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Abstract

The modeling capacities of geochemical speciation and reactive transport software continue to develop,

and stable isotopes are now increasingly incorporated into these codes. Isotopic fractionation associated

with a given chemical reaction is commonly modeled by affecting different calculated rate and thermody-

namic constants for each explicitly defined isotopologue based on the classical thermodynamic constant of

a reaction and the fractionation factor associated to the modeled reaction. This approach has been reli-

ably demonstrated for cases in which one isotope is much more abundant (i.e. common) than the others

(e.g. carbon, oxygen, nitrogen, etc.). Such large disparity in abundance allows the assumption that the

thermodynamic constant of the isotopologue bearing the major isotope is essentially equal to the classical

constant for the element. Kinetic rate constants for different isotopologues are also frequently determined

by assuming that the rate of the reaction involving the major isotope is very close to the overall rate.

As our ability to accurately measure more isotopic systems expands, it becomes necessary to define

the scope of validity of the rare isotope hypothesis and the errors introduced in application to elements

like chlorine, bromine, zinc or others that do not present a clearly abundant major isotope. This study

reviews the mathematical developments of thermodynamic and kinetic rate constant calculations following

the major isotope hypothesis and expands upon this basis to provide appropriate thermodynamic parame-

terization where this assumption could introduce errors. The results show that the assumption brought by

the major isotope hypothesis is also valid in isotopic systems without a major isotope for the determination

of thermodynamic constants. This verification assures our ability to employ geochemical speciation codes

to handle isotopic fractionation for a large variety of elements. The validity stems from the typically small

deviations of relative concentrations and small differences in behavior for different isotopes. We illustrate

these developments with an application case of zinc isotope fractionation modeling during sphalerite precip-

itation performed with the reactive transport code Hytec. The model scripts used for the application case

are provided in this study and offer the opportunity for future benchmarking of software in application to

explicit modeling of stable isotope fractionation.
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1. Introduction1

Geochemical speciation and reactive transport (RT) codes were originally developed several decades ago2

to provide a means of considering the long term implications and management of nuclear waste disposal [52],3

[77], [75]. Since then, these basic principles have been broadly expanded to other purposes like pollution4

remediation ([88], [87], [18], [5], [51]), mining [44], resources exploitation [71] and water-rock interactions5

[54].6

Over a comparable period of time, stable isotope data have been increasingly utilized [80] for identification7

and quantification of water-rock interactions ([6], [7], [30], ...), weathering ( [17], [63], [47], [33], [37], ...),8

vegetation and rhizosphere cycling of water, soil or minerals ([12], [73], ...), pollution ([29], [15], [68], [60], [65],9

...), contaminant degradation pathways such as chlorinated hydrocarbons ([90], [42], [41],...), oceanography10

([35], [70], [3], [11], ...), paleoreconstruction ([50], [66], [78], [32], [31], ...) and biogeochemical cycling ([36],11

[39], [67], [19], [1], ...) .12

RT software are now increasingly used to help interpret and fully leverage these isotopic data [27].13

As isotopes and fractionating pathways continue to be incorporated and refined into reactive transport14

simulators ([25], [21], [24], [87], [89], [74], [22]) their capacity to allow a deeper and more quantitative15

understanding of reactive transformations and system dynamics is becoming increasingly evident.16

Reactive transport models which explicitly include stable isotope fractionation have been developed17

for a variety of geoscience and environmental engineering applications including contamination( [87], [81],18

[82]), unsaturated zone water dynamics [72], flow and transport through heterogeneous porous media [23],19

experimental analogs ( [25], [21]), marine sediments pore fluids [55] and groundwater treatment systems [34],20

etc. These applications require a rigorous integration of isotopic and geochemical data for modeling purposes.21

Geochemical speciation codes are commonly based on the primary component or basis species approach [53],22

in which the total number of chemical species tracked during transport is limited to the number that are23

linearly independent from one another. Practically speaking, there is no need to waste computational effort24

tracking the advection of both bicarbonate and carbonic acid if they are coupled through an equilibrium25

relationship. Implementation of isotopic fractionation then means that each isotope must be created as a26

primary component, with all necessary attendant equilibria described. This exercise is usually performed27

by duplicating entries within the thermodynamic database, so that each isotopologue is considered as a28

fully-fledged chemical species ([27], [26], [87], [23], [24]).29

Kinetically controlled reactions are modeled by reactive transport codes by defining the parameters30

of a selected kinetic law linking two or more components. When modeling kinetic isotopic fractionation,31

the common strategy is consistent with equilibrium reactions and involves duplication of isotopes as unique32
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’species’ in the database so that they may be assigned different rate constants depending on the isotopologue33

involved in the reaction to reproduce kinetic isotopic fractionation.34

This approach brings the significant advantage that the basic framework of the pre-existing RT codes35

remains unchanged, requiring only appropriate identification of parameter values. Typically, this is ac-36

complished by reasonably assuming that the thermodynamic and/or rate constant used for the overall or37

