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Abstract

Magnetic Resonance Imaging allows to measure the three-dimensional velocity field of blood flows. There-
fore, several methods have been proposed to reconstruct the pressure field from such measurements using
the incompressible Navier-Stokes equations. However, those measurements are obtained at limited spatial
resolution given by the voxel dimensions in the image. Therefore, the velocity entering to the right-hand-side
corresponds to a piecewise linear interpolation of the exact velocity.

In this work we propose a strategy for convergence analysis of state-of-the-art pressure reconstruction meth-
ods. We show that many terms of different convergence order appear. However, numerical results show that
linear order terms dominate, even when increasing the polynomial degree of the pressure.

1. Introduction

The pressure difference is an important criteria for the severity diagnosis of blood flow obstruction. The
gold standard in clinical practice is invasive catheterization. Given that there are recommendations to avoid
its use [19], to compute the pressure difference from measured flow fields is strongly preferred.
Time-resolved 3D velocity encoded magnetic resonance imaging, or 4D flow MRI, offers measuring the
complete 3D velocity field within a region of interest [I0} [I6]. The measured velocities can then be inserted
in the linear momentum balance of the incompressible Navier-Stokes equations (NSE) and the velocity
terms laid in the right-hand-side while the pressure holds as an unknown, i.e.,for a given measurement of
the velocity u, the pressure gradient Vp is found by solving:

with @ € R? and f,, := (u- V)u — vAu., where the proper function spaces will be defined for each of the
methods throughout the article.

In practice, those measurements are obtained at limited spatial resolution —given by the voxel size in the
image — and therefore the velocity entering to the right-hand-side corresponds to an interpolated version
of the exact velocity. Therefore, there is not a unique numerical approach to compute the reconstructed
pressures. A review and preliminary numerical comparison of methods can be found in [2]. Among those
methods, only a few can compute pressure fields and not just averaged pressure differences between two
locations.

The first one is the so-called Pressure Poisson Estimator (PPE) [, [I5] and it consists of applying the
divergence to the NSE obtaining a pressure Poisson equation, similarly as it is used in projection methods
[7]. However, the original PPE method cannot include the viscous contribution to the pressure gradient at
the level of accuracy of the measured data. Therefore, recently in [I3] the PPE method was modified by
adding a boundary term with the viscous contribution.
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Another more modern method corresponds to the Stokes Estimator (STE) was reported in [I8]. The STE
consists in adding to the NSE the Laplacian of an artificial incompressible velocity field with null trace
leading to a linear Stokes problem for both pressure and artificial velocity fields. Such artificial velocity is
supposed to be zero for perfect velocity measurements. The STE has shown more accurate results than the
PPE in numerically simulated data [18] 2] and in real phantom and patient data [II]. However, the STE
method is considerably more expensive computationally than the PPE.

To the best of the authors’ knowledge, neither a mathematical convergence analysis of both PPE and STE
methods or a comparison among discretization schemes for each of the methods has been reported.
Therefore, the purpose of this work is to propose a strategy for performing a priori error analysis and
applied it to the PPE and STE methods. The strategy is based on the splitting of the solution in two
components and adding their contributions to the overall error. Moreover, for both methods we studied
different discretization strategies in order to verify the theoretical analysis and give insights on the cost-
effectiveness of each approach.

The remainder of this work is organized as follows. In Section [2] we present and analyze the PPE method
in the standard and modified variants using Continuos Galerkin approaches. Section [3|introduces the STE
and analyzes the classical Taylor-Hood and a tailored PSPG discretization. Then, in Section 4] we show
numerical results using three known analytical solutions for the NSE, confirming the a priori error analysis.
Finally, in Section [p| we draw some conclusions.

