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RANDOMIZATIONS OF GROUPS ARE CONNECTED

ITAT BEN YAACOV, JORGE MUNOZ CARVAJAL

ABSTRACT. Randomizations are continuous structures consisting of random variables with values on a
given family of structures. We show that if G is a definable group on a continuous structure then G¥,
the randomization of the group, defined as the set of variables whose values belong to the group, is
definably connected, i.e. it has no proper invariant subgroups of bounded index.

INTRODUCTION

Given a structure 9%, continuous or classical, a randomization of 90U is a new structure consisting of
random functions from a probability space into M. For classical structures, they were first introduced
by Keisler on [Kei99] and were then formalized in the continuous setting by Ben Yaacov and Keisler on
[BYKQ9]. They are defined as two-sorted continuous structures, consisting of a sort of random elements
and a sort of events.

Moreover, from a classical theory T we can obtain a continuous theory 7%, known as the randomization
of T', defined as the common theory of randomizations of models 7. In [BYK09], an axiomatisation of
T is given and several preservation results are proven, such as completeness, w-categoricity and sta-
bility. This framework proved to be the adequate one for the study of randomizations, and subsequent
works of Andrews, Goldbring and Keisler were developed in this context (see [AGK15], [AGK19], [AK15]).

Finally, Ben Yaacov in [BY13] generalized the randomization construction to continuous structures. In
this slightly different set-up, although equivalent in the classical case, the sort of events is replaced by a
sort of [0,1]-valued random variables and the language is simplified. As before, for a continuous theory
T we can construct T and the same preservation results will hold.

This paper, as the title suggests, deals with the notion of connectedness in randomizations of groups. Let
9 be a continuous structure and G be a definable group over @, we have that G¥, defined as the set of
variables whose values belong to the group, is a definable group. The second author together with Beren-
stein proved in [BM21], via a study of generic types, that if G is a classical definably amenable NIP group
then G is definably connected, i.e. it has no proper type-definable subgroups of bounded index (when
looked inside a monster model). In this paper, we show that in general, without any model-theoretical
assumptions on the model, G is definably connected. Moreover, we prove that it has no proper in-
variant subgroups of bounded index. For the proof, we use the construction of a homogeneous space.
We use the presentation given in [GNOS], that allows us to embed the group G in the group of auto-
morphisms of a certain structure and then use the fact that in randomizations all types are Lascar strong.

The paper is organized as follows, in Section [I| we introduce the construction of the homogeneous space.
In Section [2| we define randomizations, give some results on definability in continuous logic and proof the
main result.

1. THE HOMOGENEOUS SPACE CONSTRUCTION

Suppose G is an @-definable group in a structure 9. The homogeneous space structure consists of 91 to-
gether with a new sort X, corresponding to an affine copy of G, and a symbol for the action - : Gx X — X.
This is a classical construction and has been considered several times. For instance, in [Zie02, Section 7]
it is used to prove an unpublished result of Bouscaren, Lascar and Pillay concerning compact Lie groups.
It was later used in [GNOS] to describe groups of automorphisms of the homogeneous space in terms of
groups of automorphisms of the original structure and groups related to G. This section is based on the
latter, we recreate in the continuous setting the construction given in Section 3 therein.

Authors supported by ANR project AGRUME (ANR-17-CE40-0026).
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RANDOMIZATIONS OF GROUPS ARE CONNECTED 2

As previously stated, we let X be an affine copy of G. We also add G itself as a sort, so the group operation
can be represented by a symbol in the language and we can avoid dealing with partially defined functions.
However, this step is not strictly necessary and the same results can be obtained by just adding the affine
copy. Let us denote this new structure by M. As mentioned before, the main goal of the construction is
to describe some subgroups Aut(91) in terms of subgroups of Aut(9) and subgroups of G. Towards this
end, we must embed G as a normal subgroup of Aut(fﬁ?). To make this task easier, we will suppose that
the distance on G is bi-invariant, which is always true in the classical context. Nevertheless, this does not
impose us a limitation, since the group always admits a definable bi-invariant metric, see Fact [2.14] below.

