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We consider the possibility that the dark sector of our Universe contains a negative cosmological
constant dubbed λ. For such models to be viable, the dark sector should contain an additional
component responsible for the late-time accelerated expansion rate (X). We explore the departure
of the expansion history of these models from the concordance Λ Cold Dark Matter model. For a
large class of our models the accelerated expansion is transient with a nontrivial dependence on the
model parameters. All models with wX > −1 will eventually contract and we derive an analytical
expression for the scale factor a(t) in the neighborhood of its maximal value. We find also the
scale factor for models ending in a Big Rip in the regime where dustlike matter density is negligible
compared to λ. We address further the viability of such models, in particular when a high H0 is
taken into account. While we find no decisive evidence for a nonzero λ, the best models are obtained
with a phantom behavior on redshifts z & 1 with a higher evidence for nonzero λ. An observed
value for h substantially higher than 0.70 would be a decisive test of their viability.

I. INTRODUCTION

While the physical mechanism behind the late-time ac-
celerated expansion rate of the Universe still remains an
open question [1–4], its phenomenology is known with
ever increasing accuracy [5, 6]. It is interesting that
perhaps the simplest model, the Λ Cold Dark Matter
(ΛCDM) model, where gravity is described by general
relativity whereas dark energy (DE) is simply a positive
constant Λ, can account for the data to some accuracy.
Hence the concordance model in which the present ac-
celerated expansion rate is driven by a cosmological con-
stant Λ has become the reference cosmological model.
Aside from the theoretical problems, the smallness of Λ
compared to expected Planckian values, it is not clearly
established whether this model can successfully cope with
all observations especially on small cosmic scales (see e.g.
[7]). Hence one is still investigating other DE models,
both inside and outside general relativity, which are able
to roughly reproduce the ΛCDM phenomenology and are
therefore viable with the hope that some specific signa-
ture will single them out. Recently the so-called tensions
with the concordance model, and more generally possi-
ble discrepancies [8] between early and late time mea-
surements of cosmic quantities, have attracted a lot of
interest with a special emphasis on the H0 tension [9–13].
This latter tension–a substantial difference at the ∼ 4σ
level between the value of the present Hubble constantH0

derived from the cosmic microwave background (CMB)
Planck data [14] on one hand and from local data on the
other hand, when the concordance model is assumed–
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could imply that the DE sector is more complicated than
in the concordance model. This is one more incentive
to consider models which are more sophisticated than
ΛCDM. It is well known on the other hand that the pres-
ence of a positive cosmological constant Λ in superstring
models is problematic. These theories prefer a negative
cosmological constant, dubbed here λ, reflecting the em-
bedding of the anti de Sitter rather than the de Sitter
symmetry group. It is therefore interesting to investigate
the possibility that our homogeneous expanding Universe
contains a λ term and it may come as a surprise that this
is indeed viable. In some sense this is so as long as the
presence of the λ term does not change radically the main
properties of the expansion history of our Universe com-
pared to the concordance model. This requires first of all
that the (smooth) dark sector (which we call here for sim-
plicity the DE sector) contains an additional component,
dubbed here X component, responsible for the late-time
accelerated expansion rate (see e.g. [15, 16]). Note that
a transient effective λ switching around recombination to
a positive Λ was considered in [17] while [18] considers
the intriguing possibility of such a spontaneous switch at
z ∼ 2. Let us mention that a negative, not necessarily
constant, energy component can also appear as a result
of the equations of motion like the negative dark radia-
tion component found in [19]. Among other interesting
examples of components that can have negative energy is
the “missing matter” of [20], the dynamical Λ(t) term in
[21], or the reconstructed total dark energy component
(see e.g. [22]).

We address in this work the observational viability in
the presence of a negative λ term for several behaviors of
the dark sector, investigating more specifically the con-
straint coming from a highH0. Independently of observa-
tions, we study also the future evolution of such universes
with constant wX , in which case a λ term can crucially
change the dynamics of our Universe. We address as well
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the nontrivial appearance of transient accelerated stages
in the past.

II. COSMIC EXPANSION WITH A NEGATIVE
COSMOLOGICAL CONSTANT

We recall first the basic equations and concepts. We
intend to study here a universe containing a negative cos-
mological constant λ. Obviously, such a model cannot
accelerate the late-time expansion rate of the Universe
in the absence of some additional component in the dark
sector. To comply with observations we add anX compo-
nent with wX < − 1

3 on very low redshifts. For a spatially
flat Friedmann-Lemaître-Robertson-Walker universe, the
evolution of the Hubble parameter as a function of the
redshift z = a0

a − 1 at z � zeq reads

H2(z) = H2
0

[
Ωm,0 (1 + z)3 + Ωλ,0 + ΩX,0 fX(z)

]
, (1)

where H(t) ≡ ȧ(t)/a(t) is the Hubble parameter, a is
the scale factor and a dot stands for the derivative with
respect to cosmic time t, Ωi ≡ ρi

ρcr
with 3H2 ≡ 8πGρcr,

finally fX(z) = ρX(z)
ρX,0

is given by

fX(z) = exp

[
3

∫ z

0

dz′
1 + wX(z′)

1 + z′

]
, (2)

with wX ≡ pX/ρX . When we consider later constraints
involving much larger redshifts, we will add radiation and
neutrinos. It is crucial that in (1) we have

Ωλ,0 < 0, (3)

as we assume the presence of a negative cosmological con-
stant λ < 0. For such a model it is natural to make the
following identification

ΩDE,0 ≡ Ωλ,0 + ΩX,0 ' 1− Ωm,0. (4)

The combined DE sector must of course be able to pro-
duce the late-time accelerated expansion of the Universe.

