that the minimum of y(7) corresponds
to a non-dimensional radius 7;/b of order unity as for the critical radius of the C-shaped
curve obtained by the quasi-steady state approximation, see Appendix E.
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FIGURE 10. Comparison of the numerical solution with the theoretical expression (4.15)-(4.17)
of the rarefaction wave u®“*(&, 1) for a successful initiation.
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FIGURE 11. Comparison of the numerical solution with the theoretical expression (4.15)-(4.17)
of the rarefaction wave u®“‘(¢,7) for a detonation failure.

Inside the induction zone where the heat release is negligible, w ~ 0, the curvature
term on the right-hand side of (4.10) makes the instantaneous distribution of the flow
decreasing when approaching the lead shock, Ou/0¢ < 0. Then, the distribution u(&,7)
presents a maximum inside the inner structure of the reaction wave, clearly shown on
figures 8 left and 10. The corresponding peak of pressure was observed in direct numerical
simulations and was considered by Ng & Lee (2003) to be the driving mechanism of the
re-acceleration of the wave leading to the detonation initiation in the critical regime. The
flow velocity decreasing in space in the direction of propagation, formation of shock waves
is possible inside the induction zone. This is observed on the numerical solutions of (4.10)-
(4.12) during the increase of the detonation velocity for trajectories whose minimum of
y is just above the lower bound (chemical-kinetics quenching) when the latter is small,
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FicURE 12. Numerical solutions at different times compared to the self-similar solu-
tion of (2.23)-(2.24) (dotted line) representing the self-similar rarefaction flow behind the
front of a spherical CJ detonation considered as a discontinuity for small heat release
(Do, —a)/a = ¢ < 1. The reduced flow v = u(r,t)/ea is plotted versus the reduced dis-
tance from the front z = (r — rg(t))/ero(t) with rs(t) = Dog,t + i, 7o(t) = at + ro; and,
according to (2.26), ry; = (1 + €)ro;. Because of the finite thickness of the reaction zone e™¥ the
origin of space variable has been shifted in the figure.
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FIGURE 13. Zoom of the velocity profiles for the same parameters as in figure 10 for later time.
The sonic point is out of the picture at 7 =3

0<(D—-a)/ea=1+y/b=~0", y+b < b. This occurs for initial radius small enough,
see for example the trajectory corresponding to 7y; = 0.3 in figure 9. The physical
relevance of a detonation velocity becoming so close to y = —b is questionable since it
corresponds to a crossover temperature for the chemical-kinetics quenching close to the
initial temperature, since typically in real detonations the chemical-kinetics quenching
corresponds to y. = —b/2, see the paragraph above (4.9). The phenomenon of shock
formation during the re-acceleration was also observed in the direct numerical simulations
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of Ng & Lee (2003) for a one-step kinetic rate law in a planar geometry. This question
deserves more work.

Comparison between the numerical solution and the asymptotic analysis shows a very
good agreement, confirming the validity and relevance of both numerical method and
analytical solution. Solving numerically (4.10)-(4.12) for an initial condition (4.25), down
to the radius of the core of stagnant gas & = £y(7) where u = 0, a straight part of the
numerical solution is observed. The latter fits with an excellent accuracy the theoretical
expression p®*(¢,7) in (4.15)-(4.17) for either successful initiation or failure, see figures
10 and 11. Moreover, the theoretical result (4.17) with Y = 0 fits also with a good
accuracy the numerical result. This could be quite helpful for further theoretical analyses.

Moreover the numerical solution of successful initiation clarifies the question raised
long ago by Taylor (1950a) concerning the link between the self-similar solution and
the trajectory ”detonation velocity versus radius” for a successful initiation when the
inner structure of the reaction wave is taken into account. A first indication is given
by the instantaneous profiles of the burnt-gas flow behind the reaction zone in figure
10 for 7 > 7 showing similitudes with the discontinuous model in figure 4. The self-
similar profile of figure 1 is recovered by the numerical result in the long-time limit
T=7T/TH > —&o; when the reduced flow w(&,7) + 1 is plotted versus the self-similar
variable (2.25) [ —r;(t)]/[rs(t) — 7o(t)] = €/(—&0) with & = —7 4 &y;. This is shown in
figure 12. According to the zoom in figure 13, the slope dp/0§|¢—=_c-v, which is initially
small (at the scale of the detonation thickness & = O(1)) in the overdriven regimes,
increases when the sonic point gets into the inner structure, so that the flow gradient
becomes infinite at the scale of the thickness of the rarefaction wave which increases
linearly with the time.

