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DEFORMATION RETRACTS TO INTERSECTIONS OF
WHITNEY STRATIFICATIONS

SAURABH TRIVEDI & DAVID TROTMAN

ABSTRACT. We give a counterexample to a conjecture of Eyral on the
existence of deformation retracts to intersections of Whitney stratifica-
tions embedded in a smooth manifold. We then prove that the conjec-
ture holds if the stratifications are definable in some o-minimal structure
without assuming any regularity conditions. Moreover, we also show
that the conjecture holds for Whitney stratifications if they intersect
transversally.

1. INTRODUCTION

In [2] Eyral proved the existence of deformation retracts to intersections
of Whitney stratifications sitting inside a compact real analytic manifold,
and used the result to prove connectivity properties of such intersections.
He later used these results to find examples of global rectified homotopical
depths and proved a conjecture of Grothendieck on homotopical depth; see
[3].

In proving his results Eyral exploits the triangulability properties of com-
pact real analytic manifolds. He then conjectures the existence of defor-
mation retracts to intersections of Whitney stratifications embedded in any
non-compact smooth manifold. More precisely, he conjectures the following
statement:

Conjecture 5.2 in [2]. Let M be a smooth manifold, A and B be two
closed subsets of M and C' a closed subset of B. Suppose that there exist
a Whitney stratification of B adapted to C' (i.e. C' is a union of strata of
B) and a Whitney stratification of A whose strata intersect the strata of C'
transversally. Then, there exists a neighbourhood W of AN B in B such
that the couple (ANB,(ANB)\ (ANBN(C)) is a strong deformation retract
of the couple (W, W \ (W nNC)).

He further conjectures that certain pairs of intersection of Whitney strat-
ifications embedded in any smooth manifold (not necessarily compact) are
highly connected and claims that this can be proved using the above con-
jecture; see Conjecture 5.1 in [2].

We show by a simple counterexample that Conjecture 5.2 is false in gen-
eral.
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Let M = R?, B = z-axis. Let A be the graph of

) atsin(1/z) z#£0
"o r=0

in R%2. Choose C such that A N C is empty. Then AN B is an infinite
(double) sequence of points. Any neighbourhood W of A N B will have a
component containing the origin and infinitely many points of AN B. There
exists no retraction of W onto A N B since the image of a connected set
under a continuous map is also connected. Thus A N B is not a (strong
deformation) retract of any such W.

We remark that though the function y above is not smooth, a smooth
counterexample can easily be given. For example we can take A to be the
graph of

B e Ve sin(1/2) x #0
"o r=0

FiGUuRrE 1.

In this article we show that the conjecture holds without the hypothesis of
Whitney regularity of stratifications if the strata are assumed to be definable
in some o-minimal structure. Furthermore, the conjecture also holds with
the extra assumption of transverse intersection of the Whitney stratifications
of A and B.

2. TRIANGULATIONS OF DEFINABLE SETS AND WHITNEY
STRATIFICATIONS

In this section we recall the definition of triangulations and present some
of the results about triangulability of stratifications and definable sets in



DEFORMATION RETRACTS TO WHITNEY STRATIFICATIONS 3

o-minimal structures. For definitions of definable sets and o-minimal struc-
tures we refer the reader to van den Dries [11]. For definitions of stratifica-
tions and the regularity conditions (a) and (b) of Whitney we refer to the
Ph.D. thesis of the second author [10]. For definitions of simplices, open
simplices, simplicial complexes and polytopes we refer to Munkres [7].

Recall that a topological set X is said to be triangulable if there exists a
simplicial complex K and a homeomorphism ¢ : |K| — X, where |K]| is the
polytope of K. The simplicial complex K is then said to be a triangulation
of X. We remark that we allow K to be a simplicial complex with an infinite
number of simplices and recall that if K is finite then the polytope |K]| is
compact and conversely if A C |K| is compact, then A C |Kj| for some finite
subcomplex Ky of K; see Lemma 2.5 in Munkres [7]. This implies that if
a triangulable set X is compact then its triangulation is finite. It is well
known that any smooth manifold is triangulable; see Part 2 of Munkres [6].

We know that the definable sets in any o-minimal structure can be trian-
gulated. Let us recall the precise statement on triangulations of definable
sets; a proof of this result can be found in Coste [1] or van den Dries [11].

In what follows by a definable set we mean a set definable in an o-minimal
structure D over R. Let us mention that definable sets admit definable
Whitney stratifications, i.e. every definable set can be stratified into finitely
many connected definable submanifolds called strata, such that every pair
of adjacent strata satisfies Whitney (b)-regularity; see [§] for a proof.

