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Abstract

We will revisit the intrinsic differential geometry of the Wasserstein space over a
Riemannian manifold, due to a series of papers by Otto, Otto-Villani, Lott, Ambrosio-
Gigli-Savaré and so on.
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1 Introduction

For the sake of simplicity, we will consider in this paper a connected compact Riemannian
manifold M of dimension m. We denote by dj; the Riemannian distance and dx the Rieman-
nian measure on M such that | o dr = 1. Since the diameter of M is finite, any probability
measure 1 on M is such that [}, d2,(wo, ) du(r) < 400, where z is a fixed point of M.
As usual, we denote by Po(M) the space of probability measures on M, endowed with the
Wasserstein distance W5 defined by

W22(M1,M2) = inf{/

(e, y) wlda,dy), 7€ Clup2) |,
MxM

where C(u1, p2) is the set of probability measures m on M x M, having p1, o as two marginal
laws. It is well known that Py(M) endowed with Wy is a Polish space. In this compact case,
the weak convergence for probability measures is metrized by Wy; therefore (Po(M), Ws) is
a compact Polish space.

The introduction of tangent spaces of Po(M) can go back to the early work [19], as well as
n [18]. A more rigorous treatment was given in [2]. In differential geometry, for a smooth
curve {c(t); t € [0,1]} on a manifold M, the derivative ¢/(t) with respect to the time ¢ is in
the tangent space : (t) € TopyM. A classical result says that for an absolutely continuous
curve {c(t); t € [0,1]} on M, the derivative ¢'(t) € T, M exists for almost all ¢ € [0,1].
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Following [2], we say that a curve {c(t); t € [0,1]} on Po(M) is absolutely continuous in L2
if there exists k € L2([0,1]) such that

WQ(C(tl),C(tz)) < /t2 k(s) dS, t1 < to.

t1
The following result is our starting point:

Theorem 1.1 (see [2], Theorem 8.3.1). Let {ct; t € [0,1]} be an absolutely continuous curve
on Po(M) in L?, then there exists a Borel vector field Z; on M such that

/ V | Z4(2) |3, g der(2) | dt < +00
0,1 Ynm

and the following continuity equation

d
%Jrv-(ztct) =0, (1.1)

holds in the sense of distribution. Uniqueness to (1.1) holds if moreover Z; is imposed to be
m

L2(ct)

{Vy, ¥ € C>(M)}

In this work, we define the tangent space T, of Po(M) at u by

T,={Vy, ¥ € COO(M)}LQ(M), (1.2)

the closure of gradients of smooth functions in the space L?(x). Equation (1.1) implies that
for almost all ¢ € [0, 1],

d
G | f@dat) = [ (V1@ Zi@)nadeta), 1€ ). (13)
M M
We will say that Z; is the intrinsic derivative of ¢; and use the notation
dICt =
— =7 €T,
dt ¢S Lo

In what follows, we will describe the tangent space Tu with the least conditions as possible
on the measure p. Consider the quadratic form defined by

ew) = [ Vo) dute). v el
We assume that there is a constant C,, > 0 such that
| w=@ransc, [ [wordn (1.4
where (¢)) = / Y(z) dx. The condition (1.4) is satisfied if p admits a positive density p > 0:

M
du = pdx. In fact, let

p1 = inf p(x) >0, B2= supp(x) < +oo.
zeM zeM



Since M is compact, the following Poincaré inequality holds :

/<w—<w>>2dxsc/ V|2 de,
M M

then s
_ 2 “rP2 2
/Mw ()= du < 5 /M|w| du.

Now let Z € Tu? there is a sequence of functions v,, € C°°(M) such that Z = lim V4, in

n—-+0o0o
L?(u). By changing 1, to v, — (1) and by condition (1.4), {1,; n > 1} is a Cauchy sequence
in L%(u). If the quadratic form £(¢) is closable in L?*(u), then there exists a function ¢,
in the Sobolev space D? () such that Z = V,,, where D?(u) is the closure of C°°(M) with

respect to the norm

el = [ el dute)+ [ [V duta).

A sufficient condition to insure the closability for £ is that the formula of integration by parts
holds for y; more precisely, for any C' vector field Z on M, there exists a function denoted
by div,(Z) € L*(u) such that

| V5@, 2@)rarduto) = - [ f@)div2)a). 1 et (1.5)
M M

Definition 1.2. We say that the measure p is a measure having divergence if div,(Z) € L?(p)
exists. We will use the notation

PdiV(M)
to denote the set of probability measures on M having strictly positive continuous density and
satisfying conditions (1.5).

Proposition 1.3. For a measure pu € Py (M), we have
T, = {Ve; ¢ € Di(n)}.

The inconvenient for (1.3) is the existence of derivative for almost all ¢ € [0,1]. In what
follows, we will present two typical classes of absolutely continuous curves in Py(M).

1.1 Constant vector fields on Py(M)

For any gradient vector field Vi on M with ¢ € C°°(M), consider the ordinary differential
equation (ODE):
d

V1@ = Vi(Ui()), Up(w) =z € M.

Then z — Uy(x) is a flow of diffeomorphisms on M. Let 1 € Po(M), consider ¢; = (Up)pp. It
is easy to see that the curve {c;; t € [0,1]} is absolutely continuous in L? and for f € C'(M),

G| r@ia =5 [ #U@) dute) = [ (950, ToU@) dutz).



which is equal to, for any ¢ € [0, 1],

/ (V1. V) de.
M

In other term, ¢; is a solution to the following continuity equation:

dc
d—t’f+v-(wct):o.

According to above definition, we see that for each ¢ € [0, 1],

dlct

“8 gy
dt v

It is why we call Vi a constant vector field on Py(M). In order to make clearly different
roles played by Vi, we will use notation

Vo
when it is seen as a constant vector field on Po(M).

Remark 1.4. In section 3 below, we will compute Lie brackets of two constant vector fields
on Py(M) without explicitly using the existence of density of measure, the Lie bracket of two
constant vector fields is NOT a constant vector field.

