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We report a novel approach to control the wavefronts of shear vertical (SV) waves in solids using
metasurfaces constituted by a stacked array of composite plates, which are composed of two con-
necting parts made of different materials. The metasurfaces are connected at two ends to the half-
space solids where the elastic SV waves propagate. The incident SV waves in the left half-space
solid induce flexural waves in the composite plates and subsequently are converted back to SV
waves in the right half-space solid. The time delay of flexural waves in each composite plate of the
metasurfaces is tuned through the varying length of the two connecting components. To quantita-
tively evaluate the time delay in each composite plate, a theoretical model for analyzing the phase of
the transmitted SV waves is developed based on the Mindlin plate theory. To control the SV waves
at will, each composite plate in the metasurface is delicately designed according to the proposed the-
oretical model. For illustrative purposes, two metasurfaces are designed and numerically validated.
© 2018 Author(s). All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
https://doi.org/10.1063/1.5049515

I. INTRODUCTION

Controlling waves using artificial materials (e.g., meta-
materials and metasurfaces) is a subject that has received
substantial attention, since it has a multitude of applications
in noise/vibration reduction, wave guiding, imaging, etc. To
date, various controls in the form of cloaking,1 negative
refraction,2,3 non-reciprocal propagation,4–6 filtering,7–16

wave guiding,17–22 and other novel phenomena can be
achieved.23–25 As reported in the past, two ways of control-
ling the wave exist: the active mode, through the employment
of one or more physical fields,26–34 and the passive mode.

The dynamic behavior of thin plates has been well
studied,35 with such thin plates being generally employed as
the basic mechanical elements in engineering. Consequently,
the control of various elastic waves in thin plates has been
explored.36–40 It is well known that the speed of flexural
waves in thin plates not only is a function of material proper-
ties but also highly depends on the thickness of plates, which
opens more opportunities for thin plates to control flexural
and other waves. The cloaking of flexural waves in thin
plates has been realized through several techniques, including
the transformation method,36–38,41–43 the design of metamate-
rials,44,45 and active control using external sources.27

Lamb-wave cloaking in thin plates was accomplished by
Colombi et al.40 through a beam-based resonant

metamaterial. In addition to cloaking, focusing39 of flexural
waves in thin plates was also studied through a rational selec-
tion of the thickness profile of thin plates. Based on the fact
that the speed of flexural waves is dependent on the thickness
of thin plates, the isolation of vibration for a circular area in
thin plates was realized by Climente et al.46 Chen et al.47

proposed a transformation technique to design waveguides
for flexural waves in thin plates and implemented them
through active elastic metamaterials. In summary, the study
of the control of flexural waves and Lamb waves in thin
plates has been extensively conducted. Readers are referred
to the review by Zhu et al.48 for more details.

Thin plates are also capable of manipulating the waves
coming from outside that are not flexural or Lamb waves.
For example, Su et al.49 designed a plate-based device to
realize focusing, refraction, and asymmetric transmission of
elastic waves in solids. Inspired by this work, we proposed a
high-quality narrow passband filter for elastic shear vertical
(SV) waves.15,16 Recently, the idea proposed by Su et al.49

was utilized by the same authors to devise a splitter for
elastic SV and P waves in solids.50 This splitter was designed
by introducing an array of aligned cracks in a bulky solid to
yield many thin plates of different thicknesses. The thickness
of each plate in the splitter is delicately chosen according to
the generalized Snell’s law51

(sin θt � sin θi)kT ¼ dΦ
dy

, (1)

where kT denotes the wavenumber of the SV wave in the
a)mejzhang@cqu.edu.cn
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solid, Φ the phase of the transmitted wave, and θi and θt the
incident and transmitted angles, respectively. The underlying
physics behind this splitter is that SV waves in solids induce
flexural waves in the thin plates, while there is no mode con-
version between solids and thin plates for P waves. While the
phase velocity of flexural waves is sensitive to the thickness
of each plate, the thickness does not affect the speed of P
waves. Consequently, the thickness h of the thin plates was
chosen as the variable to tune the speed of flexural waves to
further control the SV waves in solids.