6. Conclusion and perspectives

The critical dynamics of the direct initiation of detonation is studied in the limit
of small heat release reducing the problem to solve a single hyperbolic equation. This
limit emphasizes the two-time-scale nature of the problem which also characterizes real
detonations when the condition at the exit of the reaction zone is nearly sonic. The
simplification comes from a flow Mach number differing from unity by a small amount
everywhere. In real detonations near the CJ regime, this is true at the end of the reaction
zone, but not close to the lead shock. Concerning the trajectories of the lead shock in
direct initiation, the limit of small heat release introduces differences that are mainly
quantitative, except for the overshoot during the re-acceleration phase which is sometimes
observed in direct numerical simulations. Useful results of the asymptotic limit are the
analytical expressions of the rarefaction flow for both discontinuous model of detonation
and combustion waves whose inner structure is unsteady. Amazingly, these asymptotic
solutions present the same characteristic properties as those of the flow in the opposite
limit of a large Mach number of propagation. This confirms the relevance of the limit of
small heat release for improving our understanding of the detonation dynamics.

The evolution of the sonic point (sonic condition relatively to the lead shock) inside
the rarefaction wave is then found to be the key element of the overall dynamics. Due to
the increase of the time delay by the response of the detonation inner-structure to the
burnt-gas flow, a slowdown mechanism is identified when the sonic point, located initially
in the burnt gas away from the reaction wave (overdriven regimes), approaches the exit
of the reaction zone. This mechanism explains the behavior of the trajectories “propaga-
tion wvelocity versus radius” observed near criticality in direct numerical simulations of
successful initiation. The detonation velocity decreases well below the CJ velocity like for



30 Paul Clavin, Raiul Hernandez Sdnchez and Bruno Denet

a failure and reaches a minimum associated with the onset of the sonic condition. This
deceleration phase is followed by a re-acceleration back to the CJ regime corresponding
to an isolated combustion wave whose inner structure is out of equilibrium. During this
nonlinear relaxation, the sonic point stays inside the inner structure of the combustion
wave, close to the end of the reaction zone. Failure is produced if the detonation veloc-
ity decreases so much that the chemical-kinetics quenching occurs in overdriven regimes
when the sonic point is still in the burnt-gas behind the exit of the reaction zone. This
depends on the radius at which the velocity of the overdriven detonation crosses the CJ
velocity for the first time; the smaller the radius, the stronger the damping rate and the
detonation is more likely. Another outcome of the asymptotic analysis is to indicate how
the self-similar CJ solution for the rarefaction wave is reached in the long time limit,
showing a behavior similar to the discontinuous model.

Due to the difficulty pointed out in Clavin & Denet (2020) for strongly unstable det-
onations in the limit of small heat release using the scaling law (4.4), the attention was
limited in this article to a reduced activation energy of order unity b = O(1). This
prevents us to see whether or not the curvature-induced quenching which is predicted
without multiple-step chemistry (no crossover temperature) by a quasi-steady approxi-
mation for large b, can also occur in the unsteady regime after the sonic point has caught
the end of the reaction. Notice however that the radius at the minimum of velocity is of
same order of magnitude as the quasi-steady critical radius. Future works will be devoted
to this question. This should be performed with an unsteady reaction rate different from
the scaling law (4.4). More generally, improvements of the asymptotic analysis in the
limit of small heat release will be sought to provide a better quantitative accuracy with
real detonations. Another point which deserves more investigation is the re-ignition by
shock waves observed when the minimum velocity is very low.