1.2 Geodesics with constant speed

It is easy to introduce geodesics with constant speed when the base space is a flat space R™.
A probability measure p on R™ is in Po(R™) if [g.. |2]* du(z) < +00. Let cg,c1 € Po(R™),
there is an optimal coupling plan v € C(cg, ¢1) such that

W2(co,e1) = / @ — gl dy(z, ).
Rm xR™

For each t € [0, 1], define ¢; € Po(R™) by

f() dey(w) = / Funa, ) dy(, ),
Rm™ Rm xR™

where us(z,y) = (1 —t)x +ty. For 0 < s <t <1, define w5, € C(cs, ) by

/ 92, y) dmay (2, ) = / 9(ua(, y), w2, ) dr(z, ).
R™ xR™

R™ x R™
Then

WZQ(CSaCt) < / |ut(xay) - us(x,y|2d'y(x,y) = (t - S)QWQ(CO,CI)Q'
R™ xR™

It follows that Wa(cs, ¢r) < (t — s)Wal(cg, ¢1). Combing with triangulaire inequality,

Wa(co, c1) < Waleo, ¢s) + Walcs, cr) + Walceg, ¢1)
S SWQ(Co,Cl) + (t — S)WQ(Co,Cl) + (1 — t)WQ(CQ, 01) = WQ(Co,Cl),

we get the property of geodesic with constant speed:



WQ(CS,Ct) — |t - 5| WQ(CO,CI)’

According to Theorem 1.1, there is Z; € T, such that, for f € C}(R?),

G | t@da@ = [ (Vi) - 2 di o)

dt Jpm
= /d<Vf(x), Z(z))rm deg(x)
R
where (, )rm is the canonical inner product of R™. We heuristically look for Z; such that

Zy(ug(z,y)) =y — .
Taking the derivative with respect to ¢ yields
d

(520 (w2, y)) + (VZi(ue(2,y)),y — 2) = 0.
It follows that p
(EZt) +VZ(Z) = 0.

In the case where Z; = Vi, we have

(%Wt) + V24 (Vi) = 0.

We remark that {Vy,t €]0,1[} satisfies heuristically the equation of Riemannian geodesic
obtained in [14] or heuristically obtained in [19], in which the authors showed that the con-
vexity of entropy functional along these geodesics is equivalent to Bakry-Emery’s curvature
condition [3] (see also [12], [21, 20]).

In the case of Riemannian manifold M, it is a bit complicated. We follow the exposition of
[10]. Let TM be the tangent bundle of M and 7 : TM — M the natural projection. For
each p € Py(M), we consider the set

r,= {'y probability measure on T'M; muy = p, /TM 0|7, pdy(z,v) < —i—oo}.

The set I, is obviously non empty. Let v € I',, we consider v = expy 7, that is,

[ r@iv@) = [ flexpaw)drfa.o,

M T™

where exp,, : T, M — M is the exponential map induced by geodesics on M. The map
TM — M x M, (xz,v)— (x,exp,(v))

sends v to a coupling plan 4 € C(u,v). We have

W) < [

@31 (, expy (v)) dr(x, v) < / (w2, s dy(a v).
TM TM

In order to construct geodesics {c;;t € [0,1]} connecting p and v, we need to find 9 € Ty,
such that

W2 () = /T olfas o0, (1.6)
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As M is connected, let © € M, for each y, there is a minimizing geodesic {£(¢), ¢ € [0,1]}
connecting = and y. Let vy, = &'(0) € T, M, then

Yy = eXPx(Um,y) and dM(x? y) = |v3373/|TzM'

Take a Borel version Z of such a map (z,y) = (z,vz,y) from M x M to TM. Let 79 € C(u,v)
be an optimal coupling plan; define vy € I, by

/ g(m,v) d%(m,v) :/ g($,5($,y)) dﬁ/()(x’y)
TM

MxM

Therefore

/ [0[2, y dvola,v) = / () do (2, )
T M M x M

[ e dioley) = W)
Mx M
Now we define the curve {c¢;; ¢ € [0,1]} on Po(M) by

/ f@)de(z) = [ Flexpy(tv)) dyo(z,v).
M TM

Similarly we check that
Wa(cs, ) = [t — s| Wa(co, c1).

The organization of the paper is as follows. In Section 2, we consider ordinary equations on
Py (M), a Cauchy-Peano’s type theorem is established, also Mckean-Vlasov equation involved.
In Section 3, we emphasize that the suitable class of probability measures for developing the
differential geometry is one having divergence and the strictly positive density with certain
regularity. The Levi-Civita connection is introduced and the formula for the covariant deriva-
tive of a general but smooth enough vector field is obtained. In section 4, we precise results
on the derivability of the Wasserstein distance on Py(M), which enable us to obtain the ex-
tension of a vector field along a quite good curve on Po(M) in Section 5 as in differentiable
geometry; the parallel translation along such a good curve on Py(M) is naturally and rig-
orously introduced. The existence for parallel translations is established for a curve whose
intrinsic derivative gives rise a good enough vector field on Py(M).

2 Ordinary differential equations on Py(M)

Let ¢ € C1(M), consider the function F, on Py(M) defined by

Foli) = [ (o) du(o). (2.1)

A function F' on Py(M) is said to be a polynomial if there exists a finite number of functions
@1, in CY(M) such that F = F, ---F,, . Let Z = Vj be a constant vector field on
Py(M) with ¢ € C*°(M), and U; the flow on M associated to V. For pg € Po(M), we set

it = (Up)4 0. Then we have seen in section 1.1,

{GFm)} = [ (9@, o) duo(o) = (Vo Vi,



The left hand side of above equality is the derivative of F|, along V. More generally, for a
function F' on P(M), we say that F' is derivable at g along Vj, if

_ d .
(DvwF)(/io) = {EF(M)}h:O exists.
We say that the gradient VF(uo) € T, exists if for each ¢ € C*(M), (Dy, F)(po) exists
and B B
Dy, F(po) = (VE, Vy)g, - (2.2)

Note that for ¢ € C'(M), there is a sequence of v, € C°°(M) such that Vi, converge
uniformly to Vi so that V,, € T, for any p € Po(M). It is obvious that VF, = V,,. For the

polynomial F' = Hle F,,, we have

k

vF = (TIF) Ver

=1 ji

Note that the family {F,, ¢ € C'(M)} separates the point of Po(M). By Stone-Weierstrauss
theorem, the space of polynomials is dense in the space of continuous functions on Py(M).