’bulk’ formation of a given compound are effectively equivalent to those describing the most abundant iso-38

tope. For example, the equilibrium constant describing the abundance of bicarbonate and water through39

the dissociation of carbonic acid would be used to describe the 12C isotopologue of these compounds. The40

thermodynamic or rate constants of the rarer isotope(s) (e.g. 13C) are then determined based on reported41

fractionation factors [27] appropriate for each equilibrium or kinetic reaction at a given temperature.42

As the capacity for highly precise mass ratio measurements continues to expand, an increasing number43

of isotope systems are being developed in application to geosciences and environmental engineering studies.44

Unlike the ’traditional’ isotope systems (e.g. H, C, N, O, S), many of these elements do not present a45

major isotope, for instance Cl [38], [41], Mo [58], [8], Br [69], Cu [45], [57], Zn [14], [62], etc. The issue46

of the major isotope was considered several decades ago by Thorstenson and Parkhurst [79] , who offered47

direct derivations of the individual isotope equilibrium constants of some species, e.g. CO2(g), CO2(aq),48

HCO−
3 , CO2−

3 , CaCO3(aq), H2O(g), H2O(l), H3O+, OH−, HCO−
3 and CO2−

3 in ions pairs with Na+, K+,49

Ca2+ and Mg2+ following the earlier approach developed by Urey (1947) [80]. While the methodology does50

not require the definition of a major isotope, it cannot be readily generalized and requires an accounting51

of the degree of symmetry of exchanged atoms which the authors only provided for the aforementioned52

species [79]. Therefore, continued expansion of isotope-enabled RT applications suggests that the common53

method by which isotopic partitioning is implemented in these models requires careful consideration, and,54

where necessary, a more generalized approach such that the benefits of RT codes can be applied to emerging55

isotopic compounds that do not have an obvious choice of major isotope.56

The present study addresses this need by revisiting the classical mathematical formulation for equilibrium57

and kinetic isotopic fractionation as typically implemented in RT codes to produce a generalized method58

relaxing the constraint associated with the need for a major isotope. We will first walk through a series59

of modifications to the formal approach of equilibrium fractionation, then consider the extension to kinetic60

fractionation and finally offer a demonstration in the context of zinc isotopes in Mississippi Valley Type61

(MVT) ore deposits.62

2. Classical method for equilibrium isotopic fractionation modeling with RT codes63

Reactive transport codes developed following the basis species approach [53] consider isotopologues as64

individual components with their own thermodynamic constants. This means that two isotopes of a given65

element in a given compound exist as two separate ’species’ that operate in tandem through parallel reactions66
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and transport pathways. One of the most basic ways in which these ’species’ are tied together as isotopes67

of the same element is through the slight differences in their thermodynamic constants, which stems from68

mass-dependent equilibrium fractionation. We begin with the mathematical development commonly used69

to determine the thermodynamic constants for reactions involving different isotopologues.70

2.1. Duplication of isotopologues in the database71

In the following equations, Ei stands for a basis species (mol.kg−1), Ē for a derived species (mol.kg−1),72

γ for the activity coefficient, Nc is the number of basis components and ν represents the stoichiometric73

coefficients. We hereby present the general formalism, which is appropriate to any isotope system of interest.74

For the sake of clarity, we also offer an example: isotopes of sulfur in anhydrite and sulfates (where 32S can75

be considered as a major isotope and 34S as a minor isotope of sulfur). Critically, this choice is intended76

only for the sake of clarity and does not restrict the derivation to this context.77

Let us consider the following chemical reaction :78

Nc−1∑
i=0

νiEi 
 Ē, (1)

and its associated equilibrium constant:79

K =
γ̄ · Ē∏
i γ

νi
i E

νi
i

(2)

For the specific case of CaSO4 formation, it becomes :80

Ca2+ + SO2−
4 
 CaSO4(s), (3)

81

KCaSO4(s)
=

γCaSO4(s)
CaSO4(s)

γCa2+Ca2+ · γSO2−
4

SO2−
4

. (4)

When multiple isotopes of one element are considered, they are denoted through an isotope index λ. For82

example, E0 and Eλ or for our particular case study 32S and 34S. We represent E0 as the basis species83

which carries the isotopes, namely SO2−
4 for the S isotopes example. In equation (1), this carrying species84

is isolated out of the sum leading to:85

ν0E0 +

Nc−1∑
i=1

νiEi 
 Ē (5)

Let us assume only two isotopes for the moment: the major (most abundant one, e.g. 32S) and a minor one86

(least abundant, e.g. 34S). Furthermore, let us assume here that there is only one isotopically substituted87

element in the derived species. E0
0 is substituted only once by Eλ0 in Ēλ:88

(ν0 − 1)E0
0 + Eλ0 +

Nc−1∑
i=1

νiEi 
 Ēλ. (6)
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The equilibrium constant can be written as:89

