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On Polyhedral Estimation of Signals via Indirect Observations

Anatoli Juditsky * Arkadi Nemirovski f

Abstract

We consider the problem of recovering linear image of unknown signal belonging to a
given convex compact signal set from noisy observation of another linear image of the signal.
We develop a simple generic efficiently computable nonlinear in observations “polyhedral”
estimate along with computation-friendly techniques for its design and risk analysis. We
demonstrate that under favorable circumstances the resulting estimate is provably near-
optimal in the minimax sense, the “favorable circumstances” being less restrictive than the
weakest known so far assumptions ensuring near-optimality of estimates which are linear in
observations.

1 Introduction

1.1 Motivation

In this paper we consider the estimation problem as follows:

Given a noisy observation
w=Az+{eR™, (1)

of linear image Ax of an unknown signal x, we want to recover the image w = Bx €
RY of this signal. It is assumed that x is known to belong to a given signal set — a
nonempty convex compact set X C R"™, and A and B are given m X n and v X n
matrices; £ is the observation noise with distribution P, which may depend on x. In
addition, we are given a norm ||-|| on RY in which the estimation error is measured.

Estimation problem (1)) is a (nonparametric) linear inverse problem. Popular approaches to
solving statistical inverse problems include, among others, Singular Value Decomposition (SVD),
see, e.g., [22] 21], 30], Galerkin projection[32], Wavelet-Vaguelette Decompositions [8] [1} 14} 20],
adaptive Galerkin algorithms [6}[19], as well as various iterative regularization techniques [40), [26].
When statistically analysed, those approaches usually assume a special structure of the problem,
when matrix A and set X “fit each other,” e.g., there exists a sparse approximation of the set
X in a given basis/pair of bases, in which matrix A is “almost diagonal” (see, e.g. [8, 6] for
detail). Under these assumptions, traditional results focus on estimation algorithms which are
both numerically straightforward and statistically (asymptotically) optimal with closed form
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analytical description of estimates and corresponding risks. In the situation considered in this
paper, where we do not assume any specific structure of X apart from convexity, compactness
and “computationally tractability,”lﬂ and A, B are “general” matrices of appropriate dimensions,
we cannot expect deriving closed form expressions for estimates and risks. Instead, we adopt
an alternative approach initiated in [7] and further developed in [23| [I7), 25, 24]. Within this
operational approach both the estimate and its risk are yielded by efficient computation, usually
via convex optimization, rather than by an explicit closed form analytical description; what we
know in advance, in good cases, is that the resulting risk, whether large or low, is nearly the
best one achievable under the circumstances.

Note that a “standard choice” of statistical techniques which can be applied to solve is
between Maximum Likelihood and Linear Estimation. Maximal Likelihood Estimation (MLE)
[15, (16l [36] is a “universal” statistical tool; when the distribution P of the noise is known,
the application to problem is straightforward. It is well known that MLE has excellent
asymptotical properties in parametric models; however, it is also well known [2] 29] [4] that
Maximum Likelihood approach has significant drawbacks. For instance, let us consider the
simple situation of direct observation where A = B = I,,, observations noise is Gaussian —

§~NQO, 1), |- =1 [l2, and
X ={x=x5.c20]: |21| <0V, |[zos s @n]ll2 + 207 V42| < 2}
In this case, for n large enough, the squared risk of the MLE 21 satisfies [4]

sup E{[l« — 2|3} > 3v/n,
reX

while for the minimax risk it holds

inf sup E{||z — Z[|3} <5, (2)
T zeX

with the upper bound attained at the simple linear estimator z = [wy;0;...;0].

Aside of Maximum Likelihood, very popular, due to their relative simplicity, estimates are
the linear ones — those of the form w ~ @(w) = GTw. Linear estimates have received much
attention in the statistical literature (cf. [27) 28] B8, [35], 12} 13, 5], 41), B9] among many others)
When designing a linear estimate, the emphasis is on how to specify the matrix G in order
to obtain the lowest possible maximal over X estimation risk, which is then compared to the
minimax risk (the infimum, taken w.r.t. all Borel estimates Z(-), of the worst case, over signals
from X, expected norm of the recovery error). “Near optimality” results for the case of indirect
observations (where A and B are arbitrary) are the subject of recent papers [25] 24], where it
was shown that in the spectratopic case, where X and the unit ball B, of the norm conjugate to
||| are spectratopefﬂ a properly designed, via solving an explicit convex optimization problem,
linear estimate is nearly optimal.

What follows is motivated by the desire to build an alternative estimation scheme which
works beyond the ellitopic/spectratopic case, where linear estimates can become “heavily nonop-
timal.”

1For a brief outline of computational tractability, see Section of the appendix.

Zsee [24] or Section A below; as of now, a instructive example of spectratope is the intersection of finite
family of ellipsoids/elliptic cylinders with common center, or, to give a more exotic example, the unit ball of the
spectral norm in the space of matrices.



Motivating example. Consider the simple-looking problem of recovering Bz = x in ||-||2-norm
from direct observations (Az = x) corrupted by the standard Gaussian noise & ~ N(0,c%I),
and let X' be the unit || - ||;=ball:

X:{xGRn:Z\xilgl}.

In this situation, building the optimal, in terms of the worst-case over z € X expected || - ||3-risk,
linear estimate ¥g(w) = H T is extremely simple. Indeed, one easily verifies that the optimal
H is a scalar matrix hl, with the optimal h being the minimizer of the univariate quadratic
function (1 — h)? + o?nh?. Therefore, in this case, the best achievable with linear estimates
expected || - ||3-risk is

7’L02

max E {||Zx(w) — 2|3} = min [(1 — h)? + 6?nh?] = ——.
mas B {7 () — o3} = min [(1 = 0)? + 0%nh?] = 2
On the other hand, consider nonlinear estimate as follows. Given observation w, we specify the
estimate Z(w) as an optimal solution to the optimization problem

t(w) = min ||y — w||oo-
Opt(w) = mip [y — | 3

Note that for every p > 0 the probability for the true signal to satisfy ||z — w||s < po (“event
£7) is at least 1 — ¢ for € = 2nexp{—p?/2}, and if this event occurs then both x and Z belong
to the box {y : ||y — w||ec < po}, implying that ||z — Z|| < 2po. Combining the latter bound
with the constraint ||z — Z||2 < ||z — Z||; < 2, since x € X and T € X, we obtain

A — = 2ypo, wee
_ < — - <
lz = 2ll2 < Vllz — Zlloollz — Z[s —{ 2, wge& '

whence
E {||z — 2|3} < 4po + 4e < 4po + 8nexp{—p*/2}. (%)

Assuming o < 2n/4/e and specifying p as \/2In(2n/0), we get p > 1 and 2nexp{—p?/2} < o,
implying that the right hand side in (x) is at most 8po. Therefore, the nonlinear estimate Z(w)

satisfies
ma;((E {IZ(w) — z|)3} < 8y/In(2n/0)o.
xe

When no? is of order of 1, the latter bound is of order of o1/In(1/c), while the best expected
|| - |3-risk attainable with linear estimates under the circumstances is of order of 1. We conclude
that when o is small and n is large (specifically, is of order of 1/0?), the best linear estimate is

far infe(ri)or to the nonlinear estimate — the ratio of the corresponding squared risks is as large
O(1

S o+/In(1/0)"

1.2 Polyhedral estimate

The construction of the nonlinear estimate Z we have built in the above exampldﬂ admits a
natural extension yielding what we call polyhedral estimate. The idea underlying polyhedral
estimate is quite straightforward. Assuming for present that the observation noise is (0, 021,),

3In fact, this estimate is nearly optimal under the circumstances in a meaningful range of values of n and o.



observe that there is a spectrum of “easy to estimate” linear forms of signal x underlying
observation, namely the forms gl x = h' Az with h € H = {h € R™ : ||h]| = 1}. Indeed, for
a form of this type, the “plug-in” estimate gj(w) = h'w is an unbiased estimate of g} with
N(0,02) recovery error. It follows that selecting somehow a contrast matrix H — an m x M
matrix with columns from #, the plug-in estimate H”w recovers well the vector H” Az in the
uniform norm:

Proby, n(Az,021) {|H w — H' Az||» > 0p} < 2M exp{—p*/2}, p > 0. (4)

As a result, given a “reliability tolerance” € < 1 and setting p = 1/21In(2M/¢), the estimate
HTw recovers the vector H” Az, whatever be € R", within || - ||-accuracy op and reliability
1 — €. When our objective is to recover w = Bz, a natural way to combine this estimate with a
priori information that x € X is to set

7H(w) € Argymin {IH" Ay — W[l : y € X}, @ (w) = BZ(w). (5)

Note that the estimate @' (-) of w we end up with is defined solely in terms of H and the data
A, B, X of our estimation problem, and that simple estimate is nothing but the polyhedral
estimate stemming from the unit contrast matrix. The rationale behind polyhedral estimation
scheme is the desire to reduce complex estimating problems to those of estimating linear forms.
To the best of our knowledge, the idea of polyhedral estimate goes back to [34], see also [33]
Chapter 2], where it was shown that when recovering smooth multivariate regression functions
known to belong to Sobolev balls from their noisy observations taken along a regular grid T,
a polyhedral estimate with ad hoc selected contrast matrix is near-optimal in a wide range of
smoothness characterizations and norms || - ||. Recently, the ideas underlying the results of [34]
have been taken up in the MIND estimator of [I§], then applied in the indirect observation
setting in [37] in the context of multiple testing.

The goal of this paper is to investigate characteristics of the polyhedral estimate, with a
particular emphasis on efficiently computable upper bounds for the risk of the estimate @' ()
and design of the contrast matriz H resulting in the (nearly) best upper risk bounds.

