
HAL Id: hal-03188114
https://hal.science/hal-03188114v1

Submitted on 1 Apr 2021

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Rudiments of Presburger Arithmetic
Stéphane Demri

To cite this version:

Stéphane Demri. Rudiments of Presburger Arithmetic. Master. Paris, France. 2016, pp.44. ⟨hal-03188114⟩

https://hal.science/hal-03188114v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


′ = + 1 ′
′ = + 1 >

>

⟨N,+,≤⟩



•

> 4 ′ = 2 + =

∃ ( = + ) ∃

•

•



N Z [m,m′]
m,m′ ∈ Z {j ∈ Z : m ≤ j ≤ m′} ∈ Zn

(1) (n) , ∈ Zn ≤ ⇔ i ∈ [1, n]
(i) ≤ (i) < ≤ ̸=

(N)
⟨N,+,≤⟩

∀ (∃ ((2 + 8) ≤ )

(2 + 8) ≤
(N) 2 + 8

+

∀ (∃ ((2 + 8) ≤ )

(N)

+ ⟨N,+,≤⟩ ≤
N

⟨N,+,≤⟩

= { , , , . . .}

N
a1 1+· · ·+an n+k

a1 an N k N i

a k a
k

v → N

• v(k) = k

• v(a ) = a× v( )



• v(t+ t′) = v(t) + v(t′) t t′

v v( ) = 3 v( ) = 27
2 + 8 v | (2 + 8) ≤

| v(2 +8) = 14
v v( ) = 3 v( ) = 13 2 + 8
v ̸| (2 + 8) ≤

(2 + 8) ≤

t ≤ t′ ⊤ ⊥
v

≤ v | t ≤ t′

⇔ v(t) ≤ v(t′) ≤

(N)
¬

∧ ∨
2 + 8

((2 + 8) ≤ ) ∧ ( ≤ (2 + 8)).

t t′

t = t′ = (t ≤ t′) ∧ (t′ ≤ t)

t < t′ = t+ 1 ≤ t′

t ≥ t′ = t′ ≤ t

t > t′ = t′ + 1 ≤ t

∃
∀ (2 + 8) ≤

∃ (2 + 8) ≤

(2 + 8) ≤ ∃



∀ (∃ ((2 + 8) ≤ ))
⟨N,+,≤⟩

(2 + 8) ≤
⟨N,+,≤⟩ (N)

¬ ∧ ∨ ∃ ∀

ϕ ψ
χ

ϕ ::= ⊤ | ⊥ | t ≤ t′ | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | ∃ ϕ | ∀ ϕ

t t′ ∈

∀ (∃ ( > ) ∧ (∃ ( = 3 ))).

(N)
|

v | ϕ
ϕ v

v | t ≤ t′

|

• v | ⊤ ⇔

• v | ⊥ ⇔

• v | t ≤ t′ ⇔ v(t) ≤ v(t′)

• v | ¬ϕ ⇔ v | ϕ

• v | ϕ ∧ ϕ′ ⇔ v | ϕ v | ϕ′

• v | ϕ ∨ ϕ′ ⇔ v | ϕ v | ϕ′

• v | ∃ ϕ ⇔ n ∈ N v[ 0→ n] | ϕ v[ 0→ n]
v n

• v | ∀ ϕ ⇔ n ∈ N v[ 0→ n] | ϕ



¬ ∧ ∨ ∃ ∀
¬ ∃

v | t = t′ t = t′

v(t) = v(t′)

ϕ ⟨N, <⟩

ϕ = ∀ ∀ (( = ) ∨ ( < ) ∨ ( > )).

v

v | ( = ) ∨ ( < ) ∨ ( > ),

v v | ϕ

∃ ϕ ¬∀ ¬ϕ
ϕ

ϕ1∧ϕ2 ¬(¬ϕ1∨¬ϕ2)

ϕ ψ (N) ⇔ v
v | ϕ v | ψ ∃ ϕ ¬∀ ¬ϕ

∀ ∃ ( < ) ∀ ∃ ( ≤ )

• ∀ 1 · · · ∀ n ϕ

∀ 1, . . . , n ϕ.