Convention of notations: We will use V to denote the gradient operator on the base
space M, and V to denote the gradient operator on the Wasserstein space (Po(M), Ws). For
example, if (pu,x) = ®(u,x) is a function on Py(M) x M, then VP®(u, z) is the gradient with
respect to z, while V®(u, x) is the gradient with respect to p.

Definition 2.1. We will say that Z is a vector field on Po(M) if there exists a Borel map
® : Py(M) x M — R such that for any pu € Po(M), x — ®(pu,x) is C* and Z(p) = V(.-

A class of test vector fields on Po(M) is

x(P) = { Z a; Vi, «; polynomial, v; € C'OO(M)}. (2.3)

finite

Let Z be a vector field on Py(M), how to construct a solution py € Py(M) to the following
ODE
dl,ut

=7 ?
dt (Mt)

Theorem 2.2. Let Z be a vector field on Po(M) given by ®. Assume that (pu,x) — V®(u,x)

is continuous, then for any po € Po(M), there is an absolutely curve {u; t € [0,1]} on Py(M)
such that .

d'p

dtt — Z(,U't)a Hleo = HO- (24)

If moreover, for any p € Po(M), v — ®(u, ) is C? and

Coi= sup sup [[V2®(p,2)|| < 400, (2.5)
HEP (M) zeM

then there is a flow of continuous maps (t,x) — Up(x) on M, solution to the following
Mckean-Viasov equation

d

S Ut(@) = Ve, Ur(x)),  pe = (Ut)geho- (2.6)



Proof. We use the Euler approximation to construct a solution. We first note that

Cy = sup VO (u,x)| < 4o0. (2.7)
(p,z)EP2 (M )X M

Let P, = ™™ be the heat semi-group associated to the Laplace operator Aj; on functions,
and T¢ = e ™™ the heat semigroup on differential forms, with de Rham-Hodge operator .
It is well-known that

ITi(Ve)| < e "2P|Vy|, ¢eC (M)

where £ is lower bound of Ricci tensor on M. As t — 0, T(Vp) converges to V¢ uniformly.
For n > 1, let

Zn(/% .%') = (Tl/nvq)(:u'a ))(.%')
According to (2.7) and above estimate, for n big enough,

sup | Zn (1, )| < 2C%. (2.8)
(n,7)EPo (M) x M

Now let ¢, = k27" for k=1,...,2" and
] =tx ifte [titop]-
On the intervall [to,¢1], consider the ODE on M:

au™
dt

= Z(p0, U™, US(z) = &, (2.9)

and ,u,g " = (U( ))#,uo for t € [to, t1]; inductively, on [tg,tx+1], we consider

au™

= 2, U, U () = U @), (210
and for ¢ € [tg, txi1], (n) NP
pe = (U") b, 2

and so on, we get a curve {pgn); t € [0,1]} on Po(M). We now prove that this family is

equicontinuous in C([0,1],Pa(M)). Let 0 < s <t < 1, define v(6) = U((?) 0)s-+0t" then
dy(9) (n) (n)
a0 (t—s)Zn (M[(lfG)erGt]’ U(l €)s+€t)
We have, according to (2.8),
o (U™ (), / ( (de <204(t — s).

Define a probability measure m on M x M by

/ g(x,y)m(dz, dy) :/ g(Ut(n)(:c),Us(")(x)) dpg(x).
MxM M



Then 7 € C(/é"), ™), we have

WE ) < [ @U@0 @) duole) < 4CE (¢ - 9

By Ascoli theorem, up to a subsequence, ,u.(n) converges in C([0,1],P2(M)) to a continuous
curve {pg; t € [0,1]} such that Wao(uy, us) < 2C (t — s).
For proving that {u; ¢ € [0,1]} is a solution to ODE (2.4), we need the following preparation:

Lemma 2.3. Set ®,(z) = ®(u,x), then

sup (T;V®,)(x) = VO®(x)|r,mr — 0, ast—0. (2.12)
(,2)EP2 (M) x M

Proof. We use || - || to denote the uniform norm on M. Let € > 0, for p € Po(M), there is
t, > 0 such that
sup || T{V®, - VP,||x <e.

t<t,

Since (u,t) = ||T;V®, — V®,||c is continuous, there is §, > 0 such that for ¢ < {,,
Wa(p,v) <6, = [|[T;VP, —VP,||x <e.

Let B(u,d) be the open ball in (Po(M), Wy) centered at u, of radius 6. We have

Py (M) = Upera(an) B(1, 6,);
so there is a finite number of {p1, ..., pux} such that

Po(M) = ULy B, ;-

Let { = min{f,,, i=1,...,K} >0. Then for 0 <t < {,

sup ||T{V®, —VP,||l <e.
REP2 (M)

So we get (2.12). O

End of the proof of theorem : {u,ﬁ"; t € [0,1]} satisfies the following continuity equation

[ @@

0.1]x 0 (2.13)

—a(0) [ J@duo@)+ [ alt) (V@) Zalu) ) " ),
M [0,1]x M

for all @ € C1([0,1)) and f € C'(M). We have

| ) (@) 2 ) e~ [ a(t)(95@), T () dpc
[0,1]x M [0,1]x M

N / a(t) (VF(@), Zn(nfy) &) = V(us, ) dpry™ dt
[0,1]x M

+ / alt) (Vf(2), VO (1, x)) dpf™dt - / a(t) (V f(2), VO (11, 7)) dpedt.
[0,1]x M [0,1]x M



It is obvious that the sum of two last terms converge to 0 as n — 4o00. Let I, be the first
term on the right side, then

1
1 <I9Sl [ O IT1n 0,0 = T, |

Note that

HTl/nV‘I’“Eg) = Vel < HTl/nV‘I)ﬂm) - V‘I’HE:]L)Hoo + qu)“fff) =V, |-

The term ||T1/nV‘1>H(n) —Vq)“(n)Hoo — 0 is due to above lemma. As n — +oo, qug) converges
(t] (t]

to . By continuity of (u,z) — V®(u,z), the last term tends to 0. Letting n — +o0o in
(2.13) yields

/ﬁ o/ (8)f () dpa ()t
0,1]x M
/ f(x)dpo(x / a(t)(Vf(z), VP (,ut,x)> dp(z)dt,
[0,1]x M

which is the meaning of Equation (2.4) in distribution sense.