In this paper the analysis of the critical dynamics is limited to a spherical geometry.
The result of plane or cylindrical detonations cannot be conjectured by dimensional ar-
guments, the analysis has to be reconsidered from the beginning. The dynamics of the
sonic point inside the rarefaction wave is expected to also play an essential role.
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Appendix A. Conditions in the burnt gas behind the detonation front

The conditions behind a detonation treated as a discontinuity is obtained by the con-
servation of mass, momentum and energy across a planar detonation in quasi-steady
state. They can be put in the form, see Clavin & Searby (2016),

-
Pu 1 (M?-1) M., — Mo,

M > M, 1.1 -Pe— = W Ty 1o 2Rees T ooy Al

cs = P TS RV + M— M1 (A1)

m—lz”}/MQ(l_IZZ)’ Zb:(l_/;:>M’ MOCJ_M(;ClJZQ\/é (A2)



Spherical detonations 31

where the subscripts v and b denote respectively the fresh mixture and the burnt gas,
Q@ ¢ /cpTy, is the reduced heat release and M = D/a,, is the propagation Mach number.
The square root is zero for the CJ regime corresponding to the sonic condition in the
burnt gas M = Mo, : Upoe; = Dowy — Qboe; With apon; = v/ VPboe s/ Proc ;- According to
the last equation in (A 2), the CJ Mach number is close to unity in the limit of small heat
release, 0 < (M, , —1) < 1. For weakly overdriven regimes 0 < (M — M, ,)/M,., < 1
the square root in (A 1) is small so that the propagation Mach number is also close to
unity 0 < (M — 1) < 1 for small heat release and the flow velocity in the laboratory
frame is much smaller than the sound speed up/a, = O(M — 1). However the rarefaction
wave is not a spherical acoustic wave even though it is a linear function of the radius
behind a weakly overdriven detonation M > M,c s, as shown § 2.3, while the rarefaction
wave behind a spherical CJ detonation investigated in §2.2 is quite different.

The Rankine-Hugoniot conditions at the Neumann state of an inert shock corresponds
to (A 1)-(A2) when the square root on the right-hand side of (A 1) is set equal to unity,

o (ein) e e soe o] [ amion o s
4 T Ay —1
M-1<1: %z7+1(M—1)7 Tfj—1z(]+1)(M—1) (A5)
4
%—1N7—J31(M—1) (A6)

where the subscript NV denotes the Neumann state.

Appendix B. Linear solution

A linear solution of the small flow behind a spherical detonation, treated as a discon-
tinuity in the limit of small heat release (0 < M,,, — 1 <« 1), is performed here. By
comparison with the development in § 2, the purpose is to stress the nonlinear character
of the rarefaction wave when approaching the CJ regime.

B.1. Spherical acoustic wave

Let’s first briefly recall the acoustic waves in a spherical geometry. The linear version of
the isentropic Euler equations yields

9(p — 1)/ Ps
ot

Ou a?

V.u=0 — =—=V
+ u ’ 8t ﬁb Ps

B1)
where (p — 5,)/P, < 1 with p, and a = ap =~ a,, constant. Introducing the potential ¢,
equations (B1) yield

2

e
u=—a’V, i a’Ap =0, (B2)

(p—Ps) _ Oy
Py ot’

where Ap = T%% (ng—f> in spherical geometry. Introducing the function f(r,t), and

looking for the solution in the form ¢ = f/r |
Pf L0

T R (B3)
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the flow expressed in terms of the non-dimensional the transit time r = r/a is

oo AE=DHE+Y) (p;pb) _Jilt-n Aty gy
T b T
(0.1) = u(l;,t) _ f{(t—r);fé(H—r) N fl(t—r):;fg(t—i—r)’ (B5)

where f](n) and f5(n) denote the derivative of fi(n) and fa(n), fi(n) = dfi(n)/dn,
f4(m) = dfa(n)/dn, the unknown functions fi(n) and fa(n) being determined by the
boundary conditions.

