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S U M M A R Y
Amplitude ratio between vertical and horizontal components of Rayleigh waves is controlled
by structure beneath a seismic station. This ratio, measured as a function of frequency, has
been extensively analysed for shallow crustal structure study in earthquake engineering and
applied seismology. This quantity, termed the ZH ratio in this paper, may be useful for deep earth
structure study and its feasibility for the frequency range between 0.004 and 0.05 Hz (period 20–
250 s) is explored in this paper. For depth sensitivity kernels, we demonstrate that a numerical
approach is practical and provides sufficient accuracy for structural inversion. Depth extent of
sensitivity kernels are about half of depth extent in phase velocity kernels, indicating that the
ZH ratio is useful for studying the lithospheric structure. Two observational approaches for
measurement of the ZH ratio are presented; the first approach uses simple envelope amplitude
ratio and the second approach uses waveform correlation technique between vertical and
horizontal components. The ZH ratio data alone only constrains structure beneath seismic
stations but recent densification of seismic networks may make it possible to extend the analysis
to regional scale structure. A greater opportunity may exist in combination of the ZH ratio
method and the phase and group velocity measurements.

Key words: Surface waves and free oscillations; Wave propagation; Crustal structure.

1 I N T RO D U C T I O N

Proliferation of dense arrays of three-component seismographs is
giving us new opportunities to probe the interior of the Earth. There
are many approaches that can be devised to probe the Earth structure
but surface waves remain an excellent source of information for the
crust and upper mantle because of the way surface waves propagate
through shallow structure. During the last two decades, we have
seen many examples of successful application of phase and group
velocity studies that illuminated the 3-D upper-mantle structure.

In this paper, we will explore a new surface-wave approach which
examines the ratio of vertical to horizontal amplitudes in Rayleigh
waves as a function of frequency. We refer to this parameter as
the ZH ratio. The idea of using this ratio has been around a long
time, perhaps the first being Boore & Toksöz (1969). Boore and
Töksoz examined the frequency band between 0.02 and 0.1 Hz,
but the use of this method has mainly focussed on higher fre-
quency band since then; many researchers adopted this technique
to clarify shallow crustal structure. The method is often referred
as the H/V method and a partial list of contributors include Horike
(1985), Yamanaka et al. (1994), Chouet et al. (1998), Scherbaum
et al. (2003), Hinzen et al. (2004) and Tanimoto & Alvizuri (2006).
Okada (2003) provides a good summary of this line of work up
until 2003.

Ferreira & Woodhouse (2007) recently applied this approach for
long-period Rayleigh waves (about 150 s). They reported, mainly, the
existence of large scatter in Rayleigh-wave ellipticity measurements,
attributing its cause to small-scale structure in the Earth. Our results
somewhat counters their conclusion in that we can obtain stable
estimates. We do see fairly large scatter in measurements, as Ferreira
& Woodhouse (2007) claimed, but we will show that stable estimates
emerge after collecting statistics for many earthquakes.

In Section 2, we define the ZH ratio. We then show variations of
this parameter for some earth models; there are fairly large varia-
tions among earth models for this parameter, mainly because this
ratio is sensitive to shallow structure for which many earth models
contain differences (such as Moho depths and thickness of sedimen-
tary layers). In Section 3, our numerical approach to compute depth
sensitivity kernels is presented and the differences from phase ve-
locity kernels are shown. In Section 4, we present our two schemes
to measure this ratio from global seismograph network data. We will
show results for some specific stations and discuss our preference
based on performance with real data. In Section 5, we present ex-
amples for some stations and comparison to some theoretical values
for two earth models.

The main purpose of this paper is to point out that the ZH ratio
may be a useful independent parameter to constrain Earth structure
and to present measurement techniques for it. The next step is the
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Figure 1. (a) The ZH ratio for five earth models. (b) The same with (a)
except that this is an expanded plot for the frequency range 0–0.05 Hz.

inversion of the ZH ratios for Earth structure which we plan to report
later.