Let £ be a continuous language and let M be an L-structure. Suppose G is a definable group over @
whose metric is bi-invariant. We will denote by .S the sort in which G is defined. Let £ be the many-sorted
language obtained by adjoining two sorts Sp, So and the following function symbols to L:

e A unary function symbol ¢: S; — S.

e A binary function symbol ¢ : S x S — 5}

e A binary function symbol - : S; x Sy — S5.
We require the new unary function symbol to be 1-Lipschitz. To both binary function symbols we assign
the same modulus of uniform continuity of the group multiplication. We define 9t = (M, G(M), X (M))
as the L-structure where

(1) The sort M has the original structure of 9t
(2) ¢: G(M) - M is the inclusion map.
(3) ‘¢:G(M) x G(M) — G(M) is the group operation.

(4) - G(M) x X(M) — X(M) is a regular (free and transitive) action of G(M) on X (M).
We endow G(M) and X (M) with the same metric, the one they inherit from M. So, G(M) acts by
isometries on X (M), and for all g,h e G(M) and x € X(M), dx(g-x,h-x) = dg(g,h). We will simply
write - instead of -, the distinction with the action being clear from the context.

Fix € = (¢, G, X) a monster model extending M. In particular, € is a monster model of Th(9M). A set is
said to be bounded, or small, if its cardinality is less than the saturation of our monster. As usual, sets
of parameters are supposed to be small.

Remark 1.1. The structure € is interpretable in € (for more details on interpretation in continuous logic
see [BYKI6]). Indeed, fix 2 € X, the map that corresponds to the identity on the sort €, the inclusion
on the sort G and on the sort X is given by h-xo —— h defines an interpretation of ¢ on €.

In other words, we add two interpretable sorts, namely two copies of G interacting with each other, and

in one of them we forget the inner group structure. We now characterize the elementary substructures
of €.

Proposition 1.2. Every elementary substructure of € is of the form (M, G(MN), G(N)-x0) for some N < €
and xg € X. Conversely, if M < € then for every x € X, (M, G(M), G(N)-x) is an elementary substructure
of ¢

Proof. Let M = (M, Go, Xo) be an elementary substructure of €. It follows that M < €, which implies
Go = G(M). Pick any xg € X, since the action Gy ~ Xy is regular, we have Xg = Go - zo = G(MN) - 0.
We conclude that 90 = (91, G(N), G(N) - o). For the converse, suppose N < €, pick z € X and define
N = M, G(M),G(N) - ). Since ¢ is interpretable in €, for every L-formula o(u,y,2), where u, y and z
are tuple of variables in the sorts S, S and Ss, respectively, there is a definable predicate P, (u,v,w) in
L such that for every a € €, g,h e G

©%(a,g,h-x) = Pg(a,g, h).

Restricting to ‘J~1, we obtain an interpretation of 9 in N and an analogous equality for every a € M,
g,h € G(M). Let w denote a variable in any of the sorts of L, then for any L-formula p(u,y,z) =
inf,, ¥(u,y,z,w), and tuples a € N and g, h € G(MN)

inf, Q/Jﬁ(a,g,hw,w) = Pg(avgvh) = Pg(a?g?h) = inﬁwg(a,g,h-x,w).
weN we€

The result follows from the Tarski-Vaught test. (]
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Now, take any xg € X, then X = G-xg. For g € G we define g: € — € by

gle=ide, 7le=ida, g(h-z0)=(hg™")-xo.
Claim: For any g € G, g is an automorphism of ¢,

Proof. Tt is immediate that g is a bijection that respects the structure of €, the group operation and that
commutes with . Now, for k,h e G

g(k-(h-0)) =g(kh-x0) = (khg™") - xo = g(k) - g(h-x0),
and

dx (g(h-x0),g(k-x0)) = dx(hg™" -0, kg™ - 20) = da(h, k) = dx (h - xo, k - x0). O
On the other hand, suppose f € Aut(¢), since G is definable, f(G) = G. So we can define f : ¢ —Chy
fre=f, [re=fta, [f(h-zo)=f(h) 0.
Claim: For any f € Aut(€), f is an automorphism of ¢