While a negative cosmological constant can hide in the
dark sector during the past evolution of our Universe, it
can significantly modify its future evolution. Before con-
sidering the asymptotic future it is also very interesting
to study the appearance of accelerated stages in such
models.

A. Transient accelerated stages

The inclusion of a negative cosmological constant has
various interesting features. In this subsection, we study
some of its generic properties independent of any obser-
vational constraints.

Let us first remember that for a model of universe
composed by matter and dark energy with a constant

equation of state (EOS) parameter w, the Universe ac-
celerates today for w < −1/(3ΩDE,0) which, for example,
gives w < −0.48 if ΩDE,0 = 0.7. In the presence of two
fluids, the problem becomes more complicated. In our
case, we consider a negative cosmological constant and
a constant equation of state, wX , for the X component.
The condition of an acceleration of the Universe today
reduces to

wX <
Ωλ,0 − 1/3

1− Ωm,0 − Ωλ,0
. (5)

We have an additional degree of freedom, Ωλ,0. In fact
even if Ωλ,0 + ΩX,0 is fixed (to 0.7 for example), Ωλ,0 is
free to take any value. Considering Ωλ,0 < 0, we find
that the Universe accelerates today for some value of
wX in the range −1 < wX < −0.48 depending on the
value of Ωλ,0. For a large negative value of Ωλ,0, we need
a more negative wX , with wX → −1, in order to pro-
duce an acceleration today. Considering now the more
complicated situation of an acceleration of the Universe
not only today but which could occur at any time, we
find some peculiar results when Ωλ,0 < 0. First, it is
trivial to see that during the matter era, the two fluids
are negligible (assuming wX < 0) and therefore the Uni-
verse decelerates. In the future, if the X component is
not phantom, the negative cosmological constant even-
tually dominates and we have recollapse and therefore a
nonaccelerating universe. Only if the X component is
phantom, we will have acceleration in the asymptotic fu-
ture. Considering the situation where the X component
is not phantom, we have deceleration in the past and in
the future. Therefore, we conclude that for nonphantom
dark energy with a negative cosmological constant, if the
Universe accelerates, it will always be transient. To have
an acceleration, we need the situation where dark energy
starts to dominate over matter, which always happens
at some cosmic time, but it should be sufficiently large
at that time in comparison to the negative cosmological
constant, otherwise the expansion of the Universe would
always be decelerated. We see in Fig. 1 the maximum
of the acceleration reached by the Universe from matter
era until today is shown while we assume for illustra-
tion Ωm,0 = 0.3. For Ωλ,0 = −2, we observe that if
−1 < wX < −0.84, there is an epoch during which we
have acceleration while for −0.84 < wX < −0.5, the
Universe always decelerates until today. This follows
our standard intuition: we need wX sufficiently nega-
tive to produce an acceleration. On the other hand, for
Ωλ,0 = −7, we observe a more complicated structure.
For −1 < wX < −0.93 and −0.82 < wX < −0.54 the
Universe reached in the past or today a phase of acceler-
ation, while for −0.93 < wX < −0.82 and −0.54 < wX ,
the Universe never accelerated in the past. The maxi-
mum value for ä/a, assuming only wX constant, is given
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FIG. 1. Evolution of the maximum value of ä/a reached from
matter era until today, as a function of wX for two different
values of Ωλ,0 and Ωm,0 = 0.3.

by

ä

H2
0a

∣∣∣∣
max

= Ωλ,0

− wXΩm,0

2(1 + wX)

[
ΩX,0(1 + 3wX)(1 + wX)

−Ωm,0

]− 1
wX

, (6)

which shows the nontrivial dependence of the accelera-
tion parameter on wX and Ωλ,0. In Fig. 2, we extended
this analysis to a large range of Ωλ,0 and wX and as-
suming Ωm,0 = 0.3. In white, the Universe accelerates
today while in gray the Universe decelerates today. The
latter is divided in areas (light gray) where the Universe
never accelerated until today and situations (darker gray)
where the Universe had an acceleration in the past but
does not accelerate today.

Having in mind the observational constraints which
will be addressed more thoroughly later, we have also
represented in the same figure the set of parameters sat-
isfying Eq. (26) in red for h = 0.74 and in purple for
h = 0.72. Notice that if Ωλ,0 = 0, we need wX = −1.2
to obtain h = 0.74 as it was already noticed in [23]. For
negative values of the cosmological constant the required
phantomness is milder as we will see in Sec. III.