2 Z H R AT I O

Suppose we collect Rayleigh wave data from many earthquakes at
a seismic station and measure the ratio, η, of vertical to horizontal
amplitudes:

η(ω) = Z (ω)

H (ω)
, (1)

where the ratio is a function of frequency, Z(ω) is the vertical am-
plitude and H (ω) is the horizontal amplitude.

We use the horizontal amplitude in the denominator (Z/H), the
opposite of a typical H /V method, because we have found that, for
some frequency range, vertical amplitudes of Rayleigh waves can
disappear in a realistic structure (Tanimoto & Rivera 2005) and
thus making the ratio H /V infinite. By defining it inversely, the ratio
is almost always finite and is easier to handle when inverting this
parameter for Earth structure.

This parameter is the ratio of the two (vertical and horizontal)
eigenfunctions of Rayleigh waves at the surface; since the eigenfunc-
tions are determined by a local structure, this parameter is fixed for
a station. Therefore, measurement for different earthquakes should
show constancy of this value in all directions in an isotropic medium.
In an anisotropic medium, the ZH ratios should show azimuthal de-
pendence but they should remain constant for particular azimuths
(of Rayleigh wave arrival).

Hereafter, we assume that the medium is isotropic. We examined
the effects of anisotropy but scatters in ZH ratio measurements are
too large to identify anisotropic signals in them.

Fig. 1(a) shows the ZH ratios for five earth models. The mod-
els PREM NO and AK135 NO contain some modifications to the
models; specifically the ocean in each model is replaced by struc-
ture below the ocean; we extended the crust upward and replaced the
ocean. AK135 NS contains further modification from AK135 NO
in that the top sedimentary layer is replaced by the crustal structure
below this layer. For 1066A and 1066B, we used the values at sea
bottom.
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Figure 2. Comparison of analytical formulas and numerical difference scheme for phase velocity kernels. Accuracy of 3–4 digits are maintained by the
numerical scheme.
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Figure 3. (a) Depth sensitivity kernels for 0 S100 (top) and 0 S200. Kernels for eigenfrequency perturbation (phase velocity) are shown on left and those for the
ZH ratio are shown on right. (b) Depth sensitivity kernels for four modes. They are fundamental spheroidal modes and have similar shape.

What is striking in Fig. 1 are the differences among earth models
for the ZH ratios. This seems to occur because the ZH ratio is gener-
ally sensitive to shallow structure and earth models tend to contain
differences in shallow (crustal) structure. This point is underscored
by AK135, which has a thick sediment; replacing this sedimentary
layer by a typical crustal velocity makes the ZH ratios of this model
much closer to other models but without these modifications, the
ZH ratios of AK135 are quite different from other earth models.

Fig. 1(b) shows an expanded plot for frequencies up to 0.05 Hz
(period 20 s) and shows that the differences among earth models are
evident at frequencies as low as 0.015 Hz (period 60 s). Since surface
wave data for global studies typically analysed from millihertz range
up to about 0.03 Hz, these results suggest that the ZH ratios may
be useful for constructing a better reference earth model.

3 D E P T H S E N S I T I V I T Y

For the computation of depth sensitivity kernels, use of the
Rayleigh’s principle is the typical approach for phase and group ve-

locity (Jobert 1956; Pekeris & Jarosch 1958; Takeuchi 1959; Gilbert
1976; Woodhouse 1976; Woodhouse & Dahlen 1978; Dahlen &
Tromp 1998). But since the ZH ratio is related to eigenfunctions
rather than to eigenfrequencies, we have not been able to derive
a compact formula. Instead, we opted to a numerical difference
scheme (Tanimoto & Alvizuri 2006).