In this work, instead of the thickness h, the material
properties of the thin plates are chosen to manipulate the
speed of flexural waves. To control the elastic SV waves in
solids, the thin plates in the splitter designed by Su et al.50

are replaced by composite plates of an identical thickness.
The composite plates are composed of two connecting parts
made of different materials. When the total length of the
composite plate is fixed, the time delay of flexural waves
through it can be tuned by different combinations of the two
parts. The metasurface with a specific function can be
designed based on the rational selection of the composite
plates. In particular, such a study can be useful for
Micro-Electro-Mechanical System (MEMS) structures in
which solid plates are the typical components supported by
solid media and for which specific waves, e.g., elastic SV
waves, should be controlled at certain frequency ranges.

The rest of this paper is organized as follows: The
design of the metasurfaces and the transmission properties of
the unit cell are introduced and analyzed in Sec. II with an
emphasis on the phase modulation of the transmitted SV
waves by the varying length of the two connecting compo-
nents of the composite plates. Two metasurfaces are designed
and numerically verified using full finite-element-method
(FEM) simulations to examine the proposed approach in
Sec. III. Conclusions are presented in Sec. IV.

II. DESIGN OF METASURFACES AND TRANSMISSION
PROPERTIES

A. Description of metasurfaces

Figure 1 is a two-dimensional (2D) schematic of the
metasurfaces consisting of parallel separated thin composite
plates connected at two ends to the half-space solids. The
thickness and the total length of the composite plates are
denoted as h and l, respectively, and the gap between two
adjacent plates is a, which is assumed to be considerably
smaller than h. All the composite plates are composed of two
kinds of materials, denoted as materials 1 and 2, respectively.
In this work, aluminum is selected as material 1 with
Young’s modulus E = 70 GPa, mass density ρ = 2700 kg/m3,
and Poisson’s ratio ν = 0.33. Material 2 is a platonic material
with a higher Young’s-modulus-to-mass-density ratio, with
detailed properties of E = 500 GPa, ρ ¼ 2000 kg=m3, and
ν = 0.31. In fact, carbon-fiber-reinforced composite is a
potential candidate for material 2. In principle, other materi-
als can also be used as material 2, provided that it has a
higher Young’s-modulus-to-mass-density ratio in contrast to
material 1. The length ratio of the two connecting parts of

the composite plates, l1=l2, is defined as α, which varies
from 0 to 1, representing various composite plates. As illus-
trated by the short arrows in Fig. 1, the horizontal direction
indicates the propagation of SV waves, while the vertical
direction indicates the vibration of material particles. Strictly
speaking, the proposed structure in Fig. 1 is more like a
metamaterial, and it may not qualify as a metasurface due to
its relatively large thickness. However, the authors refer it as
a metasurface since its role is similar to those of the metasur-
faces for wavefront manipulation.

B. Governing equations for flexural waves in thin
plates

In Mindlin plate theory,50 the governing equation for
flexural waves in the plate with thickness h, and without any
external loading, is expressed as

μχ
@2w

@x2
� @ψ

@x

� �
� ρ

@2w

@t2
¼ 0,

D
@2ψ

@x2
þ χμ

@w

@x
� ψ

� �
h� λ

ρh3

12
@2ψ

@t2
¼ 0, (2)

where w(x, t) is the out-of-plane displacement field of the

FIG. 1. 2D schematic of the metasurfaces made by aligned parallel thin
composite plates connected at two ends to the half-space solids. Different
colors represent different materials.