•



– ϕ ⇒ ψ (¬ϕ) ∨ ψ
v v | ϕ ⇒ ψ v | ϕ

v | ψ
– ϕ⇔ ψ

(ϕ ⇒ ψ) ∧ (ψ ⇒ ϕ) v v | ϕ ⇔ ψ
v | ϕ v | ψ ϕ ψ

v v | ϕ⇔ ψ

•

∀≤k ϕ

k ≥ 0 ∀ ( ≤ k)⇒ ϕ

v v | ∀≤k ϕ n ≤ k v[ 0→ n] | ϕ
∃≤k ϕ k ≥ 0 ∃ ( ≤ k) ∧ ϕ

•
−2 +3 −8

−2 +3 −8 ≤ 5
3 ≤ 7 +8

7 +8 3 +8+4 2+6 +6+

•
∃ ( = 3 )

≡3 0
t ≡k t′ t t′

k ≥ 0

∃ (t = k + t′) ∨ (t′ = k + t)

t t′

k ≡0 t ≡1 t′

⊤

(N)

∀ , (−2 + 9 ≡4 + 1)⇔ (− ≡4 2 − 8)



(N)
+ 3 ≤

v v( ) = 12 v( ) = 2100

+ 3 ≤
v( ) v( )

ϕ v v | ϕ
ϕ

ϕ

ϕ = ( 1 ≥ 2) ∧ ( 2 ≥ 2 1) ∧ · · · ∧ ( n ≥ 2 n−1)

n 2n

O(n)

ϕ
v v | ϕ ϕ

ϕ
ϕ 1

ϕ

( 1 ≥ 2 ∧ 2 ≥ 2 1 ∧ · · · ∧ n ≥ 2 n−1)⇒ n ≥ 2n.

N

ϕ

ϕ
∃ ∀

ϕ

1 < 2

(∃ 1, 2 ( 1 < 2)) ∧ 1 < 2 1 2

ϕ free(ϕ)
ϕ



ϕ 1 n

ϕ

∀ 1, . . . , n ϕ

∀ 1, . . . , n ϕ

∀ 1, . . . , n ϕ ⊤

ϕ

∃ 1, . . . , n ϕ

∃ 1, . . . , n ϕ

∃ 1, . . . , n ϕ ⊤

∀ ∃

ϕ( 1, . . . , n) { 1, . . . , n}
n ≥ 1 n

!ϕ( 1, . . . , n)" = {⟨v( 1), . . . , v( n)⟩ ∈ Nn : v | ϕ}.

!ϕ( 1, . . . , n)" ϕ

ϕ( 1, . . . , n)

1, . . . , n !ϕ( 1, . . . , n)"
!ϕ" ! 1 < 2" = {⟨n, n′⟩ ∈ N2 : n < n′}

∃ = + + 1.

{0} = + {1}
∃ ( = + ∧ = + 1)



q1 q2 q3 q4
1 ; 2 1 ; 2 1 ; 2

1 2 ; 1 2

ϕ !ϕ"
ϕ !ϕ" = Nn

Nn

(N)

ϕ ϕ( 1, . . . , n) n ≥ 1

1 n !ϕ"

(N)

(N)

Xi {⟨n,m⟩ | ⟨q1, 0, 0⟩
∗−→ ⟨qi, n,m⟩}

i ∈ [1, 4] X1 X4 N2

X1 = ! 1 = 2 = 0"
X2 = ! 2 = 1 ∧ 1 ≥ 1"
X3 = ! 2 ≥ 2 ∧ 1 + 2 ≥ 4"
X4 = ! 1 ≥ 1 ∧ 2 ≥ 3 ∧ 1 + 2 ≥ 6"

X4

∃ 1, 2, 3 ( 1 = 3 + 1 − 2) ∧ ( 2 = 3 + 2 + 3) ∧ (2 + 1 − 2 ≥ 0).

(N)

(N)



( = ) ⇒ ( = )

¬(( ≤ ) ∧ ( ≤ )) ∨ (( ≤ ) ∧ ( ≤ )).