For the proof of second part, since x — ®(u,z) is C?, we can directly use V®(u,-) instead
of Z, in (2.9), (2.10), (2.11).
On the intervall [tg, 1], consider the ODE on M:

du™
di

=V (uo,U0"), UM (@) =, (2.14)

and ,ugn) = (Ut(n))#,uo for t € [to, t1]; inductively, on [tg, tx+1], we consider

au™ o : )
= Vel v, U|(t )t (z) = U (), (2.15)

and for ¢ € [tg, txi1],
pi = (U gy (2.16)

By above result, up to a subsequence, {,utn, t € [0,1]} converges to {u,t € [0,1]} in

C([0,1],P3(M)). We use this subsequence to prove the convergence of {Ut(n) (x), t €[0,1]}.
Now we prove that, under Condition (2.7),

an (U (@), U () < €%t dua(a,y), 2y € M. (2.17)

For z,y e M glven there is a minimizing geodesic {{;, s € [0, 1]} connecting = and y such
that dps(x,y) fo |€L| ds. Set
a(t,s) = U(E,).

Since the torsion is free, we have the relation:

D d D d
-2 - _ 2.1
— Zots) = = o(t,s), (2.18)

10



where % denotes the covariant derivative. We have

d n n n
UM g) = Vo (uly UM (&) )

Taking the derivative with respect to s, we get

D d n) n d n)
=20 (&) = V2 () U (&) - UM (€).
Combining with (2.18) yields
UM (&) = V2 () U () - U (€):
Now,
d|d . (n) n d (n) d
S| Su @] = o e (ufy) U @) - U6, SUME),

which is, by Condition (2.7), less than

=

By Gronwall lemma,

< ePtigl,

(&)

L
which implies that
an (U (@), U7 () < e das(a, ).

Therefore the family {(t,z) — Ut(n) (z); n > 1} is equicontinuous in C([0,1] x M). By Ascoli
theorem, up to a subsequence, Ut(n) (x) converges to U (z) uniformly in (¢,x) € [0,1] x M. It
is obvious to see that (U, pt) solves Mckean-Vlasov equation (2.6). O

Remark 2.4. Comparing to [5], as well to [24], we did not suppose the Lipschitz continuity
with respect to p; in counterpart, we have no uniqueness of solutions of (2.6).

Remark 2.5. Many interesting PDE can be interpreted as gradient flows on the Wasserstein
space Po(M) (see [2], [22],]23], [9]). The interpolation between geodesic flows and gradient
flows were realized using Langevin’s deformation in [12, 13].

3 Levi-Civita connection on Py(M)

In this section, we will revisit the paper by J. Lott [14]: we try to reformulate conditions
given there as weak as possible, also to expose some of them in an intrinsic way, avoiding the
use of density. In order to obtain good pictures on the geometry of Po(M), the suitable class
of probability measures should be the class Pg;, (M) of probability measures on M having
divergence (see Definition 1.2).

For convenience of readers, we will briefly prepare materials needed for our exposition. For
a measure p € Py(M), for any C! vector field A on M, the divergence div,(A) € L*(M, ) is
such that

/ (Vo). A(x))rar dula / b(x) divy (A)() dp(z)
M

11



for any ¢ € C1(M). It is easy to see that div,(fA) = fdiv,(A4)+ (Vf, A) for f € CY(M). If
dp = pdx has a density p > 0 in the space C*(M), we have

/M<V¢,A>d / (Vo,pA)d / pdiv(pA)d / o div(pA) p~tdp,

It follows that
div,(A) = p~ L div(pA) = div(A4) + (V(log p), A). (3.1)

For y1 € Pg;,(M) and ¢ € C?(M), we denote L*(¢) € L?(u) such that

[ @5 96han =~ [ feton, forany £ e Cian) (3:2)
M M

where LH¢ = div,(V¢) is a negative operator.

Let ¢ € C3(M), consider the ODE

dUy

T = V), Uo(a) =

Proposition 3.1. Let du = pdx be a probability measure in Py, (M) with a strictly positive
density p in CY(M) and ¢ € C3(M). Then for each t € [0,1], pt := (Up) gt € Pain(M).

Proof. By Kunita [11] (see also [7], [17]), the push-forward measure (U; ) 4p by inverse map
of Uy admits a density K; with respect to u, having the following explicit expression

K, = exp<— /0 t divM(Vw)(Us(x))ds).

It follows that the density K; of u; with respect to p has the expression

t
Ky = exp ( / divM(Vzp)(U_s(x))ds).
0
According to (3.1), z — div,(V¢(x)) is C'. Therefore the condition in [7]
/ exp(Adiv, (Vi (z)) du(x) < +oo, for all A >0
M

is automatically satisfied. Again by (3.1), z — Ky(z) is in C'. Now let A be a C! vector
field on M and f € CY(M), we have

/ (VF (), A(2))z,  dyae () = / (Vf, A Ko (2)dpi(a / f div, (5, 2) du.
M M
It follows that
div,, (A) = div, (KA) K; .
]

For 11,19 € C?(M), we denote by Vi s Vi, the associated constant vector fields on Po(M).
In what follows, we will compute the Lie bracket [V, , Vi, ].

For f € C1(M), we set F(p) = [5; fdp. According to preparations given at the beginning
of Section 2,

(Dv,,, Fy)(n) = /M<w2, V) dp = Frpw (1),

12



Using again above formula, we have

(Dv,, Dy, Fr) (1) :/ (Vb1, V(Vihe, V) dp = —/ Ly (Vapa, V ) dp.
M M
Therefore
[wa le]Ff = DngDle Fy— DleDszFf
- /M<<w1 Vi — Ly Vi), V) dp.

Let
Coprpn (1) = LFp1 Vipg — LE4y Vipy. (3.3)

Note that Cyp, s, (1) is in L?(M,TM;p), not in T,. Consider the orthogonal projection:
I, : L*(M,TM;u) — T,.