FIG. 2. Unit cell used to analyze the transmission spectrum of elastic SV
waves through composite plates in designed metasurfaces.
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neutral plane and Ψ(x, t) is the bending angle. μ is the shear
modulus and D ¼ Eh3=12(1� υ2) the bending stiffness of
the plate, and χ and λ are the shear and inertia correction
factor, respectively. In this work, χ and λ are set as

χ ¼ 20
17� 7ν

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 200(1� ν)

χ0(17� 7ν)2

s" #�1

,

λ ¼ χ=χ0,

8><
>: (3)

with χ0 ¼ π2=12, according to the recent work by Norris.52

General solutions to Eq. (2) can be expressed in the forms
w(x, t) ¼ Wei(kx�ωt) and Ψ(x, t) ¼ Ψei(kx�ωt), where i denotes
the imaginary unit. Substituting the above expressions for the
out-of-plane displacements and bending angles into Eq. (2)
yields

ρω2 � μχk2 �iμχk

iμχkh λ
ρh3

12
ω2 � Dk2 � χμh

0
@

1
A W

ψ

� �
¼ 0: (4)

The equation for the wavenumber k is

k4 � k2T
χ
þ λk2P

� �
k2 þ λk2Tk

2
P

χ
� k4F ¼ 0, (5)

with kP ¼ ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ(1� ν2)=E

p
, kT ¼ ω

ffiffiffiffiffiffiffiffi
ρ=μ

p
, and kF ¼

(ρhω2=D)1=4 representing the wave numbers of the longitudi-
nal and transverse waves in 2D plane-strain problems and the
flexural waves in the plates, respectively. Four solutions for k
are calculated as

k1,2 ¼ +
1
2

k2T
χ
þ λk2P

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

k2T
χ
� λk2P

� �2

þ k4F

s8<
:

9=
;

1=2

,

k3,4 ¼ +
1
2

k2T
χ
þ λk2P

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

k2T
χ
� λk2P

� �2

þ k4F

s8<
:

9=
;

1=2

,

(6)

where k1,2 are always real and correspond to traveling waves;
however, k3,4 are imaginary as ω , 1

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12μχ=λρ

p
and corre-

spond to evanescent waves.

C. Transmission of SV waves through composite
plates in metasurfaces

To obtain the transmission spectrum of elastic SV waves
through the composite plates in the designed metasurfaces, a
unit cell as proposed in Refs. 16, 49, and 50 is adopted
as shown in Fig. 2. Under a normal incidence of a plane elastic
SV wave, the wave fields in the unit cell can be expressed as

W(x)

¼
eik

(1)
T x þ Re�ik(1)T x, x , 0,

A(1)eik
(1)
1 x þ B(1)eik

(1)
2 x þU(1)eik

(1)
3 x þ V (1)eik

(1)
4 x, 0, x , l1,

A(2)eik
(2)
1 x þ B(2)eik

(2)
2 x þU(2)eik

(2)
3 x þ V (2)eik

(2)
4 x, l1 , x , l,

Teik
(1)
T x, x. l,

8>>>><
>>>>:

(7)

where R, A(i), B(i), U(i), V (i), (i = 1, 2), and T are the unknown
coefficients. Superscripts (1) and (2) indicate quantities asso-
ciated with materials 1 and 2, respectively. The above 10
unknowns are determined by the continuity of out-of-plane
displacements, bending angles, average shear forces at loca-
tions x ¼ 0, l1, and l, and bending moments at x ¼ l1. The

FIG. 3. Theoretical (a) magnitudes and
(b) phases of the transmitted waves
changing with frequencies.

FIG. 4. Theoretical phases of the transmitted waves changing with α at four
different frequencies. h = 5mm, l = 5 cm, and a = 0.5 mm throughout the
paper.
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bending angle in the half-space solids is calculated as

Ψ ¼ @W

@x
, and the corresponding value in the plate is related

to the out-of-plane displacement in the form of

ψ ¼ ρω2 � μχk2

iμχk
W: (8)

The average shear forces in the half-space solids are

Q ¼ μh0
@W

@x
and Q ¼ μχh

@W

@x
�Ψ

� �
in the plate, where

h0 ¼ hþ a. The bending moment in the plate is M ¼ D
@Ψ
@x

.

Therefore, the equations governing the 10 unknowns can be
established. Solving this system yields the unknowns.

Figure 3 shows the theoretical magnitudes and
phases of the transmitted waves at different frequencies
for the case h ¼ 5 mm, l ¼ 50 mm, a ¼ 0:5 mm, and
α ¼ 0:5. The results indicate that the transmission effi-
ciency of the current design is acceptable at relatively high
frequencies.

