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Abstract

We consider the Stokes-transport system, a model for the evolution of an incompressible
viscous fluid with inhomogeneous density. This equation was already known to be globally
well-posed for any L' N L* initial density with finite first moment in R®. We show that
similar results hold on different domain types. We prove that the system is globally well-
posed for L™ initial data in bounded domains of R? and R® as well as in the infinite
strip R x (0,1). These results contrast with the ill-posedness of a similar problem, the
incompressible porous medium equation, for which uniqueness is known to fail for such a
density regularity.

Keywords: Incompressible viscous fluid, active scalar equation, global well-posedness, steady
Stokes equation, transport equation
1 Introduction

This contribution is dedicated to the study of the following coupling between the transport
equation and the Stokes equation,

op+u-Vp = 0

—Au+Vp = —pe,
dive = 0 (10)
pltZO = po,

where p, u and p respectively stand for the density, velocity and pressure of a fluid, p is the initial
density profile and e, is the vertical upward unitary vector. This system is a model of evolution
of an incompressible and viscous fluid having an inhomogeneous density or buoyancy subject
to the gravity directed by —e,. It differs from the classical Boussinesq equation by neglecting
the velocity self-advection term and the diffusion of the density. It is especially derived as
the mesoscopic model of a cloud of inertialess particles sedimenting in a Stokes fluid, see for
instance [9, 12]. This system belongs to a broad family of transport equations with non-local
velocity field, the active scalar equations, meaning that w depends on p in a non-local way. The
vorticity equation, the surface quasi-geostrophic equation and the incompressible porous medium
equation (IPM) are examples of extensively studied systems having this structure, see [2] for an
overview. In particular, the IPM is a well-known model for the evolution of an incompressible

*Sorbonne Université, CNRS, Université de Paris, Laboratoire Jacques-Louis Lions (LJLL), F-75005 Paris,
France, mail: leblond@]ljll.math.upmc.fr



inhomogeneous fluid inside a porous material, which writes as the system (1.0) where one replaces
the Stokes equation by Darcy’s law, namely

u+ Vp = —pe,.

To our knowledge, (1.0) has been shown to be well-posed in the whole space R? by Hofer |9
and Mecherbet [13]. In particular, Mecherbet proved that for any py € L' N L having a finite
first moment, the system (1.0) admits a unique solution, global in time,

(psu) € L¥(Ry; L' (R?) N L= (R?)) x L= (R WH(R?)).

We thereafter state the well-posedness of (1.0) for initial data py in L*°(Q), for any regular
enough bounded subdomain € of R? and R3, as well as in the infinite strip R x (0,1). These
results stand out with the ill-posedness of IPM, for which uniqueness fails on various domains
for weak solutions associated to L initial data, see [5, 15]. Even for Sobolev data, the question
of global in time well-posedness of IPM is still open, see [10], although the particular case of a
small and smooth perturbation of a stationary density profile does lead to a global solution, as
proved in [4].

In both Hofer and Mecherbet works, the proof of existence of a solution relies on a fixed point
argument, respectively a contracting map and a Picard iteration. The latter consists in solving
successively the Stokes and the transport equations, providing function sequences that appear
to be convergent. This convergence is proven thanks to a stability estimate on the solutions
of the transport equation, combined with an energy estimate for the Stokes equation. In the
full space R3, one can express the solution of the Stokes equation as the convolution with the
adequate Green kernel. Thanks to this explicit formula, Mecherbet established the stability
estimate on solutions of the Stokes equation, controlled by the Wasserstein distance between
their source terms. Combined with a stability estimate for the transport equation, expressed
with the Wasserstein distance, this provides the contraction inequality allowing to apply the
Picard argument. In particular, the Wasserstein distance allows to state the stability estimate
without any derivability assumption on the density. In the following, we will emphasize the fact
that the shape of the spatial domain on which one solves (1.0) strongly conditions the way one
have to address the Stokes part. Apart from that, the classical transport theory is not as much
sensitive to the geometry of the domain, as long as the velocity field is bounded and Lipschitz,
with extra condition on the possible boundaries. Moreover it appears that p is the push-forward
of pg by the flow of w. In particular, if pg is a patch, the density p will remain a patch at all
times.

In this paper, we follow a strategy similar to the one adopted by Mecherbet [13] in order to
prove the well-posedness of (1.0) on bounded domains of R? and R3. Since the Green kernel
associated to the Stokes equation is no longer explicit for such domains in general, the remaining
exploitable tools are the energy estimate and an elliptic gain of regularity due to Stokes equation.
We also replaced the Wasserstein distance, the use of which requires an explicit kernel, by
some negative Sobolev norms. Notice that both metrics are relatable, see for instance [14,
subsection 5.5.2]. We also impose the Dirichlet boundary condition on the velocity, considering
more precisely the system

Odp+u-Vp = 0 in Ry x 0,
—Au+Vp = —pe, in Ry xQ,
divue = 0 in Ry x 9, (1.1)
u = 0 in Ry x 99,
pli=o = po in Q.



Our first result is the following well-posedness theorem for this system, which comes together
with a stability estimate left in Proposition 2.7.

Theorem 1.1. Let Q2 be a bounded domain of class C? of R? for d = 2 or 3. For any po € L=(Q)
there exists a unique solution (p,w) to (1.1) in

L (Ra; L¥(R)) x L¥(Re; ().

We further deal with the infinite strip domain R x (0,1). The main difference lies in the
analysis of the Stokes equation. To work with L densities requires to deal with velocity profiles
that are not square-integrable. To overcome this observation we work with Kato spaces, also
called uniformly local Sobolev spaces. Using some classical tools we provide a proof of the well-
posedness of the Stokes equation in this framework, since we could not find this result in the
literature. In particular we prove that a L> datum induces a W solution, as in the bounded
domain case, which will provide handy Lipchitz velocity fields to deal further with the transport
part. The method consists in considering an increasing covering of bounded open subsets of the
strip, and to solve the Stokes problem on each of these subdomains. This provides a sequence
of functions on R x (0,1). By managing carefully the interior estimates of the elements of this
sequence, we prove its boundedness in the uniformly locally H! function space, denoted H} .
and defined in paragraph 3.1.1. Therefore we obtain a H}, . solution by a compact argument.
Uniqueness comes from the well-posedness in the classical H' framework. Using the elliptic
regularity of the Stokes equation in bounded domains, we prove the Hﬁloc regularity of the
solution on the strip. Hence we obtain a leverage to establish existence of a unique solution in
Wfl’gc for LY, . data for exponents 2 < ¢ < oo, and to conclude to the well-posedness of the
problem in W for L> data by Sobolev embeddings. The proof of the well-posedness of the
coupling then lies in the extension of results used in the bounded domain case to the infinite
strip through the uniformly local topology. Precisely, we consider in 2 = R x (0,1) the system

Odp+u-Vp = 0 in Ry x Q,
—Au+Vp = —pe, inR; xQ
divu = 0 in Ry x 0, (1.2)
u = 0 in Ry x 09, '
Judz = 0 in Ry xR,
pli=o = po in Q,

where the extra condition on the flux [wu;dz is introduced and discussed in paragraph 3.1.2.
In the end, the well-posedness of (1.2) almost writes as in Theorem 1.1, with a similar stability
result stated in Proposition 3.10.