⇒ =

N
t ≡k t′

∃ (t = k + t′) ∨ (t′ = k + t).

t ≡k t′

t ≡k t′

v | t ≡k t′ ⇔ v(t) v(t′) k
t ≡k t′ (N)

⊤ | ⊥ | t ≤ t′ | t ≡k t′ | t = t′ | t < t′ | t ≥ t′ | t > t′

k ≥ 2
v | t > t′ ⇔ v(t) > v(t′)

N
N

(N)

ϕ ⇔ ϕ

( + ≡5 )∨ ( > 23)

ϕ ⇔ ϕ

⊤ | ⊥ | t ≤ t′ | t = t′ | t < t′ | t ≥ t′ | t > t′



ϕ N

ϕ
⇔ ϕ + k
k

¬( = +8)∧ ≥ 7
2 = 6 + ≥ 3

N

ϕ (N)

Q1 1 · · · Qn n ψ

ψ {Q1, . . . ,Qn} ⊆ {∃, ∀} Q1 · · · Qn

i
Qi Qi+1

N

Q Q′ ′
′

ϕ

¬(∃ ≥ 3) ∨ (∀ ≥ 4).

ϕ

∀ ∀ (¬( ≥ 3) ∨ ≥ 4).

ϕ (N)

(Q1)≤k1 1 · · · (Qn)≤kn n ψ

ψ {Q1, . . . ,Qn} ⊆ {∃, ∀} k1, . . . , kn ∈ N



N

v ϕ
ϕ

ϕ 1 n

ϕ v0 | ∃ 1, . . . , nϕ v0
ϕ

(N)

(
∑

i ai i)+k ai k N

|ϕ|

ϕ 1 n

ϕ ϕ
2p(|ϕ|) p(·)

ϕ 1 n

2p(|ϕ|)

ϕ

(N)



ϕ p1 pn
ϕ′ ϕ pi i = i ϕ
ϕ′

i i

⟨α1, . . . ,αn⟩ ∈ [0, 2p(|ϕ|)]n

v | ϕ v( i) = αi i ∈ [1, n]

⟨α1, . . . ,αn⟩ |ϕ|

v(t) t ϕ |ϕ|

v
|ϕ|

ϕ ⊤ ⊥
v
⊤ ⊥

v | ϕ
v

ϕ

(N)

ϕ ϕ′

ϕ′ ϕ

(N)

ϕ′ ϕ

∨
(N)

(N)



t ≤ t′ t ≡k t′

(N)

(N)

ϕ

1 n ϕ ∃ 1, . . . , n ϕ
⊤ ϕ

∃ 1, . . . , n ϕ
⊤

ϕ (N)

Q1 1 · · · Qs s ψ( 1, . . . , s)

n m ψ

w = 2 ×n[(s+3)m+2]

ϕ

(Q1)≤w 1 · · · (Qs)≤w s ψ( 1, . . . , s)

ψ( 1, . . . , s)

(Z) (N)
Z Z (Z) (N)



(Z)

(Z)
(N)

⟨N,≤,×⟩
⟨N,≤,×,+⟩

(N)
(N)

t ≤ t′ t ≡k t′ ⊤ ⊥

⊤ ⊥

(N) (N)
(N)

ω

• ∃ ( ≥ 3) ⊤

• ∃ ( < ∧ < ) + 2 ≤

• ∃ ( < ∨ < ) ⊤



• ∀ ( ≤ ⇒ ≤ ) ≤

• ∃ = 2 ≡2 0

∃ = 2

( )

a + b ≤ a′ + b′,

a a′ b b′

a + b ≤ a′ + b′

⊤ ⊥ ≤ k ≥ k k ∈ N
3 + 5 ≤ + 8 ≤ 1
ψ ⊤ ⊥
≤ k !ψ"

⋃
i Ii

Ii [k1, k2] [k1,+∞[ k1, k2 ∈ N
∃ = 2 ψ

!∃ = 2 "⋃
i Ii

ϕ
ϕ′ ϕ′ ϕ

free(ϕ′) ⊆ free(ϕ)

∃ ψ ψ
t ≤ t′

t ≡k t′ ⋆

ϕ
∃ (ψ0( ) ∧ (∃ (ψ1( , ) ∧ ∃ ψ2( , , , ′))))

ψi ∃ ψ2( , , , ′)
ψ′
2( , , ′) ϕ

∃ (ψ0( ) ∧ (∃ (ψ1( , ) ∧ ψ′
2( , , ′)))).

∃ (ψ1( , ) ∧ ψ′
2( , , ′)

ψ′
1( , ′) ϕ

∃ (ψ0( ) ∧ ψ′
1( , ′)).