Use of a numerical scheme could have two disadvantages in gen-
eral; one is the potentially long computation time, because we need
to perturb density, P-wave velocity and S-wave velocity separately
at various depths and solve the eigenvalue problem for each case.
But computers are now sufficiently fast that computation time is
becoming less of a problem. The second disadvantage is the loss
of precision problem that is inherently associated with numerical
differentiation. In order to examine this point, we tested our nu-
merical differentiation scheme against phase velocity estimates by
Rayleigh’s principle; comparison is shown in Fig. 2 by solid and
dash lines and the two approaches yield very close results. In fact
these results match only for about three digits, despite the sim-
ilarities that are apparent in this figure. But our inversion tests
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Figure 3. (Continued.)

show (e.g. Tanimoto & Alvizuri 2006) that they provide satisfactory
results.

Depth sensitivity kernels for two modes are shown in Fig. 3(a);
the kernels for the eigenfrequency perturbation (δω) are shown on
left and the kernels for the ZH ratio are shown on right. The kernels
for the mode 0 S100 are shown at top and those for 0 S200 are shown
at bottom. Eigenfrequencies of these modes are approximately 0.01
and 0.02 Hz. Eigenfrequency kernels become negligible below a
depth approximately equal to horizontal wavelength of both modes
(400 and 200 km for 0 S100 and 0 S200). In comparison, depth sensi-
tivity kernels of the ZH ratio become negligible at about 200 and
100 km for each mode, approximately half the depth of the eigenfre-
quency (phase velocity) kernels. Clearly, the ZH ratio is a parameter
that is more sensitive to shallower structure. Also the maximums of
the ZH ratio kernel occur at the surface (for S-wave velocity) for
both modes. Shallow S-wave velocity is thus the most important
parameter for the ZH ratio.

Comparison of the ZH ratio kernels for four fundamental
spheroidal modes are shown in Fig. 3(b). They are similar in shape
and basically shrink vertically in depth as the eigenfrequencies
increase.

4 M E A S U R E M E N T

One of the main contribution of this paper is the development of
two techniques to measure the ZH ratio. Hereafter, we simply refer
to them as scheme I and scheme II. Scheme I consists of amplitude
measurements of envelopes in vertical and horizontal components
and taking the ratio between them. We carefully examine the range
in time intervals for estimating this ratio, especially by checking the
phase shift between vertical and horizontal components. Scheme II
uses a waveform correlation technique between vertical and hor-
izontal components. We test and compare the two schemes using
synthetic seismograms as data.

4.1 Scheme I

In this method, we first apply a narrow bandpass filter and compute
the envelopes for vertical and horizontal components. Fig. 4 shows
narrow bandpass-filtered synthetic seismograms for an earth model
PREM (Dziewonski & Anderson 1981) and their envelopes (dash).
Three seismograms are shown at distances 20◦, 80◦ and 140◦; they
were filtered between 10 and 14 millihertz (mHz). More specifically,
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Figure 4. Synthetic seismograms for PREM at three distances. They are a
part of data set used for testing the method. Envelopes are shown by dash
lines.

this filter has the peak at 12 mHz and taper on both sides of this
peak by cosine functions (between 10 and 12 and between 12 and
14 mHz). Earthquake source depth is 52 km and thus fundamental-
mode Rayleigh waves show the largest amplitudes in seismograms,
although higher modes and body waves have some amplitudes as
the seismograms at 80◦ and 140◦ show.

Using a group velocity window, we pick a time interval for
fundamental-mode Rayleigh waves. Fig. 5 shows the case for dis-
tance 80◦; vertical and radial component seismograms are shown
in the top two panels. The third panel (from top) shows the ra-
tio of envelopes between the two components as a function of
time, although only the ratios between 0 and 2 are plotted in this
panel. The bottom panel shows the phase shift between vertical
and radial components (radial minus vertical) which should be
90◦ for Rayleigh waves. Dash line in this panel indicates 90◦ for
comparison.