K =
γ̄Ēλ

γν00 (E
0(ν0−1)
0 · Eλ0 ) ·

Nc−1∏
i=1

γνii E
νi
i

,
(7)

In the case of our example, only one atom of sulfur is considered, thus the stoichiometry of SO2−
4 is 190

(ν0 = 1). We introduce Niso the number of different isotopes considered and the isotopic ratios Rλ = Ēλ/Ē0
91

and Rλ0 = Ēλ0 /Ē
0
0 . Substituting Rλ and Rλ0 in (2) isolates the thermodynamic constant of the major isotope:92

K = K0

(
1 +

Niso−1∑
λ=1

Rλ

)
(

1 +

Niso−1∑
λ=1

Rλ0

)ν0 . (8)

Likewise for the CaSO4(s) example:93

K = K32

(
1 +R34

CaSO4(s)

)
(

1 +R34
SO2−

4

) (9)

2.2. Simplification based on major isotope hypothesis94

Where the major isotope assumption holds true, the isotopic ratios are very small (compared to 1) and95

it is reasonable to assume that the thermodynamic constant K of the major isotope (K32 in our example)96

equals the generally known constant for the bulk chemical species, as is often already available in geochemical97

databases. Physically, this leads to the assumption that there is one isotope whose abundance is predominant98

compared to others. This assumption, which is valid for many elements (like C, N, O, Ca, K, S, Fe, Li,99

...), yields a condition under which Rλ << 1 and Rλ0 << 1 so that
∑
λR

λ << 1 and
∑
λR

λ
0 << 1. As a100

consequence, :101

K0 ' K (10)

For our CaSO4(s) example, we can safely assume that R34
CaSO4(s)

<< 1 and R34
SO2−

4

<< 1. This leads to102

K32 ' K (11)

The equilibrium fractionation factor is defined as follows:103

αλB−A =
RλB
RλA

(12)
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with A standing for the reactant, B for the instantaneous product and λ the isotope. Using the fractionation104

factor between two species, the equilibrium constant for the reaction which involves a minor isotope can be105

written as a function of the equilibrium constant of the major isotope reaction :106

αλ0 =
Rλ

Rλ0
=

Ēλ

Ē0

Eλ0
E0

0

=
Kλ

K0 (13)

so that107

Kλ ' αλ0K. (14)

Continuing with CaSO4 example:108

α34
CaSO4(s)−SO2−

4
=
K34

K32
(15)

and109

K34 ' α34
CaSO4(s)−SO2−

4
·K (16)

2.3. Limitations110

We now expand our consideration to the potential for error introduced when such an approach is applied111

to elements without significant difference in abundance(s) between the major and minor isotope(s) (Ni,112

Cu, Zn, Mg, Cl, Br, etc). These concerns motivate a generalization of the calculations described above for113

thermodynamic constants without the need to invoke a major isotope hypothesis.114

3. Calculation: Circumvention of the major isotope hypothesis115

3.1. Simple substitution116

Here we propose to expand the calculations described above to avoid the use of the major isotope assump-117

tion. Instead of the major isotope hypothesis, we rely on characteristically small variations of enrichment118

factor ε (defined as 1−α) and εR. As a secure upper limit of enrichment in natural systems, we can assume119

that ε is smaller than 100h (i.e. α between 0.90 and 1.1). This is generally a safe assumption for the ε120

values of low- (e.g. C, N) and mid-mass (e.g. Ca) isotope systems [59], [9], [61], [13], [26] and even holds121

true for large differences in mass among the isotopes of a given element, as in the case of Li [10]. In the122

following mathematical developments, the second order and higher terms in εR will therefore be neglected.123

Once again we consider the following reaction where element E0 has two isotopologues E0
0 and Eλ0 :124

E0 +

Nc−1∑
i=1

νiEi 
 Ē. (17)
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Therefore, we can define the following isotopic ratios R, fractionation factor α and enrichment factor ε:125

Rλ0 =
Eλ0
E0

0

(18)

126

R̄λ =
Ēλ

Ē0
(19)

127

αλ =
R̄λ

Rλ0
= 1− ελ. (20)

The derivation of equilibrium constant K leads to:128

K =
γ̄Ē

γ0E0 ·
∏
i (γiEi)

νi =
γ̄Ē0 ·

(
1 + Ēλ

Ē0

)
γ0E0 ·

∏
i (γiEi)

νi ·
(

1 +
Eλ0
E0

0

) = K0 · 1 + αλRλ0
1 +Rλ0

= K0 · 1 +Rλ0 + ελRλ0
1 +Rλ0

(21)

where K0 is the equilibrium constant of the reaction involving E0
0 as E0 isotopologue.129