∃ (ψ0( )∧ψ′
1( , ′)) ψ′

0(
′)

ϕ ψ′
0(

′)
ϕ (N)

ϕ
∀ ψ ¬ ∃ ¬ψ

ϕ′ ϕ′

∃ χ χ
⋆

ϕ′′ ϕ ϕ′′

ϕ′

|ϕ|
ϕ

⋆

ϕ = ∃ ψ ψ
⊤ ⊥ t ≤

t ≤ t′ t t′ (
∑

i ai i) + k
ai k Z N

t t′

ψ

χ ::= ⊤ | ⊥ | t ≤ | t ≤ t′ | ¬χ | χ ∧ χ †

t t′

t ≥ ¬(t+ 1 ≤ )
v : → N

v((
∑

i

ai i) + k) = (
∑

i

ai v( i)) + k.

Z T
t ψ t ≤

0
v : → N t ∈ T v(t ) ≤

v( ) t T v(t ) < v(t) ≤ v( ) t
t 0 T

n ∈ [v(t ), v( )] v v[ 0→ n]
ψ v | ψ v[ 0→



n] | ψ ϕ
t t ∈ T
ψ( ← t) ψ

t ϕ

∨

t∈T
ψ( ← t) ∧ t ≥ 0.

ϕ

∃ ( < ∧ < )

ϕ = ∃ ( + 1 ≤ ∧ ¬( ≤ )).

T { + 1, , 0}

(

⊤︷ ︸︸ ︷
+ 1 ≥ 0∧

⊤︷ ︸︸ ︷
+ 1 ≤ + 1∧¬( ≤ + 1))∨

(

⊤︷ ︸︸ ︷
≥ 0∧ + 1 ≤ ∧ ¬( ≤ )︸ ︷︷ ︸

⊥

)∨

(0 ≥ 0︸ ︷︷ ︸
⊤

∧ + 1 ≤ 0︸ ︷︷ ︸
⊥

∧¬( ≤ 0))

¬( ≤ + 1) + 2 ≤

∃ ψ
ψ †

a a > 1
ϕ = ∃ ψ ψ

χ ::= ⊤ | ⊥ | t ≤ a | t ≤ t′ | ¬χ | χ ∧ χ ††

t t′ a ≥ 1
l

ψ ψ′ ψ
t ≤ a t× l

a ≤ l
l
a ψ′′



ψ′ l
ϕ ∃ ( ≡l 0)∧ψ′′ ϕ = ∃ ψ

ψ

χ ::= ⊤ | ⊥ | t ≡k t′ | ≡k t | t ≤ | t ≤ t′ | ¬χ | χ ∧ χ †††

t t′ k ≥ 1
( ≡l 0) ∧ ψ′′

†††
a a > 1

†††
a ≡k t l

a ≡k t l ≡(k× l
a )

l
a t

∃ ψ ψ ††† ⋆

(N)
l′

ψ
† n, n′ ∈ N n ≡l′ n′

n ≡k1 n′ n ≡kβ n′

l′ k1 kβ
v t ∈ T

n ∈ {m ∈ [v(t ), v( )] : m ≡l′ v( )} v
v[ 0→ n] ψ v | ψ

v[ 0→ n] | ψ ϕ
t+ j t ∈ T j ∈ [0, l′ − 1]
ϕ

∨

t∈T,j∈[0,l′−1]

ψ( ← t+ j) ∧ (t+ j ≥ 0)

⋆

∃ = 2

ϕ = ∃ ( ≤ 2 ) ∧ (¬( + 1 ≤ 2 )).



ϕ = ∃ ( ≡2 0) ∧ ( ≤ ) ∧ (¬( + 1 ≤ )).