Theorem 1.2. Let Q@ = R x (0,1). For any po € L™(Q) there exists a unique solution (p,u) to
(1.2) in
L(Roys L) x L® (R WH(Q).

It is rather natural to wonder if this result extends to the case of the layer domain R? x
(0,1). Tt appears that the Stokes problem in this unbounded domain raises some additional
difficulties, among those finding a functional space in which the problem admits a unique solution,
in accordance with the handling of the interior estimates mentioned in the previous paragraph,
see Remark 3.6 for further details. We abstain from considering this case in the present work.

The paper is organized in Section 2, dedicated to the bounded domain case, and Section 3,
dedicated to the infinite strip case. Both sections are ordered in the same way. Subsections
1 recall and prove the necessary prerequisites about the Stokes equation, including the well-
posedness complete proof in the infinite strip in Section 3. Subsections 2 contain preliminary



results concerning the transport theory, and in particular the stability estimates proofs. Subsec-
tions 3 are dedicated to the proofs of Theorem 1.1 and Theorem 1.2, respectively. Ultimately,
we state and prove the stability estimates of the coupling in Subsections 4.

Definitions and notations

The dimension d is always 2 or 3. A domain €2 is a non-empty open and simply connected subset
of R%. The Bochner spaces are denoted by L4([0,7); B(Q)) with 1 < ¢ < oo, T' € [0,00] and
B(Q) a Banach or a Fréchet space of functions defined in Q. It is endowed with its classical norm
denoted here || - || La(0,7;), the space domain being specified only when differing from the whole
domain Q. A vector valued map is denoted by a bold symbol, implicitly of size d. We note u|sq
the trace of u on the boundary of a domain €2, when the boundary is regular enough to define it.
We sometimes write f = ¢ to signify that a function f is constant to ¢ with respect to time. We
denote by C' any non-negative constant that is adjusted from one line to another, independent
of the data and we specify its eventual space or exponent dependencies when necessary. We
sometimes write f < g, meaning there exists such a constant C' such that f < Cg, as well as
f ~g, meaning f <gand g < f.

2  Well-posedness of the coupling in a bounded domain

In this section, and unless stated otherwise, Q denotes a bounded domain of R with Lipschitz
boundary.

2.1 Preliminaries on the Stokes problem in a bounded domain

Let us recall the Stokes problem on 2, defined in the weak sense,

—Au+Vp = f inQQ,
divu = g in§, (2.1)
u = 0 ondf,

where f and g belong to functional spaces specified further. Notice that it is necessary for g to
satisfy the following compatibility condition due to the homogeneous assumption,

/g:/divu:/ u-n=0. (2.2)
Q Q a0

The well-posedness of this problem is well known for Sobolev data, see in particular |7, Theo-
rem IV.6.1 and Exercise 1.6.3], reported below. We especially use that L> data induce W1>
solutions, see the following corollary, which will provide velocity fields easy to deal with in the
transport part.

Theorem 2.1 (Galdi). Let © be a bounded domain of R% of class C? and let 1 < q < oo.
1. For any f € LY(Q) and g € W19(Q) satisfying (2.2), there exists a unique' pair (u,p) in
W24(Q) x (Wh4(Q)/R) satisfying (2.1), which moreover obeys the inequality

lwllwze +lpllwre < C([Fllze + llgllwra); (2.3)

1Unless explicitly stated otherwise, the canonical representative of p considered is the one having zero average
over .




2. For any f € W=19(Q) there exists a unique pair (u,p) in WH4(Q) x (L9(Q)/R) satisfying
(2.1) with g = 0, which moreover obeys the inequality

[ullwra +lplze < Cllfllw-ra. (2.4)

The L>® to W regularity of the problem is deduced from the Sobolev embeddings of
W24(Q) in WH°(Q) and WH4(Q) in L>(Q) for d = 2 and 3.

Corollary 2.2. Let Q be a bounded domain of RY of class C?. For any f € L*>(R), there
exists a unique pair (u,p) in WH(Q) x (L>(Q)/R) satisfying (2.1), which moreover obeys the
inequality

[ullwree + lIpllze < Cllf[l Lo (2.5)

2.2 Preliminaries on the transport equation and stability estimates

Let us consider the transport equation, in the weak sense, for a given vector field u € L>(R.; W1 ()
satisfying the Dirichlet condition u|sq = 0,

{atp—f—u-Vp = 0 inRy xQ, (2.6)

p(0,:) = po in Q.

We recall the definition of the characteristic (map) or flow X associated to the vector field u,
as the solution of

WX (t,s,2) = u(t,X(t, s,x))

Vs, t € Ry, Vr € Q, { X(ssa) —

The Cauchy-Lipschitz theory ensures that X is well defined, and that for any s,t € R, X (¢, s, )
is a homeomorphism from 2 onto itself, satisfying the composition principle

VT,S,tER+, X(t,s,-)OX(S,T,-) :X(t,T,')-

In particular we have the relation X (¢,0,-)~! = X(0,¢,-). From now on, we use indifferently the
following notations

VtGRJﬂ X(t):X(t,):X(t,O,), X(7t> = X(Ovta>
Let us enumerate a few classical properties of the flow. These are elementary consequences of
Duhamel formula and Gronwall inequality.

Lemma 2.3. Let u € L (R ; Wh(Q)) with u|pq = 0. The associated characteristic map X
satisfies,
Vie R, Ve, y € Q, |X(t,z) — X(t,y)] < ClIVullieiro) g g (2.7)

In particular X(¢) is bi-Lipschitz for any ¢. Recall that Liouville theorem ensures that if
divu = 0 the jacobian determinant of X (¢) is identically equal to 1 with respect to t. Besides,
let us introduce a classical stability estimate on the characteristics.