Proof. By definition f is a bijection that respects the structure of ¢, the group operation and commutes
with ¢. Now, for k,h e G

F(k-(h-w0)) = f(kh-a0) = f(kh) -0 = f(k)f(h)-z0 = f(k)- f(h- o).
And

dx (f(h-xo), f(k-20)) = dx (f(h)-zo, f(k)-20) = da(f(h), f(k)) =da(h,k) = dx (h-xo,k-x0). O

In this way, we have embeddings = : Aut(¢) = Aut(¢) and =: G - Aut(€). Note that for f € Aut(¢) and
geG, fogof ' =k-1f(g)k where k € G satisfies f(xo) = k-2¢. Thus, G is a normal subgroup of Aut(¢).
We now define the notion of Lascar types.

Definition 1.3. Let A be a set of parameters and, a and b be tuples (possibly infinite) of the same
length in €. We say that da(a,b) <1 if there exists 91 < € containing A such that tp(a/N) = tp(b/N).
We say that a and b have the same Lascar type over A, and we write Lstp(a/A) = Lstp(b/A), if there is
a finite sequence of tuples of the same length ag = a,aq,...,a, = b such that da(a;,a;+1) < 1.

An equivalence relation is bounded if the set of equivalence classes is bounded. It is a well-known fact
that having the same Lascar type over A is the smallest bounded A-invariant equivalence relation. The
group of Lascar strong automorphisms over A is the group generated by all Aut(€/M) where M ranges
over all models containing A, and is denoted by Autf(€/A). It follows from the definition that every
automorphism in Autfy(€/A) preserves Lascar strong types. Moreover, if Lstp(a/A) = Lstp(b/A) then
there is f € Autfr(€/A), such that f(a) =0.

Definition 1.4. Given A ¢ €, we define G to be the smallest A-invariant subgroup of G' of bounded
index.

Proposition 1.5. For Ac€, G =(97'h; g,h e G and Lstp(g/A) = Lstp(h/A)).

Proof. Denote H = (g™*h ; g,h € G and Lstp(g/A) = Lstp(h/A)). The relation E(g,h) given by g 1h €
G% is A-invariant and bounded. Therefore, if g,h € G and Lstp(g/A) = Lstp(h/A) then g~ 'h € G%.
Hence, H ¢ G%. For the other inclusion, clearly H is A-invariant. Let A be the index of H in G and
suppose that {goH ; « € A} is an enumeration of the cosets of H in G. Take «, 8 € A with a # 3, then
9195 ¢ H. This implies that Lstp(g/A) # Lstp(h/A). Since there are boundedly many Lascar types over
A, then the index of H in G is bounded. Therefore, G € H and the equality follows. (]

The following proposition corresponds to Propositions 3.3 and 3.4 in [GNO8]. Even though they are
proved in the classical setting, the proofs readily adapts to continuous structures.

Proposition 1.6. (1) Aut(€) = GxAut(€). More precisely, for F € Aut(€), F = gof where f = F 1¢
and F(x¢) =gt x0.
(2) If mo < € with mo = (mo,Go,Xo) and Xo = G() . (ho 'xo) fOT' gme h() T € Xo. Then F €

Aut(E/My) if and only if there is f € Aut(€/Mo) such that F = ?ho,
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(3) For any Ac ¢, Autfr(E/A) = G x Autf(C/A).
(4) G = G nAutf(E/A).

2. RANDOMIZATION OF THE HOMOGENEOUS SPACE

2.1. Randomizations.

Here we give some basic definitions and results on randomizations, for a more detailed treatment of the
subject we refer the reader to [BY13]. Let £ be a continuous language, we define the randomization
language, denoted £, as a continuous language consisting of:

(1) A sort in £ for each sort in £. These sorts will be referred as the main sorts.