2. The Poisson Pressure Estimator

2.1. The continuous problem

The Poisson Pressure Estimator (PPE) consists in obtaining the pressure from the classical Navier-Stokes
equation by mean a Poisson equation. That is, by applying the divergence operator on equation (1)) one gets

—Agq =V-f,, inQ
_g% =f, mn, onodf (2)
Joaqdz =0,

with n the outward normal vector of Jf.
In the sequel, we will make use of the following function spaces H := [H'(Q)]¢,V := [H}(Q)]¢,

{ve H:Avel[L*(Q)4} ifj=1
Hj =
{ve H:V x (V xu) e [L*(Q)]} if j=2
and
{re HY (Q): [,rdz =0} ifj=1

Qj =
{re HY(Q):n-curlr € L*(Q) and [, rdz =0} ifj=2

Assuming v € Hj, the weak formulation of is given by: Find q € (); such that
Alg,r) = Fi(r), ¥YreQ, (3)
where A(q,r) := (Vq, Vr)q and
Fi(r) == —((u-V)u,Vr)g + 81, (vAu, Vr)g + d2j(n x Vr,vV x u)sq, (4)

with 0;; is the Kronecker delta. We refer to Standard-PPE if j = 1 and Modified-PPE if j = 2 [13].
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The uniqueness of the solution of Problem (3 follows from the Lax-Milgram lemma [5]. Indeed, the coercivity
of the left-side is straightforward. The continuity of FJ is obtained thanks to the identity

— (Vr,vV x (V xu))g = (n X Vr,vV X u)aq, (5)
and then

[FL)] < (I(w- Vullog + o] Aullog + 620V x (V x w)o.0)lr|.0

2.2. Continuous Galerkin discretizations

Let us denote by {75}, a regular family of triangulations of Q) composed of simplex K of diameter hy. We
will denote by h the mesh size, where h = max {hx : K € Tp,}.

The finite element spaces for the pressure and velocity approximation are:
Qjn ={qn € Qj : anlx €Pr(K) VK € Tn},
Hth:{’UhEHjl'l)h‘Kepl(K)d VKEWL},

where Py stands for the space of polynomials of total degree less or equal to an integer k > 1.
We will also consider the Lagrange interpolation operators J, : @; N HFY(Q) — Qjn and L, : H; N
H%(Q)? — H jj,, which satisfy:

g — Tndlm.o < ar K7™ qlkr1 0, Vge H(Q), 0<m<k+1.
|lv — Lrv|ma < ak h2*m|v|2,g, Vove H2(Q)d, 0<m<2.

(6)

The aim is now to find and approximation of the pressure field ¢, ~ ¢ from measurements of w which will
be given by Lu.

Thus, the Galerkin scheme associated with the continuous variational formulation — and replacing u by
Lypu — reads as follows: Find q;, € Q5 such that

Algn,rh) == Fj, (rn) Vrn € Qjn, (7)
with
Fih (rn) == —((Lru - V) Lpu, Vry)ao + 01;(VALRu, Vry)a + 025 (1 X Vry, vV X Lyu)sq, (8)
Lax-Milgram’s lemma gives that @ has a unique solution g, € Q.

Remark 1. Note that, from the definitions and , problem is not a Galerkin scheme of the
continuous problem ,

The strategy to prove convergence is to use an auxiliary solution of the discrete problem, but without
interpolate the velocity u. Indeed, let us consider the auxiliary problem given by: Find g, € Q;n such that

A(Gn,rp) = FL(rn) Y rn € Qjn, (9)

with u € Hj.
In order to prove the convergence theorems, we need first to state the next result.

Lemma 1. Let us assume that u € H*(Q)? and define
T(ay,az,u, h) = a1l|ulo.o + azh|ul1,o + a1 a2 h2|u|2,g. (10)
where a1, as are the error interpolation constants given in @ Then,

l(w-V)u— (Lru-V)Lrullo,o < hlul2.0T (a1,a2,u, h). (11)



Proof. Using @ and Young inequality we have
l(w-V)u— (Lru-V)Lyu)

0.0 =[(u-V)(u—-Lyu)+ (v - Lru) - V)Lpulloo
< lu — Lpulyoflullo,o + [Lrulialu — Lruloo
< |u— Lypuly oflu
< arhlu

0.0 +lulialu— Lrulloo +|u — Lru|ollu — Lrullo.o

2.0llullo.o + |ul,0azh?uls0 + a1hlulz oash®uls 0
= hlulz.0 (a1||u||0,ﬂ + aghlul; o + Chazhﬂulzﬂ)

= h|’u,|279 T(al, asz,u, h)
(12)

|
In the sequel we will use the notation Tk (a1, as,u, h), where the norms of u are defined on the element K.