B. Future asymptotic solutions

Let us consider now the limit in the future where
dustlike matter density becomes negligible compared to
the dark sector density. As we have our Universe in

FIG. 2. Evolution of the Universe in the space (wX ,Ωλ,0).
In white, the Universe accelerates today, in light gray, the
Universe never accelerated until today while in darker gray,
we have a transient situation where the Universe accelerated
in the past but does not accelerate today. These results do not
rely on any observational constraints, only Ωm,0 = 0.3 and wX
constant are assumed. For comparison, we have added in red
and purple lines the (Ωλ,0, wX) values which satisfy Eq. (26)
for h = 0.74 and h = 0.72 respectively.

mind, we consider the regime in the future for which
Ωm,0

(
a0

a

)3 � |Ωλ,0| < ΩX,0. Then, we have to solve the
effective Friedmann equation

H2 = −|α|+ β

ap
, (7)

where we have set for brevity

α ≡ Ωλ,0 H
2
0 < 0

β ≡ ΩX,0 H
2
0 a

p
0

p ≡ 3(1 + wX). (8)

The exact solution of Eq. (7) is

a =

(
β

|α|

) 1
p

sin
2
p

(p
2

√
|α| t+ C

)
, (9)

or more explicitly in function of the cosmological param-
eters

a

a0
=

(
ΩX,0
|Ωλ,0|

) 1
p

sin
2
p

(
p

2

√
|Ωλ,0| H0t+ C

)
, (10)
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where C is an integration constant. We obtain further

H

H0
=
√
|Ωλ,0| cot

(
p

2

√
|Ωλ,0| H0t+ C

)
(11)

Ḣ

H2
0

=
p

2
|Ωλ,0|

[
−1− cot2

(
p

2

√
|Ωλ,0| H0t+ C

)]
(12)

If p = 0 (wX = −1), the two terms on the rhs of Eq. (7)
combine to give an effective positive cosmological con-
stant. The resulting future evolution is that of ΛCDM.
Note that it is possible in this case to give the exact an-
alytic expression even when dustlike matter is taken into
account.

We consider next p > 0; in other words the X com-
ponent is not of the phantom type. As its density de-
creases with expansion, the Universe will eventually rec-
ollapse. Note that the density of dustlike matter de-
creases even more rapidly (∝ a−3) so Eq. (7) applies if
|Ωλ,0| � ΩDE,0 ≈ 0.7 and wX ≈ −1. Indeed, we can
read off from Eq. (10) the condition for the existence of a
time interval before the contraction during which dustlike
matter can be neglected, viz.( |Ωλ,0|

|Ωλ,0|+ ΩDE,0

) 3
p

� |Ωλ,0|
Ωm,0

(13)

As expected, we verify further with Eqs. (11) and (12)
that the expansion is decelerating, ä < 0, (at least) in
the neighborhood of aM , the maximal value of the scale
factor. As expected this is only so for 0 < p < 2 (−1 <
wX < − 1

3 ); otherwise there is no acceleration at all. So
even if the Universe is accelerating today, it passes again
through ä = 0, from an accelerating to a decelerating
expansion rate. When (13) is satisfied, this takes place
at

aM
a
'
(

1 +
p

2

) 1
p

, (14)

which is close to aM and lies in the regime described by
(7).

We now turn to p < 0, the phantom case. It is clear
that the Universe will eventually reach the Big Rip sin-
gularity in a finite time t∞. In some range before t∞,
the dustlike component will be negligible compared to
the negative cosmological constant. In that case, a(t) is
given to high accuracy by the solution (9) or (10). To
ensure the presence of a Big Rip at t∞, we write the in-
tegration constant C in a way to have a Big Rip at t = t∞
and the solution for a(t) then reads

a(t) =

( |Ωλ,0|
ΩX,0

) 1
|p|

a0 sin−
2
|p|

( |p|
2

√
|Ωλ,0| H0(t∞ − t)

)
.

(15)
We verify easily that in the limit t → t∞, this solution
tends asymptotically to

a(t) ∼ A

(t∞ − t)
2
|p|
, (16)

with A given by

A =

( |p|
2

√
ΩX,0 H0

)− 2
|p|

a0. (17)

This is the well-known singular behavior in the vicinity
of t∞, depending solely on the phantom component, here
the X component. The solution (15) gives a nearly exact
fit in the regime Ωm,0 � |Ωλ,0| and improves on (17)
when t is sufficiently far from t∞.

III. COSMIC RELEVANCE OF λ AND THE H0

TENSION

We now turn to the cosmic relevance of models ad-
mitting a negative cosmological constant λ. As for any
cosmological model differing from ΛCDM, an important
question to address is how viable the model is if the mea-
sured value of h is substantially higher than 0.67. It is
well known that there is a tension between the value ofH0

obtained by Planck and the value obtained with many lo-
cal (low redshifts) measurements. This is a very interest-
ing problem which has been widely investigated recently
in various ways (see e.g. [24–41] for a nonexhaustive list).
This tension can be traced back to the measurement of
the standard ruler rs, the comoving sound horizon at re-
combination time (very close to the drag epoch) relevant
for the corresponding angle θs sustended on the CMB

rs(z1) =

∫ t1

0

cs
dt

a(t)
=

1

a0

∫ ∞
z1

cs
dz

H(z)
, (18)

where adiabatic primordial fluctuations are assumed.
The angle θs is given by

θs =
a1 rs(z1)

dA(z1)
, (19)

where dA(z) is the angular-diameter distance out to a
redshift z. We finally obtain