Lemma 2.4. Let u; € L®°(Ry; Wh(Q)) with u;loq = 0 and divu; = 0 fori = 1,2. If Q is
bounded, the associated characteristic maps X; satisfy, for any 1 < q < o0,

VEE Ry, [X1(t) — Xa(®)le < eIV 0000 s — oz (28)

If g = o0, the inequality holds true for unbounded Q.



Proof. Let us consider €2 bounded. From Duhamel formula we write for any ¢t € Ry and z € ,
t
Xi(t2) ~ Xa(t.) = [ wi(n X (r,0) — wa(r Xa(ra)) dr
0
t
— [ i Xa(r0) - w(r Xalr, ) dr
0

+/O uy (7, Xo(7,2)) — w2 (7, Xo(7,2)) dr.

The Lipschitz regularity of u; and the Minkowski inequality provide, for any 1 < ¢ < o0,
t
[X1(t) = Xo(t)|| e < Cl|Vul[L(0,t;1) / [ X1(7) = Xa(7)||pa d7
0

t
[l Xa(r) = wa(r. Xa(r)
0
As a consequence of Liouville theorem, one has for 1 < ¢ < oo and 7 € [0, ],

[[ur (7, Xo(7)) = w2 (7, Xo(7))ll Lo = [ur(7, ) — wa(7, )| e

The case ¢ = co holds naturally true. Then we have

t
[X1(t) — X2(t)|[za < CHVulHLoc(o.,t;Lw)/ [X1(7) — Xo(7)||La dT + t]Jur — w2l[Lo=(0,4:09),
0

which yields (2.8) by Gronwall inequality. O

The classical characteristics method provides the well-posedness of the transport equation.

Proposition 2.5. Let Q be o Lipschitz domain of R%, not necessarily bounded. Let u €
Lo (R ; Whe(Q)) with ulaq = 0, and let pg € L°°(2). There ezists a unique p in L™= (R ; L>(2))
satisfying (2.6), which is moreover the push-forward of py by the characteristic X of w, namely

Vi€ Ry, p(t) =poo X (-1).

In particular the L? norm of the solution p is constant in time, for any 1 < g < oo. Besides, we
state the following estimate of the evolution of the difference of two solutions of (2.6) associated
to distinct velocity fields.

Proposition 2.6. Let u; € LR ; Wh>(Q)), with u;lsq = 0 and divu; = 0, for i = 1,2.
Let po € L*(Q) and p; be the solutions of (2.6) associated to u; with initial datum po. For any
1 < g < oo there exists T(||Vui||r=) > 0 and C(§2,q) > 0 such that for any T € [0,T],

le - P2||Loo(07T;W71,q) < C”pO”LooTeCT”Vul”LOO(U,T;LOC) ||u1 — u2||L°°(O,T;Lq)-

Proof. Let t € Ry and ¢ € C°(Q). Since the vector fields u; are divergence-free, the Liouville
theorem ensures the following change of variable,

o= [ (pr(t.) = palt.))ole) da
= [ (X (=t.2) = po(Xa(—t,2)) ol
= [ m@(exi(t.0) = ol Xa(t. ) da



Since ¢ is smooth, we can write

o= [ @) (xa(t.0) - Xa(t.0)) - [ Tolx?e,0))a0da,

where we set X%(t,x) := X (t,x) + (1 — 0) Xo(t,z). Then, Holder’s inequality provides

o] < HpoHLwHXl(t)—Xz(t)llm/o IV (X° () Lo 6. (2.9)

Let us show that X%(t) is bi-Lipschitz from € onto its range. Consider the derivative of the
Duhamel formula satisfied by X,

¢
VXi(t,)—1Iqg= / Vu;(r, X;(,)) - VX,(r,-)dr
0
and deduce thanks to inequality (2.7) the uniform estimate
IVX4lt)  Lallz~ S Vel oy (1T lm000) 1)

Therefore for some arbitrary constant C' > 1 there exists T'(||Va;||L~) > 0 such that
vte[0,T], C~!'<det VX;(t) <C,

and such that the Lipschitz constants of X;(t) are uniformly bounded with respect to t, by a
constant smaller than 1, as follows,

Ls :=max sup Lip(X;(t) —1d) < 1.
v telo,T)

The latter inequality ensures the injectivity of X?(t), since for any z,y € €, the equality
XO(t,x) = X9(t,y) is equivalent to
T —y = G(Xl(t,y) -y — (X1(t,2) - :I:)) + (1 - 9)(X2(t,y) -y — (Xa(t,2) — :c)),

and implies
[z —y| < Lylz —yl,

so that z = y since Ly < 1. In the end we have proved that X 9(t) is bi-Lipschitz for any
6 € 10,1] and t € [0, 7], with a uniform bound on its jacobian determinant, independent of § and
t. Therefore we have for any 1 < ¢ < o0,

VX))l < Coll Vel (2.10)
Combining (2.9) and (2.10) leads to

vt € [0, 71, /Q(pl(tvfc) = p2(t, 2))p(x) dz < Cl|pol| L= [| X1(t) = X2 (8)l| L llepllyprr.ar-

Plugging the stability estimate (2.8) and taking the supremum over the test functions provides
the following bound on the negative Sobolev norm,

vt € [0,T], [lpr(t) = p2()llw-1a < Cllpol|poote®IVHtlE> 062 Juy — s oo 0 4:10)

It remains to consider the supremum over ¢ € [0, 7] for any 7' < T to get the result. [l



2.3 Proof of Theorem 1.1

The strategy of the proof is inspired from the one adopted by Mecherbet in [13] for the space
domain R3. In [13] the author solves successively Stokes and transport problems, providing
a contracting sequence of velocity fields and density profiles. Here the contracting property is
obtained by combination of the Stokes estimate from Theorem 2.1 and the stability estimate for
the transport from Proposition 2.6. Both interplay in the case of the whole space thanks to the
Green kernel, also called Oseen temsor, representation of the Stokes solution and the stability
estimates formulated with the Wasserstein distance. Since we work in general open bounded
domains, we do not use Green kernels but only rely on the variational estimates. We also replace
the Wasserstein distance, handled by Mecherbet, by negative Sobolev norms. Both are known
to be related, see [14, subsection 5.5.2], and in our case present the same asset to allow the
statement of stability estimates without any derivability assumption concerning the density.