Lemma 2. Let g and qn solutions of and @D, respectively, and assume that ¢ € Q; N HM1(Q) with
k > 1. Then, there exists ar > 0, independent of h, such that

lg — dnl1.0 < axh®|qlkri1 0 (13)

Proof. See [5]. |

Lemma 3. Let g, and G, in Q;p, be solutions of and @D, respectively, and assume that u € HjﬂHQ(Q)d
if j=1 and uw € H; with u|8Q € H?(0Q)? if j = 2. Then,

lan — dnl.e < hT(ar,az,w, h)|ulso + 61 7] Aullo.q + 62,,C v h'/|uls o0,
where T'(a1, a2, u, h) is given as in Lemma ,

Proof. We consider the coercivity of the bilinear form A and the Cauchy-Schwarz inequality. Then,

|qh _ (jh‘l,ﬂ < sup |'A(Qh - thrh)|
ThE€Qn ‘rh|1,Q
’I“h;éo
~ swp |Fi(rn) — Fy, ()
ThEQjh |Th|l,Q
T‘h;éo

IN

-7
l(w- V)u— (Zpu - V)Irulo,o + 01| Aullon + 62,5 sup [ X Vrn, vV x (u hu»aﬂl.

ThE€Qjn |rh|17Q
rr#0
To bound the first term in above inequality we use Lemma [I] and for the third term we have

|(n x Vrp, vV x (u — Tyu))sql <V IVrallo,0oll V X (u — Thu)llo,00

14
ITnl10 - [7nl1,0 (14)
Now, thanks to [3, Lemma 1.46], we have
IVrallo.on < Coh™Y2|r|1.0, (15)
k+1)(k+2)\"?
with Cy, := ((H;H) (see [20, Theorem 3]). Besides, from [I7, Lemma 10.8], we get

|V x (u—Zhu)llo,00 < |u—Thul100 < a1 h|ulz00. (16)



thus, from , and , we arrive at

-7
[ x Vi, v V < (u = Znu))on < Gy ag 1 v h'?|ula 0.

|7’h|1,Q

|
Finally, the next theorem holds.

Theorem 1 (Main Result I). Let ¢ € Q; NH*1(Q) and q), € Qj solutions of and , respectively.
In addition, assume that w € H; N H*(Q)? and w € H; with u’ag € H*0Q), for j =1 and j = 2,
respectively. Then,

lg — qnli,0 < akhk|(I|k+1,Q + 51,jVHAU||0,Q + 02, Cr a1 Vh1/2\u|2,89 + kT (a1, a2, u, h)|ulz 0.
with k > 1.
Proof. It follows directly from Lemmas [2 and [3] [ ]
Corollary 1. Assuming that the hypothesis of Theorem[] hold. Then,
la—anlloe < ax Ca Cp K¥ |qlis1,0+Cp 015 V]| Aullo,0+02,;CpChr az 1 v ' 2|2 90 +CphT (a1, az, u, h)|ul2.0,
with qpn, solution of @D and k> 1.
Proof. The proof consists in to apply Poincaré’s inequality [I, Theorem 3.2] to obtain

llg — qnllo.o < Cplg — Gnl -

and to solve the elliptic problem
—Ar = q— (jha

with the zero Dirichlet boundary conditon, and apply Aubin-Nitsche Lemma [5], Lemma 2.31] and Theorem
Bl [
3. The Stokes Estimator

3.1. The continuous problem

The STE method consists in adding the Laplacian of an incompressible auxiliary velocity w € V to the
left-hand side of :

-Aw+Vqg=—-f, inQ
V-w=0 inQ. (17)

Let us define the space P := L3(f2). The weak problem associated to is given by: Find (w,q) € V. x P
such that

B((w,q), (v,r)) = Gu(v,r) VY(v,r) €V X P, (18)
where
B((w,q), (v,r)) == (Vw,Vv)o—(q, V-v)o+(r, V-w)g and Gu(v,1) :i= —((u-V)u,v)g—v(Vu, Vo).