Thus130

K0 = K · 1 +Rλ0
1 +Rλ0 + ελRλ0

(22)

and131

Kλ = αλ ·K · 1 +Rλ0
1 +Rλ0 + ελRλ0

. (23)

In the specific case where E0
0 is a major isotope, this result is identical to section 2.132

We call now T0 the total of species E0 such as T0 = Ē+E0. Using the equilibrium constant K to express133

E0 leads to:134

E0 =
T0

1 +K
γ0

γ̄

∏
i

(γiEi)
νi
. (24)

We next investigate the difference in accuracy when using the simplification derived from the major135

isotope hypothesis but without making any assumption about the relative abundance of any isotopologues.136

For this purpose, we will use the precise expression of the equilibrium constants of the reactions involving137

isotopologues E0
0 and Eλ0 respectively (equations 22 and 23) and approximation of these constants: K0 = K138

and Kλ = αλK, corresponding to equations 10 and 14. To evaluate these approximations we monitor the139

isotopic ratio R̂λ0 when using approximations relative to the isotopic ratio Rλ0 when using exact equilibrium140

constants (equations 22, 23). This leads to:141
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R =
R̂λ0
Rλ0

=

Êλ0

Ê0
0

Eλ0
E0

0

=

1 +K
γ0

γ̄

∏
i

(γiEi)
νi

T 0
0

· Tλ0

1 + αλK
γ0

γ̄

∏
i

(γiEi)
νi

1 +K0 γ0

γ̄

∏
i

(γiEi)
νi

T 0
0

· Tλ0

1 +Kλ
γ0

γ̄

∏
i

(γiEi)
νi

=

1 +K0 γ0

γ̄

∏
i

(γiEi)
νi

1 +K
γ0

γ̄

∏
i

(γiEi)
νi
·

1 + αλK
γ0

γ̄

∏
i

(γiEi)
νi

1 +Kλ
γ0

γ̄

∏
i

(γiEi)
νi

=
1 +K0Z

1 +KZ
· 1 + αλKZ

1 +KλZ

(25)

where Z = γ0
γ̄

∏
i (γiEi)

νi .142

Using Taylor expansion on equations 22 and 23:143

K0 = K

(
1 +

ελRλ0
1 +R

+ o
((
ελR

)2))
(26)

and144

Kλ = αλK

(
1 +

ελRλ0
1 +R

+ o
(
ελR

)2)
. (27)

Then, incorporating 26 and 27 in 25:145

R =

1 +KZ
(
1 + αλ

)
+KZ

(
ελRλ0

1 +Rλ0

)
+ αλK2Z2

(
1 +

ελRλ0
1 +Rλ0

)
1 +KZ (1 + αλ) + αλKZ

(
ελRλ0

1 +Rλ0

)
+ αλK2Z2

(
1 +

ελRλ0
1 +Rλ0

) . (28)

However,146

αλKZ
ελRλ0

1 +Rλ0
=
(
1− ελ

)
KZ

ελRλ0
1 +Rλ0

= KZ
ελRλ0

1 +Rλ0
+ o

(
ελRλ0

)2
, (29)

and thus,147

R = 1 + o
(
ελRλ0

)2
. (30)

This result shows that the error introduced by using the approximation is of the order o
(
ελRλ0

)2
.148
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3.2. Limitations149

Results show that the error on the isotopic ratio deriving from the use of the approximation K0 = K150

and Kλ = αK is in the order of (εR)2. With ε usually less (or much less) than 0.1, the assumption on151

thermodynamic constant can be safely in most natural applications. The ultra-major isotope has already152

been presented (see subsection Simplification based on major isotope hypothesis). For less discriminating153

isotopic ratios, we stressed that the choice of reference isotope was arbitrary; therefore, when one isotope has154

a clearly higher relative abundance than the other, the smartest choice is to choose it as a reference (with155

resulting R < 1, the error is further reduced). This still holds true for isotopes of similar concentrations,156

with R ' 1. In all cases, it is probably safer to check whether εR is indeed small enough for the acceptable157

error. Finally, only one application might lead to unacceptable errors: when the most abundant isotope158

changes over time or space in the same system (e.g. R ' 0.2 to 0.8), and for larger values of ε, although the159

authors cannot imagine natural cases falling into these conditions.160

3.3. Extension to double substitution161

We next extend this methodology to address the case of double substitution. We consider here the162

following reaction:163

E0 + E1 +

Nc−2∑
i=2

νiEi 
 Ē (31)

where E0 and E1 have two possible isotopes (0 and λ).164

We suppose that:165

R̄λ? =
Ēλ?