Local existence : Set p = pg in L=°(R; L>(£)). Theorem 2.1 and Proposition 2.5 allow to
define the following sequences by induction on N € N,

pN € L¥(R4; L2(Q), u € LRy WH™(Q)),

satisfying for any N € N the Stokes problem

~AuN +VpY = —pNe, inRy xQ,
divu = 0 in Ry x Q, (2.11)
uV = 0 in Ry x 99,
and the transport equation
OhpN T+ uN VNt = 0 inRy xQ, (2.12)
pNti=o = po in Q. '

Let us denote B := C||po||r~ with adjustable constant. Since p¥ is the push-forward of py by
the flow of w1, we have the uniform bound
YN, pV e ®yiz=) = lpoll~ < B.
Using althemore Stokes estimate (2.5), we obtain
YN, e < CllpV e i) < B.

Hence p™V,u" and Vu® converge in w* — L°(R4 x ) up to the extraction of subsequences.
Besides, estimates from Proposition 2.6 and Theorem 2.1 ensure that there exists T'(||po||r<) > 0
such that

VT € [0,7], ||p"* = Nl o.rim-1y < BTePT || — a1 poo 0,101
< BT p" — pN Y| oo o). (2.13)
We see that for 7> 0 small enough we have BTeBT < 1 so that (p")y is a Cauchy sequence in
L>(0,T; H71(Q)). As a consequence of the Stokes estimate (2.3), we have that (u” )y is also a
Cauchy sequence, in L>(0,T; H*(£2)). Its limit belongs to L>°(0,T; W°°(Q)) since it converges
for the weak™ topology. In particular, u’¥ converges in L'(0,7; W11(€)), which together with

the weak™ convergence of (p?V)y allows to pass to the limit in the weak formulations of both
(2.11) and (2.12). Therefore the limit (p, u) satisfies (1.1) on a short time, with regularity

L0, T; L>=(Q)) x L>(0,T; Wh>(Q)).



Local uniqueness : Let (p;, u;) be two such solutions of (1.1). The estimate (2.13) adapts in

BT

lp1 — p2llLoe(o,m;-1) < BTe — p2ll Lo, m:H-1)

up to the choice of a smaller T > 0. We deduce that p; = p2 on [0, 7], and that u; = us thanks

to the Stokes estimate.

Globality : By existence and uniqueness of a solution to (1.1) locally in time, we know that
there exists a unique maximal solution (p, ) on some interval [0,7*) with T™* € [0, co]. Remark
that T depends only on ||po||re. Since ||p|lze = ||pollz=, & classical continuation argument
implies that T* = oo, which proves that the solution is global.

2.4 Stability estimate for the system in a bounded domain

We prove a stability estimate for the Stokes-transport system, inherited from Proposition 2.6.

Proposition 2.7. Let po; € L>®(Q) and set p; the solution of (1.1) with initial datum po,; for
i=1,2. For any 1 < g < oo there exists C(2, q, ||po,illL=) > 0 such that

VI'e Ry, |lp1 — p2llpeo,rw-14) < C€CTH/)0,1 = po2llw-1.a. (2.14)

Proof. Let us set u; the velocity fields associated to p; for i = 1,2. Set p1 2 the solution of (2.6)
with initial datum pg ; and vector field uz. Hence, consider the triangular inequality

VI'e Ry, |lp1 — p2llo=(o,msw-1.90) < llp1 — pr2ll oo, msw—1.0) + 11,2 = p2ll Lo 0, 13w 10

11 I2

From Proposition 2.6 and estimate (2.5) we know that there exists some T'(||po 1 =) > 0 and
C(£,q) > 0 such that

VT €[0,T], I <Cllpoallpee”IVurleocereo |l — |y e o rima-
Let us denote B := C'max; ||po,i| L. Stokes estimates (2.4) and (2.5) respectively provide here
w1 — wzl|pee0,750) < Cllpr = p2ll Lo o, msw-1.9), [Vurl[e(o,7;05) < B,

which yields -
VT € [0, T], L < BTeBT”pl — pQHLoc(O,T;W—l,q).

To bound I let us apply again Liouville theorem for any ¢t € Ry and ¢ € C°(Q), to get

[ (oratt) = palt)o@)do = [ (1) = @)l Xo(t,) do
Now we have, by definition of the Sobolev norm,
[ pratt.) = patt,a)) ) do < s = poslw-so [ (Xa (-
From estimates (2.7) and (2.5) together with the bound ||VX;| p(0,41=) < CeP! provided by

Lemma 2.4, it follows
le(Xa@)llwrar < CeP! ol



Passing to the supremum over the test functions gives
I < CePpo.1 = poallw—1.a-

In the end we have shown that

VT €[0,T], lp1 = pallnomw 1oy < BTePT||p1 = pal Lo o,maw—10)

+CePpo — P02l Loe (0,5~ 1.a).-

Up to the choice of a small enough T > 0, we have

— BT
VT € [0,T], llpr — p2llr=o.rw-10) < 757 P01 — po2llw-14,
—_———

c

Notice that the choice of T' depends only on B, and recall that ||p;(t)||z~ = ||poi|lL~ for any
t € R,. Therefore, one obtains by induction

VI € Ry, |lp1 — pollp=orw-ray < CTT TV po 1 — pozllw-1.a,

which also writes (3.18). O

3 Well-posedness of the system in the infinite strip

In this section, 2 stands for the infinite strip R x (0,1). We denote by (e;,e,) the canonical
base of R? in which w has coordinates (uy,usz).

Regarding our problem, the transport theory does not depend on the nature of the domain,
and the related results presented in the previous section are still valid in the strip. The main
difference lies in the tools and methods required to solve the Stokes equation in 2. In particular,
we state that this equation is still well-posed for L™ data, with W1 solution. To do so, we
consider Kato spaces, also known as uniformly local Sobolev spaces. This framework allows to
consider uniformly bounded densities p and non globally integrable velocity fields u, having
infinite energy ||ul/z:, but admitting locally a finite energy, uniformly bounded with respect to
any compact stallion subdomain of the strip. We first solve Stokes equation in a L? framework,
then recover elliptic regularity and use Sobolev injection to prove its well-posedness for bounded
data. Even if it requires known methods, we did not find the precise proof of this latter result
in the uniformly local framework.