θs =
rs(z1)

r(z1)
, (20)

with

r(z1) =
c

a0

∫ z1

0

dz

H(z)
. (21)

We have written explicitly the light velocity c and a0

in (18), (21) (c = 1 and a0 = 1 in this work but
will sometimes be written explicitly). We choose the
Planck 2018 TT,TE,EE+LowE+Lensing constraints [no
baryon acoustic oscillations (BAO)], with one massive
neutrino species [42]. We take the redshift z1 = zrec =
1089.92, θPlanck

s = 1.04110 × 10−2, rPlanck
s (zrec) =

144.43 Mpc; see Table I.
The relative energy density Ωi,0 ≡ ρi,0

ρcr,0
, defined as

Ωi,0 =
8πGρi,0

3H2
0

, (22)
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suffers from the uncertainty of the value of H0 even if
ρi is otherwise known. However, it is often possible to
find observationally the numerical value of the combined
quantities

ωi ≡ Ωi,0 h
2, (23)

with h ≡ H0

100 km s−1 Mpc−1 . For our models, we have obvi-
ously at low redshifts

H(z) =
[
ωm (1 + z)3 + ωλ + ωX fX(z)

] 1
2

× 100 km s−1 Mpc−1. (24)

In the standard ΛCDM model, the value of rs(z1) is con-
trolled by the quantities ωi contained in the model with
the notable exception of ωΛ. Measuring these quanti-
ties yields in turn rPlanck

s (z1). As the angle θPlanck
s is

accurately measured by the Planck Collaboration, the
numerical value of r(z1) becomes fixed in turn (for given
θs measured by Planck) to its value rPlanck(z1),

rPlanck(z1) = 13 872.8 Mpc. (25)

Hence, once a cosmological model is adopted which does
not change the early time physics of ΛCDM, such a
model is compelled to give the same r(z1). For ΛCDM
this boils down to fix the value ωPlanck

Λ and therefore
the value of H0. The Planck collaboration finds H0 =
67.36 km s−1 Mpc−1 a value substantially lower than the
value measured locally. We refer the interested reader to
the excellent account given in [43].

In this work we are interested in models which depart
from ΛCDM regarding the Universe expansion for z < z1;
however in a way they satisfy

r(z1) = rPlanck(z1) (26)

for a larger H0 value. At this stage we emphasize two
points: first, as we have said earlier, when we compare
our models with data we fix rs, and hence we must also
fix ωm and ωr, to their fiducial Planck values. A more
elaborate analysis could be performed by allowing all ωi’s
to vary. We feel the constraint on our models is essen-
tially expressed with our simpler analysis at this stage.
Second, in our theoretical investigations performed below
in Sec. III (see Figs. 3 and 4), the constraint (26) is used,
assuming that both rs and θs are fixed to their Planck
values (see Table I). In the comparison with observations
performed in Sec. IV, rs, ωm, and ωr are fixed and we
consider the measured θs with its associated error; hence
r(z1) can vary around the value (25). We can then com-
pare θtheorys = rs/r(z1) with the Planck measured value
' 1.04× 10−2, constraining ωX , ωλ and ultimately h.

It is obvious from (24), (20) that a larger H0 requires

ωDE = ωλ + ωX > ωPlanck
Λ , (27)

and a phantom behavior of the X component, hence also
an effective phantom behavior of the DE sector. This

amounts to explore models with wX < −1 at least during
part of the late-time expansion. It is straightforward to
obtain the exact equality

ωDE − ωPlanck
Λ = h2 − (hPlanck)2. (28)

It is further clear that our models satisfy (by construc-
tion)

Ωm,0 =

(
hPlanck

h

)2

ΩPlanck
m,0 < ΩPlanck

m,0 (29)

ΩDE,0 ' 1− Ωm,0 > ΩPlanck
Λ,0 . (30)

Since we have to calculate distances up to z = zrec, where
radiation is subdominant but not negligible, we have to
properly take into account the effect of photons and neu-
trinos. At high redshifts (z & 50), Eq. (24) becomes [44]

H(z)

100 km s−1 Mpc−1 =

[
ωm (1 + z)3 + ωλ + ωX fX(z) +

+ ωγ (1 + z)4

(
1 + 0.2271

Neff

3

∑
i

fν

(
mνi

Tν

)) ] 1
2

,

(31)

with ωγ = 2.47 × 10−5 while fν is well fitted with
fν(y) ' (1 + (Ay)p)1/p with A = 180ζ(3)

7π4 and p = 1.83
[44]. The function fν interpolates between the relativis-
tic behavior, mν � Tν (Tν ∼ a−1), and the nonrelativis-
tic regime, mν � Tν . Even for mν as light as 0.06eV,
the transition occurs rather early around z ' 110. Given
these considerations, we fix the early Universe cosmology
as in Table I.