(19)
For the analysis, we will use the following norm

(v, M)llvxp = vl + lIrlo.q;



and if F' is an linear functional operator we use the norm

|F(v,7)]
Flvxpy = sup 70— N
WEllewry = st o Dlver !
(v,1)#0

Note that the problem is well posed thanks to the V—ellipticity of the bilinear form (Vw, Vv)gq, and
that (¢, V - w)q satisfy an inf-sup condition (cf. [5, Prop. 2.36]).

Lemma 4. There exists a positive constant Ci such that
18] < Cs.
Proof. Using triangular inequality and Cauchy-Schwarz inequality, we get
B((w, q), (v,7))] < [w|yalvl,e + Villglloglvlie + V(oo
< Vdlwl glvlie + Vdllgllo.elv)ie + Vd||r]
< Vd(|wlf g + [wli g + laloe) (v o + [ g + o)
< Cu(|wli g + llall§ )2 (0lf a0 + lIrllg.0) "

< Cgl(w,q)||lvxpl(v,7)|vxp,

’w|1,Q

0.0lwl o

2
0,0

and the result is obtained directly, with C := 2v/d. |

3.2. Discrete spaces

Now, we define the following finite-dimensional spaces:

W, = {’l)h c [Hl(ﬂ)]d : vh|K c PZ(K)d VK € 771}7
P :={qn € P:qnlx € Px(K) VK €T}, (21)
Hy :={w, € H:wy|x €eP(K)? VK eT}.
For our error analysis we will need to make use of some known results.

Theorem 2. For all w € P)(K)¢ there holds,

oK
Vol < VAT

lwllo, k- (22)

4
For d =2, it holds k1 =6 and ke = 55
Proof. See [12], Theorem 2] |
Corollary 2. Assuming in Theorem[d that d =2 and | = 1, there holds

IVw

lo.x < Crhyt|wllox, (23)

K
where C = '271, being 0 the minimun angle of the element K.
si

n“(9)

Proof. The proof is a direct consequence of the minimum angle condition and Theorem |



3.3. Taylor—Hood discretization

For the discrete STE we set Vi, = W, N'V. Note that the inf-sup conditions requires the use of different
discrete spaces to approximate the velocity and the pressure. In our case, we will use the so-called Taylor-
Hood spaces, where [ = k£ + 1. Otherwise, it is not possible to use conforming spaces of lowest order for the
discrete velocity.

Let us consider the property of interpolation operator Zj, : V N [H**1(Q)]? — V), :

|w — Tpwl|m.o < ap B w10, Vw e [H* Q)4 0<m <k+1, (24)
Thereby, the discrete version of the problem reads as follows: Find (wy,qn) € Vi, x Py, such that

B((wn, qn), (n:7h)) = Guy, (Vn,mh)  V(On,7h) € Vi X P, (25)

where the bilinear form B is like in the continuous case, and

Gu,), (Vn, ) = —((Lpu - V)Lru,vp)q — v(VLu, Vg ), (26)
with Ly, : [H%(Q)]? — H), a Lagrange interpolant.
Lemma 5. There exists a constant 1 > 0, independent of h, such that

B((wn, qn), (vn, 1))

sup > Bill(whr, qn)llvxps V (wh,qn) € Vi X Py,
wnrmevixp,  [(n,h)llvxp
(vn,rh)#0
Proof. See equation [6l, (1.39)] and [6, Corollary 4.1] |
For the next result, we consider the pair (wp, Gr) € Vj, X Pp, such that
B((ibha(jh)a(vh7rh)) :gu(vharh) V(vh,rh) S Vh X th (27)
where Gy, (vp, 1) == —((u - V)u,vp)0.0 — ¥(Vu, Vo), with the continuous velocity u. Let us recall the

following convergence result.

Lemma 6. Let (w,q) and (wp, dn) solutions of and , respectively. Assume that (w,q) € [H}(Q)N
HFL Q)] x [L3(Q2) N H*(Q)], with k > 1. Then, there exists C > 0, independent of h, such that

[(w — wh,q — n)|[vxpr < C1C2h* (|wlki1,0 + |alke),

C
with Cy =1 + B—B and (1 being the constant given in Lemma H
1

Proof. See [0, Lemma 2.44]
|
In order to show the convergence of ¢, (Main Result I, see later Theorem [3)), we set the following Lemma.