Consider the flow behind a supersonic front r = r¢(t) propagating with the velocity
D(t) = dry/dt, M(t) = D(t)/a > 1. Denoting us(t) and py(t) the flow velocity and the
density on the lead front and introducing the notations ry(¢) = r¢(t)/a, dry/dt = M(t)

Fi(t) = fi(t—rs(t)),  F(t)=dF/dt=[1-M@®)]fi(t—1s(t), (B6)
Fy(t) = fot +1y(0)), Ey(t) = dFy/dt = [1+ M(t)] f4 (t+1p(0)), (B7)

the boundary conditions at the front take the form

1 (1) Bt | op(t) _ (pu(t) —7s)

0 1M<t>+1+M<t>] I T
1 Fi(t) _ Fy(t) Fi(t)+ B() _ w() (B9)
rp(t) [1=M@E) 1+ M) r3(t) a

where p, and up/a are expressed in terms of the propagation Mach number M (¢) through
(A1)-(A2). The radius at which the flow vanishes u(ro(t),t) = 0, du/dr|,_,,—o+ > 0
should be a weak discontinuity,

r=ro(t): u(r,t) =0, r—ro(t)=0":drg/dt =a<D. (B10)
B.2. Solution

We look for the linear solution for the flow behind a CJ regime in a spherical geometry
treated as a discontinuity propagating with the constant velocity of the planar wave in
steady state D = D,cy (constant Mach number M = M, , = D, ,/a > 1)

TfOCJ(t) =Docy t +7foi, rfOCJ(t) = Moc, t +Tfoi, Ifoi = Cst. (B11)

According to (A1) and (A 2) for the square root =0, the right-hand side of (B8) and
(B9) are constant,

2
1— Pu _ 1 Uboc 5 Uboc 5 _ 1 (MOCJ - ) (B 12)
pbOcJ MOCJ a ’ a Py + 1 MOCJ
Taking p, = proe,, the right-hand side of (B 8) is zero,
T =Tfocs (t) : Up = Ubogy, Pb— P = Pb — Pboc, = 0 (B 13)

For small heat release € = (M,., — 1) < 1, Upo.,/a € 1 = u/a < 1, the linear solution
(B4)-(B5) with (B8)-(B9) satisfying the boundary conditions (B 12) (B13) is
)

t 1 ra, . (t
nt) Ny fcg()q L <ro(t) tu
Upoo MOCJ—l r

t ° 2M, o (T
1_25)1"7 ):Ubac]M2 c—]1<rf 071]()_1),71<7"0(t)p:pu(]314)
ocJ

ocJg

To(t) KT < Tpogy -
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where, according to (A 1), upo.,/a = (M2, —1)M, ! /(v+1). The solution also satisfies

ocJg ocyg

the downstream condition (B 10) of a weak discontinuity provided ro(t) = at+7y0i/ Mo,
ro(t) = at+rpoi/ Moo, = T0i(t)/r0(t) = Moy, = 7 =10(t): u=0, p=p,, (B1H)

the last relation being valid to leading order in the limit ¢ — 0, (v — 1) — 0. Therefore
the thickness of the rarefaction wave rf,,, — o increases also linearly with the time

Tfocs (t) —ro(t) 1d
_— =M, — 1, ——(Tfop; — =M,., —1, B16
To(t) cJ a ]t(Tf cJ TO) cJ ( )

The calculation proceeds as follows. Using (B 10) and (B 13) integration of (B 8) yields

R(t) | F(1) _ _ 1+M
VA v A Bt ey v

where A’ is a constant. In order to save the notation the subscript oc; has been omitted

Fi+ 1+ M)A (B17)

in M,,,, which is replaced by M. Adding (B8) and (B9) yields a differential equation
for Fy(t) when Fy(t) is eliminated by using (B 17)
(t+Tpoi/M)Fy — Fy = —A+ (t + 170 /M) (up/a)(1 — M)M/2 (B18)
where A = (1 — M?)A’/(2M) is constant. Equation (B 18) is easily integrated
Fi(t)y=A+ (t+rp/M)B+ (t+ rfi/M)2 (up/a)(1 — MYM/2, (B19)

where B is another constant and Fy(t) is obtained from (B17). According to (B6)-
(B7), fi(t —r) and fa(t + r) are obtained from Fj(t) and Fs(¢) by the substitution
t—[(t—1)+rpy)/(1—M)and t — [(t+1) +1p]/(1 + M) respectively,