Theorem 2.1. Let A C R™ be a compact definable set and {By,..., By}
be definable subsets of A. Then, there exists a definable homeomorphism
O |K| — A from a finite simplicial complex K onto A such that each B; is
a union of images of open simplices of K under ®.

From this it immediately follows that:

Theorem 2.2. Let ¥ be a definable stratification of a definable subset V' of
a compact definable set A in R™, then there exists a definable triangulation
O : |K| — A of A such that every stratum of ¥ is a union of images of open
simplices of K under ®.

In short, every definable stratification can be triangulated.

Although the results are stated for compact definable subsets of R”, non-
compact definable subsets can also be triangulated. This can be seen as
follows:

Let A be a definable subset (non-necessarily compact) of R” and By, ..., By
be definable subsets of B. Take the compactification P™ of R"™ and consider
A as an embedded subset of P”. We know that A considered as an embedded
subset of P" is still a definable subset of some RY where P" embeds. We
remark here that such an embedding of a non-definable set might not be
triangulable, a typical example is the embedding of the graph of sin(x) in
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P2. We can then apply the above results to P™ and obtain a triangulation
of A.

Thus, we have:

Theorem 2.3. Let ¥ be a definable stratification of a definable subset V.
of a definable set (not necessarily compact) A in R™, then there exists a
triangulation ® : |K| — A of A such that every stratum of 3 is a union of
images of open simplices of K under ®.

Furthermore, we know also from Goresky [4] that Whitney stratifications
of closed subsets of smooth manifolds are triangulable. We restrict to closed
subsets to avoid any pathalogies. Actually, Goresky proved that any abstract
prestratified set in the sense of Mather [5] is triangulable. Also, Mather [5]
proved thar every Whitney stratified set admits the structure of an abstract
stratified set. It follows from this that Whitney stratified sets in R™ are
triangulable. Let us mention this result in the following theorem:

Theorem 2.4. Let M be a smooth manifold and A be a closed subset of M
admitting a Whitney (b) reqular stratification. Then, there exists a simpli-
ctal complex K whose polytope is homeomorphic to M and such that every
stratum of A is a union of images of open simplicies of K under the home-
omorphism.

We give an example of a Whitney (a)-regular stratification which is not
triangulable. Consider the set X given by the closure of the graph of sin(1/x)
for x > 0 in R?. Stratify it with three strata, the limiting points of the inter-
val in the y-axis, the open interval in the y-axis and the graph of sin(1/z) for
x > 0. This is a Whitney (a)-regular stratification, but is not triangulable
since it is not path-connected. The set is not a definable set. Furthermore,
the intersection U of the z-axis, which is a transverse intersection with the
set X, does not have any open set in the z-axis that retracts to the set U.

FIGURE 2.

3. EXISTENCE OF NEIGHBOURHOODS OF SUBCOMPLEXES

In this section we will show how to use barycentric subdivisions of a
simplicial complex to obtain neighbourhoods of subcomplexes. These neigh-
bourhoods will be used to construct deformation retracts in the next section.
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The construction of the neighbourhoods is standard but we describe it here
for the sake of clarity.

We first of all recall the definition of the ‘join’ of two simplicial complexes.
Let K7 and K5 be two simplicial complexes. The join of K; and K5, denoted
by Kj * K5 is the simplicial complex spanned by the vertices of K7 and Ko
together.

Let K be a simplicial complex and L be a subcomplex of K. Denote by
|K| the polytope of K and that of L by |L|. Let K’ be the first barycentric
subdivision of K. Since L is a subcomplex this subdivision induces a subdi-
vision of L. Recall that the polytope does not change after the subdivision.
Denote by K + L the subcomplex of K’ generated by the vertices of K’ that
are not in L’. Then, there is a natural embedding of |K| onto |L x K + L.
This embedding allows us to write elements of |K| as tuples (x,t,y) where
te€[0,1], z € |K + L| and y € |L|. Define

N(L) ={p= (z,t,y) € [K[[t € [0,1),z € |[K + L| and y € [L[}.

It is then easy to see that N'(L) is an open neighbourhood in |K| of |L|. For
example, see the picture below.

FiGURrE 3.

In the picture above the complex |K]| is the full triangle while |L| consists
of the simplex spanned by the white vertices on the left side of the picture
above. The constructed neighbourhood of |L| is the shaded region. It is
clear that |K =+ L| is what remains after deleting the shaded region.