The main body of the paper is organized as follows. We begin in Section [2| with detailed
formulation of the estimation problem (see Section , and present generic polyhedral estimate
along with its risk analysis (Section . This analysis requires from the main ingredient of a
polyhedral estimate — the underlying contrast matrix — to be properly adjusted to the structure
and the magnitude of observation noise. To allow for this adjustment, we restrict ourselves to
three types of observation schemes specifying the noise structure, referred to as sub-Gaussian,
Discrete, and Poisson cases; description of these cases and of the restrictions they impose on
the contrast matrices form the subject of Section The subject of the subsequent sections
is tuning the polyhedral estimate to the structure of the estimation problem — the design of
the contrast matrix aimed at minimizing the risk of the associated polyhedral estimate. We
propose two related approaches. The first of them, developed in Section [3] mimics, in a sense,
the mechanism working in the above Motivating example. We show that this approach produces
near-optimal estimates in some situations where linear estimates can be heavily nonoptimal. The
second, completely different, approach to the design of contrast matrix is developed in Section
Based on the notion of a “cone compatible with convex set,” this approach is inspired by the
design of nearly optimal linear estimates in the case where the signal set and the unit ball of
the norm conjugate for || - || are ellitopes/spectratopes. While this approach is not restricted to



the latter case, we show that in the spectratopic case, when the observation noise is zero mean
sub-Gaussian, it results in polyhedral estimate which is provably nearly optimal in the minimax
sense.

Technical proofs (which are longer than few lines) are relegated to the appendix.

2 Problem of interest and generic polyhedral estimate

2.1 The problem

Suppose that we are given
e a nonempty computationally tractable convex compact signal set X C R,
e sensing matrix A € R"™*" decoding matrix B € R"*" and a norm || - || on the space R”,
e a reliability tolerance € € (0,1),

e a random observation

w=Axr+¢&; (6)

stemming from unknown signal x known to belong to X’; here &, is a random variable with
Borel probability distribution P,.

Given observation w, our goal is to recover w = Bx, where x is the signal underlying the
observation. A candidate estimate is a Borel function w(w) taking value in R”, and we quantify
the performance of such an estimate by its (e, || - ||)-risk

Riske . [@]|X] = sup inf {p : Probe, . p, {||[Bz — W(Ax + & )|| > p} < eVz € X},
TeX

that is, the worst, over z € X, (1 — €)-quantile, taken w.r.t. Py, of the || - ||-magnitude of the
reCOVery error.

Notation. In the sequel, given a convex compact set, say, ), in R"”, we denote by ) its
symmeterization:

Ys =30 =)

Note that whenever ) is symmetric w.r.t. the origin, we have Js = ). We use “MATLAB
style” of vector/matrix notation: whenever Hi, ..., H; are matrices of appropriate dimensions,
[Hy, ..., Hy| stands for horizontal and [Hj, ..., Hg] — for their vertical concatenation. S™ stands
for the space of n x n real symmetric matrices equipped with the Frobenius inner product; S’
is the cone of positive semidefinite matrices from S,,. Relation A = B (< B < A) means that
A and B are real symmetric matrices of common size such that A — B is positive semidefinite,
while A = B (& B < A) means that A, B are real symmetric matrices of common size such
that A — B is positive definite.

2.2 Generic polyhedral estimate

A generic polyhedral estimate is as follows:



Given the data A € R™*" B € R¥*" X C R" of the estimation problem stated in
Section and a “reliability tolerance” € € (0, 1), we somehow specify a positive
integer N along with IV linear forms h?z on the observation space R™. These forms
define linear forms ggTa: = héTAa; on the space of signals R™. Assume that vectors
hy are selected in such a way that

V(z € X) : Prob{|h} ¢,| > 1} < ¢/N. (7)

When setting H = [h1, ..., hy] (in the sequel, H is referred to as contrast matrix),
we clearly have for all z € X:

Prob {||[H w — H ' Az||o > 1} < e (8)

With the polyhedral estimation scheme, we act as if all information about x contained
in our observation w were represented by H”w, and we estimate w = Bx by @ = BZ,
where 7 = Z(w) is a (whatever) vector from X compatible with this information, i.e.
a solution Z to the feasibility problem

find u € X such that |H w — H? Aul|s < 1.

Note that Z not always is well defined: the above feasibility problem may be unsolv-
able with positive probability (in fact, with probability < e, since, by construction,
the true signal x underlying observation w is feasible with probability 1 — €). To
circumvent this difficulty, we define Z according to

zH € Argmin {|H"w — H" Au|| : u € X'} 9)
u
so that z/ is always well defined and belongs to X, and estimate w by @ = BzH.

We have the following immediate observation:

Proposition 2.1 In the situation in question, given a contrast matric H = [hq,..., hN] with
columns satisfying , the quantity
R[H] := max {|| Bz : |H Azl < 2,2 € 2} (10)
is an upper bound on the (e, | - ||)-risk of the polyhedral estimate W' (-):
Risk, .| [@"|X] < R[H]. (11)

Proof is immediate. Let us fix x € X, and let £ be the set of all realizations of £, such that
|H"¢,||oo < 1, so that P.(£) > 1 — € by . Let us fix a realization £ € £ of the observation
noise, let w = Az + ¢, and let 7 = 7 (Az + ¢). Then u = z is a feasible solution to the
optimization problem @D with the value of the objective < 1, implying that the value of this
objective at the optimal solution Z to the problem is < 1 as well, so that |[HT A[x — 7]||e < 2.

Besides this, 2 =z — T € 2X;. We see that z is a feasible solution to , whence
|Ble — ]| = || Bx — @™ (w)|| < R[H].

It remains to note that the latter relation holds true whenever w = Ax 4 £ with £ € £, and for
any x € X the P,-probability of the latter inclusion is at least 1 — e. O

What is ahead. In what follows our focus will be on answering the following questions under-
lying the construction of the polyhedral estimate:



1. Suppose that, given the data of our estimation problem and a tolerance § € (0,1), we can
construct a set Hs of vectors h € R™ satisfying the relation

V(z € X) : Prob {|h7¢,| > 1} <. (12)

With our approach, after the number N of columns in a contrast matrix has been selected,
we are free to select these columns Hs, with § = €¢/N, € being a given reliability tolerance
of the estimate we are designing. Thus, the problem of building sets Hs satisfying
arises, the larger Hgs, the better.

2. The upper bound R[H] on the (¢, || - ||)-risk of the polyhedral estimate @' is, in general,
difficult to compute — this is the maximum of a convex function over a computationally
tractable convex set. Thus, we need to provide computationally efficient upper bounding
of R[]

3. Finally, given the “raw materials” — set Hs and an efficiently computable upper bound
on the risk of a candidate polyhedral estimate - how to design the best, in terms of (the
upper bound on) its risk, polyhedral estimate?

We are about to consider these questions one by one.

2.3 Specifying sets H; for basic observation schemes

To specify sets Hs we are to make assumptions on the distributions of observation noise we
want to handle. For the sake of conciseness, in the sequel we restrict ourselves with 3 special
observation schemes (below called “cases”) as follows:

e Sub-Gaussian case: For every x € X, the observation noise &, is sub-Gaussian with pa-
rameters (0,0%1,,), o > 0 (denoted &, ~ SG(0,0%1,,)).

Let us denote
wq(h) = 9¢||h||2 where ¥dg = o4/21n(2/9).

In the sub-Gaussian case we set
Hs = HS := {h: ng(h) <1}. (13)

e Discrete case: X is a convex compact subset of the probabilistic simplex A, = {z € R":
x>0,Y z; =1}, Ais column-stochastic matrix, and

1 K
WZEZQ‘?
k=1

with independent across k < K random vectors (i, with (. taking values e; with proba-
bilities [Ax];, i = 1,....,m, e; being the basic orths in R™.

In this case we put

In(2/6)
e

7TD(h) :2\/§DI;1€8;\}/(Z[A$]Z]’L?+19619%"}1‘%0 with 19[) =

and

Hs = HEY = {h: 7p(h) < 1}. (14)



e Poisson case: X is a convex compact subset of the nonnegative orthant R, A is entry-
wise nonnegative, and the observation w stemming from x € X is random vector with
independent across i entries w; ~ Poisson([Az];). In the Poisson case we set

wp(h) = 2\/29;) max z:[Aa:]th2 + $94||h||% with 9p = In(2/6),

and
Hs = HEY = {h:7p(h) < 1}. (15)

We verify in Section that the sets HS, ’H{;j and 7-[(1;3 as given by f indeed satisfy
V(h € Hs, © € X) Prob{|n7¢,| > 1} <4,

provided that the observation noises &,, x € X, stem from the respective observation schemes.

3 Efficient upper-bounding of R[H| and contrast design, I.

The scheme for upper-bounding R[H] to be presented in this section is inspired by the motivating
example from the introduction. Indeed, there is a special case of where R[H] is easy to
compute — the case when || - || is the uniform norm || - ||, whence

R[H] = R[H] := 2rzn<ayxmfx {Row! [Blz : z € X, |H Az < 1}

is just the maximum of v efficiently computable convex functions. It turns out that when
Il =1l lloo, it is easy not only to compute R[H], but to optimize this risk bound in H as well.
These observations underly the forthcoming developments in this section: under appropriate
assumptions, we bound the risk of a polyhedral estimate stemming from a contrast matrix H
via the efficiently computable quantity EJA%[H | and then show that the resulting risk bounds can
be efficiently optimized w.r.t. H. We shall also see that in some simple situations which allow
for analytical analysis, like the one in the motivating example, the resulting estimates turn out
to be nearly minimax optimal.

Assumptions. We continue to stay within the setup introduced in Section which we now
augment with the following assumptions:

Al |- =", with r € [1,00].
A.2. We have at our disposal a sequence v = {v; > 0,1 <i < v} and p € [1,00] such that the
image of Xy under the mapping x — Bz is contained in the “scaled || - || ,-ball”
Y ={y € R”: [[Diag{~}yl[, < 1}. (16)

3.1 Simple observation

Let B;‘F be ¢-th row in B, 1 < ¢ < wv. Let us make the following observation:



Proposition 3.1 In the situation described in Section |2.1], assuming that Assumptions A.1-2
hold, let € € (0,1) and a positive real N > v be given, and let 7(-) be a norm on R™ such that

V(h: w(h) <1,z € X) : Prob{|hT¢&,| > 1} < ¢/N. (17)

Let, next, a matric H = [Hy, ..., H,)] with Hp € R™*™¢ m, > 1, and positive reals g5, 1 < { < v,
satisfy the relations

(a) 7w(Col;[H]) <1,1<j<N;
(b) max, {Blz: v € X, |H Az|joc <1} < g, 1 <L <.

(18)
Then the quantity R[H| as defined in can be upper-bounded as follows:
RH] < V() :=2max, {||[vi/v15 v /W]llr 0], £ 1,0 <vg <y, 1 <L < v} (19)
This combines with Proposition (2.1 to imply that
Risk . [@"7]X] < ¥(q). (20)
Function U is nondecreasing on the nonnegative orthant and is easy to compute.