1—M {(t_r) + %} + (u/a) 1]\{/1?4

B Tf M/2 rp;]2
f4r)=—A— [t ﬂ}— [t —1} . (B21
falt +1) e+ 2 - i [0+ 2] B2
The constants A and B disappear from (B 5) leading to (B 14).
Because of the sonic condition at the front this linear solution is not self-consistent
since the nonlinear terms are essential near the sonic condition as discussed now.

fit—1)=A+ {(t—r)—f—%r (B 20)

B.3. Inconsistency of the linear approzimation behind a CJ detonation

The flow (B 14) is effectively small for ro(t) < r < 7o, (t) when the heat release is small
& =[gm/cpTu)(v+1)/2< 1, (My., —1)~¢, D,., ~(1+ea (B22)

because the flow increases from 0 to its value at the leading edge of the rarefaction wave
Upoe, Which is, according to (B 12), smaller than the sound speed upo.., /a ~ €

Tfoe, () —1o(t) _ P o, (t) = (1+ €)ro(t), Ttoes )y _ O(e), (B23)

ro(t) ’ r
loe, (1:t) _ 2 { - (’"fow(’” - 1)} +0@), (B24)
a v+1 T
lauUCJ _ a a laUOCJ ~ Tfocy (t)
a Ot 7—1—1(14_6)7"N(l—i_e)r7 a or 2 (B25)

Inside the rarefaction wave, 7o(t) < 7 < rrog, (t), 7/ro(t) — 1 = O(e), to leading order in
the limit e < 1, the velocity profile is linear since, according to (B 23)-(B 16)
(v + 1) toe, (1) (1+€)[r—ro(t)]

TO(t) ST TfOCJ(t) : 2 a = r € [07 6], (B26)
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neglecting terms of order €2, one has

(Y + 1) Uoc, (1,t) 7 =1o(t)

5 . ~ € [0, e]. (B27)

ro(t) ST < Tpoc, (1) :

The physical interpretation is simple, the numerator on the right-hand side of (B 27)
describes a propagation at the speed of sound while the denominator is the geometrical
damping in a spherical geometry. The linear solution (B27) is different from the self-
similar solution in figure 1. It is also different from the rarefaction wave (2.51)-(2.52),
even though they are both linear in space. The flow (B27) is effectively solution of the
linear version of (2.9) for v < a and 77(t) — ro(t) = ero(t), r = ro(t),

%—Fa% :—a%(t), ro(t) = at + ro;, (B 28)
as verified by the general solution of (B 28) for the initial condition u(r,t = 0) = u;(r),
u = u;(r — at)ro;/ro(t), leading to (B27) if the initial flow increases linearly in space
u;(r) = a (r — ro;)/roi- The inconsistency of the linear solution (B27) is pointed out by
computing the nonlinear term udu/dr = a?(r —rg)/r3 = au/ry which has the same order
of magnitude as the right-hand side. This illustrates that the nonlinear term udu/dr plays
an essential role in the transonic flow relative to the front.

Appendix C. Details of calculation
C.1. Equation (2.81)
Using the notations (2.28), equation (2.10) takes the form

(b2

Doo,/a=1+¢ = [e(,i (Ze(DfOC")>§§:ul(1+u), (C2)
et (o= By F =t ()

[;T + (u— (D =Docy) 15“”) aag: p= —i(lﬂt)- (C4)

This is equation (2.31).
C.2. Solution to equation (2.55)
The attention is focused on
O<,[14f1<<1 with 502<0
and one considers the positive solution 7, > 0. Equation (2.55) can be put in the form

N [1 il

Fo__ P
+ |§01‘ (1 +Nfi)

A graphical representation of the solution is plotted in Figure 14 showing that 7+ < 1 if
0 < pp; < 1. To leading order, a Taylor expansion in powers of 7; then leads to

(1 — \goz'D + |£Oi|ﬂfi R Tt = Ty R fLgi. (C6)
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which is also right for §~0¢ = —1 that is, according to the definition (2.36), for (rp; —re;) =
ero; which is valid in the self-similar solution of the CJ detonation (2.26). In this particular
case, equation (C5) yields