The influence of α on the phase of the transmitted waves
at four frequencies is illustrated in Fig. 4. It is evident that α
can be taken as an effective means by which to tune the
phase of the transmitted waves from 0 to 2π, particularly at
higher frequencies. Therefore, according to the generalized
Snell’s law, it is possible that the elastic SV waves can be
controlled by α.

III. APPLICATIONS

As an illustration of the applications of the above design,
we present two numerical experiments. One was conducted
with the design of a planar refraction lens for plane SV
waves and the other with the design of a converter for the
shape of wavefronts of SV waves from a plane to a cylindri-
cal surface.

A. Planar refraction lens for elastic SV waves in solids

A planar refraction lens for normal incident elastic SV
waves propagating in solids was designed at 90 kHz. As an
example, the angle of the refracted wave transmitted through
this lens was set as 30°. To achieve this, three identical sub-
structures were used in this lens, as represented by the
dashed rectangles in Fig. 5. Each sub-structure is composed
of 13 composite plates that are selected from the phase of the
transmitted waves versus the α curve presented in Fig. 4. The
13 composite plates are numbered from bottom to top in
each sub-structure with a total thickness of 7.1 cm, as shown
in Fig. 5. The detailed parameters for the 13 composite plates
are tabulated in Table I.

To examine the performance of the designed lens, a
series of full numerical simulations using COMSOL®

MultiPhysics software were conducted. The numerical
model is plotted in Fig. 5, where the blue color represents
material 1 and the gray color material 2. The perfectly
matched layers (PMLs) are employed at the external zone

FIG. 5. Simulated curl of the displacement field at 90 kHz normalized by the incident wave, with detailed structure of designed refraction lens.

TABLE I. Parameters of the 13 composite plates constituting the lens of a
refraction angle of 30° at 90 kHz.

Plate α Φ (π) jT j

1 0.5588 1.0000 0.8217
2 0.6352 1.1586 0.7972
3 0.6967 1.3171 0.8188
4 0.7545 1.4757 0.7686
5 0.8328 1.6342 0.7549
6 0.9073 1.7928 0.8554
7 0.1134 1.9513 0.8203
8 0.1879 0.1099 0.8004

9 0.2625 0.2684 0.8374
10 0.3184 0.4270 0.8303
11 0.3817 0.5855 0.7457
12 0.4582 0.7441 0.7737
13 0.5197 0.9027 0.8368
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FIG. 6. Simulated normalized curl of displacement field at (a) 80 and (b) 70 kHz for designed planar refraction lens.

FIG. 7. Simulated normalized curl of
displacement field for the designed
splitter for plane SV waves propagating
in solids at 90 kHz; the inset shows the
splitter structure.

FIG. 8. Simulated normalized curl of
displacement field for a designed con-
verter of wavefronts at 90 kHz; the
inset shows the structure of the
designed converter.
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to yield non-reflecting boundaries. A uniform vertical dis-
placement of a unit magnitude is applied on the dashed
line AB to generate a plane SV wave. The simulated dis-
placement fields at 90 kHz are illustrated in Fig. 5. The
results show that the refracted wave is indeed at an angle
of 30° with respect to the incident wave, which is in good
agreement with the theoretically prescribed value. Although
this lens was designed only for the single frequency of
90 kHz, numerical simulations were also conducted at
other frequencies, i.e., 80 and 70 kHz, and the results are
illustrated in Fig. 6. The results show that the angle of the
refracted wave is approximately 34° at 80 kHz and 38° at
70 kHz, and both are slightly different from the predicted
angle, i.e., 30°. It can be concluded that, although this
lens was designed to work at a single frequency, it actually
works reasonably well in a range of frequencies centered
on the design frequency.

As a further application, Fig. 7 shows the simulated
curl of the displacement field for a designed wave-splitting
lens. As shown in the inset, in this lens, four sub-
structures are employed. Two sub-structures are located
just above y = 0, which possess the same properties of the
sub-structure shown in Fig. 5 and Table I. In addition,
other two sub-structures are located symmetrically about
y = 0. The results indicate that the incident SV wave is
split into two parts with the propagation directions sym-
metric about the y = 0 axis.