As p € Pg;, (M) and by Proposition 1.3, there exists ®,, € D?(u) such that

I, (Co s (1)) = VB0 (3.4)
Then we have
Virs VialFy = [ (Vs V1) di = Dy Fy) (o). (3.5)
Above equality can be extended to the class of polynomials on Po(M), that is to say that
WViras Vipr | = Vg, on polynomials, (3.6)

We emphasize that Lie bracket of two constant vector fields is no more a constant vector

field.
Proposition 3.2. Let ¢1,12 € C3(M), for du = pdx with p > 0 and p € C*(M), the
function ®,, obtained in (3.4) has the following expression :

D, = (L") divy, (Cpy o (1)) (3.7)

Proof. By (3.1),
LI = Ay + (Viog p, V),

where Ay denotes the Laplace operator on M. It is well-known that £* has a spectral gap if
log p € C*(M). In [14], the Lie bracket [Vi,, Vi, ] was expressed using Hodge decomposition
for vector fields in L?(u). For 11,19 € C3(M), we have

divy, (Cyn s (1) = (VLI 1, Vo) = (VL Y2, Vi),
By Hodge decomposition, Cy, y, (1) admits the decomposition
Cwl,d& (M) - du*w +Vf+h,

where w is a differential 2-form on M, d,* is adjoint operator of exterior derivative in L?(p),
h is harmonic form : (d,*d + dd,")h = 0. Taking the divergence div, on the two sides of
above equality, we see that f is a solution the following equation

LUf = divy, (01/11,102 (:U')) :

It follows that @M has the expression (3.7). O
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Now we introduce the covariant derivative ?le Vi, associated to the Levi-Civita connection
on Py(M) by

2<va1 V¢27 V¢3> = Dvwl <V¢2, V¢3> + DVwQ <V¢3, Vw1> — Dvwg <Vw1 , V¢2>
+ <V¢3’ [le’v¢2]> - <Vw2’ [V¢1’ Vw3]> - <V¢1’ [wa Vw3]>'

We have (Vi,, Vi) = /M<V1/)2, Vip3) dip = Fiyy, vy,)- Then

Dle (Vipg, Vi) = /M<v¢1,v (Vipo, Vh3)) dp = — /M(E“wl Vb, Vips) dp.
Replacing 11 by 12, 12 by 13 and 13 by 91, we get
D, Vi Vi) = = [ (£ Vi, Vi)
We have, in the same way
Dy, (Vi Vi) = /Mwwg Vi, Vi) dp.
Now using expression of [V, , Vi, ], we have
Vi [Vor Vi) = [ (=001 Vi + 000 V1, T e
In the same way, we get
Vi Vi, Vil = [ (=0 D+ £ Vi, Vi) di

and

<V¢17 [V¢27 Vw3]> = /M<_£ﬂ1/}2 Vaps + LFapg Vipa, V¢1> .
Combining all these terms, we finally get
2(T1,, Voas Vis) = [ (V{V01.90), Vs du+ [ (£962 Vin — L% Vo, Vi)
M M

Theorem 3.3. For two constant vector fields Vi, , Vi, , we have

_ 1 1
val V1/12 = §V<V1ﬁl7vwz) + §[V¢17V¢2]' (3'8)

Moreover, for any constant vector field Vy,,

<?Vw1 V¢27 V¢3>TH - /M<v21/12, Vi1 & V¢3> dp. (3.9)

14



Proof. Tt is enough to prove (3.9). We have

<V¢37 [Vd)l ’ Vw2 -

E\

(=LF 9y Vbg + LFahy VP, Vbz) dp

— [ (Y, V(T Vi) dpi— /sz, V(Vir, Vibs)) dy

M

= | (VP42 Vi1 @ Va) + (T, Vo & V) )
— [ (1901, Vo © ) + (T, Vi © V) )
= [ (VP42 V1 @ V) = (T, Vs © Vi) )
due to the symmetry of the Hessian V21)3. On the other hand,

(Vis, Viwyy wuo) )T, = /M <<V21/127 Vb3 @ Vibr) + (V241, Vibs © V¢2>>) dp

Summing these last two equalities yields (3.9). O

Remark 3.4. By (3.8), for two constant vector fields Vi, Vy,, the covariant derivative
vaIsz is not a constant vector field on Po(M) if 1p1 # 1s.

Let o : Po(M) — R be a differentiable function, we define
?le (a Vw2) = Dlea Vi, + ?le Vio- (3.10)
Proposition 3.5. Let Z be a vector field on Po(M) in the test space x(P), that is, Z =
k

Zai Vi, with «; polynomials. Then V7 Z still is in the test space; moreover
=1

— 1
VzZ =Ve, + 5‘/\V<I>2\2,

where
E ok k
(I)l — Z(Z (67 DVinéj) ¢j, (1)2 = Zai T/JZ
j=1 i=1 i=1

Proof. Using the rule concerning covariant derivatives, VzZ is equal to

k k k

Z (Dv,,, 5) Vi, + 5 Z i Vivy, ve) + 5 Z o[V, Vi, |-
J=1 i,j=1 ,j=1

The last sum is equal to 0 due to the skew-symmetry of [V, V%.], the first one gives rise to
®; and the second one gives rise to ®,. Ol

In what follows, we will extend the definition of covariant derivative (3.10) for a general
vector field Z on Po(M). Let A be the Laplace operator on M, let {y,, n > 0} be the
eigenfunctions of A:

—Apn = An @n-

15



We have \g = 0 and ¢y = 1. It is well-known, by Weyl’s result, that
A ~n2™ p s oo

where m is the dimension of M. The functions {¢,; n € N} are smooth, chosen to form an
orthonormal basis of L?(M,dzx). A function f on M is said to be in H*(M) for k € N, if

£ = /M (1 — A2 d < +oc,

By Sobolev embedding inequality, for & > % +q,

I llea < CIfl s

For f € H*(M), put f = Zancpn which holds in L?(M, dx) with
n>0
0= [ f@)pnla)da
M

111G =D an (14 20)".

n>0

We have :

The system {\V/?, n > 1} is orthonormal. Let V;, = V,, /, /-, then {V; n > 1} is an

orthonormal basis of T,.