The Subsection 3.1 is dedicated to the statements and proofs related to the Stokes equation.
In particular we introduce Kato spaces in paragraph 3.1.1, then discuss the flux condition in
paragraph 3.1.2 and finally prove the related well-posedness theorems in paragraph 3.1.3. The
Subsection 3.2 concerns the stability estimate for the transport in the strip. Subsection 3.3
contains the proof of the well-posedness of the coupling, and we state its stability estimate in
Subsection 3.4.

3.1 The Stokes problem in the strip
3.1.1 The functional spaces

Let us set the following subdomains of €2, for any k£ € Z,

Ug={(z,2) €eQ:k<zx<k+1} Up={(z,2)eQ:k—-1<zx<k+2}

10



Define a smooth map x : @ — [0, 1], depending on z only, equal to 1 on Uy and to 0 outside U{.
Set its translations xi := x(- — ke) so that xy is equal to 1 on Uy and supported in U}. For
convenience we choose y so that Zz:“ioo Xt = 2 1in €. Let us set for m € Z and 1 < ¢ < oo the
uniformly local norm

loc uloc

Vue Wi t(Q),  ullwye := sup [[xkullwm.a,
keZ

and define the Kato space as the set of locally Sobolev maps having a finite uniformly local norm,
uloc loc

Wiiee () == {u € Wi (Q)  [Jul[wm.a < oo}.

This is a Banach space, that does not depend on the choice of x, see for instance [1, §2.2]. The
following result provides in particular some handy norms equivalences.

Lemma 3.1. For any m € N and 1 < q < oo, the following quantities are equivalent,

u € Wil (Q), :gg |l wm.a(u,) = :lelg ||u||W’"’q(U;) =~ [[ullyyma.

uloc
For any m € N* and 1 < g < oo, the following quantities are comparable,
u€ Wi (), sup |[uflw-maw,) < sup [[ullw-mawy) = lullyy—ma.
kez kez uloc

Although this result presents no difficulty, we provide a short proof and a comment, about
the missing inequality for the last comparison, in appendix A.1 for sake of completeness.

3.1.2 Flux condition

In general, the homogeneous Stokes system as formulated in (2.1) admits non-trivial solutions
in domains with unbounded boundaries, called Poiseuille solutions, see for instance |7, Section
IV]. In our case, these are described as follows

uy(z,2) = <6¢Z(é Z)> . Delx,2) = 12¢, ¢ € R.

Let us introduce the definition of the flux of w throw the section of abscissa x € R of (,

1 1
/u1 dz := / ui(x,z)dz = / u(z, z) - e, dz.
0 0

Notice that the divergence-free and the homogeneous Dirichlet condition ensure that any solution
of (2.1) on Q has flux independent of z, which we will denote further by [ dz. Indeed,

% [/01 ul(x,z)dz] = /01 Oy (z,2) dz = —/01 O uz(x, 2)dz = ua(x,0) —uz(z,1) = 0. (3.1)

For instance, the flux of the Poiseuille solution uy is ¢. We will see that a choice of flux value
prescribes a unique Poiseuille solution, and provides uniqueness of a solution in Kato spaces.
Since the Stokes equation is linear, we can choose one value without loss of generality. From now
on we consider the Stokes problem with the zero flux condition,

—Au+Vp = f inQ,
diveu = 0 in €,

u = 0 on 09, (3.2)
ful dz = 0 inR.

11



3.1.3 Well-posedness of the Stokes problem in the strip

We show that the system (3.2) is well-posed for H ;! (Q) and L2 _(Q) data f, with some elliptic
regularity gain. We then deduce that this system is also well-posed for L>°(Q2) data with W1>°(Q)
solutions, by adapting the steps of the proof of the bounded domain case. The general technique
presented here is originally due to Ladyzhenskaya and Solonnikov [11]. A proof in a framework
closer to ours can be found in [8, Theorem 3]. Although these are classical tools, we have not

found the proof of this result in the literature.

Theorem 3.2. Let f € H! (Q). There exists a unique w in H}, (Q) satisfying (3.2), which
moreover obeys the inequality

[l

uloc

< C”‘fHHiic' (3.3)
Let us introduce a few more notations. Set for any k € Z,
Q= {(x,2) € Q: —k <z < k}.

Let us define for any k£ € N* a smooth map 7, : Q — [0,1], depending on z only, equal to 1
in Q and supported in Q1. Remark that its derivatives are supported in Qx11\Qx. We can
choose 1 such that there exists a constant C' > 0 independent of k and satisfying

11l e + lImll e < C.

Finally, let us observe the following estimate linking uniformly local and classical Sobolev norms
over €,. We report its proof in appendix A.2.

Lemma 3.3. Let n € N*. There exists a constant C > 0 such that for any f in L
in H - (), one has

uloc(

Q), resp.

uloc(

1fllzan < CnV 20 s, resp. || fll-sian) < CnY2) fll 4

Proof of Theorem 3.2. Let us set for any n € N* the unique couple (w,,p,) in H'(Q,) x
(L*(Q,)/R) satisfying the system

—Au, +Vp, = f inQ,,
divu, = 0 in Q,,
u, = 0 ondQ,,

existence and uniqueness of which is ensured by [3, Theorem IV.5.1]. Then define for any integers
1 < k < n the energy of u,, on the subdomain €,

k 1
Bu = luallpan = [ [ 19 +
- 0

By evaluating (3.1.3) in the test function u,, we find

/ / Vanl® = (e, < [1F -, ol -

Using Lemma 3.3 and Poincaré’s inequality, for which the constant involved can be chosen
independent of n, one finds
En,n < Cvnl/2||f||H’l1

12



Our goal is to show that there exists C' > 0 independent of n and f, such that
Euy = lunlna,) < OIF I (3.4)

This allows to conclude to the existence of a solution u € HL, () obeying the estimate (3.3),

by translation invariance of the domain and compactness considerations. To prove (3.4) we will
fix n € N* and show by descending induction over k that there exists C' > 0 independent of wu,
f, n and k such that

Vi<k<n, E.,<CEk|f|? o

Let us evaluate the variational formulation of (3.1.3) in the test function 7w, which yields

/ nk|Vun|2 - <f,77kun>9k+1 —/ nfcun - Opy, +/ n;cpnun,l. (3.5)

n n Q,

By Poincaré’s inequality we bound from below the left hand side by E,, j, up to a multiplicative
constant. Let us bound from above all the right hand side terms. Lemma 3.3 provides

1/2
<fa77kun>9k+1 < Cll-fHH’l(QkJA)HunllHl(Qk+1) < C(k + 1)1/2HfHH;1(1)CEn,/k+1' (36)