We carefully check the time interval that this phase shift is main-
tained; if the phase shift is within 90 ± 5◦, we indicated it by a
thick line. Time interval of further analysis is determined from this
phase shift information. Within this time interval, we use the ratios
in the third panel and compute the mean and standard error of the
ZH ratio.
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Figure 5. Scheme I measures amplitudes using the envelope after narrow
bandpass filtering. Phase shift between the vertical and horizontal compo-
nents are carefully checked in order to determine the time interval for the
measurement of ZH ratio. Thick line in the bottom panel indicate the range
that show 90 ± 5◦ in phase shift and this range is used to estimate the ZH
ratio (from the third panel).

This approach seems to work well at many distances but we occa-
sionally find a problem. One case is shown in Fig. 6 at a distance of
120◦ (both top and bottom). For this synthetic seismogram, scheme
I works fine for the top panel with high-frequency bandpass filter.
A lower bandpass filter (bottom panel) shows a problematic case,
caused by interference from an overtone phase (X waves). A ma-
jor arc overtone phase, typically called X2 (e.g. Jobert et al. 1977;
Tanimoto 1988), overlaps on the fundamental-mode phase from be-
hind and makes it hard to estimate the amplitude of fundamental-
mode Rayleigh waves accurately. More detailed information can be
gained from Fig. 7(a). Envelopes shows distortion, especially the
radial-component seismogram in this case. Phase shift is clearly not
stable because of this interference and the ratio (the third panel) is
also not constant for any time intervals. This kind of interference
seems to be a major problem for this scheme.

Even at the same location, however, the ZH ratio can be success-
fully measured in higher frequencies (Fig. 7b); Fig. 7(b) is the case
for the time series in Fig. 6(a) and the effect of higher mode phase
is not a problem in this frequency band.

The case in Figs 6–7 indicates that it is difficult to automate this
scheme. It may be possible if we incorporate waveform correlation
or envelope correlation and detect interference from other phases.
This has led to the development of scheme II.
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Figure 6. Some data show no problem in one frequency range but a serious
problem in another. The bottom panel shows interference from the higher
mode phase X2 that overlaps with the fundamental mode phase.

4.2 Scheme II

The second scheme also takes advantage of the fact that the radial
component has 90-degree phase advance with respect to the vertical
component. Figs 8(a)–(d) show examples from real data and show
filtered seismograms at top and phase differences between vertical
and horizontal components at bottom. Note that discussion for the
scheme I, from Figs 4 to 7(b), dealt with synthetic seismograms but
we now analyse real data with noise.

The method proceeds in the following way; we first apply a nar-
row bandpass filter. In the case of Fig. 8(a), the filter is centred at
0.025 Hz with tapers on both sides. We then take the vertical com-
ponent seismogram and apply a 90-degree phase advance. If the
data are Rayleigh waves, this phase-advanced (vertical-component)
waveform should match the horizontal component waveform in
phase. And amplitudes should provide information on the ZH ratio.
The time series denoted by dash lines in the radial and transverse
components are this phase-advanced seismogram. A good wave-
form match is confirmed for the radial component and lack of sig-
nal in the transverse component indicates that this wave packet has
the retrograde particle motion. In other words, we confirm that this
wave packet is the Rayleigh waves. A large amplitude phase in the
transverse component at the beginning of the time series is Love
waves.

We now replace the phase-shift criterion in scheme I by the crite-
rion on the correlation coefficient between phase-advanced vertical
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Z
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Phase
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Figure 7. (a) Detailed analysis for the data in Fig. 6(b) shows serious prob-
lems; phase shift deviates from 90◦ and the ratio of amplitudes is not constant
for any time interval. (b) Despite the problem in low frequency range, the
ZH ratio can be measured successfully at the same station (This is for the
data in Fig. 6a).

component and horizontal component. We discard the data unless
this correlation coefficient is larger than 0.9. If this criterion is sat-
isfied, we compute the amplitude ratio of the two phases which is
the ZH ratio. This value is regarded as the measurement at 0.025 Hz
in this case, the central frequency of the filter. We then slide filter
parameters and obtain the ZH ratios at different frequencies.