(2) A new sort, which will be called the auxiliary sort, equipped with the language of random variables
Lry.

(3) For each function symbol in £ a function symbol in £ between the corresponding main sorts,
equipped with the same modulus of uniform continuity.

(4) For each predicate symbol P in £, a function symbol [P(:--)] from the corresponding main sorts
into the auxiliary sort, equipped with the same modulus of uniform continuity.

Definition 2.1. Let (2,58, 1) be an atomless probability space and let Mg = {M,,;; w € Q} be a family
of L-structures. A randomization based on Mg, is an LE-prestructure M = (K, .A) such that:

(1) A corresponds to L'((, B, u),[0,1]).
(2) K is a subset of [T M,,.

wed
(3) For F e L, n-ary function symbol, and ay,...,a, € K, the mapping w —~ F™% (a1 (w),...,an(w))
belongs to K, and we define FM(ay,...,a,) as this map.
(4) For P € L, n-ary predicate symbol, and a1, ..., a, € K, the mapping w + P™ (a;(w),...,an(w))
belongs to A, and we define [PM(ay,...,a,)] as this map.
(5) For every a,be M and A € A there is ¢ € M such that

a(w) if A(w)=1
c(w) =1b(w) if A(w)=0
anything  otherwise.

(6) For every a,b e K, the mapping [d(a,b)] € A and di(a,b) = E[d(a,b)].

In case M, is equal to a single structure 9t for every w € Q, we say that M is a randomization of
M. Given an L-theory T, we define the randomization theory, denoted T, as the common theory of
randomizations based on families of models of T.

Let M be a randomization based on Mg. Proceeding by induction, for every L-formula ¢(z), we have
a definable map [p()] : K" — A defined in the obvious way. In particular, if ¢ is an L-sentence, then
[¢] € A. So, if M, = ¢ =0 for every w € 2 then M E [¢] = 0. Hence, if T is an £-theory, and M is a
randomization based on models of T', then M & [¢] = 0 for every condition (¢ =0) € T. We thus obtain
Keisler’s transference axiom:

T% &[] = 0 for every condition (¢ =0) € T.

Conversely, if M is a model of T, then we can construct an atomless probability space (€2, B, 1), a family
of L-structures Mg and a randomization based on Mg, KE, such that M is isomorphic to M and for
every formula ¢(Z) and every tuple @ in M, [p(a)]M(w) = ™= (a(w)) (see the discussion after Definition
3.9 and Theorem 3.14 in [BY13]). This randomization is known as the canonical representation and we
will identify a randomization with its canonical representation. In particular, each M, is a model of
T. In this way, we have a correspondence between models of 7% and randomizations based on models of 7.

An explicit axiomatization of T is given in [BY13]. This theory has many desirable properties, in
particular it has quantifier elimination in the main sorts down to formulas of the form E[p(Z)] (see
Theorem 3.32 in [BY13]). However, it does not preserve simplicity, if 7 has IP then T has TP, (see
Theorem 4.13 in [BY13]).
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2.2. Definable groups.

Fix a continuous language £, 9 an L-structure and G an @-definable group. Let (K,.A4) be a monster
model of Th(9)%, which we identify with its canonical representation. By taking € to be a sufficiently
saturated elementary extension of 91, we can assume that (K,.A) corresponds to a randomization of €
and we will denote it ¢®. The randomization of G will correspond to the set of functions in K whose
image is contained in G. We will show that this is in fact a definable group in €. First a technical
result.

Fact 2.2 (Theorem 9.12 in [BYBHUOS]). Let M be a continuous structure. Given a definable predicate
P:M —[0,1], we define the two conditions

E; :supinf P(y) v |P(z) —d(x,y)| =0
x Yy

By :sup [P(2) ~inf(P(y) +d(x,y))| = 0.

Then, P(x) corresponds to the distance to the zeroset of P if and only if M satisfies E1 and Es.