Proof. Let z = 2Z be a feasible solution to , so that Z € X, and |[HTAZ||oo < 1. Let
y = Bz, so that y € Y (see (16)) due to z € X and A.2. Thus, ||Diag{y}y||, < 1. Besides this,
by (18/b) relations z € X;s and ||[HT AZ||o < 1 combine with the symmetry of X to imply that

lyel = |B] 2| < <0, £ < v,
Taking into account that [| - || = || - || by A.1, we see that

R[H] max; {||Bz|, : z € 2X,, [|[HT Az|jos < 2}

2maxy {||lyll- : yel < o, € < v & [|Diag{v}yll, <1}
2maxy, {|[[v1/v1; 5o /Wl v, £ 1,0 < vp < v, £ < VY

Al

as stated in .

It is evident that W is nondecreasing on the nonnegative orthant. Computation of ¥ can be
carried out as follows:

1. When r = oo, we need to compute maxy<, max,{ve/ve : ||v||, < 1,0 < v; < 75,7 < v},
so that evaluating ¥ reduces to solving v simple convex optimization problems;

2. When p = oo, we clearly have V(<) = ||[t1/71; ---; O /Y] |, Ue = min[1, vespl;

3. When 1 <7, p < 00, passing from variables vy to variables uy = vf , we get

U'(s) = 2’"m3x {nyzru;/p : ZW <1,0<u< ("Yg(g)p} :
L

L

When r < p, the problem on the right hand side is an easily solvable problem of maximizing
a simple concave function over a simple convex compact set. When oo > r > p, this
problem can be solved by Dynamic Programming. O



3.2 Specifying contrasts

Risk bound allows for a straightforward design of contrast matrices. Recalling that W is
monotone on the nonnegative orthant, all we need is to select hy’s satisfying and resulting
in the smallest possible ¢;’s, which is what we are about to do now.

Preliminaries. Given a vector b € R™ and a norm s(-) on R™, consider convex-concave saddle

point problem

Opt = inf max {p(g,2) :=1b— ATg]"x +s(g)} (SP)

along with the induced primal and dual problems

Opt(P) = infyern [3(g) = maxsexs (g, )] »
= infyerm |5(g) + maxgex[b — ATg)" ]

and
Opt(D) = maxzex, [¢(g) := infyerm ¢(g,7)]
= maxgex, |infgerm [Tz — [Az]Tg + s(g)]] (D)
= max, [blz: x € X, q(Az) < 1]

where g(-) is the norm conjugate to s(-) (we have used the evident fact that inf,erm[fT g+ s(g)]
is either —oo or 0 depending on whether ¢(f) > 1 or ¢(f) < 1). Since X; is compact, we have
Opt(P) = Opt(D) = Opt by the Sion-Kakutani theorem. Besides this, (D) is solvable (this is
evident) and (P) is solvable as well, since ¢(g) is continuous due to the compactness of X;, and
d(g) > s(g), so that ¢(-) has bounded level sets. Let g be an optimal solution to (P), let & be
an optimal solution to (D), and let h = g/s(g), so that s(h) = 1 and g = s(g)h. Now let us
make the observation as follows:

Proposition 3.2 In the situation in question, we have

max {|bTx| cx € X, |hT Az| < 1} < Opt. (21)
€T
In addition, for any matriz G = [g", ..., g™] € R™M with s(¢?) < 1,1 < j < M, one has
max {|bTx] cx €A, ||GT Az|| o < 1} = max{bTx cx € X, ||GT Azl < 1} > Opt. (22)
xT x

Proof. Let x be a feasible solution to the problem in the left hand side of . Replacing, if
necessary, r with —z, we can assume that [b7 x| = bTz. We now have

02| = b2 = [g7 Az — s(g)] + [b— ATg] "z + s(g) < Opt(P) + [s(9)hT Az — 5(7)]

B <é(9)=0pt(P)
< Opt(P) + s(g) |h" Az| —s(g) < Opt(P) = Opt,
N——

<1

as claimed in . Now, the equality in is due to the symmetry of A5 w.r.t. the origin.
To verify the inequality in , note that T satisfies the relations z € X and ¢(Az) < 1,
implying, due to the fact that the columns of G are of s(:)-norm < 1, that z is a feasible
solution to optimization problems in . As a result, the second quantity in is at least
b"'z = Opt(D) = Opt, and follows. d

10



Designing contrasts. Propositions and allow for a straightforward solution of the
associated contrast design problem, at least in the case of Sub-Gaussian, Discrete, and Poisson
observation schemes. Indeed, in these cases, when designing a contrast matrix with /N columns,
we are supposed to select its columns in the respective sets H,/y, see Section Note that
these sets are “nearly independent” of N, because the norms 7g, mp, mp in the description of
the respective sets HS, 7—[{53 , Hf depend on 1/4 only via logarithmic in 1/6 factors. Thus, we
lose nearly nothing when assuming that N > v. So, let us act as follows:

We set N = v, specify 7(-) as the norm (mg, or mp, or mp) associated with the
observation scheme (Sub-Gaussian, or Discrete, or Poisson) in question and 6 = €/v,
and solve v convex optimization problems

Opt€ = mingGRm [gf(g) = MaXpe X ¢Z (ga 'T)] (P )
$e(g.x) = [Be— ATg]"x +7(g) ‘

Next, we convert optimal solution gy to (P;) into a vector hy € R™ by representing
ge = T(ge)he with 7(hy) = 1, and set Hy = hy. As a result, we get an m X v contrast
matrix H = [hq, ..., hy] which, taken along with N = v, quantities

gfzoptéa 1§£§V7 (23)

and 7(-) = 7(+), in view of the first claim in Proposition as applied with s(-) =
7(-), satisfies the premise of Proposition [3.1]

Consequently, by Proposition we have

Riske,”.” [@HP{] < U([Opty;...; Opt,]). (24)

Discussion. Within the framework set in Proposition [3.1] optimality of the outlined contrast
design for Sub-Gaussian, Discrete and Poisson observation schemes stems from the second claim
in Proposition [3.2] which states that when N > v and the columns of the contrast matrix
H = [Hy, ..., H)] belong to the set M n associated with the observation scheme in question, i.e.,
the norm 7(-) in the proposition is the norm n¢, or mp, or wp associated with 6 = ¢/N, the
quantities ¢, participating in b) cannot be less than Opt,.

Indeed, the norm 7(-) from Proposition is > the norm 7(-) participating in (Pp) (since
the value of ¢/ corresponding to (-) is at most €/v), implying, by (I8la), that the columns
of matrix H obeying the premise of the proposition satisfy the relation @(Col;[H]) < 1.
Invoking the second part of Proposition with s(-) = 7(-), b = By, and G = Hy, and
taking b) into account, we conclude that ¢, > Opt, for all ¢, as claimed.

Since the bound on the risk of a polyhedral estimate offered by Proposition [3.1]is the better the
less are ¢p’s, we see that as far as this bound is concerned, the outlined design procedure is the
best possible, provided N > v.

An attractive feature of the contrast design we have just presented is that it is completely
independent of the entities participating in assumptions A.1-2 — these entities affect theoretical
risk bounds of the resulting polyhedral estimate, but not the estimate itself.
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3.3 Illustration: diagonal case
Let us consider the diagonal case of our estimation problem, where

o X ={z cR":|Dzl|, <1}, where D is a diagonal matrix with positive diagonal entries

Dy =: dy;

e m =v =mn, and A and B are diagonal matrices with diagonal entries 0 < Ay =: ay,
0 < Byp =: by;

o [[-l=1"1r

e We are in Sub-Gaussian case, that is, &, ~ SG(0, 0%1,) for every = € X.
Let us implement the approach developed in Sections [3.1] -

1. Given reliability tolerance ¢, we set

d=¢/n, Vg :=0+/2In(2/5) = o+/2In(2n/¢) (25)

and
H=HS ={heR":ng(h) :=10¢|hl2 <1};

2. We solve v = n convex optimization problems (Fy) associated with 7(-) = mg(-), which is
immediate: the resulting contrast matrix is

H=9;1I,,

and
Opty = ¢ := bymin[dq/ag, 1/dy]. (26)

Risk analysis. The (e, || - ||)-risk of the resulting polyhedral estimate w(-) can be bounded by
Proposition Note that setting v, = dg/by, 1 < £ < n, we meet assumptions A.1-2, and the
above choice of H, N = n and ¢ satisfies the premise of Proposition 3.1} By this proposition,

Risk, j.1, [8]0] < W = 2max {[[for/315 - v/l I < [0llp < 1,0 < ve < s} (27)

Let us work out what happens in the simple case where

(a) 1<p<r<oo

(b) ag/dp and bg/a, are nonincreasing in ¢ (28)

Proposition 3.3 In the just defined simple case, let n = n when

n

> (Wade/ar)’ < 1,

=1
otherwise let n be the smallest integer such that

n

> Wade/ar)’ > 1,

/=1
with 9g given by . Then for the contrast matric H = ﬁalln one has

. - n r 1/’(’
RlSkQ“.HT[wH’X] <T <2 [Zzzl(ﬂgbg/ag)

12



For proof, see Section

Application. Let us apply the result of Proposition to the “standard case” (cf., e.g.,

[9, [10, [18]) where
0<+/In(2n/e)o <1, ag=0"% by=0P dy=0

with 8> a >0, 6 >0 and (5 — a)r < 1. In this case, for large enough n, namely, for

B S
n>cd, 0 [g =o0v2In(2n/¢)] (29)

(here and in what follows, the factors denoted ¢ and C' depend solely on «, 3,40, r, p) we get

1
T atdt+i/p
n < Cig,

resulting in
B+6+1/p—1/r

Risk67||.||T[ﬁ)\’X] < CﬁG aror/e . (30)

Note that when setting = D7 'y, @ = a + 6, B = B+ 6 and treating y, rather than z, as
the signal underlying the observation, we obtain an estimation problem which is similar to the
original one, in which «, 3,6 and X are replaced, respectively, with &, 8, d = 0, and Y = {y :
lyll, <1}, and A, B are replaced with A = Diag{¢~%,¢ < n}, and B = Diag{/~",£ < n}. When

N
n is large enough, namely, n > o &t/ ) contains the “coordinate box”
Y ={z: |z <m VP m/2 <0< m, z;=0 otherwise}

of dimension > m/2, where

1
m> co atl/e,

Observe that for all y € Y, || Aylls < Cm~%||y|l2, and || Byl|» > cm?||y||l,. This observation,
when combined with the Fano inequality, implies that for e <1 (cf. [I2]) the minimax optimal
w.r.t. the family of all Borel estimates (e, || - ||,-)-risk on the signal set X = D71 C X is at least

B+1/p=1/r
co atl/p

In other words, in this situation, the upper bound on the risk of the polyhedral estimate
is within a logarithmic in n/e factor from the minimax risk. In particular, without surprise, in
the case of § = 0 the polyhedral estimates attain well known optimal rates [9] 111 [I§].