Since 7}, is supported in Qj41\Qx and uniformly bounded independently of k, we have

/
Qp

Let us split the remaining integral of 3.5 as follows,

/ NePnlin1 = / NePrtin,1 + / NP lin,1-
Qn Uk- *Uk

k1
/ M Un,1 :/ e /un,l dz =0,
Uk k

since the flux f Uy, 1 dz is independent of x for the same reason as in (3.1), and equal to 0 because
of the homogenous Dirichlet condition in {# = £n}. Hence, let us denote by (p, )y, the average
of p,, over Uy, and find

< c/ (Vun|? + [tn]? = C(Enr1 — Eng)- (3.7)
Qk+1\Qk

Remark that

/ HPrtin1 = / 7 (B — (D)t ms < Cllpn — (o 2o 12t 2.
Uk Uk

Let us apply Necas inequality, see [3, Lemma IV.1.9], and get

Ipn — Pr)u 2wy < ClVPull-1wy)
< OllAuy + flla-1 )

< C(IVunlzow,) + 1fla-wn) -

Hence we deduce, using Lemma 3.3, that

’
/ NePnlUn, 1
U

< O((Bu s = Ea i) + 1l ) B (3:8)

c
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The very same considerations hold true for the integral over —Uy. Bounding (3.5) thanks to
(3.6), (3.7) and (3.8), plus applying Young’s inequality, we obtain that for any integers k, n such
that 1 <k <n,

Bug < C (Buisr = B (k4 D17 ). (3.9)
This relation implies (3.4), as stated in the following lemma, proven apart in appendix A.3.

Lemma 3.4. Let (E, ;)kn be a non-negative family indexed by all couples (k,n) € N? satisfying
1 < k < n, non-decreasing with respect to k, obeying (3.9) and such that

Vn €N, Enn < Cnl|f]} .

There exists Cy > 0 and kg € N* independent of f such that for any k,n € N satisfying
ko < k < n, we have
En,k S CV()ICHfH2 711 .

This result implies the expected inequality,

Vn > ko, Eni < Epg, < CokOHinrll .

By extending fl|q, and u, to Q by 0 outside €2,,, we can perform a similar analysis and find the
same energy estimates over each subdomain Uy, namely,

Vn > ko VL€ Z,  |unlinw, < CIFIT

= Hyge’
where C' = Cyky with Cy and ko independent of n and ¢. Therefore, for any n > kg, u, belongs
to HY () and satisfies

uloc
[[tn | g2

uloc

<O fll s

Since bounded subsets of H'(Uy) are weakly relatively compact, there exists a subsequence of
(uy,)n converging weakly in H! (2) toward some u € H},  (Q), with u satisfying estimate (3.3).
The limit also verifies [uy dz = 0 since every u,, has zero flux. Hence, it is a solution of (3.2).

To prove uniqueness of such an element, let us consider some u € H}, () satisfying (3.2)
with f = 0. Define the energy Ej := ||u||ip(9k) and proceed to the same computations as
previously to find

E < C(Ek+1 —FEr + 1).

Notice that the zero flux condition is necessary to bound the pressure term and obtain such an
estimate. Since Ej41 — Ej) is bounded by [Ju||3,, , we have
uloc

Vk € Z, By <CO(lullfp +1) < oo,

which means that u belongs to H'(£2). Then we conclude by well-posedness of the Stokes system
over 2 in H'(Q), see for instance [16]. O

2
uloc

Remark 3.5. The pressure does not belong to L
following triplet, satisfying (3.2),

(Q) in general; observe for instance the

f:eza ’U,ZO, p(.’I],Z):-T
Nevertheless, we have thanks to Necas inequality some similar estimate as (3.3) on the pressure,

sup |lp — (P)u, [l 2wy < ClIFll L2
keZ

uloc
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Remark 3.6. This proof does not adapt straightforwardly to the case of the layer domain R? x
(0,1). The first issue one needs to deal with is to determine conditions on u ensuring uniqueness
of a solution. Also, the descending induction on the energy estimates no longer holds in this
form. Indeed, one needs to replace the slices [k, k + 1] x (0,1) in R x (0,1) by chunks [k, k +
1] x [, + 1] x (0,1) in R? x (0,1). To bound the energy on [—k,k]?> x (0,1) by the energy on
[—(k + 1),k + 1]? x (0,1) makes appear some quadratic terms in k in (3.9 instead of the linear
ones present for the strip case, making the induction fail. Under different boundary assumptions,
it is however possible to adapt it in a non-trivial way and to conclude; see for instance [6, Section

3/.

Since L>®°(Q) C L2, .(Q) € H,! (Q), we already have existence of a solution to (3.2) for L™

uloc uloc

data. Recall that we need to establish the W1 regularity of this solution. We first show that
the system satisfies some elliptic regularity property in the hilbertian framework.

Theorem 3.7. Let f € L% (). The associated solution w € HY () of (5.2) belongs to

uloc
H2_.(Q) and obeys the inequality

< ClIfllz2

uloc

[l 2 (3.10)

uloc

Proof. The demonstration consists in truncating the global solution w4 within some bounded
subdomains, and to use the elliptic regularity in these bounded domains provided by Theorem
2.1. Let f € L2),.(Q) and set (u,p) € H} . (Q) x (L7 (2)/R), the associated solution to (3.2).

For any k € Z, set uy, := xpu and qx := xx(p — (p)u; ), which satisfy the system

—Aup +Vq, = Fy in Qk,
divup, = xjwr in Ug, (3.11)
u, = 0 on Uy,

where we set

Fi = xif — 2X30:u — xju+ x5, (p — (P)ur) €q
for any smooth bounded subdomain Uy of € containing U +. Let us set (Up)i a family of such
domains given by the choice of a smooth ﬁo containing U{ and its translations ﬁk = ﬁo+l€ez. The
regularity of u and p implies that F'j, belongs to LQ((jk) and that xju; satisfies the compatibility
condition (2.2). Therefore, Theorem 2.1 ensures that wy is the only solution of (3.11) on Uy,

with estimate
lerll oy < CIFRl o - (3.12)

where the constant C' > 0 can be chosen independent of k£ since the subdomains ﬁk are transla-
tions of each other. A few computations lead to

IFull e, < Ol +11F] 22

uloc uloc

+llp = P)ug 2 wy))- (3.13)

Necas inequality and Lemma 3.3 provide
lp — P)vz 2wy < CIVPlla-1r)
<ClAu+ flla-1wy)
< Clllullgy, + £z, )-
The latter estimate combined with (3.3) and (3.13) in (3.12) leads to
el ey < el ) < Cllflez

which proves that u belongs to H2_(£2) and satisfies inequality (3.10). O
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From the latter result and Sobolev embeddings we obtain existence of W&l’gc solutions for LY
data. Then elliptic regularity is once again recovered and we show that these solutions are in

Wfl’gc. Finally Sobolev embeddings once again yield a unique solution in W for L™ data.