T {0, , + 1} l′ = 2
ϕ

[

⊤︷ ︸︸ ︷
0 ≥ 0∧(

⊤︷ ︸︸ ︷
0 ≡2 0) ∧ ( ≤ 0) ∧ (

⊤︷ ︸︸ ︷
¬( + 1 ≤ 0))]∨

[1 ≥ 0︸ ︷︷ ︸
⊤

∧(1 ≡2 0︸ ︷︷ ︸
⊥

) ∧ ( ≤ 1) ∧ (¬ + 1 ≤ 1)]∨

[

⊤︷ ︸︸ ︷
≥ 0∧( ≡2 0) ∧ (

⊤︷ ︸︸ ︷
≤ ) ∧ (

⊤︷ ︸︸ ︷
¬( + 1 ≤ ))]∨

[ + 1 ≥ 0︸ ︷︷ ︸
⊤

∧( + 1 ≡2 0) ∧ ( ≤ + 1) ∧ (¬ + 1 ≤ + 1︸ ︷︷ ︸
⊥

)]∨

[ + 1 ≥ 0︸ ︷︷ ︸
⊤

∧( + 1 ≡2 0) ∧ ( ≤ + 1) ∧ (¬( + 1 ≤ + 1)︸ ︷︷ ︸
⊥

)]∨

[ + 2 ≥ 0︸ ︷︷ ︸
⊤

∧( + 2 ≡2 0) ∧ ( ≤ + 2) ∧ (¬( + 1 ≤ + 2)︸ ︷︷ ︸
⊥

)]

( ≤ 0) ∨ ( ≡2 0) ≡2 0

¨

¨



¨ ¨
¨
⟨N, <⟩

P1, . . . , PN ω P({P1, . . . , PN})

•

•

•

ϕ n ≥ 1
Nn !ϕ" ⊆ Nn

ϕ ! = + " = {⟨k1, k2, k3⟩ ∈ N3 :
k1 = k2 + k3}

!ϕ"

ϕ !ϕ"

{0, 1}

n {0, 1}n

(
5
8

)

(
1
0

) (
0
0

) (
1
0

) (
0
1

) (
0
0

)

{0, 1}2 f : N → P({0, 1}∗)
f(0) = 0∗ k > 0 f(k) = bk · 0∗ bk



k f
N n

{0, 1}n f( ) ⊆ P(({0, 1}n)∗) ∈ Nn ∈ f( ) i ∈ [1, n]
i f( (i)) f

ϕ n ≥ 1
A {0, 1}n ϕ ≈ A (A) =

f(!ϕ")

ϕ
Aϕ ϕ ≈ Aϕ

!ϕ" ⊆ !ψ" (Aϕ) ⊆ (Aψ)

Aϕ

ϕ

Aϕ

ϕ ψ

1 n

ϕ ≈ A ψ ≈ B ϕ ∧ ψ ≈ A ∩ B ∩

ϕ ≈ A ¬ϕ ≈ A ·

ϕ ≈ A ∃ n ϕ ≈ A′ A′

{0, 1}n−1 n q −→ q′ A′

q
′
−→ q′ A ′ n− 1

ϕ ψ

ϕ ≈ A ψ ≈ B
ϕ 1, . . . , n

A′ {0, 1}n+1

(n+ 1) q −→ q′ A′

q
′
−→ q′ A ′ n



q1 q2

⎛

⎝
0
1
1

⎞

⎠

⎛

⎝
1
0
0

⎞

⎠

⎛

⎝
0
0
0

⎞

⎠

⎛

⎝
1
1
0

⎞

⎠

⎛

⎝
1
0
1

⎞

⎠

⎛

⎝
1
1
1

⎞

⎠

⎛

⎝
0
0
1

⎞

⎠

⎛

⎝
0
1
0

⎞

⎠

1 = 2 + 3

q1 q2

(
0
1

)

(
1
0

)

(
0
0

) (
1
1

)

1 = 2 + 2

=
+

= +

1 = 2+ 3 q1
q1 0

q2 1 ( 1 = 2 + 3) ≈ A
1 = 2 + 2

∃ 2 ( 1 = 2 + 2)

q1 q2

(
0
)

(
1
)

(
0
) (

1
)

∃ 2 ( 1 = 2 + 2)



⟨R,Z,+,≤⟩

(N)

(N)

!ϕ( 1, . . . , d)" (N)
1 d d ≥ 1

ϕ( )

( ̸= 1 ∧ ̸= 2) ∧ ( = 0 ∨ ( ≥ 3 ∧ ∃ ( = 3 + 2 ))).