4 Efficient upper-bounding of R[H| and contrast design, II.

4.1 Outline

In this section we develop an approach to the design of polyhedral estimates which is an alter-
native to that discussed in Section |3l Our present strategy can be outlined as follows. Let us
denote by

B.={ueR": ||ul|l. <1}

the unit ball of the norm || - ||« conjugate to the norm || - || in the formulation of the estimation
problem in Section Assume that we have at our disposal a technique for bounding quadratic
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forms on the set B, x X, so that there is an efficiently computable convex function M(M) on
S¥*™ such that
M(M) > max [u;2]f Mlu;z] VM e SV (31)
[u;z]€By x Xs
Note that the upper bound R[H], as defined in , on the risk of a candidate polyhedral
estimate @ given by is nothing but

ip u € By, z € &,
— AT 2 . . *9 S
%[H] - Q%iﬁ({[uv Z] I: 5BT :|[uaz] . ZTAThgthZ < 1,5 < N } (32)

By

When A € Rﬂf , the constraints ZTAThgh?Az <1lin can be aggregated to yield the quadratic
constraint
ZTAT@)\AZ < 175% @)\ = HDiag{)\}HT, X = Z)\g
4

Observe that for every A > 0 we have

5B | —ATO,A

RH] < 2/\4( [ ; 2L } ) + 2. (33)

B4[©,]

Indeed, let [u;z] be a feasible solution to the optimization problem specifying R[H].
Then
[u; 2T By [u; 2] = [u; 2]T B [O)][u; 2] + 2T ATO\ Az;

the first term in the right hand side is < M(B4[©,]) since [u; 2] € B, X Xs, and the second
term in the right hand side, as we have already seen, is < ), and follows.

Now assume that we have at our disposal a computationally tractable cone
HcsY xRy
satisfying the following assumption

Assumption C. Whenever (0, 1) € H, we can efficiently find an n x N matrix
H = [hy, ..., hy] and a nonnegative vector \ € Rj\_f such that

(a) the columns hy of H satisfy (7]
(b) © = HDiag{\}HT (34)
(c) Do S

The following simple observation is crucial to what follows:

Proposition 4.1 Consider the estimation problem posed in Section[2.1], and let efficiently com-
putable convex function M and computationally tractable closed convex cone H satisfy
and Assumption C, respectively. Consider the convex optimization problem

Opt = min, g, {27 +2p: (O, 1) € H, M(B4[O]) < 7}

14



Given a feasible solution (1,0, ) to this problem, by C we can efficiently convert it to (H, \)
such that H = [hy, ..., hn] with hy satisfying and A > 0 with Y, \¢ < p. We have

R[H] < 27 + 24,

whence the (¢, || - ||)-risk of the polyhedral estimate W satisfies the bound
Risk, . [@"|X] < 27 + 24 (36)
As a result, we can construct efficiently a polyhedral estimate with (e, || - ||)-risk arbitrarily close

to Opt (and with risk exactly Opt if problem is solvable).

Proof is readily given by the reasoning preceding the proposition. Indeed, with 7,0, u, H, A as
in the premise of the proposition, the columns hy of H satisfy by C, implying, by Proposition
that Risk, . [@"|X] < R[H]. Besides this, C says that for these H, X it holds © = © and
wx < p. Therefore, combines with the constraints of to imply that R[H] < 27 + 2p,

and follows by Proposition O

The approach to the design of polyhedral estimate we develop in this section amounts
to reducing the construction of the estimate (i.e., construction of the contrast matrix H) to
finding (nearly) optimal solutions to . Implementing the proposed approach requires devising
techniques for constructing cones H satisfying C along with efficiently computable functions
M(-) satisfying (3I). These tasks are the subjects of the sections to follow.

4.2 Specifying cones H

We specify cones H in the case when the number N of columns in the candidate contrast matrices
is m and under the following assumption on the observation scheme in question:

Assumption D. There is a computationally tractable convex compact subset Z C
R intersecting intR!" such that the norm 7(-)

h) = h2
T = e 2 s
7

induced by Z satisfies the relation
m(h) <1 = Prob{|hT&,| > 1} <e/m Vz € X.
Note that Assumption D is satisfied for Sub-Gaussian, Discrete, and Poisson observation
schemes: according to the results of Section [2.3

e in the Sub-Gaussian case, it suffices to take

Z = {20%In(2m/e)[1;...;1]};
e in the Discrete case, it suffices to take

~ 4In(2m/e) 641n”(2m/¢)

where
AX ={Ax :z € X}, Am:{yGRm:yZO,Zyizl};

]
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e finally, in the Poisson case, it suffices to take
Z = 4In(2m/e)AX + %lnz(Qm/e)Am,
with AX and A,, as above.

Note that in all these cases Z only “marginally” — logarithmically — depends on ¢ and m.
Under Assumption D, the cone H can be built as follows:

e When Z is a singleton: Z = {z}, so that 7 () is a scaled Euclidean norm, we set

H = {(@,u) € S:_n xRy :pu> Z@@”}

7

Given (©,u) € H, the m x m matrix H and A € R’ are defined as follows. We set
S = Diag{\/Z1, ..., /Zm} and compute the eigenvalue decomposition of the matrix SOS:

SOS = UDiag{\\U7,

where U is orthogonal, and set H = S~'U, thus ensuring that © = HDiag{\}H’. Since
p> >, %04, we have Y, A = Tr(SOS) < p. Finally, a column h of H is of the form
S~1f with a || - ||2-unit vector f, implying that

(h) = VZ ls 1 = \/Z =1

so that h satisfies by Assumption D.

e When Z is not a singleton, we set

é(r) = max,ezzlr,
x = 6In(2v3m?), (37)
H = {(0,n) € ST xRy : p> x¢(diag(0))},

where diag(Q) is the diagonal of a (square) matrix (). Note that ¢(r) > 0 whenever r > 0,
r # 0, since Z contains a positive vector.

The justification of this construction and the efficient (randomized) algorithm for convert-
ing a pair (O, u) € H into (H, \) satisfying, along with (O, 1), Assumption C are given by
the following

Lemma 4.1 Let the norm 7(-) satisfies Assumption D.
(i) Whenever H is an m x m matriz with columns hy satisfying w(h¢) < 1 and XA € R’
we have
(©x = HDiag{\}H”, p =35> X;) € H.

(2
(i) Given (©,p) € H with © # 0, we find decomposition © = QQT with m x m matriz
Q and fix an orthogonal m x m matriz V' with magnitudes of entries not exceeding \/2/m
(e.g., the orthogonal scaling of the matriz of the cosine transform).
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When p > 0, let us set A = %[1; ;1] € R™ and consider the random matriz

Hy = \/f@mag{x}v,

where x is the m-dimensional Rademacher random vector (i.e., the entries in x are in-
dependent of each other random variables taking values £1 with probabilities 1/2). We

have
H,Diag{\}H] =0, A>0,> A= p. (38)

Moreover, probability of the event
m(Coly[Hy]) <1 VL <m (39)

is at least 1/2. Thus, generating independent samples of x and terminating with H = H,
when the latter matrix satisfies , we with probability 1 terminate with (H, \) satisfying
Assumption C. Moreover, the probability for the procedure to terminate in course of the
first M = 1,2, ... steps is at least 1 —2~M,

When p = 0, we have © = 0 (since p = 0 implies ¢(diag(©)) = 0, which with © > 0 is
possible only when © = 0); thus, when p =0, we set H = Opyxm and A = Opyx1-

For proof, see Section

Note that the lemma states, essentially, that the cone H is a tight, up to a logarithmic in
m factor, inner approximation of the set

© = HDiag{\}HT,
(O,u) :IANeRT, HeR™™): w(Coly[H]) <1,¢<m,
> A
4.3 Specifying functions M

In this section we focus on computationally efficient upper-bounding of maxima of quadratic
forms over symmetric w.r.t. the origin convex compact sets, our goal being to specify efficiently
computable convex function M(-) satisfying .

Cones compatible with convex sets. Given a nonempty convex compact set Y C RV, we
say that a cone Y is compatible with ), if

e Y is a closed convex computationally tractable cone contained in Sf x Ry

e one has
V(V,7) €Y : maxy’ Vy <7 (40)
yey
e Y contains a pair (V,7) with V' > 0.

e relations (V,7) € Y and 7/ > 7 imply that (V,7/) € YE|

4The latter requirement is “for free” — passing from a computationally tractable closed convex cone Y C
SY x Ry satisfying to the cone Yt = {(V,7): 37 < 7: (V,7) € Y}, we get a larger than Y cone compatible
with ). It will be clear from the sequel that in our context, the larger is a cone compatible with ), the better,
so that this extension makes no harm.
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We call a cone Y sharp, if Y is a closed convex cone contained in Sf x R4 and such that the
only pair (V,7) € Y with 7 = 0 is the pair (0,0), or, equivalently, a sequence {(V;, ;) € Y,i > 1}
is bounded if and only if the sequence {7;,7 > 1} is bounded.

Note that whenever the linear span of ) is the entire RV, every compatible with ) cone is
sharp.

Observe that if Y € RY is a nonempty convex compact set and Y is a cone compatible with
a shift Y — a of Y, then Y is compatible with s (a symmetrisation of )).

Indeed, when shifting a set ), its symmeterization %D) — Y] remains intact, so that we can
assume that Y is compatible with ). Now let (V,7) € Y and y,y’ € Y. We have

=y "Viy—y1+y+y1"Viy+y] =2 Vy+ [y]"Vy] < 4r,

>0

whence for z = [y — /] it holds 27 V2 < 7. Since every z € Vs is of the form [y — y'] with
v,y € ), the claim follows.

Note that the claim can be “nearly inverted:” if 0 € Y and Y is compatible with Ys, then
the “widening” of Y — the cone
Yt = {(V,7): (V,7/4) e Y}

is compatible with ) (evident, since when 0 € ), every vector from ) is proportional, with
coefficient 2, to a vector from J).