Lemma 7. Let (wp,qp), (Wh,Gn) € Vi, X Py, solutions of and respectively, and By the constant
gwen in Lemmal[5 Then,

[(@n — wh, G — an)llvxr < By ' |Gu — Gup lvxpy

with (Gy — Gu,, ) (0, 71h) == —((u- V)u — (Lpu - V)Lpu,vp)q — v(Vu — VLyu, Vo )g.



Proof. By Lemma [5| together with the Cauchy - Schwarz inequality, we arrive to the inequality

B((wn — wh, Gn — qn), (Vn,T4))

Brll(wr — wh, Gn — qn)llvxp < sup
(vh,Th)EV X Py [(vn,rn)llvxp
(vh,Th)#0
_ sup Gu(Vn,7h) — Gu,, (Vn, Th)
(’Uh,Th)EVhXPh H(vh77ﬂh)||VXP
(vh,r)#0
_ sup (Gu = Gu ) (Vn; 1)
(Vn,rn)EVHEX Py, ||(vh7rh)||VxP
(vh,rn)#0

< ng - guhH(VxP)’i
|

Lemma 8. Let G,, and G, be as in and respectively and denote by (V x P)' the dual space of
the product space V x P. In addition, we assume that uw € [H?()]?. Then

1Gu — Gun l(vxpy < hluloo|CpT (a1, az,u,h) +va|.

Proof.
1Gu(Vn,7h) = Guy, (Vh; mh) o0 < [(w - V)u — (Lpw - V)Law)llogllvnlloo + v[Ve = VLulo ol Vorloo

For the first term of the right-hand side, we use Lemma
For the second term of the right-hand-side, we have from the interpolation bounds:

IV(u = Lru)llo.o < arhluls,o.

Finally, using the above inequalities and Poincaré inequality we get
1(Gu — Guy)(Vn, )]l 0,0 < hlul2.0 |:Cp T(a1,az,u, h)+ Va1} |vn]1,0
< Hlula | €, T(ar, a2, w00 + v [ on )l

Thereby, we arrive straight to the result of the lemma.
|
Finally, we can derive the first main convergence result.

Theorem 3 (Main Result II). Let (wp,qn), (Wn,Gn) € Vi X Py, solutions of and respectively
and u the evact velocity. Also, assume that (w,q) € [HE(Q)NH*1(Q)]4x [LE(Q)NH*(Q)] and u € [H?(Q)]?.
Then,

w = walia+ 14— anllo SCLCoh* (Wl + k) + B Aluloo (p C, Tar, az, u, ) + ual) |

Proof. The proof follows from Lemmas [7} [§ and [ |



3.4. Stabilized PSPG discretization

Let us consider again the Stokes problem given in and its respective variational formulation . We
will now analyze the PSPG Stabilization [§] with the end of comparing the error of convergence between
the pressure obtained with both schemes.

Let us now consider the spaces

P={reL3():rlx € H'(K)}
ph = {qh c ]5 : qh|K c ]P’k(K) VK € 771},

and to use the same space for the auxiliar velocity W, defined in .
The goal now is to use the same polynomial order for both unknowns, i.e., we wil hand k& = [. The stabilized
formulation that we will use is given by

BS((whth)(vhvrh)) = g’tsl,h (’Uhvrh) (28)
where

B*((wh, an) (v, 7)) = B((wn, qn) (v, ) + Y 685 (Van, Vra)

KeTy,
G (Wnsh) = Guy (On, ) + Y S W (= Fuy s V)
KeTn
with B((+,-), (+,+)) and Gy, (-, ) defined as in (26)), and
fuh = (L’hu -V)Lpu. (29)

Remark 2. Note that the term Awy, is not included in the stabilization. This is possible to do while keeping
strong consistency since w = 0. Our choice allows also to avoid conditional well-posedness of the discrete
solution as in standard PSPG stabilized formulations.