100ωb 100ωc Neff mν rs rd 100 θs
(eV) (Mpc) (Mpc)

2.237 12.00 3.046 (0,0,0.06) 144.43 147.09 1.04110

TABLE I. Parameter values as given by the Planck 2018
TT,TE,EE+LowE+lensing results (Table II). rs is the comov-
ing sound horizon at recombination (z1 = 1089.92), and rd at
the drag epoch zd = 1059.94

A. Models

When assessing the viability of our models with re-
spect to the low-redshift data and the constraint on their
free parameters coming from a high H0, we will consider
various types of EOS parameters wX and various values
of ωλ.

Scenariow: We consider first models with constant equa-
tion of state wX = constant. In this case we obviously
have

fX(z) = (1 + z)3(1+wX). (32)
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As we have seen earlier, to ease theH0 tension necessarily
requires a phantom behavior and for a constant wX the
only possible choice is to take wX < −1. We take an
EOS of the form

wX = −1 + ∆1 = w0, ∆1 < 0, (33)

and we obtain immediately

fX(z) = (1 + z)3∆1 . (34)

While a constant wX gives us some insight, it is clearly
advisable to explore also models with varying equations
of state.

Chevallier-Polarski-Linder (CPL) scenarios: Here we
adopt the CPL parametrization of wX corresponding to
a smoothly (differentiable) varying EOS with

wX = w0 + wa(1− a) ≡ −1 + ∆ + wa(1− a) (35)

which gives [45],[46]

fX(z) = (1 + z)3(∆+wa) e−3wa
z

1+z . (36)

We consider also two constrained versions: CPLwa, with
w0 = −1 while wa is free; and CPLw0, where w0 is free
and wa = −1− w0 so that wX → −1 ≡ w∞.

Scenario I: In this scenario, we take a piecewise con-
stant wX where dark energy is of a phantom type below
some transition redshift zc and a cosmological constant
Λ above, with

wX(z) =

{
−1 + ∆1 = w0, for z ≤ zc ∆1 < 0

−1 = w∞, for z > zc.

(37)
Here we take ∆1 < 0 in order to ensure a phantom be-
havior and we fix zc = 1. As zc increases, it is easier to
meet the data on small redshifts but it requires stronger
phantomness on large redshifts in order to comply with
the observed θs and a higher H0. We note that most of
the SN Ia data are in the range zc ≤ 1. In this scenario,
the evolution of the X component is given by

fX(z) =

{
(1 + z)3∆1 , for z ≤ zc

(1 + zc)
3∆1 , for z > zc.

(38)

Scenario II: This scenario has also a piece-wise constant
wX , but it is now opposite to the previous scenario, that
is

wX(z) =

{
−1 = w0, for z ≤ zc

−1 + ∆2 = w∞, for z > zc ∆2 < 0

(39)
We have now

fX(z) =

1, for z ≤ zc(
1+z
1+zc

)3∆2

, for z > zc.
(40)

In this case too, we take zc = 1.

Scenario III:

wX(z) =


−1 + ∆1 = w0, for z ≤ zc1 ∆1 < 0

−1, for zc1 < z ≤ zc2
−1 + ∆2 = w∞, for z > zc2 ∆2 < 0.

(41)
We have in this case

fX(z) =


(1 + z)3∆1 , for z ≤ zc1
(1 + zc1)3∆1 , for zc1 < z ≤ zc2
(1+zc1)3∆1

(1+zc2)3∆2
(1 + z)3∆2 , for z > zc2

(42)
For this scenario we take zc1 = 0.1 and zc2 = 1. A
significant change in wX on very small redshifts is viable
and we exploit also this possibility here.

Once a specific model is adopted we can find the depen-
dence of h on the model parameters for a model satisfying
(26). This gives insight into the phenomenology of these
models irrespective of the observational constraints.

For constant wX , we can study its behavior in terms of
the following three free parameters: ωλ, wX and h. In-
deed the parameter ωX is fixed once ωλ and h are given.
From the constraint (26) however, only two free param-
eters are left. In Fig. 3, we show the value of h in terms
of wX , when ωλ is fixed and as a function of wX and ωλ
in a 3-dimensional plot. In the first case, we confirm the
linear relation obtained in [23] (for ωλ = 0), which we
have generalized here to

h = 0.673 + (wX + 1)(0.93ωλ − 0.33). (43)

At this point, we emphasize another interesting aspect
of our models which we discuss here for a constant wX .
As we will see later, observations favor models of the
phantom type, wX < −1. This implies that ρDE = ρλ +
ρX will necessarily become negative in the past at some
redshift zλ and it is straightforward to find

1 + zλ =

[
1 +

h2 − ωm
|ωλ|

]− 1
3(1+wX )

. (44)

We have used ωDE ≈ h2 − ωm which is valid to high ac-
curacy. On the other hand, H2(z) is necessarily positive
∀z > zm with

1 + zm =

[ |ωλ|
ωm

] 1
3

. (45)

It is seen from (44) that zλ → 0 as |ωλ| increases and wX
is more phantom. When this is the case there might be
some parameter values for which H2(z) itself becomes
negative for some redshifts in the range zλ < z < zm,
such models are not viable and must be rejected. The
condition H2(z) > 0 is easily translated into

ωm
[
(1 + z)3 − fX(z)

]
+ h2fX(z) > |ωλ| (1− fX(z)) .