B. Converter of shape of wavefronts for SV waves

We designed a converter to convert the shape of wave-
fronts for elastic SV waves in solids from planes to cylindri-
cal surfaces. The required phase profile along the vertical
direction is described as Eq. (19) in Ref. 50. In this work, as
shown in the inset of Fig. 8, 28 composite plates were
selected from the curve at 90 kHz as presented in Fig. 4.
Table II lists the detailed parameters of these 28 plates.
Similarly, a series of full numerical simulations were per-
formed. It is noted that, in the numerical simulations, another
27 plates, except for plate 1, were symmetrically distributed
about y = 0. Figure 8 shows the simulated normalized curl of
the displacement field at 90 kHz, for a comparison, on which

a dashed circle is also plotted. As we can see, the shape of
the wavefront of the SV wave is changed from a plane to a
perfect cylindrical surface. As before, although this converter
is designed at a single frequency, the numerical results at
80 and 70 kHz illustrated in Fig. 9 indicate that this converter
actually also works well in a range of frequencies around the
design frequency. In addition, as seen in Fig. 8, the circular
fringes present a variation in their amplitude. Such a variation
can be understood by the shift of the Fabry-Pérot resonances

TABLE II. Parameters of the 28 composite plates constituting the converter
at 90 kHz.

Plate α Φ (π) jT j

1 0.1348 0 0.8179
2 0.1387 0.0087 0.8167
3 0.1467 0.0261 0.8139
4 0.1592 0.0522 0.8088
5 0.1763 0.0869 0.8027
6 0.1986 0.1301 0.8002
7 0.2247 0.1817 0.8091
8 0.2513 0.2416 0.8287
9 0.2773 0.3098 0.8458
10 0.3038 0.3860 0.8434
11 0.3330 0.4700 0.8110
12 0.3696 0.5618 0.7581
13 0.4176 0.6612 0.7362
14 0.4665 0.7680 0.7851
15 0.5103 0.8819 0.8336
16 0.5571 1.0028 0.8229

17 0.6176 1.1306 0.7936
18 0.6764 1.2649 0.8166
19 0.7268 1.4055 0.8001
20 0.7888 1.5524 0.7407
21 0.8673 1.7052 0.8002
22 0.9393 1.8638 0.8856
23 0.1475 0.0279 0.8135
24 0.2321 0.1974 0.8138
25 0.2989 0.3721 0.8459
26 0.3653 0.5518 0.7635
27 0.4530 0.7362 0.7668
28 0.5263 0.9253 0.8372

FIG. 9. Simulated normalized curl of displacement field at (a) 80 and (b) 70 kHz for a designed converter.
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inside the slits that leads to different levels of transmission at
their exits. It is worth mentioning that when the composite
plates are selected according to Eq. (19) in Ref. 50 with an
addition of a minus sign to the right-hand side, focusing on
plane SV waves can be realized.

IV. CONCLUSIONS

In conclusion, we have proposed an approach for con-
trolling elastic SV waves in solids using metasurfaces made
of composite plates. The composite plates were made of two
connecting parts with different materials. A theoretical model
based on the Mindlin plate theory was developed to evaluate
the transmission of elastic SV waves through such a compos-
ite plate. The theoretical results indicate that the phase of the
transmitted waves can be tuned between 0 and 2π through
the length change of the connecting two parts, which indi-
cates that the proposed composite plates are able to steer
elastic SV waves effectively. To examine the performance of
the proposed idea of steering elastic SV waves using the
composite plates, two numerical experiments were con-
ducted. One used the design of a planar refraction lens for
elastic SV waves in solids and the other the design of a con-
verter to convert the shape of wavefronts for SV waves from
planes to cylindrical surfaces. The full numerical simulations
successfully verified the two designs. In addition to these
two illustrative applications, this idea also benefits other
applications, such as non-reciprocal propagation of SV waves
with the combination of phononic crystals.
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