!ϕ( )" = {0} ∪ {3 + 2n : n ≥ 0}
!ϕ( )"

X ⊆ N
⇔ N ≥ 0 P ≥ 1 n ≥ N n ∈ X
n+ P ∈ X

N = 0
P = 2 N = 1 P = 2

! ≡k k′" N = 0
P = k



X X = N!X
n ≥ N

• n ∈ X

• n ̸∈ X X

• n+ P ̸∈ X X N P

• n+ P ∈ X X

X N P

X
N P ϕX

!ϕX" = X

(
∧

k∈[0,N−1]!X

̸= k) ∧ [(
∨

k∈[0,N−1]∩X

= k)∨

(( ≥ N) ∧ (∃
∨

k∈[N,N+P−1]∩X

( = k + P )))]

ϕ( ) (N)
!ϕ"

ϕ( ) ϕ′

ϕ′

⊤ ⊥ ≤ k
≡k k′

!ϕ′"
ϕ ϕ′ !ϕ"

(N)

X d ≥ 1 Nd

∈ Nd P = { 1, . . . , m} ⊆ Nd

X = { +
m∑

i=1

λi i : λ1, . . . ,λm ∈ N}.



{0 + i × 2 : i ∈ N} N
{1 + i × 2 : i ∈ N} = 1

2
⟨ ,P⟩

{(
3
4

)
+ i×

(
2
5

)
+ j ×

(
4
7

)
: i, j ∈ N

}
.

X
X N P

X = (
⋃

n∈[0,N−1]∩X

{n}) ∪ (
⋃

n∈[N,N+P−1]∩X

{n+ λP : λ ∈ N})

{n}
{n+ λP : λ ∈ N} n

P

X1 X2

Nd X1 = !ϕ1" X2 = !ϕ2" X1 ∩X2 = !ϕ1 ∧ ψ2"
Nd !X1 = !¬ϕ1"

{(
3
4

)
+ i×

(
2
5

)
+ j ×

(
4
7

)
| i, j ∈ N

}
.

∃ , ′ ( 1 = 3 + 2 + 4 ′ ∧ 2 = 4 + 5 + 7 ′).

ϕ( 1, . . . , d) d ≥ 1 !ϕ"

X ⊆ Nd ϕ
X = !ϕ"



(N)

ϕ 1, . . . , d

ψ ϕ

(N)

Y = {n2 : n ∈ N}
Y Y

≥ 0 1, . . . , m > 0 m ≥ 1 Z = { +
∑m

i=1 λi i :
λ1, . . . ,λm ∈ N} ⊆ Y Z N ∈ N N2 ∈ Z
(2N + 1) > 1 N Z Z

(N2 + 1) ∈ Z (N + 1)2 − N2 = (2N + 1) > 1

N2 < N2 + 1 < (N + 1)2

N2 (N + 1)2

X = {2i : i ∈ N}
X X

∈ N 1, . . . , m ∈ (N ! {0}) m ≥ 1
Y = { +

∑m
i=1 λi i : λ1, . . . ,λm ∈ N} ⊆ X Y

2α ∈ Y 1 < 2α Y 2α + 1 ∈ Y
2α < 2α + 1 < 2α+1

{(
a
b
f

)
∈ N3 | ∃

(
c
d
e

)
∈ N3, ⟨q0,

⎛

⎜⎜⎜⎜⎜⎝

0
0
0
0
0
0

⎞

⎟⎟⎟⎟⎟⎠
⟩ ∗−→ ⟨q1,

⎛

⎜⎜⎜⎜⎜⎝

a
b
c
d
e
f

⎞

⎟⎟⎟⎟⎟⎠
⟩
}

=

{(
n
m
p

)
∈ N3 : p ≤ n×m

}
.



q1 q2

q0

⎛

⎜⎜⎜⎜⎜⎜⎝

0
0
−1
0
0
0

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0
0

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

0
0
0
−1
1
0

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

0
0
0
1
−1
1

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0
0

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

1
0
1
0
0
0

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

0
1
0
1
0
0

⎞

⎟⎟⎟⎟⎟⎟⎠

ϕ( 1, . . . , 6)