Let Z be a vector field on P2(M) given by Z (i) = Vip(,,.) or Z(p) = V®(u,-). In the sequel,
we denote: @, (x) = ®(u,x), *(n) = ®(p,x). Then, if z = V&, (z) is continuous,

Vo, = Z(/MW‘I% \V/? ) Ven Z(/ Dypndz ) Vipn,

n>1

which converges in L?(M, dz). Let u € Pgi (M), the above series converges also in T,,. Let

an(p) = /M P, (x)pn(x) de. (3.11)
Let Vi be a constant vector field on Po(M) with ¢ € C>°(M). For ¢ > p > 1, set

q
Spa = (Dvw tn Vo, + an Vy, V%) = Syt Sn4 (3.12)

n=p

respectively. Let ¢ € C°°(M), according to (3.9), we have

(S5 Virr, = | (Zan V%00 ) (Vo(e), Vo (x)) du(a).

It follows that

q
(S0 Volz, | < | D2 an() V20| IValz, IVals,
n=p

16



therefore

Vylt, -

q
[SpqlT, < HZ an(1)Vin||
n=p

‘We have

uzan )(I - M%HB(M—Z% )(1+ )"

n=p
_Z</ (I— Ak/ZqDMcpndx) 0

as p,q — +oo if ®, € H¥(M). On the other hand, we have

_ - = T o 2 T VQDn dx
(Dryan)(i = [ (Dr@)ona)do = [ (VDy 07, 722 T2,
then
_ 2 2 T v(pn thn
Sk, _nzp(/MWDVw@ ,ﬁﬂim)m
and

_ Vo, 2
/y q\de— (/M(VDW@:”,\/;D\_MHU) =0

=p
as p,q — +oo if
/ ]VDVwCI)’:Ide < +o0.
M

Therefore for du = pdx with p € Py (M), as p,q — oo,

S8l < loll [ 1532 dz =0,

We get the following result

Theorem 3.6. Let Z be a vector field on Pa(M) given by @ : Po(M) x M — R. Assume that
(i) for any p € Po(M), ®, € H¥(M) with k > % +2,
(i) for any x € M, Dy, ®" exists and VDy, ® € L*(M,dzx).

Then, the covariant derivative Vv, Z is well defined at p € Pai,(M) and for ¢ € C*°(M),

(Vv, 2, Vg)g, = /M<<vaw<I>'>,w> du+ /M V23, (Veh, V) dp. (3.13)

q
Proof. Let Z, = Z an,Vy,. Then
n=1

?Vw Zy =514
Letting ¢ — 400 yields the result. O
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4 Derivability of the square of the Wasserstein distance

Let {c; t € [0,1]} be an absolutely continuous curve on Py(M), for o € Py(M) given, the
derivability of t — Wi(o,¢;) was established in chapter 8 of [2] , as well as in [22] (see pages
636-649); however they hold true only for almost all ¢ € [0, 1]. The derivability at t = 0 was
proved in Theorem 8.13 of [23] if o and ¢y have a density with respect to dz. When {¢;} is
a geodesic of constant speed, the derivability at ¢ = 0 was given in theorem 4.2 of [10] where
the property of semi concavity was used. In what follows, we will use constant vector fields
on Py(M).

Before stating our result, we recall some well-known facts concerning optimal transport maps
(see [4, 6, 16, 2, 22]). Let 0 € Py 4.(M) be absolutely continuous with respect to dz and
@ € Po(M), then there is an unique Borel map ¢ € D3(o) such that

/ V() do(x) = Wi(o, )
M

and z — T(z) = exp,(Ve(r)) pushes o forward to p. If p is also in Pg4.(M), the map
T : M — M is invertible and its inverse map 7! is given by y — exp, (Vo(y)) with some

function ¢ such that fM |ng~5|2d,u < 400. We need also the following result

Lemma 4.1. Let xz,y € M and {£(t); t € [0,1]} be a minimizing geodesic connecting x and
y, given by &(t) = exp,(tu) with some u € T, M. Then

diy(expy(v), ) — di;(y,2) < 2(v,€' ()7, ar +o(|v]) as [v] = 0. (4.1)
Proof. See [16], page 10. O

Theorem 4.2. Assume that o € Py (M) is absolutely continuous with respect to dx, then
1 — x(p) := Wi(o, p) is derivable along each constant vector field Vy at any p € Po(M). If
p € Py oc(M), the gradient Vx exists and admits the expression :

Vx(u) = Vo (12)
Proof. Let 1p € C°(M) and (Uy)ier be the associated flow of diffeomorphisms of M:
dU;ix) = V(Us(z)), =€ M. (4.3)
The inverse map U, ' of U, satisfies the ODE
dUtTi(x) = V(U N (z), =€ M. (4.4)

Set py = (Up)gp, then p = (U7 Yy Let v € Co(a, 1) be the optimal coupling plan such
that

W3 (o, pu) = /Mde%J(%y) dy(z,y).

The map (z,y) — (z,U;(y)) pushes v forword to a coupling plan v € C(o, us). Then for
t>0,

ng@, ) =Wiea] <3 [ (e Uw) = diya.) oo
—7 | (e 0w) - Bylsexp, (1V010)) dr.)
MxM

[ (Beloexp, (Vi) ~ diy(o.9)) ) = 10) + Fa0)
MxM
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respectively. Let £(t) = exp,(tVe¢(x)), by [16], £ is a minimizing geodesic connecting x and
y = T(z). By Lemma 4.1, we have

i (2, exp, (tV9(y)) — diy(y, ) < 26(VP(y), &' (1)1, 0 + o(Jt]) as t = 0.
On other hand,
&(1) = dexp,(Vo(x)) - Vo(z) = //;Ve(w),

where //f denotes the parallel translation along the geodesic £. Hence [£'(1)| = [Vé(x)].
Therefore

B(t) <2 [ (VU(T(@).desp,(Vo(@)) - Vo(a) do(z) + of1)
M
To justifier the passage of limit throught the integral, we note that for ¢ > 0,

% ‘d?\/l (g;, expy(tv¢(y))) — diy(z, y)‘

2 diam (M) dys (y, exp, (EV4(y))) < 2diam(M) [Vp(y)|

Then
Tl (t) < 2 /M<w<T<w>>, dexp,(Vo(z)) - Vo(x)) do(z).

t10

For estimating I;(t), it is obvious that

1
lim & sup dv (Ui(y), exp, (tV(y))) = 0. (4.5)

Then hfél I,(t) = 0. In conclusion:
t

T (W (o) — Wh(op)] < 2 /M<w<T<x>>,dexpx<v¢<x>> V() do).  (46)

For obtaining the minoration, we use as in [23] the fact that %(—at) = —lim; ga;.
t

Let 4 € Co(0, 1) be the optimal coupling plan:

W2(0, 1t) = / @1(x,y) i (2, y).
MxM

Let n: € C(o, 1) be defined by
| e = [ @07 W) dile).
M x M M x M

Then for ¢ > 0,

e -wiew] <7 [ (Bile U7 W) - dilen) o).