Moreover, for tg € (0, 1] the set
N(Lyto) = {p = (,,) € |K|lt € [0,t0), € | K + L] and y € | L]}

also defines a neighbourhood of L in K. By varying ty we get a system of
neighbourhoods of L in K. Notice that we can also construct neighbour-
hood of an open subcomplex of K. Here, by an open subcomplex we mean
a union of open simplices of K. More precisely, given an open subcomplex,
we can first take the union of its open simplices with their boundaries to
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get a subcomplex of K. We can then follow the steps to find a neighbour-
hood of this subcomplex which also works as a neighbourhood of the open
subcomplex we started with.

Finally, if ¢ : |K| — X is a triangulation of a topological space X such
that a subspace Y C X is the image of a subcomplex L of K under ¢, then
the image of N(L,tp) under ¢ is a neighbourhood of Y in X. The closure
of N(L,tp) in |K| is said to be a closed neighbourhood of L in K. In the
rest of the article, by a neighbourhood NV (Y') of a subspace of a trigulable
space X we mean the image of N (L,ty) (for some ty € [0,1) )under the
homeomorphism of the triangulation of X. It is then easy to see that Y
is a deformation retract of A(Y'). Moreover every neighbourhood of Y in
X contains a neighbourhood of type N (Y'); see Proposition 1.4 and 1.5 of
Eyral [2].

4. CONSTRUCTION OF DEFORMATION RETRACTS

In this section we prove the main results. We first need the following
lemma whose proof closely follows the proof of Proposition 1.6 in Eyral [2]
and is left to the reader:

Lemma 4.1. Let X be a triangulable space, Y and Z be two subspaces of X
that are images of some open simplices of the triangulation of X and N (Y')
the neighbourhood of Y in X, then there exists a system of neighbourhoods
{Va} of Y in X such that, for every o, (Vo, Vo \ Z) is a deformation retract
of (N(Y),N(Y)\ 2).

We prove that:

Theorem 4.2. Let M be a definable submanifold of R™ and A, B and C C B
be closed definable subsets in M. Then, there exists a neighbourhood W of
AN B in B such that the couple (AN B,(ANB)\ (ANBNC)) is a strong
deformation retract of the couple (W, W \ (W NC)).

Proof. By Theorem we can choose a triangulation ® : |K| — M of
M such that A and B are union of images of some open simplices of K.
Furthermore, K can be chosen in such a way that C is also a union of the
image of open simplices of a sub-complex of the complex K’ that triangulates
B, ie. ®(K') = B.

Since finite intersections of definable sets are definable, we can choose a
triangulation, a subdivision of K if necessary, of M adapted to A, B, C,
ANBand ANBNC. Moreover, (ANB)\ (ANBNC) is also a definable set.
Thus, subdividing K if necessary, we can assume that all these definable sets
are union of images of some open simplices of K under ®. Now consider the
neighbourhood of W = N (AN B) of AN B and constructed in the previous
section. By Lemma it is then clear that (AN B, (ANB)\ (ANBN(C))
is a deformation retract of (W, W \ (W N C)). This concludes the proof of
the theorem. O
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Moreover,

Theorem 4.3. Let M be a smooth manifold and A, B and C C B be closed
subsets of M. Suppose there exist a Whitney stratification of B adapted
to C (i.e. C is a union of strata of B) and a Whitney stratification of A
whose strata intersect the strata of B transversally. Then, there exists a
neighbourhood W of AN B in B such that the couple (ANB,(ANB)\ (AN
BN Q)) is a strong deformation retract to the couple (W, W \ (W NC)).

Proof. By Theorem [2.4) we can choose a triangulation ® : |K| — M of M
such that the strata of A and B are union of images of open simplices of K
under ¢. Furthermore, K can be chosen in such a way that C is also the
image of open simplices of a sub-complex of the complex K’ that triangulates
B,ie. ®(K')=B.

Now, since A and B are Whitney stratifications, the intersection AN B
is also a Whitney stratification; see Orro and Trotman [9]. Thus, we can
suitably choose a triangulation, refinement of K if necessary, of M adapted
to the strata of A, B, C, AN B and AN BNC. That is, every stratum of
the five stratifications is a union of images of open simplices of K under ®.
Now consider the neighbourhood W = N(A N B) of AN B constructed in
the previous section. By Lemma it is then clear that (AN B, (AN B)\
(AN BNQ)) is a deformation retract of (W, W \ (W N (C)). This concludes
the proof of the theorem. O
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