Ē0?
=
Ēλ0

Ē00
=
Ēλλ

Ē0λ
(32)

and166

R̄?λ =
Ē?λ

Ē?0
=
Ē0λ

Ē00
=
Ēλλ

Ēλ0
. (33)

As for the case of one element bringing isotopes in the reaction, activity coefficients and Ei terms will167

be removed from the calculation of the ratio as they will be divided by themselves.168

The equilibrium constant can be written as:169

K =
Ē00 + Ē0λ + Ēλ0 + Ēλλ(
E0

0 + Eλ0
) (
E0

1 + Eλ1
) . (34)

We can then derive the specific equilibrium constants:170

K = K00 1 + R̄?λ + R̄λ? + R̄?λR̄λ?(
1 +Rλ0

) (
1 +Rλ1

) (35)

9



where Rλ0 =
Eλ0
E0

0
and Rλ1 =

Eλ1
E0

1
.171

Thus,172

K00 = K

(
1 +Rλ0

) (
1 +Rλ1

)
1 + αλ0R

λ
0 + αλ1R

λ
1 + αλ0α

λ
1R

λ
0R

λ
1

. (36)

Using the same methodology, it appears that:173

Kλ0 = αλ0 ·K
(
1 +Rλ0

) (
1 +Rλ1

)
1 + αλ0R

λ
0 + αλ1R

λ
1 + αλ0α

λ
1R

λ
0R

λ
1

. (37)

We will now focus on E0 and its isotopes, assuming that the E1 isotopologue involved in the reaction is174

E0
1 . We can write the following reactions:175

E0
0 + E0

1 
 Ē00 (38)

Eλ0 + E0
1 
 Ēλ0. (39)

Considering T 0
0 the total of species E0

0 and Tλ0 the total of species Eλ0 :176

E0
0 =

T 0
0

1 +K00E0
1

(40)

Eλ0 =
Tλ0

1 +Kλ0E0
1

. (41)

As for the case of one species bringing isotopes in the system, we track the relative difference in the177

isotopic ratio when using K and αλ0 for approximation relative to the isotopic ratio when using constants178

K00 and Kλ0.179

R =
Rλ0

R̂λ0
=

Eλ0
E0

0

Êλ0
Ê0

0

=
1 +K00E0

1

1 +Kλ0Eλ0
· 1 + αλ0KE

0
1

1 +KE0
1

=

1 + E0
1K

(
1 +Rλ0

) (
1 +Rλ1

)
1 + αλ0R

λ
0 + αλ1R

λ
1 + αλ0α

λ
1R

λ
0R

λ
1

1 + αλ0E
0
1K

(
1 +Rλ0

) (
1 +Rλ1

)
1 + αλ0R

λ
0 + αλ1R

λ
1 + αλ0α

λ
1R

λ
0R

λ
1

· 1 + αλ0KE
0
1

1 +KE0
1

.

(42)

Noting that180

1 + αλ0R
λ
0 + αλ1R

λ
1 + αλ0α

λ
1R

λ
0R

λ
1(

1 +Rλ0
) (

1 +Rλ1
) = 1−

ελ0R
λ
0

(
1 +Rλ1

)
+ ελ1R

λ
1

(
1 +Rλ0

)(
1 +Rλ0

) (
1 +Rλ1

) + o
(
ελ0 ε

λ
1R

λ
0R

λ
1

)
(43)

it follows that181

R = 1 + o
(
ελ0 ε

λ
1R

λ
0R

λ
1

)
. (44)
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This result is comparable to equation 30 and shows that the error induced by using the bulk ther-182

modynamic constant and the fractionation factor instead of isotopes specific thermodynamic constants is183

negligible. This assumption can then be safely used.184

4. Calculation: Developments for kinetic rate constant calculation185

Next we turn to a comparable calculation for kinetically regulated reactions. The formalism for kinetic186

reactions is consistent with that developed and used by [46], [76], [20], [26].187

Starting with the formation of a species Ē with two isotopes comprising species E0 (E0
0 and Eλ0 )188

E0 +

Nc−1∑
i=1

νiEi −→ Ē (45)

we can defined the rate +V of both reactions involving the different isotopologues189

+V 0 =+ k0a0
0

Nc−1∏
i=1

aνii (46)

190

+V λ =+ kλaλ0

Nc−1∏
i=1

aνii . (47)

The global rate of the bulk reaction is then defined by191

+V = +ka0 ·
∏Nc−1
i=1 aνii =+ V 0 ++ V λ (48)

Similarly to the thermodynamic developments, we investigate here the ratio of the exact global rate over192

the approximated rate:193

R =
+V̂
+V

=
k0a0

0 + kλaλ0
k
(
a0

0 + αλaλ0
) =

k0
(
a0

0 + αλaλ0
)

k
(
a0

0 + αλaλ0
) =

k0

k
. (49)

From equation 48 it follows that:194

ka0 = k0a0
0 + αλk0aλ0 = k0

(
a0

0 + aλ0 − ελaλ0
)

(50)

and thus195

k0

k
=

a0
0 + aλ0

a0
0 + aλ0 − ελaλ0

=
1

1− εaλ0
a0

0 + aλ0

. (51)