We found that phase-shift deviations from 90◦ in scheme II often
turns out to be larger than ±5◦ (Fig. 8a, bottom panel). But a good
waveform correlation assures us that the data are Rayleigh waves
and the ZH ratio can be measured reliably. Another similar example
to Fig. 8(a) is shown in Fig. 8(b), although this is at a lower frequency
0.015 Hz.

In some cases, Rayleigh waves show off-great circle propagation
and the arrival azimuth deviates from a great circle direction. Such
an example is shown in Fig. 8(c). This does not pose a problem for
scheme II, however, because the phase in the transverse component
should be in phase with the radial component (if they were Rayleigh
waves) and correlate well with the phase-advanced vertical com-
ponent seismogram. If they correlate, it indicates the wave packet
propagated along a path deviated from a great circle path. In scheme
II, it is simple to estimate relative amplitudes of radial and trans-
verse component and the direction of arrival. After correcting for
this new angle, we derive the ZH ratio. Therefore, for all data, we
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Figure 7. (Continued.)

examine the correlation not only between the (phase-advanced) ver-
tical and radial component but also between vertical and transverse
component.

Fig. 8(d) shows a case that, even though the data were filtered
at high frequency, the effect of off-great circle propagation was not
significant. We show this case in order to stress that not all high-
frequency data require rotation of horizontal components.

4.3 Comparison of two schemes

Figs 9(a) and (b) show our synthetic tests for the two schemes we
described above. Results at five distances are shown, although tests
were performed at much finer interval for distance. Theoretical val-
ues for PREM are shown by solid lines.

Performance of the two schemes are very similar for these syn-
thetic data and seems to work well overall, as most points are on
the theoretical curves. However, both schemes show problems at
short and long distances. At a short distance (20◦), there is a hint of
oscillations about the theoretical values. This is probably because
of body waves which interfere Rayleigh waves in the analysis.

These test results also show some problems at a long distance
(140◦). This is again because of interference from other phases.
This interference problem seems very difficult to solve in our
approach. This is especially true for long-distance propagations as
many different type of phases could interfere Rayleigh waves.

Generally speaking, however, we get very good match between
our estimates and theoretical results for PREM, especially for
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Figure 8. (a)–(d) Performance of scheme II for real data. Waveform cor-
relation allows us to check off-great circle path propagation and potential
interference from other phases.
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Figure 9. (a)–(b) Results of synthetic tests for scheme I (9a) and scheme
II (9b). Performance of the two schemes are similar for this data set. Both
indicate problems at a short distance (20◦) and a long distance (140◦). They
are due to interference from body waves and higher-mode phases. We only
use data between 40◦ and 120◦ for the analysis fo real data.

distances between 40◦ and 120◦. Therefore, in the analysis of real
seismograms, we decided to use data for distances between 40◦ and
120◦ only.

We also compared the two schemes using real data. Figs 10(a) and
(b) show examples from PAS (Pasadena in Southern California). We
plot our results (ZH ratios) for all earthquakes larger than moment
5 × 1018 (N m) between 1988 and 2003. Results by scheme I
(Fig. 10a) and those by scheme II (Fig. 10b) are shown for fre-
quencies between 4 and 50 mHz. In this plot, the ZH ratio is taken
in the horizontal axis and the frequency is taken vertically. What
are shown are the statistics (counts) of measured ZH ratios within
each bin of width 0.05. Using these results (statistics), the mean and
standard error of the ZH ratios were computed (numbers given on
right in the figure). At each frequency, a narrow bandpass filter with
tapering width 0.01 Hz (±0.01 Hz) were used.