Let us define the mesh-dependent norm on the product space V x P

(o, )7 = B*((v,7), (0,7) = IVol§ o + Y 6hi|Vrl§ - (30)

KeT,

Remark 3. [t is possible to prove that ||(vi,7h)||n < Ceq ||(Vn, 70)|[vxp for all (vh,m4) € Vi, x Py. Indeed,
applying the inequality and the previous assumptions we get

[n, r)lli = IVonlg 0+ Y ShxlVrallg x < IVonlls.a+ 6CEIrnlg o < max {1,6C7} (IVonlgq + Irnl5 ),
KeTy
and then,
[(n, 1)l < Cegll(On, )l vxp, (31)
with
1/2
Ceq := [max{l,éC’%}}
Lemma 9.

||Be|| < (Cpgs := maX{CB,\/SCeq C]} (32)
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Proof. Using the inequalities and , Theorem 4| and Cauchy-Schwarz inequality, we obtain that

1B ((wh, an), (wns )| < 1BI (wns an) v xp | (0ns i) v + D hi | Van

0.5IVrullox

KeTh
1/2
< cs|<wh,qh>||w||<wh>|wp+( ) 6h%<||th||%,K) ( S on
KeTy, KeTy,

1/2
< CB|(wh,qh)llwpll(vhﬂ"h)lVXP+( > 5C?||qh||(2>,z<) [, ) |ln
KeTn

S CBS

(wh,(Ih)||VXP||(Uh,7‘h)HVxP,

and then the result follows.
In the next lemmas we will consider the pair (wp,qn) € Vi, X P, which is the solution of

B ((wh, qn)(Vn,7h)) = Go (Vh, Th), Y (vn,rn) € Vi X Py

where

Go(Vn,h) = Gu(vn,mn) + Y Shic(Fo Vi)
KeTy,

We highlight that the solvability of the problem has been guaranteed in [g].

Lemma 10. Let (w,q) and (wy, Gn) solutions of and , respectively. Assume that (w, q)
HFL(Q)])4 x [L3(Q) N H*(Q)] . Then, there is C > 0, independent of h, such that

lw — wh|1.0+ |¢ — dullo.o < C1 Cs hF (Jwlkt1,0 + |alko)
with C5 := 1+ ||B*|.
Proof. We note that (w, q) and (wy, §) satisfy the orthogonality property
B*((w — @n,q — Gn), (0n,m1)) =0 ¥ (vn,73) € Vi x P,

Indeed, thanks to the consistency of the scheme we get

B*((w — @n,q — Gn); (vn,71)) = B(w — @n,q = Gn), (vn, 7)) + Y 6hic(Va, V)

KeTy
- Z 5h%{(vqh,vrh)}<
KeTy
= > Mk (fur Vrk — D O (Fu Vi)
KeTy, KeTn

=0.
By the triangle inequality we can obtain,

[(w—wh,q = qn)llvxp = |w—Zhw + Thw — w10 + [|¢ — Tng + Tng — aullo.o
< w - Zhw, g — Tng)lvxpe + || (Wn — Tnw, §n — Tng)||vxp-

For the second term of the right-hand side, we use [8, Lemma 4.4], to obtain

N - B*((wp — Zhw, G, — Tnq), (vn, T
|(wh, — Thw, G — Tnq)||[vxp < sup ((@n hi, dh ha), (Vn,7h))

(vn,TR)EV X Py | (v, ) |5
(Vn,TH)#0

1/2
%{nwhaQ

€ [H Q)N

(34)
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_ sup Bs((w _Ihqu_th)v(/vharh))

(vh,rn)EV R X Py ”(vharh)”h
(vh,rh)#0

< [1B°[[[[(w = Zhw, ¢ = Tnq)llv P,

thus using , we get
I — nea = a)llvnr < (1+ B (w0 — Znw, g — Tu) v

and thereby we arrive to

lw — @pl1.0 + || — dnlloe < C103h* (|wlkt1,0 + |alko)-
| ]

Lemma 11. Let (wy,, Gn) and (wp, qr) be solutions of and , respectively. Additionally, we assume
that w € H?(Q)9. Then, the following bound is satisfied:

(@5, — wh,dn — an)|ln <IGu — Gun l(vxpy + VOh*T (a1, az,u, h)|uls.o + Vovh|Aullo o,
Proof. Let e} := wy, — wy, and e} := ¢, — g, Then, thanks to the stability of B* given in , we have

w g _ B2 ((ey ’eh)(eh ’eh)) < BS((eqﬁve;IL)(vmq;z))
(e’ s ep)lln < sup
H(eh 7eh)||h (vhﬂ'h)thxPh ||(vh7qh)||h
(vn,mn)#0
Go(Vn,Th) — Gy, (U, Th)
= sup
(Vr,rh)EV R X P ||(vh7Qh)| h
(’uh,rh);éo
Gu(Vn, ) = Guy, (Vn,7h) = Y W5 (Fouo = Fus Vrn) i
KE,Y-}L
= sup
(Vh,rh)EV R X Py, H(vh7Qh>||h
(’uh,rh);éo

We take the term within sum, making use of the Cauchy-Schwarz inequality and proceeding similarly as in

, we obtain
- Z 6h%((fu - fuh7VTh)K = Z 5h%{((’u’ ' V)’U, - (‘Chu : V)Ehuv VTh)K

KeTn KeTh
—v Z Sh3-(Aw, Vry) i
K€,77L
< Y dhkll(u- Vi — (Lyu- V) LyulloolVrnlox
KeTn
+v Z Sh3.
KeTh
1/2 1/2
(¥ 5h§(||<u-v>u—<£hu~v>chu||%,x) (3 onlmli«
Ke']'h K€7—h
1/2 1/2
o 3 ondauity) (X snkenig)
KeTy, KeTy

1/2
= \[[ Z hi TK ai, az,u, h)|“|2 K:| |(vn, 1)1

KeTn
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1/2
+Vﬁ( Z h%(”A“%,K) | (vn,78)[In

KE7_}L
< VSR T(ar, as, w, h)|ulz,ol(vn, 7a)lln + vVoh]| Aullo ol (v, ma) 1.

The main result of this section is given in the following Theorem
Theorem 4 (Main Result IIT). Assume that the hypothesis of Theorem@ hold. Then,
lw —wh1.0+ ¢ — anllo.o <C1C5h* (Jwlkt1.0 + |alke)

+ hlulaq|CpT (a1, ag, u, h) +vay + VoT (a1, as, u, h)| + vvVoh| Aulloq.

Proof. The result follows from Lemmas and [ |

4. Numerical Results

In this section we present some numerical examples to illustrate the theoretical results previously described.
We also provide the error bounds, except for the Modified-PPE since to the best of our knowledge values
for the interpolation constant as ; have not been reported. The legends in the plots follow the notation:

e bl: Bound performed with P;. e ¢1(q): Pressure error in L2—norm with P,

e b2: Bound performed with Ps. e e3(q): Pressure error in L2—norm with Py,

where b; corresponds to the right-side of every main result, and

q — qnllo,
ei(q) = g~ anlog

lgllo.e
with ¢ = 1,2. For the STE, the bounds correspond to the ones from the theorems minus the |wp|1 o, since
w = 0.

D
We consider C), as the Poincaré constant, with Cp = Z2 if the Q is convex. Moreover, in [, Theorem 2]
™

the authors proved that a; = 0.4923 ¢(0) and az = V12(1 + | cos§]), with ¢(0) := % where 6 is the

maximum angle of the mesh.
Example 1. For the first example, we consider the exact solution of the two dimensional Kovasznay flow

1 — e cos(27y)

_ _ 1 Az 3\ —A
u(xvy) - ( %eAm sin(27ry) ) ’ p(x,y) = 5€ (6 € )7

2

13 1 1
where Q = — =, = | X (07 2) and the parameter X is given by X\ = — — 1\ — +4w2. For this ilustration
272 2v 412
1
we have taken the Reynold number as in [T]|] which is given by Re = —.

v
The convergence results are shown in figure[1] and the isovalues in figures[3, [3, [{] and[3