Using Taylor expansion:196

k0

k
= 1 +

εaλ0
a0

+ o

(
ελaλ0
a0

)2

= 1 +
ελRλ

1 +Rλ
+ o

(
ελRλ

1 +Rλ

)2

(52)
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where R stands for the isotopic ratio. We note that in the case of a kinetic reaction forming or dissolving197

a mineral, one may wish to develop the expressions shown above as a ’forward’ reaction and track overall198

mineral growth or dissolution as the net rate arising from the difference between this reaction and a ’back-199

ward’ reaction proceeding in the opposite direction. The same development can be done for the backward200

reaction and thus these unidirectional pathways can be combined into a net rate and applied to the common201

class of fractionating reactions associated with mineral growth and solubilization.202

5. Discussion203

The above derivations extend the validity of equations with isotopic fractionation which can be found204

in certain reactive transport codes, without the need for the major isotope assumption in the case of205

thermodynamic equilibrium. These mathematical developments are not exhaustive, but they expand the206

capacity to handle isotopic fractionation modeling for a large variety of chemical species. These developments207

show that no a priori assumption is required for the relative isotopic abundances. Instead, the ratios may be208

defined relative to an arbitrary choice of reference isotope. The possible deviation from the exact solution is209

introduced through assumptions regarding the (small) magnitude of enrichment factors. In natural systems210

these distributions are usually narrow, and thus this assumption improves upon the prior approach in which211

the presence of a major isotope in a given element was required. When neglecting terms in (εR)
2
, the212

equations correspond to the ones obtained using the major isotope hypothesis and the classical approach.213

The derivations for kinetically controlled reactions such as mineral precipitation and dissolution show214

that the error introduced when using k and αλk instead of k0 and kλ depends on R, which changes over time215

during the progress of the reaction. This issue has been considered in prior studies, largely in the context216

of organic contaminants [43], [83]. A solution was offered using a probability term which is a function of217

the abundance of the heavy and light isotopes through the course of the reaction, the number of atoms218

possibly isotopically substituted in the molecule and number of reactive positions among them (described as219

the ’isotopologues approach’ in [43]). The reaction rates resulting from this approach are distinct from the220

bulk rate, such that the light isotope reacts slightly faster, and the heavy isotope slightly slower than what221

would be the bulk rate. The average rate weighted by the probability of the presence of a heavy isotope222

then reproduces the bulk rate.223

Here, in absence of specific experimentally determined rate constants for the isotopologues, we offer224

a generalized demonstration that assuming the rate of one isotopologue is comparable to the bulk rate225

constants and deriving the other rate constants using the fractionation factor is a reasonable approximation226

when dealing with elements which present a clear major isotope (isotopic ratio R is then small). The error227

introduced by this approximation may become problematic when dealing with elements with isotopes of228

comparable relative abundance, and thus the use of a correction term as detailed in [43] and [83] could229

become warranted. We provide a framework to evaluate the magnitude of these errors in application to230
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kinetic rate expressions, and extend consideration of these assumptions to applications beyond organic231

contaminants, such as mineral precipitation and dissolution. These developments are provided with the232

intent of raising awareness among the reactive transport community about the potential errors introduced233

when modeling fractionation of isotopes lacking a clear major abundance, which have thus far largely been234

limited to the specific context of aqueous chlorinated compounds.235

As analytical capabilities increasingly enable determination of the specific location of substituted atoms236

within a molecular structure ([16], [40], [64]), it remains to be shown whether such an approach will facilitate237

treatment of the complexity of partitioning coefficients in natural systems.238

6. Application case study239

As an illustrative example of the utility of the previous sections, we provide an application of geochemical240

modeling including equilibrium isotopic fractionation. Two simulations were performed with the CHESS241

speciation code [85], [84] and are inspired by the distribution of zinc isotopes (no major isotope) within242

Mississippi Valley Type (MVT) ore deposits. In this system, zinc isotopic signatures have been shown243

to differentiate depending upon the history of the deposit. MVT ore formation is characterized by the244

combination of hydrothermal systems and major crustal tectonic events [49], [4]. The precipitation of the245

ore is related to fluid migration and more specifically to dense basinal brines with temperatures between 75246

and 200C, typically in carbonated platforms [49]. MVT ores gather a large variety of deposits and some247

aspects are still debated, including the origin of the ore fluids, the timescale of fluid migration and the248

processes of precipitation. Despite this uncertainty, prior studies have shown that a plausible condition for249

ore formation involves mixing between hot fluids containing elevated metal concentrations and cooler fluids250

with high reduced sulfur content [48]. This overly simplified illustrative case can be linked to the second part251

of section 3 about double substitution, namely 2 isotopes of a single Zn atom in Zn2+ and ZnS compounds,252

with comparable abundances for the two Zn isotopes. The two simulations illustrate equilibrium and kinetic253

fractionation respectively.254

Equilibrium fractionation. We provide a simplified simulation of a progressive mixing of two (sulfide bearing255

and zinc bearing) solutions leading to sphalerite precipitation with associated zinc isotopes fractionation.256