Theorem 3.8. Let f € L>(Q). There exists a unique u € W(Q) satisfying (5.2), which
obeys
[ullwree <Ol flpe (3.14)

Proof. Let f € L>°(92). We always have

112

uloc

S Clfllzee.
The Sobolev embeddings in bounded domains adapts into the continuous inclusion

HSIOC(Q) — Wlﬁq (Q)v 2<g<oo0.

uloc

Since Theorem 3.7 ensures the existence of a solution to (3.2) in H?2

Tloc(€2), we also have existence

of a solution in Wull’gc(Q). Besides, the inclusions of Lebesgue spaces imply

uloc

Hence, the uniqueness of a solution in H},__, ensured by Theorem 3.2, implies that there exists at

most one solution of (3.2) in W% (Q). In the end, (3.2) admits a unique solution w € W59 (Q)
for 2 < g < 0o, with estimate

lullwre < Coll fllz
Now the method is exactly the same as in Theorem 3.7 to prove that u belongs to Wfl’gc(ﬂ). To
do so, the only extra result we require is Necas inequality in the general L? framework, see |7,
Ex. 111.3.4, p. 175|, which provides the very same pressure estimates as for ¢ = 2. In the end

we obtain the well-posedness of the problem in le’gC(Q), with estimate

lulyzo <Clflli~. 2<q<o.

Now use that
WL (Q) — Who(Q) — WL (Q).

uloc uloc

As previously, the first embedding provides existence of a solution u € W>°(Q), together with
estimate (3.14), and the second one ensures uniqueness. O

3.2 Stability estimate for the transport in the strip

The transport equation (2.6) is still well-posed on @ = R x (0,1) and Proposition 2.5 still
applies. The lemmas related to the properties of the characteristics are also valid still, up to
minor adaptations mentioned when required in the following. The only adaptation demanding
particular attention is the stability estimate from Proposition 2.6, stated as follows.

Proposition 3.9. Let u; € L% (R4 ; WH®(Q)) with u;loq = 0 and divu,; =0, fori=1,2. Let
po € L>(Q) and set p; the solution of (2.6) associated to u; with initial datum po. There exists
T(||Vui|| L) > 0 such that for any T € [0,T],

o1 = P2l L 0, 7;m 2,y < BT (1 + MT) 2 TNV el oo |luy — ug| oo o112

tloc)’

where B := C||po||Le and M := max; ||u;|| o -
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Proof. The goal is to bound the following quantity for any test function ¢ € C2°(€2) uniformly in
k € Z and with respect to t € [0, T] where T is determined further. To apply Liouville theorem
gives

I = /Q (p1(t,z) — pa(t,z)) (xuep)(z) da

— / po() (k) (X1 (1, 2)) — (k) (Xo(t, 2))) da
- / po(@) (Xy (t.2) — Xa(t,2)) / V() (Xt 2)) d da,
Q 0

where X9(t,z) := 0X,(t,x) + (1 — §)Xo(t, 7). Since p; are the push-forwards of py by X;, the
respective transports occur at finite speed, bounded by M. Since xj is supported in U}, the
support of (xrp) o X;(t) is included in

UMt = {k—1— Mt <z <k+2+ Mt}

Hence Hélder’s inequality applies as follows

1
Lok < llpolle< | X (t) — XQ(t)HLQ(U:I‘t)/O IV (xro) (X7 (8)) ] = 6.

We saw in Proposition 2.6 that there exists T'(||Va; || ) > 0 such that X(t) performs a change
of variable with jacobian determinant uniformly bounded with respect to t € [0,7] and 6 € [0, 1],
meaning there exists a constant C' > 0 such that

vt e [0,71,0 €[0,1], Vo)X )]z < CIVOae)lre < Cxllel -
Besides, Lemma 2.4 applies on the bounded domain U, ,iv [’t, providing

||X1 (t) — XQ(t)HLZ(Ué”'t) < tect||vu1”Loo(o,t;Lao) ||’LL1 _ u2||Loc(0,t;L2(Uéth))-

From considerations similar to those of Lemma 3.3 we have

[t = wall oo o 2 prty) < O+ MOY2 ur = wzl oo 1,22, )

uloc

with finite right hand side, since u; € L (R; W1>°(Q)). Combining these last equalities lead
to

vt € [0,T),  |pn| < Cllpollp=t(1 + Mty 2eCHV¥ e mn) gy oo iirz ol

uloc

Taking the supremum over the test functions, k € Z and t € [0, T], we see that for any T € [0, T]
we have

loc)

||p1 — p2||L°°(07T?H.:1éC) < BT(l + MT)l/QeCT”VzuHLOO(U,T;Lao) Hul _ u2||L°°(O,T;L2

3.3 Proof of Theorem 1.2

The proof essentially follows the same path as in Theorem 1.1. For this reason we recall briefly
the similar steps and focus on the parts that differ from this former case.
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Local existence :  Set p° = pg in L (R, ; L>°(Q)). Define, thanks to Proposition 2.5 and
Theorem 3.8, the following sequences

VYN eN, pVeL®Ry;L7(Q), uV e L®R,WhH>(Q)),

satisfying the partial problems

OepN T+ ulN VNt = 0 in Ry xQ, (3.15)
pNH0,) = po inQ '
and
—AuN +VpY = —pNe, inRy xQ,
divu = 0 in Ry x
Wy = 0 in Ry x 09, (3.16)
fuiv = 0 in R+.
The uniforms bounds, with B := C||po|| L=, remain true,
HpN|‘L°°(R+,L°°) < B, HuN||L°°(R+;W1’°°) <B. (3.17)

Therefore we still have weak® convergence of p™¥,u’v and Vqu , up to the extraction of subse-
quences. Beside, Proposition 3.9 ensures the existence of a T'(|[po| =) > 0 such that for any
T e [0,T],

10™ 5 = Ml o,rarigr ) < BT+ BT)2ePT10Y = oM M| o o a2 -
where we have plugged (3.17). Therefore, up to the choice of a small enough T > 0, (p™V)y is
a Cauchy sequence in L>(0,T; H-! (€2)), which implies that (u” )y is also a Cauchy sequence

uloc

in L°°(0,T; HL, .(Q)), with limit denoted u. The weak® convergence of (u")y and (Vu¥)y

ensures that u also belongs to L (0, T; W1>°(Q)). In particular, u"¥ and its derivatives converge
in L .([0,T] x Q), which, together with the weak® convergence of (p?V)y, is enough to pass to
the limit in the weak formulation of partial problems (3.15) and (3.16). We obtain a local in
time solution (p, u) of (3.2), with regularity

L0, T; L>=(Q)) x L>(0,T; Wh>(Q)).