Example 2. Next we turn to the testing the scheme, where the computational domain is the rectangle
Q = [0,1)% and we consider the ezact solution of the Navier-Stokes equation given by

v . 1. V gy UV
u(@,y) = (7" sin(vy), 7€ cos(vy)) and p(x,y)=—§62 +t1

The convergence results are shown in figure [6] and the isovalues in figures [, [8, [9 and [I0

(e —1) (35)
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—— bl
—— b2
ei(q)
—— e2(q)
—= 0(h)
107 107! 107! 107* 1071
Element size h Element size h Element size h Element size h
v=1-STE (TH) v =1-STE (PSPG) v =1 - PPE (mod) v =1 - PPE (stand)
103 —e— bl
—— b2
ei(q)
—— e(q)
5 —= 0O(h)
107 107! 107! 107! 1071
Element size h Element size h Element size h Element size h
v =0.1-STE (TH) v =0.1 - STE (PSPG) v =0.1 - PPE (mod) v =0.1 - PPE (stand)
103 —e— bl
—— b2
102 ei(q)
—— e(q)
5 100 —— 0(h)
i 10°
103 e T 10-1 10-1
Element size h Element size h Element size h Element size h
v =0.01 - STE (TH) v =0.01 - STE (PSPG) v =0.01 - PPE (mod) v =0.01 - PPE (stand)
103 —e— bl
—— b2
102 ei(q)
—— e(q)
101 —— o(h)

Error

1073 -1 -1
107! 107! 10 10
Element size h Element size h Element size h Element size h
v =0.001 - STE (TH) v =0.001 - STE (PSPG) v = 0.001 - PPE (mod) v = 0.001 - PPE (stand)

Figure 1: Pressure error curves and bounds for viscosities values 1,10~%,10~2 and 10~3 of Example 1 (Kovaznay flow). The
figures for the modified PPE do not present the error bound as explained in the beginning of Section
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Figure 2: Pi-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order k = 1 (bottom)
for v =1in Example (Kovaznay flow).
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Figure 3: Py-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order k = 1 (bottom)
for v =0.1in Example (Kovaznay flow).
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Figure 4: P1-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order k = 1 (bottom)
for v = 0.01 in Example (Kovaznay flow).
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Figure 5: Pi-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order &k = 1 (bottom)
for ¥ = 0.001 in Example [1| (Kovaznay flow).
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Figure 6: Pressure error curves and bounds for viscosities values 7/4,7/2, 7 and 27 of Example The figures for the modified
PPE do not present the error bound as explained in the beginning of Section
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Figure 7: P1-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order k = 1 (bottom)
for v = 27 in Example
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Figure 8: P;-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order £ = 1 (bottom)
for v = 7 in Example E‘
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Figure 9: P1-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order £ = 1 (bottom)
for v =7/2 in Example
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Figure 10: Pj-interpolated reference velocity and pressure fields (top) and reconstructed pressure fields with order k =
(bottom) for v = /4 in Example
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5. Conclusions

This article is devoted to the error analysis of methods for approximation of the pressure from discrete
velocity fields, STE and PPE. The STE is analyzed using the classical Taylor-Hood finite element spaces
and pressure-stabilizing Petrov-Galerkin (PSPG). The PPE is analyzed using a continuous Galerkin method,
where two versions of the PPE have been considered, the classical approach without the viscous term and
a new approach with a boundary viscous term as proposed in [13].

Due to the piecewise linear nature of the measured velocities, the error bounds show terms of different
convergence orders. However, for the numerical examples with polynomial order 1 and 2 for the pressure
mainly convergence order 1 is observed. Therefore, in contrast to a classical problem solved by finite elements
with analytical right-hand-side, here we can see that it is not worth to increment of the polynomial order.
A result that draws attention is that in each example the relative error decreases when the Reynolds number
increases possibly due to the reduced viscous contribution which appear to be more difficult to retrieve for
all methods.

The numerical results show that the methods of choice are the STE-PSPG and the Modified-PPE leading
to the best error-cost relations. However, it remains to be clarify if the modification of the PPE achieve
comparable accuracies using measured MRI data in real arteries, where the viscous contribution appears to
be negligible and data has larger errors in the boundaries due to imaging artifacts.
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