Constructing functions M. The role of compatibility in our context becomes clear from the
following observation:

Proposition 4.2 In the situation described in Section|2.1], assume that we have at our disposal
cones X and U compatible, respectively, with X5 and with the unit ball

B, ={veR":|ul, <1}
of the norm || - ||« congugate to || - ||. Given M € S+ let us set

M(M) = Xinf {t+s: (X,t) € X,(U,s) € U, Diag{U, X} = M} (41)
Then M is a real-valued efficiently computable convex function on SY*™ such that takes
place: for every M € S™V it holds

M(M) >  max [u;2]T M[u; 2.
[u;z]€By X Xs

In addition, when X and U are sharp, the infimum in 1s attained.

Proof is immediate. Given that the objective of the optimization problem specifying M (M)
is nonnegative on the feasible set, the fact that M is real-valued is equivalent to problem’s
feasibility, and the latter is readily given by that fact that X is a cone containing a pair (X, t)
with X > 0 and similarly for U. Convexity of M is evident. To verify , let (X,¢,U,s) form
a feasible solution to the optimization problem in (41)). When [u; 2] € B, x X we have

[w; 2)T M u; 2) < ulUu+ 2T X2 < s+,

where the first inequality is due to the >-constraint in , and the second is due to the fact
that U is compatible with B,, and X is compatible with X5. Since the resulting inequality holds
true for all feasible solutions to the optimization problem in , follows. Finally, when X
and U are sharp, is a feasible conic problem with bounded level sets of the objective and
as such is solvable. O
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4.4 Putting things together

The following statement summarizes our second approach to the design of polyhedral estimate.

Proposition 4.3 In the situation of Section assume that we have at our disposal cones
X and U compatible, respectively, with Xy and with the unit ball By of the norm conjugate to
|- |l. Given reliability tolerance € € (0, 1), assume that we have at our disposal a positive integer
N and a computationally tractable cone H satisfying, along with €, Assumption C. Consider
(clearly feasible) convex optimization problem

O,n) e H,(X,t) e X, (U,s) € U
Opt = min fltys,pu) :=2(t+s+p): U | ;B

O,u,X,t,U,s ( )
17 t T T
e %B ‘ A @A + X

=0

Given a feasible solution O, u, X, t,U, s to , due to C, we can convert, in a computationally
efficient manner, (©, u) into (H, \) such that the columns of the mx N contrast matriz H satisfy
, © = HDiag{\}HT, and u > ", \¢. In this case, the (e, || - ||)-risk of the polyhedral estimate
w satisfies the bound

Risk, 1. [@"|X] < f(t, 5, p). (43)

In particular, we can build, in a computationally efficient manner, polyhedral estimates with
risks arbitrarily close to Opt (and with risk Opt, provided that is solvable).

Proof. Let O©,u, X,t,U, s form a feasible solution to (42)). By the semidefinite constraint in

we have

0 < U | —3B
- | —iBT | ATeA+ X ;BT | —ATeA

2

_ Diag{U, X} — [ 2 ] .

=M
Hence, for the function M defined in one has
M(M) <t+s.
Since, by Proposition M satisfies , invoking Proposition we arrive at
RH] < 2(p+ M(M)) < f(t, 5, ).

By Proposition this implies the target relation . O

4.5 Compatibility

The approach to design of polyhedral estimates utilizing the recipe described in Proposition
relies upon our ability to equip convex “sets of interest” (in our context, these are the
symmeterization X; of the signal set and the unit ball B, of the norm conjugate to the norm
| - ||) with compatible conesﬂ Below, we discuss two principal sources of such cones, namely
(a) spectratopes/ellitopes, and (b) absolute norms.

More examples of compatible cones can be constructed using a “compatibility calculus.”
Namely, let us assume that we are given a collection of convex sets (operands) and apply to them

Recall that we already know how to specify the second element of the construction, the cone H.
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some basic operation, such as taking a finite intersection, or arithmetic sum, direct or inverse
linear image, or convex hull of a finite union of the sets. It turns out that cones compatible with
the results of such operations can be easily (in a fully algorithmic fashion) obtained from the
cones compatible with the operands; see Appendix for principal calculus rules.

In view of Proposition [£.3] the larger are the cones X and U compatible with X5 and B, the
better — the wider is the optimization domain in and, consequently, the less is (the best)
attainable risk bound. Given convex compact set J) € RY, the “ideal” — the largest candidate
to the role of the cone compatible with ) would be

Y ={(V,r)eSY xRy: 7> maf/(yTVy}.
ye

However, this cone is typically intractable; therefore we look for “as large as possible” tractable
inner approximations of Y*.

4.5.1 Cones compatible with ellitopes/spectratopes

The ellitopes and spectratopes as introduced in [25] 24] are sets X C R™ representable as linear
images

X=MYy

of basic ellitopes/spectratopes, that is, bounded sets ) representable as

(@) YV = {yeRY:IreR:yTRyy <1y, ¢ <L} [basic ellitope]
Rf = 07 ¢ < La 44
) Y = {yeRN:3IreR:RZy] <rly,t <L} I[basic spectratope] (44)

Rely) = N yiRY, R € S,

where R C Ri is a convex compact set intersecting with in‘chL and such that 0 <1’ <reR
implies that ' € R.

An ellitope/spectratope is a convex compact set symmetric w.r.t. the origin; as shown
in [25 24], the families of ellitopes/spectratopes admit a kind of fully algorithmic “calculus”
which demonstrates that these families are closed w.r.t. nearly all basic operations preserving
convexity, compactness, and symmetry w.r.t. the origin, including taking finite intersections,
direct products, linear images, inverse linear images under linear embeddings, and arithmetic
summation. The “raw materials” this calculus can be applied to include: for ellitopes — || - |-
balls with p € [2, 00|, and for spectratopes — the unit ball of the spectral norm in the space of
matrices. In addition, every ellitope is a spectratope as well.

The importance of ellitopes/spectratopes in our context stems from the fact that it is easy
to point out cones compatible with these sets. Specifically, it is shown in [24]E| that if X = MY,
with ) given by b), is a spectratope, then the set

X = {(V,T) €S" xRy 3N ={A,eSY 0 <L} : MTVM =Y Ri[A, or(NA]) < T} (45)
0

where

[R;[Ad]lij = Tr(RYAGRY), A[A] = [Tr(Ay);...; Tr(Az)], and ¢pr(N) = maxrT A,

reR

5To make the paper self-contained, we reproduce the derivations in Section
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is a closed convex cone which is compatible with ). Similarly, when X = MY with ) given by
a), is an ellitope, the set

X = {(V’T) €St xRy:3AeRy: MTVM = Z/\sz, Pr(A) < T} (46)
¢

is a closed convex cone compatible with ). In both cases, X is sharp, provided that the image
space of M is the entire R”.
Note that in both these cases X is a reasonably tight inner approximation of

X ={(V,r)eS} xRy: 17> mz?((xTV:c},
S

whenever (V,7) € X*, we have (V,67) € X, with a moderate 6 (namely, 6 = O(1)In(2),d)
in the spectratopic, and § = O(1)In(2L) in the ellitopic case, see [24, Proposition 2.1] and [25]
Proposition 3.3], respectively).

4.5.2 Compatibility via absolute norms

Preliminaries. Recall that a norm p(-) on R” is called absolute, if p(z) is a function of the
vector abs[x] := [|x1[;...; |z n]] of the magnitudes of entries in x. It is well known that an absolute
norm p is monotone on RY, so that abs[z] < abs[z] implies that p(x) < p(2'), and that the
norm
T
ps(z) = max z'y
() y:p(y)<1

conjugate to p(-) is absolute along with p.

Let us say that an absolute norm r(-) fits an absolute norm p(-) on RY, if for every vector

z with p(z) < 1 the entrywise square [z]? = [2%;...;2%] of x satisfies r([z]?) < 1. For example,
the largest norm r(-) which fits the absolute norm p(-) = || - [|s, s € [1, o0], is
[, 1<s<2
r(-) =
=L, 55

An immediate observation is that an absolute norm p(-) on R can be “lifted” to a norm on
SN specifically, the norm

p*(Y) = p([p(Coli [Y]); ... p(Coln [Y])]) : SV — Ry, (47)

where Col;[Y] is jth column in Y. It is immediately seen that when p is an absolute norm, the
right hand side in indeed is a norm on S satisfying the identity

pF(z2?) = p*(x), z € RV, (48)

Absolute norms and compatibility. Our interest in absolute norms is motivated by the
following immediate

Proposition 4.4 Let p(-) be an absolute norm on RN, and r(-) be another absolute norm which
fits p(+), both norms being computationally tractable. These norms give rise to the computation-
ally tractable and sharp closed convex cone

(49)

< .
P:Pp)r:{(‘/:T)EsfXR+ZE<W€SN,U}€R£)Z V_W—l—Dlag{w} }7

PFL W) +ru(w) <7
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where [p*]«(+) is the norm on SN conjugate to the norm p*(-), and r.(-) is the norm on RN
conjugate to the norm r(-), and this cone is compatible with the unit ball of the norm p(-) (and
thus — with any convexr compact subset of this ball).