Hfi
(1+ i)

C.3. Simplified expression for the external flow

Discarding the integral term Y (7)/b = O(y;/b), the timescale of the external flow (4.15)
is larger than the response of the inner structure of the detonation by a factor 7y;.
According to (2.56), the time 7, solution to the equation p§**(7;) = 0, is close to p§y'7y;
if Mezt

(147 =(1+7)n(1+7) = #F=em/UT) _Txpn  (CT)

is sufficiently smaller than unity,
Pt <1l = o Sy Ve (C8)

Consider a large radius 7¢; and an initial propagation velocity close to the CJ velocity
as in (2.41), for which

fr> 1, pE <L, Fpft >, (C9)
so that the time 7 ~ 7y, u?’“t is larger than the characteristic time of the linear response
of the inner structure which is of order unity, but 7 = 7 /75, = ujﬁft < 1 is small. For a

lapse of time 7 of the same order as 7, using (4.12),
7':0(7}), ff(T)foi(l—FT/ffi)%fﬁ, (ClO)

the instantaneous reduced curvature 1/7; does not vary much and can be considered
as a constant in (4.10). Under the condition (C9), the thickness of the boundary layer
(2.58) Al€| ~ p§t Algl = O(u%'7ri), is larger than the thickness of the inner structure
which is of order unity for e=¥ = O(1), so that the outer flow of an overdriven detonation
reduces to (2.59),

HEE,T) = [

’/’f,’

(re —7)
> (1¢ — 7)] , psmt () , (C11)
—&oi d Tfi
with a length-scale larger than the detonation thickness by a factor ffi|§~02‘| and a time
scale larger than the response time of the inner structure by a factor 7¢; > 1.

C.4. Motion of the sonic point

In overdriven regimes, the position of the sonic point £ = &(7) is related to the evolu-
tion of the detonation velocity y(7)/b. Introducing the relation p¢®(&s(7),7) = y(7)/b
into(4.15) and using (4.17) yields
y(7) &(7) xt
1+ = - - —— + (1 + uF(1)), (C12)
b A (i) /(L + ") + Iy 7)) ’

{Hy(bﬂ] lff(r))( Cooi) 5 m(ff/ff,»)] = &) + 7L+ Y ()] + (—Eoi)pin

1 + ,uegct)

According to (4.12), the relation 7(7) = 7 + 7; leads to

uo) (T+W)ﬁ + 7y In(rp /7 i)
&(m) = T(l(+§2;,) T— 1 Jo y(m)dr + 7y In(Fy /Tgs) (C13)

TfZ(l(Jrii?N) — (—Coi)si
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FIGURE 14. Graphical solution of (C5) for 0 < uy; < 1 and éol' < 0. The thick straight line is
the left-hand side of (C5) plotted for |€oi| < 14 s

Using d[7; In(7;/7f;)]/dT = In(7¢ /77;) + 1, derivation of (C13) yields

b {(T + ffi)% Ty ln(Tf/sz)}
Yy

df K2
- un) [% + In(7p /i) + 1} (C14)
Ay = 1= (/) +1
to give
" 1dyg, {(I&fif)f) + ln(ff/ffi)}
& g%ll[(fiﬁgg)-+ln(ff/ffiﬂ (C15)
% —&—ln(ff/ffi)
yielding
1 d¢;,  _ 1d
~ & rfy+[1+y(7)} (C16)
(=G00)/ (L + ") + (s /g) AT 'bdr ’

The coefficient of d¢;/dr on the left-hand side being positive, the sign of d&;/dr is the
same as 7¢d [1 4+ y(7)/b] /dT + [1 + y(7)/b] in the right-hand side.