The simulation consists of a sequential addition of a constant volume (0.002 L per sample, 100 samples)257

of solution 2 into solution 1 (table 1). The cumulative volume of the mixed solution is denoted as ζ. We258

illustrate here that isotopic enrichment at equilibrium can be simulated through the definition of appropriate259

thermodynamic constants. In this model, we focus on the isotopic composition of the mineral sphalerite.260

To this purpose, sphalerite was considered as a solid solution. This approach allows us to define different261

endmembers of pure 64Zn or 66Zn sphalerite and all intermediate compositions. As the ratio
66Zn
64Zn is close262
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Table 1: Simulation parameters (balance means that it was adjusted to ensure solution electroneutrality)

solution 1 solution 2
volume (L) 1 0.2

temperature (C) 60 150
dolomite (mol/L) 1 0
64Zn2+ (mol/L) 6.33081e-03 0
66Zn2+ (mol/L) 3.66919e-03 0

Cl− (mol/L) balance 0
H2S (mol/L) 0 1e-02
Na+ (mol/L) 0 balance

CO2 fugacity (atm) 1 60
pH equilibrium (5.87) 4.2

to 0.5, using the major isotope hypothesis to assume that 64KSphalerite=KSphalerite seems hazardous. But263

the developments detailed in this study showed that this assumption can indeed be performed safely.264

Initial concentrations of 64Zn2+ and 66Zn2+ were calculated in order to produce a cumulative concen-265

tration of 1 × 10−2 mol/L with the following parameters : a constant fractionation factor αeq=0.9997266

(corresponding to the fractionation during sphalerite precipitation from ZnSO4) was selected [86]. We refer267

here to an equilibrium fractionation factor in order to illustrate the previous developments, even if using268

an example of mineral precipitation. The same example is used later to illustrate the kinetic developments269

(with a TST rate law, which is usually used for kinetically-mediated mineral growth). Due to the lack of270

data, no dependence of the fractionation factor to the temperature is taken into account here. Initial δ66Zn271

was set at 0h (arbitrarily chosen, δ66Zn of terrestrial geological materials are within a range of -0.80 h and272

2.5 h [28]) and the standard isotopic ratio
66Zn
64Zn

was set to 0.56502 [56].273

Zn2+ + H2S 
 ZnS + 2H+ (53)

All thermodynamic constants K for sphalerite precipitation (53) were calculated using equations (10) to274

(14) at appropriate temperatures (table 2) following the methodology described in this study.275

During the course of the simulation, pH decreases from 5.87 to 5.29 (figure 1a) and temperature in-276

creases from 60 to 75◦C from pure solution 1 to a mixing ratio (figure 1b). Zn2+ decreases of 2×10−3 mol in277

stoichiometric agreement with sphalerite precipitation (figure 1c). Evolution of δ66Zn in both zinc and spha-278

lerite shows that the implemented thermodynamic constants accurately reproduce the reported enrichment279

of -0.3h during precipitation of sphalerite (figure 1d).280
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Table 2: Thermodynamic constants of sphalerite precipitation

Temperature (C) log K Sphalerite 64Zn log K Sphalerite 66Zn
0 4.632700000 4.632569692
25 4.452300000 4.452169692
60 4.185100000 4.184969692
100 3.876800000 3.876669692
150 3.51200000 3.5111869692
200 3.190400000 3.190269692
250 2.928600000 2.928469692
300 2.740400000 2.740269692

Kinetic fractionation. We also provide an example of fractionation modeling during kinetically controlled281

reaction. The same system was used with the difference that precipitation of sphalerite is kinetically con-282

strained. The simulation was created without comparison to actual experimental results: its main purpose283

is to illustrate appropriate behavior isotopic fractionation during kinetically controlled reactions where a284

major isotope is lacking. The law and parameters determined by [2] were used to derive the kinetic rate285

constant for sphalerite precipitation at 70◦C: +5.04848 × 10−12 mol/m2/s in precipitation for 64Zn. Then286

we calculated the rate constant for 66Zn using the same fractionation factor than for the equilibrium precip-287

itation case (0.9997), leading to a rate of +5.046965456× 10−12 mol/m2/s. The model simulates an initial288

solution oversaturated in zinc at 70◦C and advances through time-dependent sphalerite formation over a289

duration of 1 hour (figure 2). At the end of the simulation, the solution is still over-saturated with respect290

to sphalerite.291

The simulation results show that sphalerite precipitates faster at the beginning, when the conditions are292

the farthest from equilibrium (figure 2a). The precipitation rate decreases as the conditions get closer to293

equilibrium. The δ66Zn values show that sphalerite isotopic composition reaches the initial composition of294

aqueous Zn2+ (i.e 0h) rapidly (as sphalerite precipitates rapidly in early time) and remains below the values295

of aqueous δ66Zn (figure 2b). In the aqueous phase, δ66Zn increases rapidly due to the fast precipitation296

rate, and this kinetic fractionation persists as the solution is still over-satured with respect to sphalerite. By297

the end of the simulation, the rate has become reduced due to convergence to equilibrium conditions. The298

evolution of δ66Zn in the aqueous phase gives information about the δ66Zn of the incremental precipitating299