Verification is immediate. The fact that P is a computationally tractable and closed convex cone
is evident. Now let (V,7) € P, so that V = 0 and V < W +Diag{w} with [pT].(W)+r.(w) < 7.
For = with p(z) < 1 we have

2TV 2T [W + Diag{w})z = Tr(W[zzT]) + w’ [z]?
p* (@) p L (W) + r([2]*)re(w) = (@) [pT (W) + re(w)
PH] (W) +ri(w) < 7,
whence z7Vz < 7 for all 2 with p(z) < 1. O

Let us look at the proposed construction in the case where p(-) = || - ||s, s € [1, o], and let
r(:) = |- |ls, § = max[s/2,1]. Setting s, = 5, = =2

INIA TN

=1 =7, we clearly have

1/sx
L S*
(W) = [[W]s. = <Zivf|W”| ) » FS0 i (w) = s,
max; ; ’Wij‘, Sy = OO
resulting in
P o= Py s

= {(V,T):VGSf,H(WGSN,weRf)- V < W + Diag{w}, } (50)

AW, +wlls. <7

By Proposition P* is compatible with the unit ball of || - ||s-norm on RY (and therefore with
every closed convex subset of this ball).
When s = 1, that is, s, = 5, = 00, results in

V < W + Diag{w}
P! = {V,T:VEO,HWESN,U)ERN: ’
Vo) ( 7 Wleo + e < 7 (51)
- {(V7T) V=0, HVHOO < T},
and it is easily seen that the situation is a good as it could be, namely,
P! = {(V,T) V=0, max 2/ Vi < T} .
[zl <1
It can be shown (see Section |A.3.5) that when s € [2, oc], so that 5, = %5, results in
P = {(V,7):V = 0,3(w e RY): V < Diag{u} & |lw] -, <7}. (52)

Note that
P?={(V,7): V=0, |[V]sp <7}

where || - ||sp is the spectral norm, and this is exactly the largest cone compatible with the unit
Euclidean ball.
When s > 2, the unit ball Y of the norm || - |5 is an ellitope:

fyeRY :yl. <1} = {y € RV :3(t > 0, |t 1) : y" Rey =92 < to, (< L= N},
so that a compatible with ) cone is given by with M = Iy. It comes as no surprise that,
as it is immediately seen, the latter cone is nothing but the cone given by .
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4.6 Near-optimality of polyhedral estimate in the spectratopic sub-Gaussian
case

As an instructive application of the design of polyhedral estimate developed in this section,
consider the special case of the estimation problem stated in Section [2.1, where

1. The signal set X and the unit ball B, of the norm conjugate to || - || are spectratopes:

X = {2eR":HeT: Rz 2tly, 1 <k< K},
B, = {zeRV:3JyeY:z= My},
Yi={yeRI:IreR:S7y| 2 rels, 1 <L<L},

2. For every z € X, observation noise is sub-Gaussian, i.e. &, ~ SG(0,02%1,,).

We are about to show that in the present situation, the polyhedral estimate yielded by the
approach described in Sections i.e., yielded by the efficiently computable (high accuracy
near-) optimal solution to the optimization problem is near-optimal in the minimax sense.

Given reliability tolerance € € (0, 1), the recipe for constructing a m x m contrast matrix H
as prescribed by Proposition is as follows:

o We set
Z ={0*1;..;1]}, ¥ = ok, k = \/2In(2m/e),
and utilize the construction from Section thus arriving at the cone
H={(0,u) € S x Ry : *x*Tr(0) < u}
satisfying the requirements of Assumption C.

e We specify the cones X and U compatible with Xy = &X', and B,, respectively, according

to .

The resulting problem , after immediate straightforward simplifications, reads

Ny {2 (o= (A[Y]) + ¢7(A[A]) + 0%+ Tx(O)] :
=0, U=0,A={Ar =0,k <K}, YT={Y,=0,¢<L}, (53)
1
| =0 wron <3 sied }

Opt = min
P U,

where

[RilAk]l; = Tr(R¥ALRY)

9

I

[Si[Tel; = Te(ST8Y) lse[U]ZZuz'S&

and

AA] = [Tr(Ar); - Tr(Ag)], A[Y] = [Tr(Ta)s s Te(Tr)], ¢ (f) = gleav);wa-
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Let now

RiskOpt, = erf) sup inf {p : Probe (o o2n{I|Bz — W(Az +&)|| > p} < eVa € X},
wi-) zeX

be the minimax optimal (e, || - ||)-risk of estimating w = Bz in Gaussian observation scheme
where &, ~ N(0,021,,) independently of z € X.

Proposition 4.5 When € < 1/8, the polyhedral estimate W' yielded by a feasible near optimal,
in terms of the objective, solution to problem 1§ minimazx optimal within the logarithmic
factor, namely

RlSkE,H”[ﬁﬂX]

IN

(XD%h(Zk@>m(Zhﬂ>m@mk)M%Omé
O(l)\/ln (Zk dk> In (ZZ fg) In(2m/e) RiskOpt,,

IN

where O(1) is an absolute constant.

For proof, see Section [A.3.6]

Discussion. It is worth mentioning that the approach described in Section [3]is complementary
to the approach discussed in this section. In fact, it is easily seen that the bound Opt for the risk
of the polyhedral estimate stemming from is suboptimal in the simple situation described
in the motivating example from Introduction. Indeed, let X’ be the unit |- ||;-ball, let ||-|| = ||-]|2,
and let us consider the problem of estimating x € X from the direct observation w = z + £ with
Gaussian observation noise ¢ ~ N(0,02I). We equip the ball B, = {u € R" : |Juz|2 < 1} with
the cone

U=P>={(U,7): U=0,|Ulsp <7}

and X — with the cone
X = Pl = {(Xat) : X i Oa ”XHOO S t}a

(note that both cones are the largest w.r.t. inclusion cones compatible with the respective sets).
The corresponding problem reads

©=0, X>=0,U=0,

Opt = min 2</£202Tr(@) + max X;; + ||UHSP> : U i1,
¢ -
0,X,U i %In orx |~ 0
©>0, X>0,U%*=0,
= min 2(/@202Tr(@) + max X;; + 7') s [ 1| i, (54)
. >_
XU ' 7 lerx | ="

Observe that every n X n matrix of the form (Q = E P, where F is diagonal with diagonal entries
+1, and P is a permutation matrix, induces a symmetry (0, X, 7) — (QOQT,QXQ",7) of the
second optimization problem in , that is, a transformation which maps the feasible set onto
itself and keeps the objective intact. Since the problem is convex and solvable, we conclude that
it has an optimal solution which remains intact under the symmetries in question, i.e., solution
with scalar matrices © = 61,, and X = ul,,. As a result,

Opt = 9>6ni£10 {2(k*0* 0+ u+7): 7(0 +u) > 1} = 2min [koy/n, 1], (55)
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A similar derivation shows that the value Opt remains intact if we replace the set X = {x :
lz]|p < 1} with X = {x : ||lz|s < 1}, s € [1,2], and the cone X = P! with X = P*, see (50).
Since the ©-component of an optimal solution to (54)) can be selected to be scalar, the contrast
matrix H we end up with can be selected to be the unit matrix. An unpleasant observation is
that when s < 2, the quantity Opt given by “heavily overestimates” the actual risk of the
polyhedral estimate with H = I,,. Indeed, the analysis of this estimate in Section results in
the risk bound (up to a logarithmic in n factor) min[o!~%/2 ¢y/n], what can be much less than
Opt = 2min [ko\/n, 1], e.g., in the case of large n, and o/n = O(1).

The good news is that whenever the approaches developed in this section and in Section [3]
are applicable, they can be utilized simultaneously. The underlying observation is that

(1) In the problem setting described in Section@ a collection of K candidate poly-
hedral estimates can be assembled into a single polyhedral estimate with the (upper
bound on the) risk, as given by Proposition being nearly the minimum of the
risks of estimates we aggregate.

Indeed, given an observation scheme (that is, collection of probability distributions P, of noises
&z, ® € X), assume we have at our disposal norms

ms(-) : R™ = R

parameterized by § € (0,1) such that ws(h), for every h, is the larger the less is §, and (cf.

Section
Y(r € X,6 € (0,1),h € R™) : m5(h) < 1 = Probep, {€:|hT¢| > 1} <4

Assume also (as indeed is the case in all our constructions) that we ensure @ by imposing on
the columns %y of an m x N contrast matrix H in question the restrictions 7/ (he) < 1.

Now suppose that given the risk tolerance € € (0, 1), we have generated somehow K candidate
contrast matrices Hx € R™*Ne such that

Te/n, (Colj[Hy]) <1, j < Ng,

so that the (e, || - ||)-risk of the polyhedral estimate yielded by the contrast matrix Hj does not
exceed
Ry, = max {||Bz|| : x € 2, || Hif Az|ls < 2}.
x

Let us combine the contrast matrices Hy, ..., Hx into a single contrast matrix H with N =
Ny + ... + Nk columns by normalizing the columns of the matrix [Hi, ..., Hk] to have . /n-
norms equal to 1, so that

H = [ﬁl,...,ﬂK], COIJ[Hk] = jkColj[Hk] V(k? < K,j < Nk)

with h
1 . Te/Ny,
iy = ——————— > U ;= min ———,
J e/ (Col;[Hy]) h#0 T/ (h)
where the concluding > is due to m/y, (Colj[Hg]) < 1. We claim that in terms of (e, || - ||)-risk,
the polyhedral estimate yielded by H is “ almost as good” as the best of the polyhedral estimates

yielded by the contrast matrices H, ..., Hg, specifically,
R[H] := max {||Bz| : x € 2%, |H Az < 2} < minﬁ,;lmk
T k

25



The justification is readily given by the following observation: when ¥ € (0,1), we have
Ry,,9 = max {||Bz|| : x € 2X, || H{ Az[loc < 2/9} < Ry/0.
x

Indeed, when z is a feasible solution to the maximization problem specifying Ry y, Jx is a
feasible solution to the problem specifying PRy, implying that J||Bz| < Rj. It remains to note
that we clearly have \R[H] < miny Ry, », .

The bottom line is that the just described aggregation of contrast matrices Hy, ..., Hx into a
single contrast matrix H results in polyhedral estimate which in terms of upper bound R[] on its
(¢, |- ||)-risk is, up to the factor ¥ = maxy, ¥; *, not worse than the best of the K estimates yielded
by the original contrast matrices. Consequently, whenever 75(-) grows slowly as ¢ decreases, the
“price” ¥ of assembling the original estimates is quite moderate. For example, in the case of
basic observation schemes (Sub-Gaussian, Discrete, and Poisson) described in Section J is
logarithmic in maxy Ny *(N1 + ... + Nk ), and 9 = 1+ o(1) as e — +0 for Ny,..., N fixed.

4.7 Numerical illustration

To illustrate the performance of the polyhedral estimates we compare it numerically with a
“presumably good” linear estimate. Our setup is deliberately simple: the signal set X is just
the unit box {x € R" : ||z| < 1}, B € R™" is “numerical double integration:” for a § > 0,

W= o, j>i

so that x, modulo boundary effects, is the second order finite difference derivative of w = Buz:

w; — 2W;—1 + w;_o
52

and Az is comprised of m randomly selected entries of Bx. The observation is

,2<1<n,

Ty =

w=Azr+¢& &~ N(0,0°1y).

and the recovery norm is || - [|2. In other words, we want to recover a restriction of twice
differentiable function of one variable on the n-point regular grid on the segment A = [0, nd]
from noisy observations of this restriction taken along m randomly selected points of the grid.
A priori information on the function is that the magnitude of its second order derivative does
not exceed 1.