!ϕ( 1, . . . , 6)" = {

⎛

⎜⎜⎜⎜⎜⎝

a
b
c
d
e
f

⎞

⎟⎟⎟⎟⎟⎠
| ⟨q0,

⎛

⎜⎜⎜⎜⎜⎝

0
0
0
0
0
0

⎞

⎟⎟⎟⎟⎟⎠
⟩ ∗−→ ⟨q1,

⎛

⎜⎜⎜⎜⎜⎝

a
b
c
d
e
f

⎞

⎟⎟⎟⎟⎟⎠
⟩}

ϕ( )
ψ( ) !ψ( )" = {n2 | n ∈ N}

ψ( ) = ∃ 1, . . . , 5 ϕ( 1, . . . , 5, ) ∧ 1 = 2∧

∀ ′ ( ′ > )⇒ ¬∃ 3, 4, 5 ϕ( 1, . . . , 5,
′)

{n2 | n ∈ N}

(N)



Σ = {a1, . . . , ak}
a1 < · · · < ak u ∈ Σ∗

Π(u) ∈ Nk i ∈ [1, k] Π(u)(i)
ai u abaab

a < b

(
3
2

)

⊆ Σ∗ {Π(u) ∈ Nk : u ∈ }

(N)

Σ ⊆ Σ∗ ⇔
u1, . . . , un Σ∗ ⊆ u∗1 · · ·u∗n

⊆ Σ∗

u0v∗1u1 · · · v∗kuk u0, v1, u1, . . . , vk, uk Σ∗

Π( )

u0v∗1u1 · · · v∗kuk
{ + λ1 1 + · · ·λk k : λ1, . . . ,λk ∈ N}

• = Π(u0) + · · ·+Π(uk)

• i = Π(vi) i ∈ [1, k]

A = ⟨Σ, Q,Q0, δ, F ⟩

• Σ

• Q

• Q0 ⊆ Q

• δ Q× Σ×Q

• F ⊆ Q



ρ A q0
a0−→ q1

a1−→ q2 . . . i ≥ 0
⟨qi, ai, qi+1⟩ ∈ δ qi

ai−→ qi+1 ρ = q0
a0−→ q1

a1−→
q2 . . .

an−1−−→ qn q0 ∈ Q0 qn ∈ F ρ lab(ρ)
u = a0a1 · · · an−1 A

(A) u ∈ Σ∗ A
u u

′ ′ ⊆ Π( ′) = Π( )

A = ⟨Σ, Q,Q0, δ, F ⟩
Q0 ∩ F ̸= ∅

ε π
δ A

A lab(π) Σ∗ sl

sl sl
(δ) (Q)

≺

π0 S1 π1 · · · Sα πα

Si πi

S π S
π

S π S
π

Si

Si



• π0 · · ·πα
• S = {sl1, . . . , slm} sl1 ≺ · · · ≺ slm

e(S)

lab(sl1)
+ · · · lab(slm)+

sl S
sl S

e( ) sl
S

lab(π0) · e(S1) · · · e(Sα) · lab(πα).

(e) e
Q0

F (e( )) ⊆ (A)
(e( ))

( )
(e( ))

= π0, sl1,π1, . . . , slα,πα πi
sli e( ) lab(π0) · lab(sl1)+ ·

lab(π1) · · · lab(slα)+ · lab(πα)
S

π0, sl
1
1, . . . , sl

1
m1

,π1, . . . , sl
1
α, . . . , sl

1
mα

,πα

slji slj
′

i

slji ≺ slj
′

i j < j′ ≺

π0 πα 2× (Q)

π1 πα−1 (Q)

q ∈ Q S
q

(Q)(3+ (Q))

A
3× (Q)



q0 q qf
t0 a t3 b

t1 b

t2 c

t4 a

t5 b

t0 · t1 · {t1, t2} · t3 · {t4, t5} · t4 · t5 · t5

e( ) t1 ≺ t2
t5 ≺ t4

a · b · b+ · c+ · b · b+ · a+ · a · b · b

X A

Π(
⋃

∈X
( )) = Π( (A)).

(
⋃

∈X ( )) ⊆ (A)

Π(
⋃

∈X
( )) ⊆ Π( (A)).