Appendix D. Relaxation of spherical shock waves in open space

Introducing the reduced propagation velocity ¢, defined in (2.30), 14+ ¢, ~ (D—a)/ea,
the relaxation of an inert shock wave in spherical geometry corresponds to

D>a & d&;2-1, (D—a)/a—0": (& +1)—0". (D1)

Therefore the end of the decay cannot be described by the approximation |d&,| < 1 used
n (2.39). At the Neumann state (£ = 0), the flow is subsonic with respect to the shock
(D —uy) < a, and, according to the Rankine-Hugoniot condition for (D —a)/a < 1, the
boundary condition at the shock front reads u; ~ 2(D — a) see (A1)-(A2) for Q = 0,
which, using g+ 1 = u/ea in (2.28), corresponds to pf = 1+ 2é,. Focusing the attention
to an initial velocity D; > a close to the sound speed, the function D(t) is decreasing
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monotonously from an initial value (D; — a)/a < 1 to a. This is an eigenvalue problem
consisting in determining the decreasing function &, (7) — —1 (us(7) — —1), solution of

Z¢+m—a»§g——g1ﬁ% (D2)
satisfying the boundary condition
E=0: p=ps(7), pp=1+ 23, (D3)
for a given initial condition
T=0: 0y =06, G&r>—-1 = pp>-L (D4)

The flow of the rarefaction wave decreases from its Neumann value at the shock to u = 0
when the distance from the shock increases, so that the instantaneous flow field p(€,7)
decreases from 1426, (7) at £ = 0to u = —1 at £ = & (7) < 0 corresponding to the radius
of the sphere of quiescent gas (u = 0). This point is a weak discontinuity propagating
with the speed of the sound in the laboratory frame, according to (2.33),

§=&(F): p=—1, d&/dFf=—(1+d,), (D5)

since d&y /d7T = d&y/dr. As before, equation (D 5) is automatically satisfied by the solution
of (D 2) which reduces to du/07 — (1 + a.) dp/OE = 0 at = —1. Notice that the scalar
field [u(&,7) — &, (7)] decreases from a positive value 1 + ¢, at the shock £ = 0 to a
negative value — (1 + ¢i;) at &(7) < 0 so that there should be a sonic point (relative to
the shock) inside the rarefaction wave at the point where (u — é,) =0 < (D — u) = a.

Equation (D2) has solutions in the same form as (2.43) and (2.45)-(2.47) are still
valid since @ is eliminated from (2.44) when using Ou/07 = A+ (1+a,)AB and
(u— 6 )Ou/06 = (AB —1— 6 )AB’. Then, following the same development as in (2.45)-
(2.48), the solution to equation (D 2), u(€,7) and pf(7), expressed in terms of & (7) and
the initial values £; and i7;, take the same form as (2.49)-(2.50), obtained without using
the boundary condition at the front. Using the boundary condition (D 3) at the front and
equation (D5) in the form

—déo/dF = (14 ¢7) = [us(7) +1]/2, (D6)
the expression of yf(7) in (2.50) yields an ordinary differential equation for & (7)

1 déo(7) 1 €oi

= — = — — where 0; = — > 0. D7
&F & 20+ DB+ In(l+7) A+ s (b7
This equation can be integrated by considering the integral
T d7’ 1
I(r) = =ln|(l14+—In(l1+7 D8
™ /0 (1+7)[0; + In(1 + 7)] “[ g, ”)} (D8)
obtained by the change of variable Y = In(1 4+ 7) leading to
s s 1 N déo o 1
b= 1+ m47), = T2 (DY)
i T 0:(1+7)y/1+ 5 In(1+7)

Putting together (D 6) and (D9) provides us with the propagation velocity ., (7)
—£0i/2
1+ a,(7) = §oi/ (D 10)
0;(1+7)y/14 7 In(1+7)

i
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showing a relaxation toward the sound speed in the long time limit in the form
cst. D(t) —a cst.

lim |1+ d.(7)| = = lim = . D11
%—>oo[ ( )] %\/m t—00 a t\/m ( )

Appendix E. Steady-state approximation for large activation energy

The quasi-steady approximation pointed out a curvature-induced quenching which is
worth comparing with the unsteady trajectories. The steady-state approximation is not
expected to be an accurate approximation in the direct initiation of spherical gaseous
detonation, because the unsteady terms are of the same order of magnitude as the curva-
ture term, see the discussion in Clavin & Denet (2020). In this appendix the quasi-steady
approximation of the inner structure is revisited in the limit of small heat release for large
activation energy when the unsteady gradient of the burnt gas flow of overdriven det-
onations is taken into account. Then, when the unsteady term on the left-hand side of
(4.21) is neglected, the problem reduces to