Let Ty : M — M be the optimal transport map which pushes o forword to p, with T;(x) =
exp,(Vo(z)). As t | 0, the map T; converges in measure to T (see for example [23], page
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265). We have

=

| =
=

/N
St
=

Tlw) = di(@,y)) diila.y)

)

X M
_ % /M (1w, UM Ti0))) = dy (2, Tu(w)) ) dor(a)
_ %/M<d?\4(m U7 (T4(@))) — s (2, expr, ) (—V (T3 (2)) ) dor(z)
+%/M <d?\4(:c,exth(x)(—tvw(Tt(x))) —d?w(x,Tt(g;))) do(z) = Ji(t) + Jo(t)

respectively. According to (4.5), limy o J1(t) = 0. Concerning J»(t), we note as above,

s (2, expr o) (V0T @) — s T

< 2 dian (M)day (T (0), expr, oy (—~(F0(Ti(2)
< 2diam(M) [VH(T; ()] < 2diarn(M) 9o

Then by Lemma 4.1,

Bot) < =2 [ (V(Ta)),dexp,(Von(a) - Veu(w) dofa) + o)

Therefore

T (W30, 1) — W30, )] < 2 / (V(T(2)), dexp, (Vo)) - Vé(a)) do(z).  (4.7)
M

10 t

Combining (4.6) and (4.7), we finally get

tim - (W3 (0, ) ~ W(o, )] =2 / (VO(T (@), dexp, (Vo)) - Vé(a)) do(z).  (4.8)
M

tlo t

Now if p € Py 4.(M) and the map y — expy(Vti(y)) is the optimal transport map which
pushes p to 0. Consider the minimizing geodesic

E(t) = exp, (1 = )V (y)),

which connects z and y. We have ¢'(1) = V(y). In this case, replacing d exp, (Vo(z))-Vo(x)
in (4.8) by Vo¢(y), we obtain

hm Wi(o, ) — Wi(o, ,u 2/ (T(x))) do(x)
tlo ¢t M
=2 / ) dp(y),
M
from which we get (4.2). The proof is complete. 0

20



5 Parallel translations

Before introducing parallel translations on the space Pg;,, (M), let’s give a brief review on the
definition of parallel translations on the manifold M, endowed with an affine connection. Let
{7(t); t €]0,1]} be a smooth curve on M, and {Y;; ¢t € [0, 1]} a family vector fields along :
Y; € Ty M. Then there exist vector fields X and Y on M such that

Y; is said to be parallel along {v(t); t € [0,1]} if

(VXY)(V(t)) =0, te [07 1]'

Now let {¢;; ¢t € [0,1]} be an absolutely curve on Pg;,, (M) such that

dlct . 2
W = V‘I)t? with ®; € D1(Ct)- (51)

Let {Y; t € [0,1]} be a vector field along {c;; t € [0,1]}, that is, Y; € T, given by Y; = Vi,
with ¥; € D?(cy).

Theorem 5.1. Assume that t — ¢; is C in the sense that for any f € CY(M), t — Fy(cy)
is Ct and for t € [0,1], x — ®y(x) is CL1. If for each t € [0,1],
Voulk, = [ V0@ derlz) >0, 6:2)
M

then there are functions (p,x) — ®(u, x) and (u,x) — ¥(p, ) on Po(M) x M such that

D(ep, ) = By(z), V(e z) = Uy(x); (5.3)

moreover for x € M, p — ®(u,z) and p — ¥(p,x) are derivable on Py(M) along any
constant vector fields Vy,, their gradients exist on Py qc(M).

Proof. Fix tg € [0, 1]; consider a(t) = Fgp, (c). Then

d

Oé/(t) = an)tO (Ct) = / <V<I>tO,V<I>t> dCt,
M

which is > 0 at t = tg. Therefore there is an open interval I(tg) of ¢y such that ¢t — «a(t) is a
C! diffeomorphism from I(ty) onto an interval J(ty) containing a(tg). Let 8 : J(to) — I(to)
be the inverse map of a. We have

Fg, (ct) € J(to) fort € I(to).

Let
Ulto) = {p € Po(M); Fa, (1) € J(to)},

which is an open set in Po(M). Let r > 0 and v € Po(M), we denote by B(v,r) the open
ball in Po(M) centered at v of radius r. Take ro > 0 small enough such that

B(cty,r0) C Ulty).

We define, for p € B(cy,, r0),
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Dy (1) = ®5(Fa,, (1) Wy, (1) = V(£ (1) (5.4)
We remark that for ¢ € [0,1] such that ¢; € U(ty), we have: B(Fs, (ct)) = t. Note that
{ct; t € [0,1]} is a compact set of Pyo(M) and

{Ct; t e [O, 1]} C UtOE[O,I]B(Ct()?TO)'
There exists a finite number of t1,...,t; € [0,1] such that

{ei; t€[0,1]} € UL Bley,mi).

Set U = Uk B(ct,, 7). Let € U, then p € B(cy,,r;); according to (5.4), we define,

(1) = Dp,(ry, 0 () = Py, ()-

Then for ¢ € [0, 1] such that ¢; € B(ct,,73), i)ti (¢t) = ¢ and \ifti(ct) = ;. Now for r > 0 and
v € Py(M), we define

1
b fW ) <; 55
W ) W < )

and g, (p) = 0 otherwise. Then g, (x) > 0 if and only if ¢ € B(v,7). By Theorem 4.2, if
v € Paiv, = grp(pt) is derivable along any constant vector field V;,. Remark that

gr,u(/‘) = exp(

k
ngcti >0 onU.

i=1
Let .
Q; = % for we U, and a; =0 otherwise.
k
Dz Iricr,

Now define

k . k .