Proposition 2.3. If D is definable subset of € over @ then

DE={aeK" ; a(w) e D for all weQ}.
is definable over @.

Proof. Suppose that d(x, D) = P(x) for some definable predicate P : €* — [0,1]. Then D corresponds
to the zeroset of E[P(«)], we will use the previous proposition to show that this predicate corresponds
in fact to the distance predicate to D. By the transfer axiom applied to Ey, sup, inf, ([P(y)] v [|P(x) -
d(z,y)|]) = 0. This implies that, sup,, inf, (E[P(y)]vE[|P(xz)-d(x,y)|]) = 0. Hence, sup,, inf, (E[P(y)]v
|E[P(x)] - E[d(x,)]|) = 0. This means that ¢ satisfies £y for E[P(z)]. Analogously we obtain that
sup, |E[P(z)] - inf, (E[P(y)] + E[d(z,y)])| = 0, i.e. €¥ satisfies B for E[P(x)]. O

For the proof of the next lemma we will use the following fact, which is the heart of the proof of Theorem
9.17 in [BYBHUOS].

Fact 2.4. Let M be a continuous structure.If D ¢ M™ is definable and P : M™ x M"™ — [0,1] is a
definable predicate. Then, there is a continuous function «:[0,1] — [0,1] such that for any x € M™:

o |P(z,y) — P(z,2)| < a(d(y,2)) for every y,z € M"™.
© inf P(z,y) = nf(P(z,y) + a(d(y, D)))-

Lemma 2.5. Let D be an @-definable subset of €" and let P : €™ x € — [0,1] be an @-definable
predicate. Then,

inf P = inf [P .
[inf P(z,9)] = nf [P(z,y)]
Proof. Fix x € K™, then for any yo € DT, [P(z,y0)] 2 [[in£ P(z,y)]. By taking the infimum over y, € D
Ye
we conclude that ir}ljfn[[P(m,y)]] > [[ing P(x,y)]. For the other inequality, take o : [0,1] — [0,1] as in
yeDR ye
the previous fact. Given € > 0, take yo € K" satisfying
[P(x,y0) + a(d(yo, D))] < [inf P(z,y)] + e
Let zo € D be such that [d(yo,20)] = [d(yo, D)]. Then,
inf [P(z,y)] < [P(z,20)] < [P(z,y0) + a(d(yo, 20))] < [inf P(z,y)] +e.
yeDE yeD
Since € was arbitrary, we get the desired inequality. (I

Proposition 2.6. GT is an @-definable subgroup of €® with the group operation defined pointwise, i.e.

for fi, fa € GE, (f1- f2)(w) = fi(w) fa(w) for every w e Q.
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Proof. By Proposition G% is an @-definable subset of €%, Let P:@* —s [0,1] be the @-definable

predicate such that P(x,y, 2) = d(x-y, z) when restricted to G*x€. We have that € & sup sup incf; P(z,y,z) =
zeG yeG %€

0. By transference and the previous Lemma,

¢f e sup sup inf [P(z,y,2)] = 0.
2eGR yeGR 2GR

This implies that for every z,y € G there is z € G such that z-y = z. So, G is closed under poitnwise
multiplication. Clearly, for 2,y € G and z € K, d(x -y,z) = E[P(x,y,2)]. Thus, the group operation
is definable. It remains to show that G is in fact a group. It is immediate that the operation is

associative. Again by transference and the previous lemma, ¢€# & infR sup [P(z,y,y) v P(y,z,y)] =0
zeGl yeGR

and € & sup inf sup [P(z-y,2,2) v P(y-x,2 2)] =0. So, G¥ has a neutral element and inverses. [
2eGRYEGT ZeqR

2.3. The main result.

We first assume that the metric in G® is bi-invariant. Then, we can construct the (LF)-structure
¢k = (K, A,G" X). By reordering the sorts of (LF), we see that (LF) c (L)®. The inclusion being

strict due to the fact that the mappings [d(, )] from the sorts of G® and X% do not belong to (LF).
However, if 2,y € G (or X%) then they can be identified with elements in K, so we can define these
maps in the obvious way, namely:

[d(z,y)](w) = d(z(w),y(w)) for every w € .
Hence, (IC, G, X® A) admits a natural interpretation as an (Z)R—structure. The next result is clear.
Proposition 2.7. With the maps [d(-,-)] defined as before, CR s a randomization of €.
In this way, when we consider (K,G®, X%, A) as an (L)"-structure we will write [
Proposition 2.8. The maps [d(_,_)] : (G?)? — A and [d(_, )] : (X®)2 — A are @-definable in €%,

Proof. For any g,h € GF we have that [d(g,h)] = [d(i(g),i(h))], a definable map. For the other map,
first note that e € G is definable, the distance predicate being given by dx(x,e) = dx (22, ). Now, given
z,y € X% define x(z,y) to be the unique g € G¥ such that g-x = y. The map x : (XF)? — GF is
definable over @. Indeed, given h € G, dgr (h, x(x,y)) = dxr(h-z,y). Hence, [d(x,y)] = [d(x(z,y),e)],
which is a definable map. (|

Corollary 2.9. Given A< K, Aut(€R/A) = Aut(€F/A).
Proof. Immediate from the previous result. O

The next result says that in randomizations all types are Lascar strong.

Theorem 2.10 (Theorem 5.8 in [BY13]). Let T be any theory, (IKC,B) e T, a,be K and Ac K any set
of parameters. Then the following are equivalent:

(1) Lstp(a/A) = Lstp(b/A).

(2) tp(a/A) = tp(b/A).
Corollary 2.11. Given A< K, Autfy(€%/A) = Aut(EF/A)
Proposition 2.12. Given AcK, Auth(Q?é/A) = Autf(€f/A).

Proof. <) It follows directly from Corollaries and
2) Take 91 < €7 with A ¢ 9t and f € Aut(€%/91). Then Ny, the reduct of N to a (LF)-structure, is an

clementary substructure of €%, Hence, f € Aut(€®/9,). So Aut(€F/MN) ¢ Autf, (€R/A). Since N was
arbitrary, the result follows. (I

Corollary 2.13. For any Ac K, (GF)% = GE. Thus, G® is definably connected.

Proof. By 4. of Proposition (G2 =GEn Autf, (¢€R/A). Using Proposition we get (GT)% =
G nAutfr (€#/A). Now, by Corollary 2.11|, (GPY% = GEnAut(€R/A). Finally, since G® ¢ Aut(€f/A),
then (G®)% = GE. O
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In order to prove this corollary we assume that that the metric on the group is bi-invariant. However,
this requirement can be removed, as we now show.

Fact 2.14 (Proposition 3.13 in [BY10]). Let M be a continuous structure and let G be an @-definable
group. Then there is an @-definable metric on M which is bi-invariant on G.

Theorem 2.15 (Main Theorem). Let G be an @-definable group in a continuous theory. Then, for any
Ack, (GP)F =GR

Proof. The case where the metric in G¥ is bi-invariant corresponds to Corollary Suppose now
that the metric in G is not bi-invariant. Let d; be a metric on K which is bi-invariant on G, as per
the previous fact. We define €1 as the structure having the same universe that €% but whose distance
predicate on K is given by d; and the original metric will correspond to a new predicate ds. So,

A = df" and dS = d¥"
Since ¢ and €% have the same definable predicates, then for any A ¢ K, Aut(€%/A) = Aut(€l/A).
Furthermore, if 9 < € then the structure 9y, defined in the same way, is an elementary substructure of
¢,. Hence, for any A ¢ K, Autf,(€F/A) = Auth(QZR/A) The metric on G, viewed now as a definable
group on Cl , is bi-invariant. By Corollary [2.13] G¥ does not have non-trivial A-invariant subgroups of
bounded index in the new language. As we have the same definable predicates, the same is true for G
in the original structure. O
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