Local uniqueness : Let (p;, u;) be two such solutions of (3.2). The contraction adapts thanks
to Proposition 3.9 in

le — p2||L°o(07T?H|:1éc) < BT(l + BT)l/QeBTle _ p2||L°0(O,T;H7

1
uloc)’

which implies uniqueness for 7' > 0 small enough.

Globality : The extension proves just as in the bounded case, see the proof of Theorem 1.1.

3.4 Stability estimate for the system in the strip

The result and the proof are identical to the ones of Proposition 2.7, replacing the stability
estimate (1.2) of the bounded case by the one in the strip from Proposition 3.9.

Proposition 3.10. Let po; € L°(Q2) and p; be the solution of (1.1) with initial datum po;, for
i =1,2. There exists C = C(Q, ||po,illL==) > 0 such that

VI € Ry, o1 = pallpeeiorim=t y < Ce“llpo — po2lly-1 - (3.18)
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A Appendix

A.1 Proof of Lemma 3.1
Let me N ke Z,1 <q<ooandueW7IQ). Since xx = 1 on Uy,

uloc
lullwm.a@,) < Ixrullwma.

The support of xj being U}, one has

||Xk’lL||Wm,q S Cx,m”U”WW’Q(U;y
One can split this last norm as follows

k+1

[wllwm.ay) < Z |l wm.a(u,)-
k-1

These three inequalities prove the first assertion,

sup ||U||meq(Uk) = sup ”u”Wqu(U,j) =~ [lullymoa.
keZ keZ

uloc

Let m € N* and 1 < g < co. For readability we adopt the following notations in the rest of
this proof. For any u € W~="4(U) and ¢ € W;"? (U) where U is a subdomain of €2, denote

lulle = lfullw-maqy,  Nulluoc = [ully-ma, — lellow = l¢llyme
and the duality brackets
<u7 90>U = <u7 <P>W—m,q(U)7W[;n,q’ )
The inclusion {¢ : [[¢llo,v, = 1} C{¢: [[¢llo,uz = 1} provides the first inequality
[l =mawyy < lullw-maqy)-

Let us show the remaining direct inequality. We use the definition of the dual norm, and recall
that (xx)s is a partition of the unity, up to a factor 2. Also notice that a product x¢p with
o € Wy (Uf) has possibly non-empty support only if [¢ — k| < 3. These remarks justify each
step of the following computations, for any k € Z,

||U|U,:: sup <U,50>U,:

lello, oy =1

~ sup Y Jek<s(u xep)us
||4P||0,U;:1

< sup Z|e—k\§3<X€U,@>U;
||4P||0,U;:1

< sup Y feew<s(xen, 9)a;
llello,o=1

S llullutoc-
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Finally, the reciprocal inequality is proved by noticing that xx¢ belongs to Wy" ’q/(U,;‘) for any
p € Wy (Q);

HXkUHQ: sup <uan<P>Q

llello,o=1
< sup |ullug[Ixeellou;
llello,0=1
<Cx,m)|ulluy sup lollu;
llello,o=1
< Cllullug -

Remark A.1. For m € N*, we do not have in general

sup [[uflw -m.a(wy) Z sup [[uflw-m.a(wy)-
keZ kez

Indeed, consider the Dirac mass 0(g,1/2) belonging to H=%(Q) and therefore to Hlﬁic(Q), with
H5HH712. > 0. Nevertheless, for any k € Z we have

V(,D € Hol(Uk)a <6a (10>Uk =0.

The reason is that the support of an element of the negative Sobolev spaces can be included in the
complementary of UpUy. This does not happen when the considered subdomains family covers
the whole domain, as does (U}), .

A.2 Proof of Lemma 3.3
The case f € L2 .(Q,) is straightforward,

uloc

n—1

k=—n

The case f € H;! (Q,) requires a little more care. We use notations from the proof of Lemma

3.1. Notice that >, | x¢ =2 on ,, so for any ¢ € H(Q,) we have

n

(f.o)a. >~ D (fxep)u;
l=—n—1

S > Mlawy

{=—n—1

Xepll

n

SHfHHl;(l)c Z I xepll e
l=—n—1
n

Sl el wy)
uloc

l=—n—1

n 1/2
S ||f||Hl;(1)c(2n+ 2)1/2 < Z ”90”%11(U;)> )

l=—n—1

where we used Lemma 3.1. Now, bound 2n + 2 by 4n and notice that the last sum is equivalent
to ||¢ll g to complete the proof. O
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A.3 Proof of Lemma 3.4

Set (Ep k)nk a family of positive real numbers, indexed by the couples (n,k) € N? such that
1 < k < n, non-decreasing according to k for a fixed n, obeying

Vi<k<n, Enx<C(Eng+1— Eni+ F(k+1)) (A.1)

and satisfying
vn, E,,<CFn, (A.2)

where F' is a constant playing the role of Hf||§1,1 . Let us show that there exists « > 0 and
uloc

ko € N* such that
Vk,n, ko<k<n — E;<afFk. (A.3)

By (A.2) we already know that (A.3) is satisfied for any n € N* and k = n, with a = C. For a
fixed n, let ko be the greatest index such that (A.3) is not satisfied, meaning

Enx > aFkg. (A.4)
Therefore, plugging (A.4) in (A.1) and using the definition of k¢ provides
a(l+ C)Fky < CF(a+1)(ko+ 1),

ko c 1
<—|14+—-| = .
k0+1_0+1(+a) Ca

which is equivalent to

Up to the choice of a greater o, we can assume that C,, < 1. This implies that ky < 19—8&,
independently of n and F'. Therefore, we conclude that for any k,n such that kg < k < n we
have

E, < aFk.
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