ρ A lab(ρ) ∈ (A) Π(lab(ρ)) ∈
Π( (A))
Π(lab(ρ)) ∈ Π( ( ))

0 1 β

• i

• 0 ρ

• β

• i+1 i q
S i

Π( ( i)) ⊆ Π( ( i+1))

Π(lab(ρ)) ∈ Π( ( β)) Π( ( β)) ⊆
Π( (A))



i+1 i i

π0 S1 π1 · · · Sα πα

α ≤ (Q)

π1 πα−1 (Q)

Si

0 i+1

i+1

i+1 i

i i

πα = π · sl · π′ sl q ππ′ ̸= ε Sγ
q γ ≤ α i+1

π0 · · · Sγ−1 πγ−1 (Sγ ∪ {sl}) · · · πα−1 Sα (ππ′)

πα = π · sl · π′ sl q
π · sl ππ′ ̸= ε Sγ q i+1

π0 · · · Sα π {sl} π′

Π( ( i)) ⊆ Π( ( i+1))

i+1

( i+1) ⊆ (A)

0

t0 · (t1)7 · (t2)7(t1)8 · t3 · (t4)7 · (t5)7 · (t4)8

• 22 = t0 · {t1, t2} · t3 · (t4)7 · (t5)7 · (t4)8

• 38 = t0 · {t1, t2} · t3 · {t4, t5} · (t4)6 38



A Σ
k

ϕA( 1, . . . , k) (N) Π( (A)) = !ϕA"

(A)

(A)
(A)

Q0 ∩ F ̸= ∅

ϕ
ψ ψ !ϕ"

( )

a + b ≤ a′ + b′

a a′ b b′

a + b ≤ a′ + b′

⊤ ⊥ ≤ k ≥ k k ∈ N
ψ

⊤ ⊥ ≤ k !ϕ"⋃
i Ii Ii [k1, k2] [k1,+∞[

k1, k2 ∈ N
∃ = 2

a + b ≤ a′ + b′

(N)

ϕ ::= ⊤ | ⊥ | ≡k | ≡k c | ≤ c | = | ¬ϕ | ϕ ∧ ϕ | ∃ ϕ

k ≥ 2 c ≥ 0

≡k c ≤ c =



∃ 1, 2, 3 ( 1 = 3 + 1 − 2) ∧ ( 2 = 3 + 2 + 3) ∧ (2 + 1 − 2 ≥ 0).

X ⊆ N2 {k ∈ N : ⟨k, k′⟩ ∈ X}
N

ϕ !ϕ" = {⟨n1, n2⟩ ∈ N × N :
n1 × n2 }

X,Y ⊆ Nn X + Y { + : ∈ X, ∈ Y }
X Y X + Y

X ⊆ N a, b ∈ N
b > 0 n ∈ X n > a n + b ∈ X X

(Z) (N) Z
N

(Z)
(Z) (N) n

−2n+ 1 m 2m

(Z) t ≤ t′

≥ 0
t = t′

g (Z)
≥ 0

≡2 0



∑

j∈[1,n]

aj j = b

aj ∈ Z b ∈ Z
∨

∈{0,1}n

∃ 1, . . . , n (
∧

i

ψ(i, (i))) ∧
∑

j∈[1,n]

ε( (j), aj) j = b

• ε(1, a) a ε(0, a) −a

• ψ(j, 0) = j = 2 j + 1 ψ(j, 1) = j = 2 j

g(ϕ) ϕ

ϕ( 1, . . . , n) ψ( 1, . . . , n)

!ϕ( 1, . . . , n)" = {f( ) ∈ Zn : ∈ !ψ( 1, . . . , n)"}

f( )(i) = (i)
2 (i) f( )(i) = − (i)−1

2

(Z)

(N)

∃ ψ
ψ ψ



¨

¨

¨
k ≥ 1

k
t ≤ t′

´

A
Q Σ (A)

N (Σ) X1∪ · · ·∪Xm Xi = { +
∑h

j=1 λj j :

λj ≥ 0} j {0, . . . , (Q)} (Σ)

h ( (Q)+1) (Σ) ϕA
A Π( (A)) = !ϕA"



¨

(N)

¨ ¨

ϕ( 1, . . . , d) d ≥ 1 Nd

!ϕ" ⊆ Nd ϕ
!ϕ"

(N)

• ⟨N,≤,×,+⟩ (N)
¨

¨



• (N) |

• (N) Vk Vk(n)
k n ¨

¨ (N)

{0, 1, 3}

• (N) ⊥

• (N)
• (N)

(N)

∀ (∀ ϕ( ) ⇒ ( ∈ ))
ϕ( ) (N) ∀

∈

`
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