(46)
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FIG. 3. Parameters (h, ωλ, wX) which satisfy the relation (26)
for models with constant wX . (a) In the upper panel, ωλ is
fixed and we see that an increasing |ωλ| (from left to right)
gives the same h with less phantomness. We note the quasi-
linear relation, which follows from (43) for constant ωλ. (b)
In the lower panel, all parameters are free. For the latter, we
show the lines corresponding to a constant h when (26) is sat-
isfied: continuous line (h = 0.68), long dashed line (h = 0.7),
and dashed line (h = 0.74). They satisfy to good accuracy
(43).

This inequality depends on the free parameters
wX , ωλ, h. However, we should remember that in our
theoretical analysis once wX and ωλ are given, because
of the constraint (26) h is no longer free as we illustrate
with Figs. 3 and 4. We see that a priori, for given wX ,
large|ωλ| and low h2 values can lead to a violation of (46).
Once a two-dimensional surface h(wX , ωλ) is found sat-
isfying (46) (see the lower panel of Fig. 3), the projection
in the (wX , ωλ) plane satisfies it automatically too.

IV. COMPARISON WITH DATA: MODEL
SELECTION AND PARAMETER ESTIMATION

In this section, we are interested in the question of
model selection: namely, comparing the different models
to the reference ΛCDM model. Let M be the model,

Models Parameter Prior range

All h [0.5, 1]
λ all ωλ [−4, 0]

(λ)w/I/III/CPLw0 w0 [−1.2,−0.8]
(λ)II/III w∞ [−1.2,−0.8]
(λ)CPLwa wa [−0.2, 0.2]

TABLE II. Flat prior range used in the nested sampling. For
each model, (λ) denotes both cases with and without λ

D the data, and Θ the parameters of the model. Bayes
theorem can be written as

Pr(Θ|M,D) =
Pr(D|Θ,M) Pr(Θ|M)

Pr(D|M)
, (47)

where P(Θ) = Pr(Θ|M,D) is the posterior distribution,
L(Θ) = Pr(D|Θ,M) is the likelihood, π(Θ) = Pr(Θ|M)
is the prior, and Z = Pr(D|M) is the evidence.

For parameter evaluation within a given model, the
evidence can be seen as a normalization constant, and
thus ignored. However, in order to perform model se-
lection, the Bayesian evidences of the models have to be
evaluated and compared. Calculating the evidence can
be computationally challenging, in particular when using
Monte Carlo Markov Chains. Therefore, in order to cal-
culate the posterior distributions and the evidence, we
use the nested-sampling algorithm [50] as implemented
in pymultinest [51, 52]. We follow the authors’ rec-
ommendations and use different sampling efficiencies for
evidence evaluation and parameter estimation (0.3 and
0.8, respectively). We used 1000 live points and a tol-
erance factor of 1. We checked that the tolerance factor
does not affect too much the results.

The priors are shown in Table II. As for h, because of
its crucial role in this work, we choose rather wide, un-
informative priors. For the other parameters associated
to dark energy, we base our priors on physical properties
of existing dark energy models, for example the difficulty
to obtain realistic phantom models with w � −1. Fi-
nally, we take the priors ωλ ∈ [−4, 0]; see Figs. 3 and 4
of Sec. III.

An elegant way to compare two models (say model
M1 and the null hypothesis M0) with different degrees of
freedom is to compute the posterior ratio

Pr(M1|D)

Pr(M0|D)
=

Pr(D|M1) Pr(M1)

Pr(D|M0) Pr(M0)
(48)

=
Z1

Z0
≡ K. (49)

In (49), we assume Pr(M1) = Pr(M0). Therefore, K > 1
shows a preference for model 1 over model 0. The value
of K gives the degree of preference for one model over
the other. Several scales have been used, such as the
Jeffreys scale, although the latter should be taken as an
indication and interpreted with caution.
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FIG. 4. We show iso-h curves for scenarios I (left), II (middle), and III with ∆1 = −0.04 (right-hand panel) in the (∆1,2, ωλ)
parameter plane. The shaded areas correspond to the following H0 values (in km s−1 Mpc−1 units): 73.30±4 (HST-Mira) [47]),
74.03± 1.42 (SH0ES) [48] and 69.8± 1.9 (TRGB) [49].
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FIG. 5. Marginalized posteriors for different models using SNIa, BAO, θs, and H0 from HST Mira. The central value is the
median, and the shared areas show the 68% credible intervals around it. Left: ΛCDM (blue), III (orange), and λIII (green).
Right: ΛCDM (blue), λCPLwa (orange), λII (green).