Note that in the considered situation both linear estimate wy yielded by Proposition 3.3 in
[24] and polyhedral estimate @' yielded by Proposition are near-optimal in the minimax
sense in terms of their || - ||2-, resp., (e, || - ||2)-risk.

In the experiments reported in Figure we used n = 64, m = 32, and § = 4/n (ie.,
A = [0,4]); the reliability parameter for the polyhedral estimate was set to e = 0.1. For different
noise levels o = {0.1,0.01,0.001,0.0001} we generate at random 20 signals x from X and record
the || - ||o-recovery errors of the linear and the polyhedral estimates. In addition to testing
the nearly optimal polyhedral estimate Polyl yielded by Proposition [4.2] we also record the
performance of the polyhedral estimate Polyll yielded the construction from Section [3] The
observed || - |[o-recovery errors of the three estimates, sorted in the non-descending order, are
plotted in Figure [1}

"This is the precise “quantitative expression” of the observation ".
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In these simulations, the three estimates exhibit similar empirical performance. However,
when the noise level becomes small, polyhedral estimates seem to outperform the linear one.
In addition, the estimate Polyll seems to “work” better than or, at the very worst, similarly
to Polyl in spite of the fact that in the situation in question the estimate Polyl, in contrast to
Polyll, is provably near-optimal.

osk 0.1 T
07k R 0.09 L
06f S e 0.08 B
05Ff 0.07
0af | L g 006 8 = ?
03l T 0.05 -
é 0.04 -
02 g- 8
Lin Polyl L‘in ‘ PL)IyI ‘ Pc;lyll
c=0.1 o =0.01
0.018 [
0.016 | ot 1 102f
0.014 F
0.012
001F | UGG SESQen @ g g E
0.008 |- : g
108 F :
0.006
Lin Polyl Polyll Polyll
o = 0.001 o = 0.0001

Figure 1: Recovery errors for near-optimal linear estimate (left) and for polyhedral estimates
yielded by Proposition [£.2] (Polyl, middle) and by the construction from Section 3| (Poly!I, right),
20 simulations per each value of o.
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A Appendix

A.1 Executive summary on computationally tractable convex sets

Detailed description of what “computationally tractable convex set/function” is goes beyond the
scope of this paper; an interested reader is referred to [3]. Here we restrict ourselves with “ex-
ecutive summary” as follows: “for all practical purposes” (including all applications considered
in this paper), a computationally tractable convex set is a set X C R given by semidefinite
representation

X ={zcR":3uecRM: A(z,u) = 0},

where A(-) is a symmetric matrix affinely depending on [z;u]; sets of this type automatically
are convex. In simple words: if you can feed the problem of minimizing a linear function over
X to CVX [ﬂ, your X is computationally tractable, and nearly vice versa.

A.2 Calculus of compatibility

The principal rules of the calculus of compatibility are as follows (verification of the rules is
straightforward and is therefore skipped):

1. [passing to a subset] When )’ C ) are convex compact subsets of RY and a cone Y is
compatible with Y, the cone is compatible with )’ as well.

2. [finite intersection] Let cones Y7 be compatible with convex compact sets J; C RY,
7 =1,...,J. Then the cone

Y =c{(Vir) €SV xRy : (V) €Y/, <)V =Y V) <7}
J J

is compatible with J = (Y;. The closure operation can be skipped when all cones Y

J
are sharp, in which case Y is sharp as well.

8M. Grant and S. Boyd. The CVX Users Guide. Release 2.1, 2014. http://web.cvxr.com/cvx/doc/CVX.pdf
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3. [convex hulls of finite union] Let cones Y7 be compatible with convex compact sets Y; C
RY,j=1,...,J, and let there exist (V,7) such that V = 0 and

(V,7) EY::ﬂYj.
J

Then Y is compatible with J = Conv{{J);} and, in addition, is sharp provided that at
J
least one of Y7 is sharp.

4. [direct product] Let cones Y7 be compatible with convex compact sets ); C RNJ', j =
1,....,J. Then the cone

Y = {(V,7) e ST TN xRy - 3(Vy, ) € Y/ V 2 Diag{Vi,...Vi} & 7> > 7}
J

is compatible with Y = ) x ... x ;. This cone is sharp, provided that all Y7 are so.

5. [linear image| Let cone Y be compatible with convex compact set Y C RY, let A be a
K x N matrix, and let Z = AY. The cone

Z=cl{(V,r)eSE xR, U = ATVA: (U,;r) €Y}

is compatible with Z. The closure operation can be skipped whenever Y is either sharp, or
complete, completeness meaning that (V,7) € Y and 0 <V’ XV imply that (V/,7) € Y.
The cone Z is sharp, provided Y is so and the rank of A is K.

6. [inverse linear image| Let cone Y be compatible with convex compact set ) C RV, let A
be a N x K matrix with trivial kernel, and let Z = A~'Y := {z € R¥ : Az € J}. The
cone

Z=c{(V,r)eSEXR, :WU: ATUA =V & (U,7) € Y}

is compatible with Z. The closure operations can be skipped whenever Y is sharp, in
which case Z is sharp as well.

7. [arithmetic summation] Let cones Y7 be compatible with convex compact sets J; C RY,

Jj = 1,...,J. Then the arithmetic sum Y = Y; + ... + )V of the sets ); can be equipped
with compatible cone readily given by the cones Y7; this cone is sharp, provided all Y7
are so.
Indeed, the arithmetic sum of Y; is the linear image of the direct product of );’s under
the mapping [y';...;y”] = y' 4+ ... +”/, and it remains to combine rules [4| and [5} note the
cone yielded by rule [4|is complete, so that when applying rule [5, the closure operation can
be skipped.

A.3 Proofs

A.3.1 Proofs for Section [2.3]

1° Sub-Gaussian case. Note that when h € R" is deterministic and ¢ ~ SG(0,02%I,,) we
have

1
Prob{|hT¢| > 1} < 2exp {—} :
202||h|3
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Indeed, when h # 0 and v > 0,
Prob{h”¢ > 1} < exp{—}E {exp{yh"€}} < exp{30?7*[h[3 —~}.

When minimizing the resulting bound in v > 0, we get Prob{h7¢ > 1} < exp{—W};

20'
and the same reasoning as applied to —h in the role of h results in Prob{hTf < -1} <
exp {—W} Consequently

ma(h) == 0y/2In(2/8) ||hlla <1 = Prob{|hT¢| > 1} <4,
—_——
Yo
implying that for Hf as in 1} we indeed have

heHS = Prob{|hT¢|>1} <6

2° Discrete case. Given x € X, setting u = Az and n, = (. — p, we get

| X
w:Aaz—kK;nk.

—
&

Given h € R™,
1

A Y
K ~——
k Xk

Random variables x1, ..., i are independent zero mean and clearly satisfy

E{xi} <D [Azlih?, Ixkl < 2|[hlloo-

Applying the Bernstein inequality we get

K
Prob{|hT¢,| > 1} = Prob{ | il > K} < 2exp< — . (56)
{ 2. } 257 [Axlih? + gl
Let now
. In(2/9)
TI'D(h) = 2\/19D 1&&;{2[143;']1}122 + 1@619%’“1”%0 with 19[) = K .

After a straightforward computation, we conclude from that
7mp(h) <1 = Prob{|hTe,| > 1} <6, Va € X.
Thus, in the Discrete case we can set

Hs =HE = {h: 7p(h) < 1}.
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Poisson case. In the Poisson case, for x € X, setting u = Az, we have
w=Ax+&;, & =w — .

In this case, for all h € R™ one has

t2
Vt >0 : Prob {|hT¢,| >t gzexp{— } (57)
{ } 203, B i + ||| oot /3]

Indeed, let h € R™, and let w be random vector with independent across ¢ entries w; ~
Poisson(p;). We have

E {exp{’yhTw} }

H E {vhiwi} = H eXp{[eXp{Vhi} - 1]Mi}

= exp {Z[exp{vhi} - Huz} :

Hence, due to the Markov inequality for v > 0 it holds

Prob{hTw > Ty + t} = Prob{yhTw > yhT p + ~t}

(3

< E{exp{vh"w}}exp{—vhTp— 4t} <exp {Z[exp{vhi} —vh; — 1u; — 'yt} .(58)

Now the standard computation (see, e.g., [31]) shows that

h V*h7
v <3/|hll = | —qhi =1 S St
| | 2(1 =llhllos/3)
which combines with to imply
2 2
Vi him
In (Prob{hTw > ATy +t}) < =10 41, (59)
( ) 2(1 =llhllos/3)
For Y = m S [O,g/Hh”OO] we get:
T T t?
Prob<h*w>h n+tt <ex {— }
{ A S O oS W+ TRt/

This inequality combines with the same inequality applied to —h in the role of h to imply
7). 0

From , we conclude via a straightforward computation that setting

reX “—
7

mp(h) = \/41913 max » [Az];h? + 293 ||h|2, with 9p = In(2/6),

we ensure that
mp(h) < 1= Prob{|hT¢&,| > 1} <4, Vz € X.

Thus, in the Poisson case we can set

Hs = HE .= {h:7p(h) <1}
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A.3.2 Proof of Proposition

Consider optimization problem specifying ¥ in . Setting 6 = r/p > 1, let us pass in this
problem from variables v, to variables z; = vf , so that

v maX{ZZe (be/dp)" ZZg<1 0 < zp < (dgse/bp)? } <2'T,

14

where

I'= max {Z zp(be/dg)" ZZg <1, 0< zp < xp: (ﬁgdg/ag)p}

(we have used . . Note that I' is the optimal value in the problem of maximizing a convex
(since @ > 1) function Y, 2Y(by/ds)" over a bounded polyhedral set, so that the maximum is
achieved at an extreme point zZ of the feasible set. By the standard characterization of extreme
points, the (clearly nonempty) set I of positive entries in Z is as follows: denoting by I” the set
of indexes ¢ € I such that Z; is on its upper bound z, = xy, its cardinality |I’| is at least || — 1.
Since > yep Ze = > e Xe < 1 and x, are nondecreasing in £ by b), we conclude that

1]

ZX€<1

implying that |I'| < n when n < n, so that in this case |I| < n; and of course |I| < n when
n = n. Next, we have

D= "20(be/d)" <> X7(be/de)" = (Iabe/ar)",

el lel lel

and since by/ay is nonincreasing in ¢ and |I| < n, the latter quantity is at most >_,_; (9gbe/as)".
(]

A.3.3 Proof of Lemma [4.1]

(i): When 7(Coly[H])) < 1 for all £ and A\ > 0, denoting by [h]? the vector comprised of squares
of the entries in h, we have

¢(diag(HDiag{\}H")) = ZAZ [Col,[H <ZAE¢([0014[HH2)

= ZAM (Coly[H <Z>\g,

implying that (HTDiag{\}HT, 53", \¢) belongs to H.