Estimates by the two schemes match quite well as Figs 10(a) and
(b) show. But there seems to be an important difference in statistical
distributions of results; clearly results are much more smooth and
Gaussian-like by scheme II than by scheme I. The main reason for
this difference seems to be in selection criteria; the phase shift cri-
terion in scheme I seems to have eliminated much more data than
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Figure 9. (Continued.)

the waveform correlation criterion in scheme II. Since the results
by scheme II did not introduce any erratic distribution by incor-
porating more data, we tend to prefer the scheme II. We believe
that it may be possible to tinker the criterion in scheme I to get
equivalent results, but application of scheme II seems much more
straightforward.

5 C O M PA R I S O N W I T H T H E O R E T I C A L
VA L U E S

We applied the above methods to stations in Southern California,
especially the stations that have broadband instruments for long
period of time. Results at five stations, derived by scheme II, are
shown in Figs 11(a)–(e). In each case, we also plotted theoretical
curves for two different earth models for comparison, PREM and
AK135 (with some modifications to shallow structure). Observed
data (solid circles) are shown with one-sigma error bars.

Perhaps the most notable features in these plots are the devi-
ations of measured values from theoretical curves. Note that all
stations are in Southern California and wavelength at the lowest
frequency (0.004 Hz) are so large that the stations may not be con-
sidered far apart. But the ZH ratios seem to differ clearly from
station to station. Deviations are seen in different frequency bands;
for example, high frequency data show some large deviations for
PAS and SNCC but the results at PHL seem to show almost con-

stant shift in value for all frequencies. Clearly, these characteristics
indicate differences in local structure, probably at quite shallow
depths.

One of the most critical information for the success of the ZH
ratio method is the instrument response for all three components.
This is not necessarily easy because our proposed technique re-
quires data for many earthquakes, instrument calibration informa-
tion over many years must be reliable. We are aware that some
long-term problems, say for STS-1 instruments, are documented by
some researchers (e.g. Ekstöm et al. 2006). Clearly, regular mon-
itoring of calibration information is needed for the success of this
approach.

6 C O N C L U S I O N

The ZH ratio is a parameter of Rayleigh waves, independent from
phase and group velocity. They can be measured for seismic sta-
tions, equipped with three-component seismographs. The ZH ratios
are typically sensitive to shallow structure in comparison to phase
and group velocity that have dominated the analysis of Rayleigh
waves. While compact formulas are not available for depth sensi-
tivity kernels, they can be computed using a numerical difference
scheme without any difficulty.

We developed two schemes to measure this ratio and applied
it to real data. Our preferred method is the one that uses the
waveform correlation between a phase-advanced vertical compo-
nent seismogram and a horizontal component seismogram. This
method can detect off-great path propagation and apply correc-
tion for it in the course of its application. Synthetic tests show ex-
cellent recovery of theoretical ZH ratio values. Although Ferreira
& Woodhouse (2007) reported some difficulties in measuring the
ZH ratio due to large scatters, we have shown that making statis-
tics from many events allows us to make stable estimates for this
parameter.

Examples of measurements were presented for some broadband
stations in Southern California. Comparison with theoretical values
for PREM adn AK135 show frequency-dependent deviations that
vary from station to station. Such frequency dependent deviations
are signals that can be inverted for underlying seismic structure
and provide us an opportunity to improve Earth structure under
each station. Recent dense arrays may make it possible to explore
regional scale structure.
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Figure 10. (a)–(b) The ZH ratio measured for PAS using all earthquakes larger than 5 × 1019 N m in moment from 1988 to 2003. The vertical axis is frequency
and the horizontal axis is the ZH ratio. The number of measured ZH ratio in each bin (width 0.05) is shown. Scheme II seems to provide smoother Gaussian
like distribution than scheme I.
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Figure 11. (a)–(e) Measured ZH ratios for five stations in Southern Cali-
fornia. Theoretical curves for two earth models are shown for comparison.
Deviations from theoretical curves occur in different frequency ranges for
different stations, indicating information for local structure buried in this
data (ZH ratio).
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Figure 11. (Continued.)
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