a. The data The quantities ωm and ωr are kept to
their fiducial Planck value, and thus so are rs and rd.
We vary h and the parameters ωλ, wX associated with
dark energy and obtain θs,model for each set of free pa-
rameters which is then compared to θs,Planck and gives us
a likelihood for θs. In addition, we used the 1048 dis-
tance modulus measurements from the Pantheon type Ia
supernovae (SNIa) compilation [53], and the BAO from
the Baryon Oscillation Spectroscopic Survey (BOSS) and
extended-BOSS (eBOSS) surveys [54, 55]. Since the mea-
surements from the SH0ES project are in tension with
ΛCDM, we instead use a measurement with larger error

bars which is not inconsistent [47]. In general, supernovae
show a degeneracy between the absolute magnitude and
the Hubble constant. Therefore, SNIa alone cannot mea-
sure H0. However, in this particular study, since we fixed
ωm, choosing a certain value for Ωm,0 uniquely fixes h;
therefore we can use SNIa data to obtain h. The BAO
provide us with H(z)rd and dA(z)/rd, where dA is the
angular diameter distance and the sound horizon at the
drag epoch rd is fixed to its Planck value (Table I). The
three pairs of data points (dA/rd and Hrd) from BOSS
are correlated, and so are the four eBOSS pairs, and the



9

BAO covariance matrix is thus

CBAO =

(
CBOSS 0

0 CeBOSS

)
. (50)

θs and H0 are one data point each, and their associated
likelihood is thus trivial. We used flat priors as shown in
Table II.

Table III summarizes our results for SN+BAO+θs

while in Table IV the H0 data point from HST-Mira is
added. The quoted central values and error bars corre-
spond to the median and 68% credible intervals around
it. We remind the reader that in this analysis, ωm , ωb,
Neff, and

∑
mν are fixed to their Planck value, and thus

so are rs and rd (see Table I).
Figure 5 shows the posterior distributions of the pa-

rameters for models ΛCDM, III, and λIII (left-hand
panel), and ΛCDM, λCPLwa, and λII (right-hand
panel). Model III shows preference for a higher value
of h, and adding a negative λ pushes h even higher, al-
though this is not sufficient to reconcile it with the SH0ES
value. An interesting property of the negative cosmolog-
ical constant is that it allows to satisfy the observational
constraints with an equation of state which is less phan-
tom. This is clearly seen in particular for scenario w,
where the addition of λ shifts the central value of w0 from
−1.049 to −1.0122. We note that given our priors on w0

and w∞, the equation of state is not always constrained,
as seen, for instance, for model III. It is also interesting
that the best models λII are those where the phantom be-
havior, and hence the departure from ΛCDM, takes place
at z & 1. This suggests new physics appearing at these
redshifts rather than at redshifts z . 1 can yield viable
models. Models (λ)III fare reasonably well while having
an additional departure from ΛCDM at very low red-
shifts z ≤ 0.1 but it is clear when we compare them with
models (λ)I that their main advantage comes from their
phantomness at z & 1. This seems further supported
by the better evidence for (λ)CPLwa, where w0 = −1
with a phantom behavior at higher redshifts (wa < 0),
compared to (λ)CPLw0 with w tending asymptotically
to −1 and departure from −1 takes place essentially at
low redshifts. Note that CPLwa models have the best
evidence for λ = 0, while models II have the highest evi-
dence for λ 6= 0 (λII). Interestingly, λCPLwa lowers the
evidence compared to CPLwa. As we have said earlier,
perhaps with the exception of the models λII, the higher
evidence compared to ΛCDM is not decisive and should
be interpreted with caution.

V. SUMMARY AND CONCLUSION

In this work, we have considered the possibility that
the dark energy sector contains a negative cosmological
constant λ. Indeed, theoretical considerations from high
energy physics suggest the possible presence of a negative
cosmological constant rather than a positive one. This
constitutes a radical change as in that case, and contrary

to a positive cosmological constant Λ, this constant can-
not produce the late-time accelerated expansion rate and
a more sophisticated dark sector is required. The Uni-
verse acceleration is produced here by the X component.
Clearly the presence of λ can affect the expansion history
and we have studied the viability of these models, also
when a high H0 is considered.

While as we have shown some models can achieve a
higher H0 when the equation of state of the X com-
ponent wX is of the phantom type–this is of course a
generic property not restricted to λ 6= 0–we have inves-
tigated whether these models are viable when SNIa and
BAO data are taken into account. We find indeed that
most of our models are viable with a fair evidence for
the models λII. Taking into account the H0 value of the
HST-Mira experiment reinforces the evidence of the mod-
els λII, reaching a value h ≈ 0.7 but not higher. Hence,
while these models do alleviate the H0 tension, a value
for H0 substantially higher would rule them out. We
note also that the CPLwa models are the best models for
λ = 0 while the presence of a nonvanishing λ lowers the
evidence for λCPLwa versus CPLwa. It is further inter-
esting that the best models λII are equal to ΛCDM on
z ≤ 1 and of the phantom type only at higher redshifts.