(ii): Let ©,u,Q,V be as stated in (ii); there is nothing to prove when p = 0, thus assume that
> 0. Let d = diag(0), so that

d; = ZQW’ and »¢(d) < (60)
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(the second relation is due to (©, ) € H). is evident. We have

(Hylij = Vm/u[Gylij, Gy = QDiag{x}V = ZQikaVk:j
k=1 ij
We claim that for every ¢ it holds
Vy > 0: Prob {[GX]?]- > 3vd;/m} < V3exp{—v/2}. (61)

Indeed, let us fix ¢. There is nothing to prove when d; = 0, since in this case @;; = 0 for all
j and therefore [Gy];; = 0. When d; > 0, by homogeneity in @, it suffices to verify when
d;/m = 1/3. Assuming that this is the case, let n ~ AV(0, 1) be independent of y. We have

E) {E\{exp{n[G\Jij}}} = {H cosh(nQixVij) } {H exp{3 UQszVk]}}
k
= E,{exp{3 22 Qi Vst < Ey {Pdi/m} = B, {exp{n®/3}} = V3.
<2d; /m

On the other hand,
E, {E;{exp{n[Gylij}}} = Ey {exp{%[GX]fj}} 7
implying that
E, {exp{3[G\J5}} < V3.

Therefore in the case of d;/m = 1/3 for all s > 0 it holds
Prob{x : [Gy]}; > s} < V3exp{—s/2},
and follows. Recalling the relation between H and G, we get from that for all v > 0
Prob{x : [H\]}; > 3vd;/n} < V3exp{—7/2}.

Therefore, with s given by , the probability of the event
d;

Vi, j 1 [Hylj; < &

is at least 1/2. Let this event take place; in this case we have [Col,[H,]]? < s¢d/u, whence, by
definition of the norm 7(-), m*(Coly[H,]) < s¢(d)/p < 1 (see the inequality in ) Thus, the
probability of the event is at least 1/2. O

A.3.4 Verification of (45)), (46)

Let us verify that is a closed convex cone compatible with the spectratope X = MY,
with ) given by b); verification of the “ellitopic” version of this claim can be obtained from
what follows by straightforward simplifications. The only non-evident fact in the claim is that
whenever (V,7) € X, we have

Ve <r1Veei. (62)
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To justify (62), let (V,7) € X, so that

MTVM =) Rj[A and gr(A[A]) < 7 (63)
4

for properly selected Ay € 8%, and let z € X, so that 2 = My for some y satisfying the relations

> 4y RYRY = Ri[y) X rely,, (<L (64)
.3
for some properly selected r € R. Taking into account that R® are symmetric and Ay > 0,
implies that

yIRy[Ady = Z yiy; Tr(RYAGRY) = Tr(Ry[y]AeRely]) = Tr(A¢R2[y]) < reTr(Np),

1,J
which combines with the first relation in to imply that

2"V =y IMTV My <Y y"Ri[Ady <D rTe(Me) < dr(AA]),
¢ ¢

where the concluding inequality is due to » € R. Invoking the second relation in and
recalling that « € X is arbitrary, we arrive at . O

A.3.5 Verification of ([52))

Given s € [2,00] and setting 5 = 5/2, 5. = °, 5, = 5%, we want to prove that

{(V,r) eSY xRy : W e SN, weRY): VW + Diag{w} & [|[W
= {(V,7) e S¥ xRy : Jw e RY : V < Diag{w}, |lws, <7}.

5ot llw

5. < T}

To this end it suffices to check that whenever W € S¥ there exists w € R satisfying
W =2 Diag{w}, [Jwls, <[W]s..

The latter claim is nothing but the claim that whenever W € SV, and |W]||s, < 1, the conic
optimization problem
Opt = I?in{t 1t > ||wl|s,, Diag{w} = W} (65)
W

is solvable (which is evident) with optimal value < 1. To see that the latter indeed is the case,
note that the problem clearly is strictly feasible, whence its optimal value is the same as the
optimal value in the conic problem

Opt = maXP {TI'(PW) . P i 07 Hdiag(P)Hg*/(g*—l) S 1}
[diag(P) = [P11; Pa2; ...; PNnN]]

dual to . Since
Tr(PW) < |P

s/ (s W s < M Plls, /(sa=1)>
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when recalling what s, and s, are, our task boils down to verifying that whenever a matrix
P = 0 satisfies ||diag(P)||s/2 < 1, one has also || P||s < 1. This is immediate: since P is positive

. . 1/2 51/2 :
semidefinite, we have |P;;| < P;; / P j/ , whence, assuming s < oo,

||PH§:Z|P1J|S SZP8/2P8/2 (ZPS/2> <1
i3 1,3
When s = 0o, the same argument leads to

1Plloc = max|Pij| = max | F| = ||diag(P)|oc- U

A.3.6 Proof of Proposition

1°. Let us consider the optimization problem, as defined in [24] relation (26)] (where one should
set Q = 021,,) which under the circumstances is responsible for building a nearly optimal linear
estimate of w = Bx, namely,

opt, = min . {or(NAD + p(\T'D + o(T') + 07 TH(6) :
A={Ap =0,k <K}, Y = {Y, = 0,0< L}, Y = {Y/~0,(<L}, (66)
XS [ sMTB-HTA ) [, S sMTHT ] }
VS TLU LUV D S 1Y R N 7.7 A R

Let us show that the optimal value Opt of satisfies

Opt < 2k0pt, = 21/21n(2m/e)Opt,. (67)

To this end, observe that the matrices

S SUATNISS S
' %BT ‘ ATOA + Yo RilAk] |

and

[MTUM 1]\4TB } [MT Q[M ]

sBTM | ATOA T >k Ri[Ax] | I, | | I,

simultaneously are/are not positive semidefinite due to the fact that the image space of M
contains the full-dimensional set B, and thus is the entire R”, so that the image space of

[ M 7 } is the entire R¥ x R"™. Therefore
Opt = omin_ {2 [0 (A[Y]) + ¢7(A[A]) 4+ 02K2Tx(O)] :
©=0,U=0,A={A =0,k <K}, T={T;=0,(<L}, (68)
MTUM | sM'B T }
= < *
TaTar Tareat 5 Ry | =0 MTUM S SsIT

Further, note that if a collection ©,U, {Ax}, {Y/} is a feasible solution to the latter problem
and 6 > 0, the scaled collection 60,07 1U, {6A;},{671T,} is also a feasible solution. When
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optimizing with respect to the scaling, we get

_ : 2,2 .
opt = int {4v/GrOD o7 VAT + 76 :
Or0,U=0,A={Ay= 0.k < K}, T = {Ty=0,0<L},
MTUM | sM™B }
=0, MTUM <Y, S;[Y
T et | - = 2 SilT
< 2kOpt,, (69)
where
_ : 2 .
opt, = int {2V/orOND r NAD + 27T O]
O % 0,U = 0,A={Ay =0,k <K},T={Ty=0,(<L},
MTUM | LMTB ., } (70)
- < *
[ TBTN [ ATOA + 5, RiA, | = O M UM 22 ST

[note that k > 1]

On the other hand, when strengthening the constraint Ay > 0 of to A > 0, we still have

©,H A Y
A={A, =0,k <K} Y ={Y, =0, <L}, T ={Y/=0,¢<L}, (71)
Sy [ sMIB-HTA ][ XS] | sMTHT ] }
UB-HTAM | S, RiA =7 | HM |6 |~

Opt, = inf {¢T(A[A]) + or(A[Y']) + or(A[Y"]) + 0*Tx(O) :

Now let ©, H, A, Y/, X" be a feasible solution to the latter problem. By the second semidefinite
constraint in we have

S SO [MTHTAY 1] V[ SS [ sMTET) (I ]
1ATHM | ATeA - A IHM | ©

which combines with the first semidefinite constraint in to imply that

[ S S+ Y] | iMTB

> 0.
LBTM | ATOA+ Y, RilAi] ] -

Next, by the Schur Complement Lemma (which is applicable due to

ATOA+Y Ri[A] = Y Ri[Ag] =0,
k k

where the concluding > is due to [24, Lemma 5.1] combined with Ay > 0), this relation implies
that for
Y, =1,+ 717,

we have

> SpTe] = MT | LBIATOA+ Y Ri[Ay)] ' BT | M.
l k

U
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Using the Schur Complement Lemma again, for the just defined U = 0 we obtain

MTUM | sM'B
TRT T T =0,

and in addition, by the definition of U,
MTUM <S4,
¢

We conclude that
(0,U, AT :={Y,= T; + ’g',ﬁ < L})

is a feasible solution to optimization problem specifying Opt, . The value of the objective
of the latter problem at this feasible solution is

SRAT]+A[T")) + ¢7(A[A]) + 0*Tr(O)
SR(A[T']) + or(A[T"]) + ¢7(A[A]) + 07 Tx(O),

20/ (Y] + A[X"]) [7(A[A]) + 02Tx(O)]

VANVAN

the concluding quantity in the chain being the value of the objective of problem at the
feasible solution ©, H, A, Y/, Y” to this problem. Since the resulting inequality holds true for
every feasible solution to , we conclude that Opt, < Opt,, and we arrive at due to

(69)-

2°.  Now, from Proposition 3.3 in the latest arXiv version of [24, Section 5.7], we conclude that
Opt, is within a logarithmic factor of the minimax optimal (%, || - ||)-risk corresponding to the
case of Gaussian noise &, ~ N(0,021,,) for all z:

Opt, < G*RiskOptl/g,

where

6. =8y (2InF +10In2)(2InD + 10ln2), F=> f, D= dp
¢ k

Since the minimax optimal (e, || - ||)-risk clearly only grows when e decreases, we conclude that
for € < 1/8 a feasible near optimal solution to is minimax optimal within the factor 20*x.
O
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