®(p) =D ()@, (1), W) =Y i)Wy, ().

i=1 i=1

We have

k
Ocr) = ailer)dr, ().
i=1
Note that a;(c;) > 0 if and only if ¢; € B(c,,r;), which implies that i)ti (¢t) = @4 and
k
D(¢y) = Z a;(c)®y = ®y. It is the same for ¥. The proof is completed. O
i=1

Notice that for such a curve {¢;; ¢ € [0,1]} given in Theorem 5.1, and {Y;;¢ € [0, 1]} a vector
field along {c;; t € [0,1]} given by W,. If furthermore for any ¢ € [0,1], U; € H*(M) with

k> 5} + 2, then the extension obtained ¥ obtained in Theorem 5.1 satisfies conditions in
Theorem 3.6.

Definition 5.2. We say that {Y:;t € [0,1]} is parallel along {c; t € [0,1]} if

(Var,, Vi)(er) =0, tel0,1].

dt
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Theorem 5.3. Keeping same notations in Theorem 5.1, if {Ys; t € [0,1]} is parallel along
{ct,t € [0,1]}, the following equation holds

/M<V(%) + Vv, Vi, Vo) de =0, ¢ C=(M). (5.6)

Proof. Note that
d - AUy

(D%\if)(ct) = E\P(Ct) = and V(¢ ) = VU,
Then (5.6) follows from (3.13). O
av AVA'/

When v(d—tt) = th t, it is more convenient to put Equation (5.6) in the following form :

10, (iv\yt + Vs vqft) —0 (5.7)
"\dt ' ’

or
%V\I’t + 1L, (Vve, V¥, ) =0, (5.8)
d

where I, the orthogonal projection from L?(M,T M, ¢;) onto T,,. By arguments in the proof
of Proposition 3.2, when dc; = p; dz with p; € C?(M) and p; > 0, 11, admits the expression

Meu = (VL dive,)(u), u € L*(M,TM,c).

The price for this pointwise formulation of (5.7) as well as of (5.8) is the involement of second
order derivative of W.

Remark 5.4. Let s — £(s) is a smooth curve on M such that £(0) = z and &'(0) = V®&y(x),

then
d o TV (E(e) = V()
EV\I& + Vvq;.tv\I/t = il_)I% - s (59)

where 75 is the parallel translation along s — £(s). We refind the similar expression of parallel
translations given in [1].

Proposition 5.5. Assume that the curve {c;; t € [0,1]} is induced by a flow of diffeomor-
phisms ®;, that is, there is a CY? function (t,z) — ®(x) such that

Wetle) —G@,(Uy4(x)),  Uss(z) =,
e = (Uo,¢)xco.

Then for any ug = VV¥g € TCO, there is a unique vector field uy = VW € Tct along {c;;t €

[0,1]} such that

(5.10)

1, (1im ™= IV (U e () — wtw) — 0

e—0 5

holds in L*(c;), where 7- is the parallel translation along {s — Upsis(z),s € [0,¢]}.
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Proof. Following Section 5 of [1], for s < t, we define

Pis - T., — T, us— I, (Tt_sus o U;tl).
For a subdivision D = {0 =ty < t; < ... <t, = 1} of [0, 1], we define
Pp: Tey — Ty, ug — (Pr,_, 0+ 0 Pry0)(uo).
Under the assumption of Theorem, we have the uniform bound

swp V28] < +oo,
(t,z)€[0,1]x M

which allows us to mimic the construction of section 5 in [1], so that we get that Pp converges
as D becomes finer and finer, with |D| = max; |[t; — t;—1| — 0. O

As a result of (5.10), we have as in [1] the following property:

Proposition 5.6. Let {VWy;t € [0,1]} be given in Proposition 5.5, then
HV‘I’tHct =0. (5.11)
Proof. We have ¢ie = (Upt4e)pce, and

/ VU, (2) 2 derye (i / VG4 e (U e ()2 dey(a).

Therefore

el = Nl = [ 1 90 Orrel@) = [V90(@) ] der(o)
= /M<T€_1V\I/t+5(Ut7t+5(.’E)) - V\I/t(m),T€‘1V\I/t+5(Ut7t+5(x))> dey ()
+ /M<v\11t(;c), IV (Up e () — V\I’t(:v)> dey(z).

It follows that

iHVfD 2 = / <lim 7 Ve (Unpre(x) — VIi(2)
dt t ct M e—0

g

,V\Pt(x)> dey(z) = 0.
U

In what follows, we will relaxe a bit conditions in Proposition 5.5. We return to the situation
in Theorem 5.1. Let {¢;;t € [0,1]} be an absolutely curve in Pg;, (M) satisfying conditions in
Theorem 5.1, set

dICt

dt
If furthermore (t,z) — V2®;(x) is continuous, according to the the construction, the exten-
sion ®(p,z) of (t,z) — V2®(z) obtained in (5.3) satisfies (u, ) — V2®(u, z) is continuous.
In particular, the condition (2.5)

= Vg,.
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sup IV2®(p, )| < +o0,
(p,z)EP2 (M )X M

holds. By theorem 2.2, there exists a solution (p, U) to the following Mckean-Vlasov equation
dUt (3:)

dt
with py = (Ug)xco which solves the ODE on Py(M):

= V‘i’(ﬂn Ut(x))v Uo(.%') =7,

d'

Theorem 5.7. If the ODE (5.12) has the unique solution, then for each Vy, € Te,, there is
a vector field {Viy, € Te,; t € [0,1]} along {ci; t € [0,1]} such that

d
—IV¥,]12 = 0.
dtll tllz,

holds in L?(c;).

Proof. Note that V®(c;,z) = V®(z), then Vs
therefore a solution to

() = Vp,. The curve {¢; t € [0,1]} is

_ = Vq)t - Vq~>(Ct7').

Under the assumption of uniqueness of solution to (5.12), we get that ¢, = p; for t € [0, 1].
Now by arguments in the proof of Propositions 5.5 and 5.6, we obtain the result.

O

Remark 5.8. The parallel translations along diffusion paths on the Wasserstein space are
discussed in a forthcoming paper [8].
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