N ewe YN OB L yry _ B
(r=5) 36~ (¢ =) “gg = 3¢ Vs (€0 . (E1)
E=0: pu=142y(1)/b; E<—e VT p=0. (E2)

Equations (E 2)-(E 2) correspond to a better quasi-steady approximation than in Clavin &
Denet (2020), because here, the unsteady effect of the external flow is retained, assuming
a steady-state approximation only for the inner structure of the overdriven detonation.
Equation (E2) can be written

0 Yy 2 ext Y 2 _ 0 y\12 H

e (=) = (e = 4)] = g st — 2 (B3)
and its integration from the end of the reaction zone where, according to (4.23) or (E2)
E=—eY: = p (i =0), leads to

(n=4) = (=) =z teen - 2 " e (E4)

7 ) ams

Then, the boundary condition on the lead shock in (4.11) or (E2),£ =0: u = 142y(7)/b,
pet = p§(7), ploe, = 1, provides us with an implicit relation for y(r) involving the

solution p(€, T)

2 0
2470 = ) - = [ e, (E5)

A closed equation relating y(7) and ,u?'”(T) is obtained for a large activation energy

b>> 1, since (€, T) can be replaced by [0, (£€Y) in the integral term
Y 2e7Y

0
b2 2] P [ (€ (56)

as shown now. Looking for a solution corresponding to y of order unity and 7 of order

b, 71i/l = O(b/e), one is led to consider (u5**)*> = O(1/b) in (E6). This is consistent with

the simplified expression (C11) of the rarefaction wave behind a overdriven detonation
Tt

wetry = T o), et = T = 0()ve), E7)

7~’f1 Tfi o
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leading to
b>1, Frxip=0(0), 7=0(n), n=O0(Wb). (E8)

Then, the zeroth-order fi, (&', 7) of ji(¢’,7) in the limit b > 1 can be used in the integral
term on the right-hand side of (E5). This zeroth-order solution fi,(£’,7) is solution to
the steady version of (4.21)-(4.23) when the terms smaller than unity are neglected,
Opo 1 . Y .
fo L :7eyw007(£ey)v §=0: f,=1, §<—e ¥ fro =0, (Eg)
o 2 :
yielding, according to (4.6)-(4.7), fio(£',7) = o, (€€¥()). This leads to the transcen-
dental equation for y in (E6) which, neglecting the term u§** on the left-hand side in
front of unity, can be written in the form

eV 1 7y 1
b>1: y+—= fb[u?zt(T)]z where z=—-———— =0(1), (E10)
vo2 b2 o, (€)d€

and b[u$" (7)]* = O(1), see (C10) and (E7), the integral f_01 toe, (£)dE" being close to
1/2. Using (4.12) 7y ~ 7+ 7; and the simplified expression p$*(7) in (E7) to eliminate
7 in favor of z, equation (E 10) yields the leading order in the limit b > 1 of the quasi-
steady trajectories in the phase-space “velocity-radius” y — x. Using the substitutions
Vb/2 57t — \/b/2 iy = my, and f?l Hog, (€)dE" — 1+ fgl Hoe, (€)dE’, equation (E 10)
takes the same form as (7.1a) in Clavin & Denet (2020) and the trajectories have a form
similar to figure 1 ibid. with a definition of x which differs by a factor of order unity,
compare (4.20a-b) ibid. with (E10). In particular, the critical radius 7} at the turning
point (y = —1, z = e) of the C-shaped curve “CJ velocity - radius”, obtained from (E 10)
for b[u*' (1)]* =0, is

r b
b>1: Tf:

0
2o [ o (€€ (E11)
-1
while it was r7/l = (b/e)e {1 + f_ol Hoc (f’)d{’} in (4.20c) of Clavin & Denet (2020)
where the gradient of the burnt-gas flow was ignored. In any case the critical radius
corresponds to a non-dimensional radius 7¢ /b of order unity.
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