The constant λ will manifest itself in a very explicit
way in another context, namely, the future evolution of
our Universe. Considering for concreteness a constant
wX , it is clear that an equation of state −1 < wX , suf-
ficiently negative in order to produce an accelerated ex-
pansion rate today, will necessarily produce a transient
acceleration stage. It will then eventually lead to a recol-
lapsing universe. We have found the analytical expression
for the scale factor a(t) in the regime around the turning
point when dustlike matter is negligible compared to the
dark sector. On the other hand if the X component is
of the phantom type, wX < −1, our Universe will end
in a Big Rip as expected and we have found here too
an analytical fit for a(t) valid in the asymptotic region
when dustlike matter becomes negligible compared to λ
while the latter is not yet negligible compared to the X
component.

Suggested by high energy physics, the possibility to
have a negative cosmological constant is worth investigat-
ing as it challenges our intuition about the phenomenol-
ogy of cosmological models. If this negative cosmological
constant is substantial enough to affect the cosmic ex-
pansion history like in those models investigated here, a
high value for H0 could be a decisive test.
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TABLE III. 68% credible intervals for SN+BAO+θs.

Model 100h w0 w∞ or wa ωλ lnZ K

Λ 67.382+0.107
−0.096 −532.4 1

w 68.62+0.85
−0.83 −1.042+0.028

−0.029 [0] −533.1 0.54
λw 68.66+0.79

−0.75 −1.0102+0.0076
−0.0203 −0.91+0.73

−1.88 −534.7 0.11

CPL 68.60+0.78
−0.84 −1.038+0.032

−0.029 −0.020+0.074
−0.055 [0] −532.6 0.83

λCPL 68.72+0.77
−0.87 −1.007+0.016

−0.028 −0.58+0.43
−1.11 −0.032+0.058

−0.044 −534.1 0.18

CPLw0 68.52+0.83
−0.85 −1.052+0.039

−0.038 [−(1 + w0)] [0] −533.0 0.60
λCPLw0 68.51+0.72

−0.74 −1.014+0.011
−0.021 [−(1 + w0)] −0.84+0.65

−1.57 −534.6 0.12

CPLwa 68.34+0.39
−0.63 [−1] −0.124+0.083

−0.050 [0] −532.1 1.48
λCPLwa 68.63+0.78

−0.75 [−1] −0.034+0.024
−0.057 −1.03+0.78

−1.81 −533.1 0.52

I 68.46+0.82
−0.83 −1.042+0.033

−0.032 [−1] [0] −533.2 0.48
λI 68.41+0.82

−0.75 −1.0092+0.0081
−0.0242 [−1] −0.92+0.76

−1.92 −534.8 0.093

II 67.86+0.21
−0.34 [−1] −1.127+0.090

−0.053 [0] −532.2 1.33
λII 68.58+0.66

−0.59 [−1] −1.059+0.035
−0.070 −1.15+0.75

−1.76 −532.1 1.36

III 67.93+0.47
−0.50 −1.04+0.14

−0.11 −1.128+0.092
−0.049 [0] −532.3 1.20

λIII 68.93+1.03
−0.89 −1.046+0.070

−0.083 −1.090+0.054
−0.068 −0.65+0.43

−0.95 −531.4 2.96

TABLE IV. 68% credible intervals for SN+BAO+θs +H0 (HST Mira).

Model 100h w0 w∞ or wa ωλ lnZ K

Λ 67.386+0.105
−0.099 −533.5 1

w 68.83+0.82
−0.83 −1.049+0.028

−0.027 [0] −533.7 0.82
λw 68.81+0.86

−0.77 −1.0122+0.0086
−0.0251 −0.81+0.66

−1.75 −535.4 0.16

CPL 68.77+0.75
−0.80 −1.044+0.031

−0.028 −0.020+0.072
−0.057 [0] −533.3 1.26

λCPL 68.75+0.84
−0.78 −1.005+0.015

−0.022 −0.035+0.053
−0.042 −0.71+0.52

−1.26 −534.8 0.30

CPLw0 68.71+0.82
−0.83 −1.061+0.038

−0.037 [−(1 + w0)] [0] −533.7 0.87
λCPLw0 68.72+0.83

−0.93 −1.016+0.012
−0.033 [−(1 + w0)] −0.72+0.58

−1.64 −535.3 0.18

CPLwa 68.42+0.35
−0.48 [−1] −0.134+0.063

−0.044 [0] −532.8 1.99
λCPLwa 68.76+0.70

−0.73 [−1] −0.035+0.022
−0.054 −1.12+0.83

−1.69 −533.7 0.81

I 68.67+0.80
−0.82 −1.050+0.032

−0.031 [−1] [0] −533.9 0.69
λI 68.51+1.09

−0.77 −1.0096+0.0076
−0.0272 [−1] −0.96+0.80

−1.92 −535.6 0.13

II 67.89+0.18
−0.30 [−1] −1.137+0.083

−0.044 [0] −533.1 1.53
λII 68.73+0.70

−0.60 [−1] −1.074+0.040
−0.073 −1.09+0.67

−1.24 −532.6 2.54

III 68.09+0.41
−0.50 −1.077+0.131

−0.087 −1.137+0.080
−0.045 [0] −533.1 1.52

λIII 69.28+0.99
−1.00 −1.063+0.062

−0.080 −1.083+0.054
−0.071 −0.74+0.45

−1.18 −533.3 1.31
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