Zn (with a -0.3h enrichment) but the δ66Zn in the solid phase is an accumulated averaged, such that the300

sphalerite isotopic signature evolves mainly at the beginning of the simulation.301

It is worthwhile to recall that in these CHESS simulations, as in most speciation and RT codes, the302

two isotopes of Zn are entered as unique ’species’ with individual constants. The kinetic reaction driving303

sphalerite formation couples these two ’species’ through the solid solution, and thus one may nominally sum304

up the concentration of Zn64 and Zn66 at any point in the simulation to retrieve a ’bulk’ Zn concentration.305
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(a) (b)

(c) (d)

Figure 1: Simulation results during mixing: a. pH, b. temperature evolution, c. zinc and sphalerite evolution, d. δ66Zn
evolution in zinc and sphalerite

In this example, as with many applications of isotope-enabled RT, there are no isotope-specific rate constant306

available that would uniquely constrain these constants. Rather, it is necessary to use the bulk rate constant307

and infer the associated values for the remaining isotopes. As a result, it is not possible here to determine the308

error (and thus the difference in isotopic ratio) introduced by the use of the bulk rate and the fractionation309

factor rather than isotopes specific rate constant as detailed by [43], [83]. As a point of reference, we illustrate310

the mass-weighted rate of Zn precipitated when using unique ’species’ Zn64 and Zn66 with constants k and311

αk relative to that using a single ’bulk’ Zn species (no isotopes) with rate constant k. The sum of the312

initial mass of Zn64 and Zn66 is equal to the initial mass of the ’bulk’ Zn simulation, and as described by313

[43], [83] there is a slight (not exceeding 5%) difference in absolute value. It is vital to appreciate that this314

slight difference arises because one isotope of Zn was associated with the ’bulk’ rate constant k while the315

other was associated with a slightly different constant αk. The alternative is to assign unique values of rate316

constant to both isotopes, where neither are precisely equivalent to k, but in doing we both (1) lack uniquely317

determined values for these constants and (2) return to a dependence on the isotope ratio R (equation 52)318

which evolves over the progression of the reaction.319
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(a) (b)

(c)

Figure 2: Simulation results during mixing: a.zinc and sphalerite evolution, b. δ66Zn evolution in zinc and sphalerite, c. Global
rates of the bulk reaction and the isotopes dependent reaction

7. Conclusions320

The mathematical equations defining the implementation of equilibrium and kinetic isotopic fractionation321

in RT codes are detailed in this paper. The classical approach is based on the hypothesis of an existing322

major isotope for each element of interest leading to the assumption that the constant of the isotopologue323

containing the major isotope is equal to the ”classical” constant. In this study, we considered generic cases324

regarding the abundance of isotopes and the potential errors introduced when no isotope can be defined325

as major. We provided mathematical developments based on small deviations around enrichment factors,326

which are legitimate in virtually all natural systems. The calculations lead to thermodynamic constants for327

isotopologues depending on known thermodynamic constants and fractionation factors. Interestingly, the328

constants are the same as when considering major isotopes although the results stem from small deviations329

of εR instead of negligible concentration(s) of the minor isotope(s).330

This study demonstrates that no hypothesis regarding the isotopes abundances is needed to assume331

that the thermodynamics of one isotopologue can be defined as equal to the general thermodynamics of332
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the studied reaction, extending the scope of validity for this common assumption. The difference between333

the thermodynamic constants assigned to each isotopologue is the key for accurate modeling of isotopic334

fractionation.335

However, we show that the same methodology has to be taken with caution when applied to kinetically336

driven reactions such as mineral precipitation and dissolution. As the rate constant depends on the isotopic337

ratio, which evolves with the progression of the reaction, an error is introduced when using the bulk rate338

constant and fractionation factor only when determining the isotopologue rate constants. This issue has339

already been highlighted in other studies investigating the question of modeling isotopic fractionation during340

organic compound degradation but has not been detailed in the case of minerals precipitation and dissolution341

reactions, which are of primary importance in a large number of reactive transport applications. The342

introduced error can be neglected when one isotopes of the element of interest can be considered as major,343

leading to small isotopic ratios. However, when modeling isotopic fractionation of elements presenting344

isotopes of comparable relative abundance, modelers should be aware of the introduced error depending on345

the methodology employed.346
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